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Abstract: We consider relativistic plasma particles subjected to an external gravitation
force in a 3D half space whose boundary is a perfect conductor. When the mean free
path is much bigger than the variation of electromagnetic fields, the collision effect
is negligible. As an effective PDE, we study the relativistic Vlasov—Maxwell system
and its local-in-time unique solvability in the space-time locally Lipschitz space, for
several basic mesoscopic (kinetic) boundary conditions: the inflow, diffuse, and specular
reflection boundary conditions. We construct weak solutions to these initial-boundary
value problems and study their locally Lipschitz continuity with the aid of a weight
function depending on the solutions themselves. Finally, we prove the uniqueness of
a solution, by using regularity estimate and realizing the Gauss’s law at the boundary
within Lipschitz continuous space.
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Introduction

Plasma is the most abundant form of ordinary matter in universe, being mostly associated
with stars. The Sun, our nearest star, is composed of 92.1% hydrogen and 7.8% helium
by number, and 0.1% of heavier elements. At the central core, hydrogen burns into
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helium (so-called the p-p chain of reactions starting from the fusion of two protons into
a nucleus of deuterium), which is the major reaction that drives the sun’s radiance (see
the famous BZFH paper [2] for details).

At the upper atmosphere of the Sun (solar corona), electrons and protons escape
from the solar corona (upper atmosphere), while traces of heavier elements have been
identified [41,43,57]. This emission of plasma particles is called solar wind. The solar
corona can be decomposed according to the Knudsen number of plasma. At low altitude
the collision is dominant (Knudsen number < density scale height), and hence the parti-
cles are assumed to be in hydrostatic/hydrodynamic equilibrium of MHD-type systems.
Above this regime (exosphere), the collision rate between particles is assumed to be
negligibly small: Knudsen number is about the density scale height of the Sun, which
is an order of 100km. These two extreme Knudsen number regimes are separated by a
narrow transition regime which is called the exobase (see Fig. 1 adopted from [581h).
Above the exobase, there have been extensive research activities on the solar wind us-
ing collisionless Boltzmann equation (e.g. linear steady Vlasov model), which has been
called the exospheric solar wind models. In the early 60s, Chamberlain suggested the
“solar breeze model” that the radial expansion of the solar corona results from the ther-
mal evaporation of the hot coronal protons out of the gravitational field of the Sun [11].
In this model the ambient polarization electric field is implemented as a well-known
Pannekoek-Rosseland (PR) electric field [56,60], which will be discussed at (0.11). In
this paper, we are interested in a kinetic description of the exospheric solar wind us-
ing the initial-boundary value problem of the full relativistic Viasov—Maxwell system
subjected to ambient polarization electric field, geomagnetic field, and gravitation.

When the collision effect is negligible, the master equation describing dynamics of
two species plasma (an average of 95% of the solar wind ions are protons [57]) is the
relativistic Vlasov—Maxwell system (RVM)

O fr+0r -Vife+F+-Vofr =0, inRyx QxR

0.1
S0, x,v) = fo.+(x,v), inQ x R3. ©.)

Here fi = fi(z, x,v) > O represents the density distribution functions for the proton
(+) and electron (—) respectively. The relativistic velocity is

v

Uy = ——,
Jmi + |v]?2/c?

where m 4 is the magnitude of the masses of protons and electrons, and c is the speed of
light.

The Lorentz force §+ consists of self-consistent field electromagnetic fields plus
given polarization electric field Eex;, geomagnetic field Bex¢, and gravitation:

0.2)

Uy
S+ =ex <E + Eex + 7 x (B + Bext)) —m4ges, 0.3)

The self-consistent fields E (¢, x), B(z, x) are coupled with fi through the inhomoge-
neous Maxwell equations
OE =cVyxB—4nJ, V. -E=4mp, in Ry x Q,

0.4
B =—-cVyxE, V,-B=0, in Ry xQ, 04

I Permission to use the figure granted by https://www.agu.org/Publish-with- AGU/Publish/Author-
Resources/Policies/Permission-policy#repository.
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Fig. 1. The different transition regions in a stellar ionized atmosphere (58]

with initial conditions
E(0,x) = Eo(x), B(0,x) = By(x), in Q.

