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A B S T R A C T   

Recently, the concept of effective phononic crystals (EPCs) and locally resonant effective pho
nonic crystals (LREPCs) have been proposed to enable properties of phononic crystals (PCs) and 
acoustic metamaterials (AMs), respectively, in radially propagating waves. This problem is not 
straightforward since the equations of motion of radially periodic systems do not have periodic 
coefficients and thus Bloch solutions in these radially periodic systems are not valid. To overcome 
this, EPCs and LREPCs use radially dependent properties to force periodic coefficients in the 
equations of motion of radial elastic waves, enabling the application of the Bloch theorem and 
thus allowing for properties of PCs and AMs. However, the required radially dependent properties 
severely complicate their physical realization, since modulus and density must be tailored such 
that they follow a specific radial variation. In this paper, we propose a method to physically 
realize an LREPC by radially varying its impedance through spatial changes to its out-of-plane 
thickness. Physical realization of the LREPC also involves local torsional resonances. In 
contrast to typical AMs, the resonators in the LREPC must be geometrically different to retain the 
same torsional stiffness and moment of inertia at different radii. We use additive manufacturing 
plus traditional machining to fabricate the LREPC. We introduce an experimental setup to mea
sure radially propagating torsional waves in the LRPEC and show how to decouple torsional vi
brations from bending vibrations to accurately measure transmission. To show the importance of 
using an LREPC, we compare its dynamic response to a locally resonant homogenous system 
(LRHS), a system that is radially periodic but has non-periodic equations of motion. Measured 
transmission shows that only the LREPC attenuates waves inside the band gap frequencies pre
dicted by Bloch analysis. This work experimentally shows that LREPCs allow for the application of 
well-known concepts of AMs to control radially propagating torsional waves.   

1. Introduction 

Phononic crystals (PCs) and acoustic metamaterials (AMs) have shown great promise when it comes to wave propagation control 
[1]. Through PCs and AMs phenomena like band gaps [2,3], negative refraction [4], negative effective properties [5], and topological 
states [6] are possible. Because of the inherent periodicity of PCs and the typically periodic AM designs, using the Bloch theorem to 
calculate the band structure has become the essential way to analyze and design PCs and AMs. PCs require geometrical periodicity, 
which can be achieved through differences in cross-sectional areas [7], lattice structures [8,9], and multiple materials [10–12]. AMs, 
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on the other hand, require resonances, which can be physically realized using either soft material layers [5,13] or compliant elements 
[4,14–16] that connect a large mass in parallel to an underlying matrix. Experimental validation of PCs and AMs has also been widely 
done using different types of excitation and acquisition techniques for longitudinal waves [10,17,18], shear waves[19], and bending 
waves [7,11]. However, most studies assume plane waves in their analysis and validation. The plane wave assumption is not always 
valid. For example, in waves that propagate radially from a small radius, wavefronts take a cylindrical form (i.e. radial waves and not 
plane waves). 

The control of radial waves using PCs and AMs significantly complicates the analysis, physical realization, and experimental 
validation. From an analysis standpoint, the equations of motion that describe radial waves in a geometrically periodic system (i.e. a 
system formed by spatial tessellation of a unit cell in the radial direction) do not have periodic coefficients. Thus, the Bloch theorem 
cannot be applied, and so canonical properties of geometrically periodic PCs and AMs do not necessarily exist for radial waves. When 
analyzing PCs and AMs for radial waves, there are two main approaches. One approach is to use a geometrically periodic system and 
either analyze finite structures [20–22], use a modified Wave Finite Element approach [23], or assume large radii [24,25]. The 
limitation of this approach is that there is no certainty that known properties of PCs and AMs that arise from Bloch analysis will hold, 
particularly at the smaller radii, and one must specifically design the finite system. An alternative approach is to look for a certain set of 
material properties that, despite breaking geometrical periodicity, enforce the periodic coefficients in the equations of radial waves. In 
this area, radial wave crystals (RWCs) have been proposed, which have radially varying anisotropic density/ permeability such that the 
acoustic/ electromagnetic wave equations in radial coordinates have periodic coefficients [26]. Our recent work [27] shows that this 
also is possible for elastic waves using effective phononic crystals (EPCs), which force periodic coefficients using radially varying 
isotropic material properties. Their name comes from the fact that although these systems break geometric periodicity, their behavior 
is effectively described by a periodic partial differential equation. EPCs support band gaps and topologically protected states in radial 
waves because their equations of motion are equivalent to those of the well-known Cartesian PCs (i.e. PCs described by lattice vectors 
in a Cartesian coordinate system). EPCs and RWCs are based on Bragg scattering mechanisms, however, our recent study has extended 
the concept of EPCs to include local resonances by introducing locally resonant effective phononic crystals (LREPCs) [28]. Using 
LREPCs, properties of Cartesians AMs, such as locally resonant band gaps and negative effective properties, can be extended to radial 
waves. 

Even though RWCs, EPCs, and LREPCs have been shown numerically to control radial waves, they require a specific radial 
dependence of material properties, making them challenging to physically realize. In fact, only a simplified version of RWCs has been 
physically realized for electromagnetic waves [29] using a series of split ring resonators. However, these RWCs are simplified such that 
only one of its three constitutive parameters follows the necessary radial dependence, and this constitutive parameter is approximated 
by a stepped function (which only works if wavelengths are large enough). Further, because it consists of split-ring resonators, it can 
achieve tailored properties only around a design frequency, making it somewhat narrow banded. The acoustic counterparts of RWCs 
require anisotropic density, which could be realized through periodic cylindrical multilayers [30], however, several layers are needed 
to obtain a single value of anisotropic density, resulting in a complicated design. This is possibly the reason why RWCs have not been 
physically realized in the acoustic domain. On the other hand, EPCs and LRPECs do not require anisotropic density and can be realized 
using isotropic materials properties. This makes them potentially simpler to realize. However, they also involve the challenge of a 
specific radial dependence of impedance and thus, also remain to date a purely analytical/ numerical construction. 

