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ABSTRACT: We studied equilibrium swelling in brush gels undergoing large uniaxial
deformations in contact with solvent by using a combination of the Flory−Rehner and
scaling models of gels and coarse-grained molecular dynamics simulations of swollen brush
networks. Our analysis showed that the swelling ratio of the brush gels Qeq(λ), describing
the volume change upon swelling, is a nonmonotonic function of the gel uniaxial
deformation ratio λ characterizing the gel shape. It first increases with increasing strand
elongation from its value for the free-standing gel then begins to decrease. This behavior is
a result of the optimization of polymer/solvent interactions and conformational entropy of
brush strands in the nonlinear deformation regime. The location of the maximum in the
Qeq(λ) function is directly related to the value of the strain-stiffening parameter β. This
parameter depends on the degree of polymerization of the brush backbone and the
backbone Kuhn length defined by both the grafting density and degree of polymerization
of the side chains. Analysis of the nonlinear gel modulus confirmed that the strain-stiffening parameter β is identical in both dry
networks and gels. However, the structural modulus of the gels, Gs, is smaller than that of the dry networks, Gdr, by a factor equal to
the ratio of the Kuhn length of brush strands in the dry state, bK, and in the gel, bK,s, such that Gs = GdrbK/bK,s.

■ INTRODUCTION
Polymer gels are mechanochemical systems capable of
absorbing solvent, the amount of which is defined by the
environmental conditions.1−6 In their pioneering paper over 70
years ago, Katchalsky et al.7−9 envisioned gels to become a
synthetic analogue of human muscles which could controllably
actuate by responding to variation of solution pH. Since then,
gels have intertwined various aspects of life as absorbing
materials broadly used in agriculture and consumer goods,
drug delivery systems, implantable devices, 3D manufacturing,
and water purification systems.10−21 Recent advances in
polymer chemistry culminating in the synthesis of brush-like
polymers22−24 (Figure 1) have solved a long-standing problem
of polymer networks and gels associated with constraints
imposed on their mechanical properties by entangle-
ments.25−31 This opened a new direction in network design
with a focus on strand architecture27,28,30,32,33 producing
mechanically diverse gels of brush networks with similar
solvent content34 analogous to living tissues and with their
volumes V demonstrating up to 50 times34−36 increase from
the dry state value, V0.
The large volumetric changes of brush gels result in

nonlinear strand deformations unusual for gels of linear
chains.5,6 In order to account for this effect, the classical
Flory−Rehner1,2,37 and scaling5 models of gel swelling were
modified by incorporating finite strand extensibility.35,38 The
improved gel models explained the observed correlations
between the gel modulus and the swelling ratio Q = V/V0 of
the free-standing gels and pinpointed the origin of gel
mechanical diversity.38 Building on this success, we derive a

general expression for the mechanochemical response of brush
gels undergoing large uniaxial deformations in contact with
surrounding solvent. This allows gels to adjust the solvent
content with deformation by optimizing their shape. The
freedom in solvent exchange with surroundings is manifested
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Figure 1. Network of brush strands with the number of the backbones
between cross-links nx, side-chain degree of polymerization nsc, and
grafting density 1/ng (ng is the number of backbone bonds between
grafted side chains). The partitioning of monomers between
backbones and side chains is characterized by the composition φ =
ng/(ng + nsc). Backbones are shown by black lines and side chains are
colored in blue.
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in a nonmonotonic dependence of the gel swelling ratio Q on
deformation such that at large deformations the gel expels
solvent, reaching a solvent content below the level of free-
standing gels. This peculiar behavior is confirmed by new
molecular dynamics simulations of the uniaxial deformation of
brush gels covering both linear and nonlinear deformation
regimes.
The rest of the paper is organized as follows. We begin with

a derivation of the expressions governing network mechano-
chemical response by using the Flory−Rehner1,2,37 and scaling5

approaches. This is followed by testing of the model
predictions in molecular dynamics simulations of nonlinear
deformation of swollen brush networks at a constant pressure
transversal to the deformation direction, mimicking the
conditions of the solvent exchange in implicit solvent
simulations.