Here, the electric density and current are defined as

p= / (esfote fdv, J= f (Bes fy+ e f)dv.
R3 R3

(0.5)

(0.6)

Due to its importance, there have been extensive studies on the global regularity
of the Cauchy problem of RVM. Here, we only overview papers relevant to our ap-
proach, and we refer to [16,44,45] for a more complete list of references. In a classical
solution context, Glassey and Strauss first studied a continuation criterion of the rel-
ativistic Vlasov—-Maxwell system in the whole space R in [27], using so-called the
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Glassey-Strauss representation, which is a crucial tool in our analysis of this paper. It
was shown that classical solution exists for all time as long as the velocity support of the
particle density function f is compact. Later Klainerman and Staffilani prove the result
using a different method in [36]. The work of [27] leads to substantial developments
in [24-26,29-31]. Notably in [24-26], Glassey and Schaeffer proved that in the two-
dimensional and two-and-a-half dimensional case, for regular initial data with compact
velocity support, the system has unique global in time solution. More recently, in [44]
Luk and Strain proved a new continuation criterion for the system by showing that the
classical solution exists for all time if the velocity support of f is bounded after pro-
jecting to any two-dimensional plane. Then in [45], they improve the result of [24-26]
the two-dimensional and two-and-a-half dimensional case by only requiring the initial
data to have polynomial decay in velocity space. In addition, they showed that in the
three-dimensional case, a regular solution can be extended by assuming a bound on a
certain moment of f. In a weak solution context, the global weak solutions of the RVM
system were obtained in [16] using a velocity averaging lemma, and the questions of its
uniqueness and global regularity are still open.

In many applications of plasma models, the particles are in contact with a different
phase through a sharp interface, which can be considered as a (either solid or moving)
boundary. In the solar wind model, under the top of exobase, the space is filled with fully
ionized plasma particles with a very short mean free path, which can be considered as a
perfect conductor. We set the altitude of the exobase x3 = 0 and consider the upper half
space

Q=R :={(x1, x,x3) e R?: x3 > 0}. 0.7)

At the top of the exobase, we assume a perfect conductor boundary condition for
the self-consistent electromagnetic fields. Denote by n the outward unit normal of
Q (which is n = —ej3 for our case); [V] the jump of V across 92: [V](x1,x2) =
limy, o V (x1, x2, x3) —limy;40 V (x1, X2, x3). Then from 0; B = —Vy x Eand V, - B =
0, we derive the jump conditions (see [13] for the details)

nx|[E]=0, n-[B]=0.

In other words, the tangential electric fields £y, E», and the normal magnetic field B3
are continuous across the interface 2. Therefore, we obtain boundary conditions for a
perfect conductor of the solutions (E, B) to (0.17)—(0.23).

Ei=E,=0, B3 =0, on R, x 0Q2. (0.8)

The initial-boundary value problem of the Vlasov—Maxwell system with the perfect
conductor boundary condition has been studied by Guo in [18] for general domains
with boundary. By approximating the phase space via a sequence of domains and linear
systems and using the compactness result of [16], he establishes a global existence of
weak solutions for RVM with the perfect conductor boundary condition for various
boundary conditions of f. The regularity question is highly nontrivial since the stability
of the ballistic trajectory depends on the sign of the normal component of the field at the
boundary. As a matter of fact, in [19], he constructs an example of the RVM system such
that the solution immediately does not belong to C'. Under the favorite sign condition
of the field at the boundary, in [20], he constructs regular solutions for a 1D model of the
Vlasov—Maxwell system on a half line. In the proof, he introduces an important weight
function « and establishes a crucial velocity lemma. This technique motivates us to define
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the kinetic weight function in (0.15) and build a weighted regularity estimate for f along
with it for the RVM system with boundary. We will discuss the role of kinetic weight in
Definition 1 and its remarks. There are several interesting related research lines. Here we
only list some of them for readers’ convenience: stationary solutions of the RVM [59],
initial-boundary value problem of Maxwell system in time-dependent domains [14],
an inverse boundary value problem of Maxwell’s equations [55], a dielectric boundary
problem [3], and a non-perfect conductor boundary problem [15,51]. For other relevant
studies, we refer to [12,17,23,49,52,54,61] and the reference therein.

Now we consider the gravitation (and the gravitation constant g > 0), an ambient
polarization electric field E¢x, and geomagnetic field Bex; near the exobase. As we are
only interested in the dynamics near the exobase, we can assume that Eex and Bey take
forms of

Eexy = Ec€3 and Bexy = B.e3, 0.9)

where E,, B, are the magnitude of the fields, and e3 is a unit vector (0 0 DT In the
early 1920s Pannekoek and Rosseland independently calculated an electric potential of
a Sun-like gaseous star, which consists of fully ionized matter in isothermal equilibrium
(temperature= 7). Recall that, for the two-species model, we have e+ and m4 be
the charge and mass of negative/positive ions, respectively. Pannekoek and Rosseland
conclude that the gravitational constant g > 0 and the polarization electrical field Ecx; =
E.(00 1)T satisfy the following condition at the exobase:

E —m_
€ _ _u. (0.10)
—g ey +le_|

For electron/proton gaseous star (my > 1800m_ and e, = 1 = —e_), this identity

implies that the polarization electrical field is upward. Moreover, from e, E, = %(m+ —
m_)g, we derive the Pannekoek-Rosseland condition:

myg > 2eE,. 0.11)

This condition crucially implies that the gravitation effect dominates ambient electro-
magnetic one so that the acceleration of particles would be attractive to the boundary. We
will explain the importance of the Pannekoek-Rosseland condition qualitatively when
defining the kinetic weight in Definition 1 and its remarks. It might be worth mentioning
another important physical domain with boundary in plasma physics which is a fusion
reactor such as tokamak. In a lab on the earth fusion can happen above 100 million Cel-
sius (much higher than Sun’s temperature) and no boundary materials can effectively
withstand direct contact with such heat. To solve this problem, scientists have devised
plasma held inside a doughnut-shaped magnetic field: if a confining external magnetic
field is large enough, the plasma is localized away from the boundary. In other words,
the acceleration of particles due to this external electromagnetic field is repellent to
the boundary, which is the exact opposite effect of gravitation/polarization electric field
satisfying the Pannekoek-Rosseland condition. In some sense, one can reduce the initial-
boundary value problem to the Cauchy problem when the confining magnetic field is
dominant [34,64].

Finally we consider a boundary condition of density distribution of plasma particles
on the incoming phase boundary y_ := {(x,v) € 9Q X R3: v3 > 0}. In addition let
ve = {(x,v) € 9Q x R? : v3 < 0} and yp := {(x,v) € 92 x R3 : v3 = 0} denote
the outgoing phase boundary and grazing phase boundary, respectively. In this paper we
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consider the following three simple physical boundary conditions, which were originally
proposed by James Clerk Maxwell [50]. An inflow boundary condition (inflow BC) is
given by a prescribed date g+ : Ry x y— — R:

fe(t,x,v) =g+(t,x,v), onRy xy_. (0.12)

A diffuse boundary condition (diffuse BC) takes the form of

|
frt, x,v) = e_m/ —f+(, x, wi+3du, onRyxy_, (0.13)
u3z<0

2n T2

w

where T, (x) is a positive smooth prescribed boundary temperature. As we are interested
in a short-time dynamics from now on we assume the isothermal case T, (x) = 1 for the
sake of simplicity. We also have a generalized diffuse boundary condition [10]. Finally,
a specular reflection boundary condition (specular BC) is given by

S, x, v, v3) = fe(t, x, v, —v3) onRy x y_. (0.14)

For the diffuse BC and specular BC, the boundary conditions enjoy a null flux condition:
fR3 Sx(, x,v)0+3dv = Oforx € 9K, which implies a conservation of mass for a
strong solution of RVM.

One of the advantages of kinetic theory is that we can devise different boundary
conditions from the microscopic interaction law of particles and boundaries. For example
in a recent solar wind model, a non-Maxwellian inflow boundary condition is used to
explain coronal heating phenomena [58].

Stability of the RVM system has also been studied extensively. Notably, in [46—48],
the authors study the spatially inhomogeneous equilibrium in domains without boundary.
A sharp criterion for spectral stability was given in [48] and the nonlinear stability is
studied in [47]. In the case of bounded domains, stability analysis of the system was
carried out in [53] when the domain is a 2D disk with perfect conducting boundary
which reflects particles specularly. And then later the authors consider the case when
the domain is a 3D solid torus. More recently, the stability analysis was generalized to
any axisymmetric domains in [63].

Main theorems. As a major goal of this paper, we construct a weak solution of RVM in
alocally Lipschitz space, in which we can guarantee a uniqueness! The major difficulty
is that the density distribution fi is singular at the grazing set yq in general. Notably,
a solution is discontinuous at the grazing set y [37], and a derivative V, , f+ blows up
at yp [20,21]. If a trajectory emanating from the grazing set can propagate inside the
domain (either if the domain is not convex or the field is repellent to the boundary) then
such singularities propagate inside the domain and the regularity of solutions become re-
strictive [19,22,37,39]. In particular, following the proof of Guo-Kim-Tonon-Trescases
[21], we can deduce that a global H'(2) bound is not possible for solutions fi of
(0.17)-(0.23) & (0.24), in general. Unfortunately, such low regularity hardly guarantees
uniqueness due to the nonlinear term §+ - V,, f1+. To overcome such obstacle, we adopt
a kinetic weight function a4 (#, x, v) in the regularity estimate of a locally Lipschitz
space, inspired by [19,21].
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Definition 1 (Kinetic weight). Recall the Lorentz force §+ in (0.19) with (Eext, Bext) in
(0.20). We define

o (1, x|, X3, V) i= \/(x3)2 +(0+£3)% — 28+ 3(1, x, 0, )
(vi)

A 1. X3
= [+ (0237 +2(mig —es(Es+ Ee+ —(Ga x B)y) )2
Cc X3=

(vi)

(0.15)

where we have used that (04 x Bex)3 = 0 for (0.20).