Although the concept of EPC and LREPC is independent of wave polarization and can be applied, for example, to longitudinal radial 
waves [27], we will focus in this paper on addressing radial torsional waves. In fact, although torsional waves can be detrimental to 
rotating machinery such as turbines, compressors, or engines [31], the application of PCs and AMs to torsional waves is actually quite 
limited. There are a few studies [32,33] that, under plane wave assumptions (i.e. axial torsional waves), propose adding torsional 
resonators to a cylindrical axis to impose band gaps, but these remain purely numerical. Even under the plane wave assumption, 
experimental studies of PCs and AMs for torsional waves are scarce. This is because excitation (e.g. electrodynamic shakers, trans
ducers) and measurement (e.g. accelerometers, laser vibrometers) equipment typically aim to excite/measure translational dis
placements or velocities. Thus, extra elements in the setup are needed to ensure an accurate excitation and measurement of torsional 
waves. In this area, Ma et. al. [13] proposed using a DC motor as an excitation source and Cabaret et. al. [34] used an electrodynamic 
shaker to excite torsional waves. However, both these studies are for plane waves. Studies of PCs and AMs related to controlling radial 
torsional waves remain purely analytical or numerical [20,27,28]. Experimental measurement of the transmission of radial torsional 
waves is more challenging compared to plane waves. In these measurements, bending waves may dominate the results at low fre
quencies because the mass of the sample is axially distributed in a small region of the excitation axle, lowering the bending natural 
frequencies of the setup and preventing pure torsional excitation while testing. Thus, data postprocessing must be done to decouple 
possible torsional and bending modes of vibrations, especially inside torsional band gaps where displacement amplitudes of torsional 
waves can be in the same order as those of bending waves. 

In this paper, we physically realize and experimentally validate the concept of effective periodicity. We concentrate on the physical 
realization of an LREPC because its physical realization involves not only achieving radially varying properties but also designing 
torsional resonators. In addition, band gaps in LREPCs show larger differences with respect to their non-effectively periodic coun
terpart compared to the EPC[28]. However, the approach presented here can also be used to physically realize and experimentally 
validate EPCs. First, we briefly derive the concept of effective periodicity, which was thoroughly derived previously[27,28], using a 1D 
model that assumes axisymmetric wave propagation, plane displacements, and lumped mass-spring resonators. We also introduce a 
system that has geometric periodicity but no effective periodicity, which we call the locally resonant homogenous system (LRHS). 
Throughout the paper, we compare the LRHS to LREPC to show the importance of effective periodicity in radial waves. We propose to 
physically realize the LREPC by radially varying the thickness. The variation in thickness causes a radial variation in the impedance, 
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imposing effective periodicity on the system while easing physical realization. To bring the resonator from a lumped mass-spring 
model to a physical model, we use soft, light rings (as torsional springs) attached to stiff, heavy rings (as mass moment of inertias). 
In contrast to local resonances in Cartesian AMs, we shall see that to keep stiffness and inertias the same in all unit cells, the resonators 
must be geometrically different. Thus, there is an effective periodicity that arises from the realization of the local resonances, in 
addition to the effective periodicity of the underlying matrix. 3D finite element modeling results explain slight differences in the 
behavior of the proposed physical realization and the 1D axisymmetric model. We then combine voxel-based additive manufacturing 
and machining to fabricate the proposed LREPC and LRHS and characterize the viscoelastic properties of the constituent materials 
using beam-like specimens [35]. We present an experimental setup capable of accurately measuring the transmission of radial torsional 
waves to experimentally validate our results. The setup uses an electrodynamic shaker and a single-point laser vibrometer typically 
used to validate Cartesian PCs and AMs. We decouple torsional and bending vibrations by data postprocessing of multiple input and 
output measurements, without the need for a special dual-beam laser[36]. We compare the experimental transmission of the LREPC 
with analytical band gap ranges and with the experimental transmission of the LRHS to show that the LREPC effectively behaves as a 
periodic system and that it attenuates radial torsional waves over a broader band of frequencies compared to the LRHS. 

2. Effective periodicity in radial torsional waves 

Assuming axisymmetric wave propagation and displacements that are independent of the out-of-plane direction, the equations of 
motion that describe a radial torsional wave propagating through a heterogeneous continuum medium with equally spaced lumped 
mass-spring local resonances and variable out-of-plane thickness are (Fig. 1(a)), 

Fig. 1. (a) Infinite and (b) 4-unit cell finite LRPEC with varying out-of-plane thickness. (c) band structure of an LREPC. (d) Transmission curves of 
an LREPC and an LRHS for different values of r0/Δr. (e) Zoom in view of transmission in the neighborhood of the resonance frequency of 
the resonators. 
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i
βr(θ(ri, t) − θi(t))δ(r − ri)

Ir
d2θi(t)

dt2 = βr(θi(t) − θ(ri, t))