■ SWELLING AND DEFORMATION OF GELS
Consider a network (Figure 1) made of brush-like strands with
the number of backbone bonds between cross-links nx, side-
chain degree of polymerization nsc, and grafting density 1/ng
(ng is the number of backbone bonds between grafted side
chains) which has initial dimensions L0,i (i = x, y, and z) and
initial volume V0 = L0,xL0,yL0,z in the dry state (Figure 2). The

network swells and undergoes deformation reaching dimen-
sions Li and volume V = LxLyLz. The final state of the gel is
characterized by the elongation λi = Li/L0,i and swelling Q = V/
V0 ratios quantifying shape and volumetric changes with
respect to the dry state. The total Helmholtz free energy of the
swollen and deformed network surrounded by a solvent is a
sum

F F L F V F V( ) ( , , ) ( , )total elast i gel g sol g sol sol sol,= { } + + (1)

of the elastic free energy of the gel, Felast({Li}), the free energy
of the gel/solvent system, Fgel(V, ρg, ρsol,g) describing solvent
distribution in the gel and interactions of monomers and
solvent with densities ρg and ρsol,g, respectively, and free energy
of the solvent, Fsol(Vsol, ρsol), occupying the volume Vsol outside
the gel at a solvent density ρsol. We assume that the total
volume of the gel/solvent system, Vtotal, does not change upon
network swelling and deformation such that Vtotal = V + Vsol =
constant. Below we will use different models accounting for the
gel’s elastic and interaction terms in eq 1 to describe the gel’s
mechanochemical equilibrium upon large uniaxial deforma-
tions.

Flory−Rehner Model. In the framework of the Flory−
Rehner approach,1,2,37 the elastic response of the network
strands does not change with swelling such that the elastic free
energy of a gel with semiflexible strands in the entire
deformation range can be written as follows:35,38,39

F L V G I I( )
1
6

(1 2(1 /3) )elast
FR

i dr0 1 1
1{ } = +

(2)

where I1 = λx2 + λy2 + λz2 is the first deformation invariant
expressed in terms of the deformation ratios λi. There are two
parameters in eq 2 that relate the network’s deformation and
swelling ability to its structure: (i) the strain-stiffening
parameter (strand elongation ratio) β and (ii) the structural
shear modulus in the dry state, Gdr. The parameter β = ⟨Rin

2⟩/
Rmax

2 is a ratio of the mean-square end-to-end distance of a
network strand between cross-links ⟨Rin

2⟩ in the undeformed
network and the square of the end-to-end distance of a fully
extended strand, Rmax

2 = nx2l2, with monomer projection length
l and degree of polymerization of network strands between
cross-links nx. The structural modulus of a dry network with
monomer number density ρ0 made by cross-linking brush
strands with the Kuhn length bK is equal to35,38,40

G Ck T
n

R
b Rdr B

x

in

K max

0
2

=
(3)

where C is a numerical constant that accounts for the network
topology and cross-link functionality, kB is the Boltzmann
constant, T is the absolute temperature, and φ = ng/(ng + nsc) is
the brush composition which describes the partitioning of
monomers between the side chains and the backbone (see
Figure 1). Note that in addition to the brush composition the
brush strand structure is included through the Kuhn length’s
dependence on ng and nsc.