(1)  

where B(r) = 2πρ(r)h(r), A(r) = 2πμ(r)h(r), μ and ρ are the shear modulus and the density of the matrix (material to which resonators 
are attached to - light gray in Fig. 1), h is the out-of-plane thickness, δ is the Kronecker-Delta function, βr and Ir are torsional stiffness 
and mass moment of inertia of the resonators, respectively, θi is the angular displacement of resonator i, ri = r0 + iΔr is the location of 
resonator i and r0 is the internal radius of the system. In Eq. (1), if h, μ, and ρ are independent of radius (i.e. B(r) = B0HS and A(r) =

A0HS), then the equations of motions lack translational invariance of the form r → r + nΔr, where n is an integer. Thus, the Bloch 
theorem cannot be applied in this case and typical properties of PCs and AMs derived from this theorem may no longer be valid. We call 
this radially independent system the locally resonant homogenous system (LRHS) because its matrix is made of a homogenous ma
terial. Note that this system is geometrically periodic, since the radial tessellation of its unit cell results in the full system, but not 
effectively periodic since its equations of motion do not have periodic coefficients. We use the LRHS as a benchmark to show the 
importance of the effective periodicity approach. 

The concept of effective periodicity [27,28] consists of identifying a set of material properties that results in radial equations of 
motion that have periodic coefficients. This allows us to apply the Bloch theorem to radial torsional waves and enable canonical 
properties of PCs and AMs for radial waves. To achieve effective periodicity, we inspect Eq. (1) and choose a set of properties that result 
in equations that have periodic coefficients and thus accept a Bloch wave solution. We can do this by setting, 

⎧
⎪⎪⎨

⎪⎪⎩

A(r) =
A0

r3

B(r) =
B0

r3

(2)  

where A0 and B0 are constants. In this way, Eq. (1) can be solved using the Bloch theorem. We can even define a unit cell based on the 
equation of motion and obtain a close-form solution for the dispersion of the infinite system [28] (Fig. 1(c)). We call this system a 
locally resonant effective phononic crystal (LREPC). The LREPC supports typical properties of locally resonant systems such as band 
gaps and negative effective inertia in radial waves. For more detail on effective periodicity, we refer the reader to references [27,28]. 

A meaningful comparison between LREPC and LRHS can be made by either enforcing equal mass, stiffness, and frequency ratios 
between the systems or by enforcing equal static torsional stiffness and resonators between the systems (see [28] for more detail). Here, 
we use the former, since the resonators of LRHS and LREPC are the same, avoiding potential differences in transmission between the 
LREPC and LRHS that may arise from a lump mass-spring approximation of the physical models. However, the method of physical 
realization presented herein could be extended to the other comparisons as well. 

For LREPC and LRHS to have the same static torsional stiffness, the properties of the LRHS must be, 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

A0HS =
A0(rout + r0)

2r2
outr

2
0

B0HS =
B0A0HS

A0

(3)  

where rout is the external radius of the finite system (Fig. 1(b)). Since the LRHS does not support band gaps (because it is not effectively 
periodic) we compare the systems in terms of transmission of a 4-unit cell finite system (Fig. 1(b)). Throughout this paper, the 
transmission of torsional waves is defined as the ratio of angular displacement at the outer ring (rout) to angular displacement at the 
inner ring (r0). We define transmission in terms of angular displacements because the equation with periodic coefficients is in terms of 
angular displacements (Eq. (1)) and thus, we expect the LREPC to behave as effectively periodic in terms of angular displacements. We 
calculate the transmission based on the axisymmetric 1D equation (Eq. (1)) in Matlab using a 1D finite element code. 

To briefly illustrate the importance of effective periodicity we calculate the band structure (Fig. 1(c)) and transmission (Fig. 1(d)) of 
a typical LREPC and compare it with the transmission curves (Fig. 1(d)) of the LRHS that has the same static torsional stiffness and 
resonators (Eq. (3)). The drop in transmission of the LREPC agrees well with the predicted band gap range. The LREPC dynamic 
behavior is also independent of r0, thus, it’s independent of where we decide to truncate the system (a property that characterizes 
periodic systems). Thus, the finite LREPC behaves as a periodic system despite its geometric aperiodic radial structure. In the case of 
the LRHS, the system shows different behavior from that of a periodic system (Fig. 1(d)). First, the transmission is strongly dependent 
on r0 and second, the dynamic behavior is very different from what is expected from the band structure even close to the resonance 
frequency of the resonators (Fig. 1(e)). Thus, we need effective periodicity (i.e. an LREPC) to apply concepts that arise from band 
structure to radial waves. As r0/Δr increases, the transmission curves of the LREPC and LRHS approximate each other. At large radii, 
the wave in the LRHS approximates a plane wave and thus, a radial periodic approximates a Cartesian periodic system. 

3. Physical implementation of LREPC design 

The main challenge in physically realizing effective periodicity is that the required material properties, i.e. A(r) and B(r), must scale 
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with 1/r3 (Eq. (2)). Further, the LREPC requires local resonances, which will turn out to be all geometrically different to keep their 
stiffnesses and moment of inertias the same for all unit cells. As expected, there are certain discrepancies in behavior when going from 
an idealized axisymmetric 1D model (Section 2) to a 3D physical model. To understand these discrepancies for the LREPC, we first 
study the response of the physical models of the matrix and resonators independently and then of the full 3D physical model of the 
LREPC. 