38,41

The true stress generated in the deformed gel under uniaxial
elongation along the z-axis is equal to

L L
F
L

V
L L

L
L

G
I

F V

V

F V

V

1
3

(1 2(1 /3) )

( , , ) ( , )

zz
x y

total
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z

z
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0
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2 1

2

,

= = +

+
(4)

In the directions x and y, no external force is applied such that

L L
F
L

V
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2

,
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+
(5)

A similar expression can be written down for the x component.
It is convenient to rewrite eqs 4 and 5 in terms of the
deformation ratios λi, swelling ratio of the gel Q, and gel
osmotic pressure

Q F V F V( ) / /gel sol sol= + (6)

as follows:

G
I Q

3
(1 2(1 /3) ) ( )zz

dr z

x y
1

2= +
(7a)

Figure 2. Swelling and deformation of dry brush network from
volume V0 to volume V. Brush backbones are shown in red, and side
chains are colored in blue.
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G
I Q0

3
(1 2(1 /3) ) ( )dr y

z x
1

2= +
(7b)

For uniaxial gel deformation, the combination of gel swelling
and deformation is characterized by two independent variables
λ and Q quantifying the change of the gel shape and occupied
volume such that

Q Q I Q; ; / ; 2 /z x y z x y 1
2= = = = = +

(8)

In terms of these variables, eqs 7a and 7b can be transformed
into

i
k
jjjj

y
{
zzzz

G
Q

I
3

1
(1 2(1 /3) )zz

dr
2

1
2= +

(9a)

G
I Q

3
(1 2(1 /3) ) ( )dr

1
2+ =

(9b)

For the free-standing gels, σzz = 0, resulting in λ = Q1/3 = λx =
λy (eq 8), and eq 9b reduces to the classical Flory−Rehner
expression defining equilibrium gel swelling ratio, Qeq

f , by
balancing network shear modulus and osmotic pressure.
To highlight the effect of gel deformation on equilibrium

swelling, we assume that the solvent is a θ-solvent with
monomer excluded volume v

Q
k T

v
Q

( )
3

B
3

=
(10)

Figures 3a−d summarize the results of the numerical solution
of eqs 9a and 9b with osmotic pressure term given by eq 10.
Figure 3a shows gel shape variations starting from equilibrium
swelling state described by Qeq

f to highly asymmetric
deformation. The evolution of the gel swelling ratio Qeq(λ)
with deformation ratio λ is illustrated in Figure 3b. It follows
from this figure that with increasing gel deformation, the
swelling ratio Qeq(λ) first increases and then starts to decrease.
The decrease in Qeq(λ) indicates that gels shrink upon
deformation to minimize strand elongation caused by a
combination of stretching and swelling. The location of the
maximum monotonically shifts to the left (smaller λ) with
increasing value of the strain stiffening parameter β directly
correlating with strand deformation in a free-standing gel
(Figure 3b). The effect of nonlinear strand deformation is
more convenient to see by normalizing Qeq(λ) of the uniaxially
deformed gels by its value for free-standing gels Qeq

f and plot it
as a function of βI1/3 (Figure 3c). This selection of the
variables for the x-axis corresponds to representing swelling/
deformation data as a function of the ratio ⟨R2(λ)⟩/Rmax

2,
which characterizes the degree of elongation of the network
strands with respect to their fully extended state. Thus,
deformation induced deswelling occurs at gel stress corre-
sponding to the nonlinear strand deformation regime (Figure
3d). This is consistent with decrease in the height of the
maximum (Figures 3b,c) with increasing β since it requires less
stretching of the preswollen short strands to reach the
nonlinear deformation regime. For comparison, Figure 3d

Figure 3. (a) Schematic representation of gel shape as a function of deformation ratio λ. (b) Dependence of equilibrium swelling ratio Qeq(λ) on
the deformation ratio λ calculated by numerically solving eqs 9a and 9b with osmotic pressure given by eq 10 and monomer excluded volume v =
1.25 σ3 (σ is monomer diameter) for networks with dry shear modulus Gdr = 0.01 kBT/σ3 and different values of strand elongation ratios β = 0.01
(gray circles), 0.02 (blue circles), 0.04 (cyan circles), 0.08 (purple circles), and 0.25 (orange circles). (c) Dependence of Qeq(λ)/Qeq