Eq. (2) shows that the required A(r) and B(r) can be obtained either by varying μ and ρ with radius and keeping h constant or by 
keeping μ and ρ constant and varying h with radius. While different lattice materials could be used to obtain a variety of material 
properties (particularly stretch-dominated lattices where density and moduli are proportional [37,38]), the design of lattice materials 
for such a purpose is challenging since it requires small lattice constants to obtain the needed long-wavelength limit behavior of the 
matrix at the frequencies of the resonators. In addition, generating lattice geometries in radial coordinates poses extra challenges in 
terms of how to spatially distribute the unit cells and a cylindrical mapping would be needed[39]. Instead, we propose here a much 
simpler approach: varying thickness while keeping material properties constant. 

The main limitation of taking this approach is that as thickness varies, a free boundary forms with a surface normal component in 
the radial direction (Fig. 2 - insets). To comply with the free boundary, the angular displacements become thickness dependent, which 
breaks the assumption of thickness independence of Eq. (1). At the smaller inner radii, the radial component of the normal vector is 
larger and thus the approach will be limited to some minimum radius. To understand the range of validity of the approach, we run 3D 
finite element simulations on 4-unit cell matrices (without resonators) using COMSOL Multiphysics for different r0 /Δr. We calculate 
transmission of three different systems: one where we vary the thickness and keep material properties constant (MatrixThickness), one 
where we vary material properties and keep thickness constant (MatrixMatProp), and a third one where we keep material properties 
and thickness constant (MatrixHomog) – refer to Table A1 (Appendix A). Note that MatrixThickness is what we will use for the physical 
realization of the LREPC and MatrixHomog is what we will use for the LRHS. 

We run a frequency sweep analysis in which we excite the center ring with an angular harmonic displacement and measure 
transmission as the ratio of average angular displacements at the outermost cylindrical surface, i.e. at a radius rout = r0 + 4Δr, to 
average angular displacement on the center ring. The material properties of MatrixThickness and MatrixHomog are constant and equal 
to the average over frequency of VeroWhite material, which we will later use for fabrication (Section 4). The out-of-plane thickness of 
the MatrixThickness is varied according to Eq. (2) and A0 is selected such that the minimum thickness (i.e. the thickness at the outer 
ring) is equal to 1mm, which is the minimum feature size we can fabricate. The out-of-plane thickness of the MatrixHomog is constant 
and such that it complies with Eq. (3). Finally, the MatrixMatProp has a constant thickness of 8mm and its material properties are 
defined such that A0 and B0 are the same as those of MatrixThickness (Eq. (2)). We do not include damping nor frequency dependence 
of material properties, to isolate effects of thickness variation from those of viscoelasticity. We compare the transmission of these three 
systems with the transmission of the matrix under the idealized axisymmetric 1D assumption of Section 1 (Eq. (1) with βr = 0). We 
refer to the latter as Matrix1D. The goal is to obtain a response of the matrix of our physical model that is as close as possible to that of 
the Matrix1D. 

Simulations show that transmission of MatrixMatProp and Matrix1D are essentially the same for all r0/Δr. This is because the top 
and bottom free boundaries of MatrixMatProp have a normal with no radial component. Thus, the angular displacements are thickness 
independent and the 3D physical model of the MatrixMatProp closely follows the assumptions of the 1D model. For the Matrix
Thickness, the curvature of the free boundary is large at low r0/Δr, resulting in significant thickness dependence of angular dis
placements (Fig. 2(a) – inset) and thus, large differences in behavior compared to the Matrix1D (Fig. 2(a)). As we increase r0 /Δr, the 
curvature decreases, the 3D effects decrease and thus the MatrixThickness approximates the Matrix1D (Fig. 2(b-c)). The behavior of 
the MatrixHomog is quite different for all three r0/Δr values shown in Fig. 2. This shows that the MatrixThickness approximates the 
behavior of the Matrix1D because of the decrease in 3D effects, not from a possible plane wave approximation at a large radius. For 
physical realization, we choose r0/Δr = 2.5 because it is sufficiently close to the response of the Matrix1D while keeping the effects of 

Fig. 2. Transmission curves for matrix material with no resonators. (a) r0
Δr = 1, (b) r0

Δr = 2.5, and (c) r0
Δr = 5. Insets show normalized angular dis

placements for MatrixThickness at 10kHz. The normal to the traction free surface is also shown in these insets. 
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radial waves (Fig. 2(b)). 
Now that we have chosen a physical model for the matrix of the LREPC, we must come up with a physical model of the resonators. 

The physical implementation of idealized local resonances (lumped mass-spring) has been extensively studied for Cartesian locally 
resonant systems [5,13], however, some essential differences arise for the radially spaced torsional resonators of the LREPC. Generally, 
lumped mass-spring local resonances are physically realized by a soft/light component that acts as the spring and a stiff/heavy 
component that acts as the mass. In our case, given that we are looking at torsional resonators (i.e. torsional springs and mass moment 
of inertias) the resonator is composed of a soft, light ring, Ring A that acts as the spring, and a stiff, heavy ring, Ring B that acts as the 
mass moment of inertia (Fig. 3(a)). Ring A is attached to the matrix on one face and to Ring B on the opposite face. The torsional 
stiffness and inertias of these rings can be calculated as, 

βi =
μiπ

(
r4

2i − r4
1i

)

2hi
(4)  

Ii =
ρihiπ

(
r4

2i − r4
1i

)

2
(5)  

where i = A, B for Ring A and Ring B, respectively Fig. 3(a)). We choose the outer radius of Ring A to be the same as the outer radius of 
the unit cell (i.e r2a = r0 + (N + 1)Δr). We then calculate its inner radius and its thickness to obtain the required stiffness. Ring B is 
placed such that its mid radius coincides with that of Ring A. Its inner radius, outer radius, and thickness are selected to calculate the 
required moment of inertia. Note that there is no unique way of defining the thickness and radii of each ring as any combination that 
complies with the required stiffness for Ring A, and inertia for Ring B would be valid (Eq. (4) and ((5)). However, to ensure the system 
approximates the lumped mass-spring model in Section 1, the stiffness and moment of inertia of Ring B must be large compared to that 
of Ring A. Thus, we iterate until we obtain a moment of inertia and stiffness of Ring B that is at least 20 times that of Ring A. To 
characterize the effects of resonator design from those that may arise from viscoelasticity, we first assume no damping and frequency- 
independent material properties. We use average moduli over frequency of FLX9895 (Section 4), which we will use for fabrication, for 
Ring A, and material properties of mild steel for Ring B. The resulting resonator geometries are shown in the insets of Fig. 3(b-e). 

Clearly, there is an essential difference between these physically implemented torsional resonators and those typical of Cartesian 
systems: for all resonators to have the same torsional stiffness and mass moment of inertia, they must all be geometrically different. 
Thus, there is also an effective periodicity (i.e. periodicity of equations of motion but not of geometry) involved in the design of the 
local resonances. In Cartesian systems, all resonators are geometrically the same and thus, typical differences between the response of a 
3D model and its lumped mass-spring model approximation are the same for all resonators [14,16]. However, in the LREPC, the 
resonators are all geometrically different and thus these differences will be slightly different. In addition, these resonators are only 
tuned to be the same at their first resonance and not at higher resonances, so the effective periodicity does not exist at higher 
frequencies. 

To characterize the effect of geometrical differences in the resonators, we conduct a 3D finite element simulation in COMSOL 
Multiphysics of each of the four resonators. We prescribe a harmonic displacement on the upper face of Ring A and measure the angular 
displacement at the lower face of Ring B. We calculate the response as input to output angular displacement and compare it to the 
analytical response of a lumped mass-spring system (the ideal resonator) with the corresponding stiffness and moment of inertia (Fig. 3 
(b-e)). Generally, the response of the 3D resonators agrees quite well with that of the lumped mass-spring system, which is evidence 
that the physical model behaves as a local resonance. However, we not only observe slight differences in the resonance peak of the 
physical model compared to the lumped mass-spring model (something typical when physically realizing a lumped mass-spring model) 
but also that these differences are slightly different for the different resonators, i.e. resonators are slightly mistuned with respect to 

Fig. 3. (a) Schematic of the torsional resonator design. (b-e) 3D finite element calculated response (red) and 1-dof analytical response (black) for 
resonators of units 1-4, respectively. Top-right insets show resonators and center-right insets zoom-in view in the neighborhood of the reso
nance peak. 
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each other. In addition, the physical 3D resonators are a continuous system and as such, they have higher-order modes. Therefore, the 
3D model deviates from the lumped mass-spring model at higher frequencies. The resonators are tuned such that their first resonance is 
the same, however, higher resonances will not necessarily be the same (again because they are geometrically different) and thus, this 
higher frequency region deviates more from the lumped mass-spring response for resonators 3 and 4 (Fig. 3(d-e)) than for resonators 1 
and 2 (Fig. 3(b-c)). Overall, the effective periodicity is achieved within a certain frequency range but with a slight mistuning, however, 
at higher frequencies, all resonators respond differently. These geometrical differences are not present in the Cartesian system and will 
have some effects on the response of the 3D physical model of the LREPC. 

Finally, we combine the matrix material with the resonator design to obtain the full physical model of the LREPC Fig. 4(a)) and the 
LRHS (Fig. 4(b)). In this section, we refer to these physical models that consider 3D displacements as 3D-LREPC (3D-LRHS) (Fig. 4(a- 
b)) and the idealized axisymmetric 1D case (Eq. (1) and Fig 1(b)) as 1D-LREPC (1D-LRHS) – refer to Table A1 (Appendix A). We 
calculate the transmission of 3D-LREPC and 3D-LRHS using finite element simulations and compare it with the 1D-LREPC and 1D- 
LRHS, respectively (Fig. 4(c)). We also calculate the closed-form dispersion of the LREPC (using Bloch theorem and Eqs. (1) and 
((2) [28]), and plot band gap ranges as shaded regions in Fig. 4(c). Note that the 1D-LRHS is geometrically periodic, however, the 
3D-LRHS has a constant matrix (which is geometrically periodic by definition) and effectively periodic resonators. However, we expect 
the behavior of the 1D-LRHS and the 3D-LRHS to be nominally the same. 

Overall, there is good agreement between the 3D and the 1D systems for both the LREPC and the LRHS, particularly in the lower 
frequency range (Fig. 4(c)). The differences in transmission become larger as frequency increases. At higher frequencies, the trans
mission shifts toward lower frequencies for both 3D-LREPC and 3D-LRHS compared to the 1D analogs. In the LRHS, this difference 
comes from the influence of the higher-order modes of the resonators (Fig. 3(b)-(e)). In the LRPEC, the differences are larger because 
not only is there influence from these higher-order modes but there are also 3D effects from the matrix physical realization, which are 
more significant at higher frequencies (Fig. 2(b)). Zooming into the vicinity of the lower edge of the band gap of the LREPC (Fig. 4(c) – 
inset), there is not a single sharp drop in transmission but a series of consecutive smaller transmission drops. This is because of the 
slight differences in resonance frequency among resonators. These details are specific to the realization of LREPCs because of the 
difference in geometry of the resonators and don’t typically arise in Cartesian locally resonant systems. 