f on βI1(Q, λ)/3
for gels shown in panel b. (d) True stress in uniaxially deformed gels shown in panels b and c and corresponding dry networks. Open symbols
represent gels, and filled symbols show dry networks.
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also shows the stress evolution in dry networks. The
deformation curves for gels and dry networks converge when
extension of the network strands approaches the fully extended
chain limit. At such deformations, a significant amount of
solvent is expelled from the network (see Figures 3b,c)
reducing gel behavior to that of the dry network.
It is important to point out that eqs 9a and 9b can be

adapted to describe the stress and volume change in the dry
network undergoing uniaxial deformation by substituting
atmospheric pressure Patm instead of the solvent pressure and
using the Flory−Huggins equation of state1,2 with the free
volume and without the strands “ideal gas” term, kBTρ0/nx, to
describe pressure in a network. This will account for a change
of the dry network volume under uniaxial deformation. For
small deformations, eq 9b expresses the network Poisson ratio
in terms of the shear and bulk moduli. Note, however, that the
volume changes in dry networks upon deformations are not as
dramatic as in gels since a solvent could be viewed as a free
volume on steroids as explained in the Supporting Information.
Scaling Model. The approach developed above can be

extended to correctly account for changes in the strands’ elastic
response in a good solvent or in the case of brush-like strands
for which the effective Kuhn length is different in the dry and
gel states due to significantly stronger steric repulsion between
swollen side chains.38 Following the formalism developed in ref
38, we model a brush gel as a semidilute polymer solution5,42

of stretched filaments with correlation length ξ (Figure 4)
which elastic energy is given by the following expression:

F L V G
b lg

I I( )
1
6

(1 2(1 /3) )elast
Scaling

i dr
K

0 2 1 1
1{ } +

(11)

The factor of ξ2/lgξ can be viewed as the Kuhn length of the
chain of correlation blobs each containing gξ backbone
monomers in the case of the brush-like strands. In a semidilute

solution, the correlation length ξ contains sections of brushes
with gξ backbone monomers43,44

lg B/= (12)

where exponent ν = 0.588 and 0.5 for good and θ solvents,
respectively. The parameter B characterizes the interactions
between a polymer and a solvent, assuming values Bg and Bth in
good and θ solvents. In the general case, it can be written in
terms of the excluded volume vs per monomer of the backbone
and the Kuhn length, bK,s, of the network strand in a solvent as
follows:43,44

i
k
jjjjj

y
{
zzzzz

i
k
jjjjjj

y
{
zzzzzzB

l
b

v
lb( )K s

s

K s,

0.5

,
1.5

1 2

=
(13)

Using relationships between the number of backbone
monomers per correlation blob, gξ, and correlation length, ξ38

i
k
jjjjjj

y
{
zzzzzzg B

Q
l

3/(3 1)

0
3

1/(3 1)

(14.a)

i
k
jjjjjj

y
{
zzzzzzlB

Q
l

1/(3 1)

0
3

/(3 1)

(14.b)

we can express the ratio

i
k
jjjjjj

y
{
zzzzzz

lg
l B

Q
l2

1 1/(3 1)

0
3

(1 2 )/(3 1)

(15)

in terms of the swelling ratio and polymer specific parameters.
Thus, this correction introduces an additional dependence of
the gel shear modulus on its volume through the factor Q. The
Q correction disappears in a θ solvent where exponent ν = 0.5
and B = Bth, which only accounts for changes in the Kuhn
length of the solvated strands Bth = (l/bK,s)0.5.
Substituting the scaling expression for the gel elastic energy

eq 11 into eqs 4 and 5, we arrive at

i
k
jjjj

y
{
zzzz

G
Q

I
3

1
(1 2(1 /3) )zz

s
2

1
2= +

(16a)

G
I

F L
V Q

k T
3

(1 2(1 /3) )
(2 1)
(3 1)

( )s elast
Scaling

i B
1

2

0
3+

{ }

(16b)

where the structural gel modulus, Gs, in the framework of the
scaling model is equal to

i
k
jjjjjj

y
{
zzzzzzG G

b
l

B
Q

ls dr
K 1/(3 1)

0
3

(1 2 )/(3 1)

=
(17)

It follows from eqs 16a and 16b that in addition to the explicit
dependence of the gel structural modulus on the swelling ratio
(eq 17) there is a new term promoting gel swelling which
depends on the elasticity of the swollen network strands (eq
16b). In the next section we will illustrate how these new
features, incorporated into the scaling model of gel
deformation and swelling, influence a combination of
deformation and swelling of brush gels.

Figure 4. Schematic representation of hierarchical blob structure of
brush strands in a gel as a semidilute solution of stretched filaments
with tension blob size dt, correlation length ξ, and filament thickness
Ds which determines the Kuhn length and excluded volume of the
brush strand. Adapted with permission from ref 38.
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■ COMPARISON WITH SIMULATIONS
We performed coarse-grained molecular dynamics simulations
of the deformation of swollen brush networks (gels)
undergoing uniaxial deformations at fixed pressure transversal
to the deformation direction. The networks of brush strand
interacting through pure repulsive Lennard-Jones potential
were prepared in a dry state with initial monomer density
0.8σ−3 by cross-linking ends of the side chains of precursor
brush macromolecules having backbone degree of polymer-
ization nbb = 129 as described in our previous publications35,38

and summarized in the Supporting Information. In this new set
of simulations, the swollen networks were deformed by
incrementally increasing the dimensions of the simulation
box along the z-direction maintaining pressure in the x and y
directions constant at P = 0.0 corresponding to the equilibrium
pressure of free-standing gels. The constant pressure was
achieved by using Nose−́Hoover barostat in the x and y
directions implemented in LAMMPS.45 This effectively
allowed the volume of the simulation box to change upon
gel deformation mimicking a solvent migration in and out of
the swollen network. The simulation details are summarized in
the Supporting Information together with all data sets.
Figure 5a shows the shape evolution of a gel upon

deformation. This is quantified in Figures 5b,c for the swelling
ratio Qeq(λ) for gels with comb and bottlebrush strands. As in
the case of analytically calculated gel swelling curves (Figures
3b,c), we observe a nonmonotonic dependence of the swelling
ratio (Figure 5b) and normalized swelling ratio (Figure 5c)
with network deformation. At sufficiently large deformation,
the gels start to release solvent which is manifested in a
decrease of the swelling ratio Qeq(λ) below its equilibrium

value in the free-standing gel, Qeq
f . For comparison with

theoretically calculated stress−elongation curves (Figure 3d),
similar curves for gels are shown in Figure 5d. The main
difference between simulation and theoretical curves is that in
simulations the bonds of the deformed network strands can
stretch. This bond deformation slows down the convergence of
the deformation curves obtained for swollen and dry networks,
eliminating divergence of the network stress as network strands
approach the fully extended limit (Figure 5d). Note that at
large deformations (βI1/3 > 0.7) the observed trend in the
decrease of Qeq(λ)/Qeq

f with gel deformation corresponds to a
crossover to the bond stretching regime and a change of the
brush effective Kuhn length as side chains belonging to
neighboring strands start to overlap. Furthermore, for brush
gels with densely grafted side chains, ng = 1, the location of the
maximum is already at the onset of the bond stretching due to
strong strand deformation at equilibrium swelling of the free-
standing gel.
Figure 6 establishes correlations between Qmax and brush

composition φ, describing partitioning of the monomers
between backbones and side chains. The maximum swelling
ratio Qmax increases with increasing both the distance between
grafting points of the side chains ng and their degree of
polymerization nsc. This is not surprising because increasing ng
weakens the prestretching of the brush backbone while an
increase in nsc promotes strand swelling ability. A similar plot
for Qmax vs φ is shown in the Supporting Information.
Analysis of the fitting results, shown by the solid lines in

Figure 5d, indicates that the values of the β parameters are
identical in both swollen and dry networks, confirming the
validity of the functional form of eq 11. The values of the