Even though there are differences between the 1D and 3D models, the main features of the systems are captured. First, the drop in 
transmission of the LREPC for frequency ranges agrees well with the band gap predicted from Bloch analysis, which is evidence of the 
effective periodicity. And second, the LRHS shows a resonant peak inside the band gap of the LREPC. This is a result of its lack of 
effective periodicity. Thus, we consider our physical implementation of the 1D model successful and use this model for experimental 
validation. 

4. Fabrication and material characterization 

We fabricate the 3D-LRHS and 3D-LRPEC using voxel-based additive manufacturing for the matrix and the soft rings and machined 
steel rings for the moment of inertia. We use a Stratasys Object260 Connex3 3D printer and choose VeroWhite for the matrix material 
and FLX9895 (digital material that combines VeroWhite and TangoBlack) for the soft ring (Fig. 5(a)). We use a “matte” finish on all 
parts, which covers the part surfaces with support material, minimizing unnecessary curing due to extra UV exposure intended for 
other parts in the platform. However, such effects may still be present [40]. A groove is printed in the rubber layers and machined in 

Fig. 4. 3D-LREPC (a) and 3D-HS (b). Only a quarter of the system is shown. (c) Transmission curves for 1D and 3D LREPC and HS. Inset shows zoom 
in view of transmission in vicinity of the lower band gaps edge. The shaded region is the predicted band gap from LREPC band structure. 
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steel to ensure the proper alignment of soft and stiff rings. The steel rings are adhered to the soft ring by using a two-part epoxy (Fig. 5 
(b)). An aluminum insert is machined and adhered to the internal radius of the matrix also using a two-part epoxy (Fig. 5(b)). The inset 
and the matrix have two tabs each (Fig. 5(c-d)), one on each side of their center axis, where measurement points will be located to 
experimentally obtain transmission (Section 5). 

Although the dynamic mechanical analysis of materials like VeroWhite, a few digital materials, and TangoBlack has been reported 
[41], studies show they can be strongly dependent on UV light exposure times while printing [40] and material expiration date [42]. In 
fact, reported material properties in the literature are quite variable. For example, reported Young’s modulus of VeroWhite can range 
from 1.2GPa [40] up to 3GPa [43], which even falls outside the 2-3 GPa range reported by Stratasys [44]. Thus, to meaningfully 
experimentally validate the LREPC and LRHS designs, and to understand the possible effects of viscoelasticity in their response, we 
characterize the constitutive materials. To do so, we print beam specimens of different lengths in the same print bed as the samples 
(Fig. 6(c)). We use the Archimedes method to measure density and a modified ASTM E756 [11,35] to characterize the viscoelastic 
properties of VeroWhite and FLX9895 (Fig. 6(a)-(b)). We use an exponential fit on the data at discrete frequencies to extract the 
material property dependence on frequency, which are then used as inputs to the 1D model to calculate transmission numerically 
(Section 5). It is worth noting the material properties of the beam samples are not expected to exactly match those of the LREPC/LRHS, 
because the beam specimen, LREPC, and LRHS require a different number of printed layers to be built and thus have different times of 
UV light exposure [40]. However, because of their similar sizes, we expect this difference to be minimal in the LREPC and LRHS. In fact, 
we show later that with some adjustment to the material properties obtained from the beam specimens, the predicted behavior from 
the 1D model accurately fits experimental results of both LRHS and LREPC (Fig. 9(b)). 

Fig. 5. Sample fabrication. (a) Bottom view of LREPC as printed. (b) Bottom view of LREPC after attaching steel rings and aluminum insert. (c) Top 
view of LREPC. (d) Top view of LRHS. 

Fig. 6. Characterization of constitutive materials. (a) Young’s modulus. (b) Isotropic loss factor. (c) Configuration of the print bed.  

Fig. 7. (a) Points of laser measurement. (b) Experimental setup for measurement of radial torsional wave transmission.  
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5. Experimental validation 

5.1. Experimental setup 

We introduce here an experimental setup that allows for accurate measurement of transmission of radial torsional waves (Fig. 7). 
The setup consists of an electrodynamic shaker that imposes torsional waves in a main axle through a connecting arm. The axle sits on a 
pair of ball bearings to allow it to rotate while reducing bending vibrations. Torsional vibrations travel through the axle and into the 
sample, which is attached to the shaft through an aluminum insert. A lock-in amplifier generates a sinusoidal input to the shaker. We 
measure velocity at four measuring points located on tabs on both sides of the sample (Fig. 7(a) - points 1,2,4,5) and one point located 
in the center of the axle (Fig. 7(a) - point 3) using a single-point laser vibrometer. The lock-in amplifier records the amplitude and phase 
of the velocity at each measurement point. We sweep through frequencies to obtain the transmission at the different frequencies. 

A direct calculation of torsional wave transmission could be done by calculating the ratio of the measured velocities of point 1 to 
point 2, or of point 5 to point 4 (Fig. 7(a)). However, this measurement of transmission fails to isolate the torsional component of 
velocity from the bending component of velocity. Although most of the excitation of the shaft (and thus in the sample) is in torsion, 
there is a bending moment because the applied shaker force is offset from the bearings. The mass of our sample is also localized within a 
small region at the tip of the axle (Fig. 7(b)), reducing the resonant modes of the axle and promoting bending vibrations. Thus, it is 
crucial to decouple the torsional and bending components of vibrations to obtain an accurate measurement of torsional transmission, 
particularly inside a torsional band gap where torsional vibrations at the output can be on the order of the bending vibrations (Section 
5.2). 

To isolate torsional vibrations, we take measurements on both sides of the main axle (Fig. 7(a)). The signals on points 2 and 4 are 
used to decouple torsional and bending components of velocity in the inner radius of the sample. Under pure torsion (bending), ve
locities of point 2 are out-of-phase (in-phase) with respect to velocities of point 4. Thus, if both bending and torsional waves are 
present, the signal of point 2 is composed of an out-of-phase component (the torsional component) and an in-phase component (the 
bending component) with respect to point 4. Thus, we can express the measured signals at points 2 and 4 as, 

misin(ωt + ϕi) = Ainsin(ωt + ψini) + Binsin(ωt + ψinb) (6)  

where mi and ϕi are measured amplitude and phase of velocities of point i, respectively, Ain and ψ ini are amplitude and phase of the 
torsional component of tangential velocity at the inner radius, respectively, Bin and ψ inb are amplitude and phase of the bending 
component of tangential velocity at the inner radius, respectively, i takes values of 2 and 4, and ψ in4

− ψ in2
= π (because torsional 

vibrations in point 2 are out-of-phase with respect to torsional vibrations in point 4). All phases are measured with respect to the input 
signal of the shaker. Similarly, we can take signals of points 1 and 5 and obtain an equivalent equation for bending and torsional 
components of tangential velocity of the outer radius, 

mjsin(ωt + ϕi) = Aoutsin(ωt + ψout i) + Boutsin(ωt + ψoutb) (7)  

where j takes values of 1 and 5 and subscript out refers to the outer radius. From Eqs. 6 and 7 and with some algebraic manipulation, the 
pure torsional component of transmission from the measured signals can be calculated as, 

T =
r0Aout

routAin
=

rin

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

m2
1 + m2

5 − 2m1m5(sin(ϕ1)sin(ϕ5) + cos(ϕ1)cos(ϕ5))

√

rout

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

m2
2 + m2

4 − 2m2m4(sin(ϕ2)sin(ϕ4) + cos(ϕ2)cos(ϕ4))

√ (8)  

Fig. 8. (a) Transmission of LREPC from the different measured signals. Comparison between measurements of the bending component of velocity on 
(b) LREPC and (c) LRHS. 
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where T is the transmission of radial torsional waves. Note that Aout and Ain are tangential velocities, thus we must multiply by the ratio 
of inner to outer radii to obtain transmission in terms of angular velocities as it was defined in Section 1. From Eq. (6) and similar 
algebraic treatment we can calculate the bending component of velocity at the inner radius, 

Bin =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

m2
2 + A2

in − 2m2Ain(sin(ϕ2)sin(ψin2) + cos(ϕ2)cos(ψin2))

√

(9) 

This bending component can also be measured directly by pointing the laser at the center of the axle (point 3 in Fig. 7(a)). Direct 
measurements on point 3 and Bin should be the same for all frequencies, thus, we compare these signals as validation of the data 
postprocessing. 

5.2. Validation of data postprocessing and effects of bending vibrations 

Fig. 8(b-c) compares Bin (Eq. 9) with velocities directly measured on point 3. Overall, the two curves agree over a broad frequency 
range, confirming the signal processing approach accurately decouples the torsional and bending components of the response. The 
differences at the higher frequencies possibly arise from the low amplitude of excitation that the shaker can exert at these frequencies. 
This results in a lower signal-to-noise ratio in these frequency ranges, (see Fig. 8(a)) resulting in some difference between the two 
measured bending amplitudes. 

To show the importance of decoupling torsional and bending motion in the measurement of torsional transmission, we compare 
experimental transmission calculated from Eq. (8) with those calculated from ratios of the raw signal amplitudes (i.e. m5r0 /m4rout and 
m1r0/m2rout) (Fig. 8(a)). Outside the band gap range, transmission from raw signals shows some differences compared to those 
calculated from Eq. (8). Although these differences look like noise on the transmission curves, they actually come from the measured 
bending component of vibration at the measurement points. However, since outside the band gap, torsional vibrations in the output 
radius are large compared to bending vibrations, the differences between transmission curves are not as significant. This is not the case 
inside the band gap range where the measurements from raw signals show a large deviation from those from Eq. (8). In the band gap 
region, the torsional vibrations at the output radius are small, and thus the excited bending modes of the LREPC result in bending 
amplitudes in the order of the torsional vibrations. Comparing the measured transmission from the raw signal on both sides of the 
specimen (i.e. m5r0 /m4rout and m1r0/m2rout) shows peaks from one side of the sample align with dips from the other side. Bending 
vibrations on one side (points 5 and 4) are in phase with those on the opposite side (points 1 and 2) while the torsional vibrations on 
one side are out-of-phase with those of the opposite side. Thus, the bending motion interacts constructively with torsion on one side 
(points 5 and 4) and destructively on the opposite (points 1 and 2). These large differences in measured transmission show that 
decoupling torsional waves is important to measure the torsional transmission of the radial waves, particularly for accurate mea
surements inside the band gap range. 