Figure 5. (a) Snapshots illustrating the evolution of the shape of the simulation box with deformation ratio λ. (b) Dependence of the equilibrium
swelling ratio Qeq(λ) on deformation ratio λ for brush networks with nx = 16, nsc = 8, and different values of side-chain grafting densities
characterized by ng = 1 (red symbols), ng = 2 (yellow symbols), ng = 4 (green symbols), ng = 8 (blue symbols), and ng = 16 (light blue symbols). (c)
Dependence of Qeq(λ)/Qeq

f on βI1(Q,λ)/3 for gels shown in panel b. (d) True stress in uniaxially deformed gels shown in panel b and for the same
networks in a dry (melt) state. Open symbols correspond to gels and filled symbols represent data for dry networks. Solid lines are the best fit to eq
16 with fitting parameters Gs, Gdr, and β summarized in Table S1.
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structural modulus Gs in the swollen state are consistently
smaller than corresponding values in the dry state Gdr, which is
in agreement with eq 17. For brush gels the exponent ν = 0.5
due to a stiffening of the brush strands caused by the steric
repulsion between swollen side chains38 such that

G G b b/s dr K K s,= (18)

Thus, the ratio of the moduli Gs/Gdr is proportional to the ratio
of the corresponding Kuhn lengths in the dry and swollen
states, resulting in Gs < Gdr due to the swelling-induced
stiffening of the brush strands. The difference between Gs and
Gdr also indicates a breakdown of the Flory−Rehner approach
which was already pointed out in ref 38.
To highlight the universality of the nonlinear network

deformation in both dry and swollen states, Figure 7 shows the

dependence of the normalized deformation-dependent mod-
ulus
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where the structural modulus G is equal to Gdr for dry
networks (Q = 1) and to Gs for gels with Q > 1. The deviation
from the universal curve takes place at onset of the bond
stretching and side-chain overlap in shrinking gels.

■ CONCLUSION
We study mechanochemical equilibrium in brush gels using a
combination of analytical calculations based on the Flory−
Rehner and scaling models and molecular dynamics simu-
lations. It is shown that stretching a gel in contact with a
solvent results in a nonmonotonic dependence of the swelling
ratio on deformation (Figures 3b,c and 5b,c). The location of
the maximum gel swelling is a function of the strand molecular
architecture shifting to larger λ values with decreasing brush
grafting density and degree of polymerization of the side chains
(Figure 6). At sufficiently large deformations, we observe gel
deswelling which is driven by minimization of the strands’
elastic energy at the expense of polymer/solvent affinity. The
functional form of the deformation-dependent modulus
defining the nonlinear mechanical response is identical in
both dry and swollen networks (eq 19). The specifics of the
network strand architecture appear in the renormalization of
the structural modulus (eq 18) due to steric repulsion between
swollen side chains manifested in effective backbone stiffening
(Figure 7). This renormalization of the structural gel modulus
is the main reason behind the breakdown of the Flory−Rehner
approach in brush gel elasticity. However, despite this, the
Flory−Rehner model with a nonlinear elastic term correctly
captures the qualitative features of gel deswelling at large
deformations (see sets in Figures 3 and 5).
The analysis of the nonlinear deformation of gels presented

here can be extended to describe the swelling and deformation
of polyelectrolyte gels9,46−51 at low and moderate salt
concentrations for which nonlinear strand deformation effects
are significant. The developed framework can be adapted to
account for confinement and swelling of gels in a capillary.52 In
this case, a gel confinement induces elongation along the
capillary similar to uniaxial gel deformation with an additional
constraint imposed by the capillary walls. Furthermore, the
demonstrated strong effect of gel deformation on swelling ratio
could be important for the design of gel-based implantable
devices in which solvent exchange with surrounding tissue
could be extremely important for implant longevity. In such
systems, the established coupling between gel deformation and
swelling in open systems could result in solvent leaking into a
tissue from implants upon deformation. We hope that the
presented results will initiate research in this direction.
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