5.3. Experimental Results 

Fig. 9(a) shows experimentally measured and numerically calculated transmission for both the LREPC and LRHS, as well as the 
corresponding analytical band gap regions. The numerical transmission is calculated using characterized material properties from 
Fig. 6. The experimental transmission curves qualitatively agree with those calculated using the 1D finite element model. The dif
ferences in transmission likely come from the dependence of material properties on UV exposure previously discussed in Section 4. To 
show that the differences in response between the LREPC and LRHS do not arise from possible differences in material properties among 
the two samples, we adjust the material properties of the 1D model. We iterate until 1D transmission curves of both LREPC and LRHS 
result in a good fit for the same set of material properties. By increasing the stiffness of VeroWhite by 60%, decreasing the stiffness of 
FLX9895 by 5%, and increasing the isotropic loss factor of FLX9895 by 30%, the experimental transmission of both the LREPC and 

Fig. 9. Measured (solid) and calculated transmission from axisymmetric 1D models (dashed) using properties from material characterization (a) and 
adjusted properties (b). Dotted curves in (b) show the transmission when the damping of the materials is neglected. 
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LRHS show very good agreement with their respective numerical predictions (Fig. 9(b)). It is expected that the correction factors are 
different for the two materials because (1) even though FLX9895 has VeroWhite as one of its components, this material is mainly 
composed of TangoBlack, and (2) the UV light exposure times of FLX9895 and VeroWhite are different because of the differences in 
geometry of the sections printed with each material. These differences in material properties are consistent with the literature and even 
after applying the correction factors, the properties fall within reported ranges in the literature [40,43,44]. The results suggest that the 
materials in the LREPC and LRHS have similar material properties, thus, the difference in behavior is due to the effective periodicity of 
the LREPC. 

The main differences between the responses of the LREPC and LRHS are well captured by the experimental results. There is good 
agreement between the transmission drop in the LREPC and the band gap regions, which is experimental evidence that the LREPC 
behaves as an effectively periodic locally resonant system. This is not the case for the LRHS, where there is an increase in transmission 
inside the band gap region and a shift towards lower frequencies at the lower edge of the band gap. The increase in transmission comes 
from a resonance of the LRHS inside the band gap region and is actually attenuated due to damping of the constituent materials, but 
this would be higher in materials with lower damping. This can be more clearly seen if we calculate 1D transmission of the LREPC and 
LRHS assuming no damping for neither VeroWhite nor FLX9895 materials (Fig. 9(b)-dotted). In the LRHS, the attenuated resonance 
inside the band gap in the damped system is a sharp peak in the undamped system (see the peak in transmission around 11kHz in Fig. 9 
(b)). This shows that there is indeed a resonance frequency of the LRHS inside the predicted band gap range. However, no peaks are 
found inside the band gap for the undamped LREPC. Essentially, the band gaps of the LREPC predicted from Bloch analysis do not apply 
to the LRHS. 

These experiments provide evidence that LREPCs are needed to obtain behaviors predicted by band structure. To apply concepts of 
AMs that arise from their band structure to radial waves, effective periodicity of the underlying media must be used. In addition, the 
LREPC is more efficient at attenuating vibrations inside the band gap range compared to the LRHS, at the same static torsional stiffness. 
Thus, if there is a particular stiffness requirement for a certain engineering application, the LREPC outperforms the LRHS in terms of 
vibration attenuation. 

6. Conclusion 

In this paper, we physically realize the concept of effective periodicity introduced in previous studies [28]. A radial variation in 
out-of-plane thickness results in the required radial variation of impedance, resulting in effective periodicity. We experimentally 
demonstrate effective periodicity in an LREPC, which also includes the realization of local torsional resonances; however, a similar 
approach can be used to realize an EPC. Emulating the realization of local resonances on a Cartesian locally resonant system, we 
implement the concept of torsional resonances using soft, light rings to connect a series of heavy, stiff rings to the matrix of the LREPC. 
Different from a Cartesian system, the physical realization of resonators in an LREPC requires different geometries among resonators, i. 
e. there is an additional effective periodicity that arises from the resonator design. We thoroughly study the response of the thickness 
varying matrix as well as the geometrically different resonators to explain the slight differences found between the axisymmetric 1D 
model and the physical model. 

We fabricate an LREPC and an LRHS, a system with geometric periodicity but no effective periodicity, using voxel-based additive 
manufacturing and machined steel rings. We test the fabricated samples with an experimental setup that can excite radial torsional 
waves and decouple the measured torsional vibrations from bending vibrations through postprocessing multiple measurement loca
tions to obtain an accurate measure of transmission of radial torsional waves. Agreement between experimental transmission of the 
LREPC and band gap ranges shows evidence that we have physically realized effective periodicity. Furthermore, the experimental 
results show the LREPC is more efficient than the LRHS at attenuating vibration inside the band gap, and that in the absence of effective 
periodicity, the response of the LRHS system deviates from the response predicted by the band structure. 

Our results provide experimental evidence that effective periodicity is required to obtain canonical properties of AMs for radially 
propagating waves. Although here we focus on torsional waves, our studies motivate realizing effective periodicity in other polari
zation directions or even other ways of realization. Given their possible application in rotating equipment such as turbines, com
pressors, gears, or engines, future work may include the effects of rotation on LREPCs and EPCs. Our experimental results show that 
these systems can be used to provide new ways to reduce noise and damage in components that suffer from torsional vibrations. 
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Appendix A 

Table A1 shows the summary of all the cases studied in the paper. 
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