Remark 1. Clearly, a4 is well-defined when —§+ 3(¢, x|, 0, v) is positive. In this paper,
we assume this condition on the initial data at the boundary:

1
myg — ei(on(x) +E,+—(04 x Bo(x))3) > ¢y, forsome c¢; > 0.
C X

(0.16)

Remark 2. The condition (0.16) is not very restrictive under the Pannekoek-Rosseland
condition (0.11). Note that —§+ 3(¢, x|, 0, v) equals

X3 U+ X3
(mig —erE.) —— — e:l:(E().S +(— X Bo)z) —.
—_— <Ui> C x3=0 (Ui>

If the Pannekoek-Rosseland condition (0.11) holds then the underlined coefficients of
the first term, which corresponds to the net force at the equilibrium, has lower bounds:

myg

(m+g — e+Ee) > , (m,g — e,Ee) > |le_|E,.

From (0.10), we know that both lower bounds are of the same size. If E¢ 3|—=0 and
Bo,11x3=0, Bo,2|x;=0 are smaller than such lower bounds then the condition (0.16) holds.
It is the case when the initial state of plasma is either close to the neutral state or vacuum
at the boundary.

Remark 3. Since being introduced in [20], such weight function « and its variants have
served important roles in the regularity analysis for various kinetic equations with bound-
ary such as [4-6,8—-10,21,32]. Notably in [21], an «-weighted C I solution for the Boltz-
mann equation was constructed in convex domains. In [9], the authors used a different
version of kinetic weight to construct the global strong solution to the Vlasov-Poisson-
Boltzmann (VPB) system in convex domains with diffuse BC. The result was generalized
to the two-species case in [5], and to the case of the presence of the external field in
[4]. A generalized diffuse boundary condition (namely the Cercignani-Lampis boundary
condition) for the VPB system is studied in [10]. A survey on the recent development in
this direction can be found in [8].

Although the problem has been set already (RVM system (0.1)—(0.6) under the per-
fect conductor boundary condition of electromagnetic field (0.8) ), we list them here
redundantly for the sake of the reader’s convenience: Let €2 the half space (0.7). We read
the RVM system

O fr+0s Vife+3+ -Vofer =0, in Ry x Q x R,

0.17
f£(0,x,v) = fo+(x,v), inQ xR, ©-17
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with the relativistic velocity, Lorentz force, and the external fields

ﬁizv/,/m2i+|v|2/c2, (0.18)

Ut
S+ =ex (E + Eext + 7 x (B + Bext)) —m4iges, (0.19)
Eext = E.e3 and Bext = B.e€3. (0.20)
The Maxwell’s equations solve

0E =cVy xB—4nJ, V,-E=4mp, in R; x Q,
0B=—-cVyxE, V,-B=0, in R, x Q, (0.21)
E,x) = Eg(x), B(0,x) = Bp(x), in L. (0.22)

where the electric density and current are defined as

o= / (es fr+e_f)dv, J= / (Vgeq fv +0_e_ f_)dv. (0.23)
R3 R3

Finally we impose the perfect conductor boundary condition
Ei=E,=0, B3 =0, on R, x 0%, (0.24)
and consider the inflow BC, diffuse BC, and specular BC on the incoming boundary y_:

fa(t,x,v) = g+(t, x,v) onR; x y—, (0.25)
v

e 2Tw f —fe@, x,wiar3du  onRy xy_, (0.26)
u3<0

frt, x,v) =

w

S, x, v, v3) = fu(t, x, v, —v3) onRy x y_. (0.27)

We define a notation of weak solutions to this initial-boundary value problem.
Definition 2 (Definition 1.5 of[18]). Let fr € LL ((0, T)x @xR)HNLL ((0, T)x 1),
for €Ll (xR, geLl ((0,T)xy_).LetE,BeLl ((0,T)xQ), Ep, By €

loc loc loc

LllOC (2). Then (f+, E, B) isaweak solution of (0.17)—(0.23) under the perfect conductor
boundary condition of electromagnetic field (0.24) and different boundary conditions
for f1 (0.25), (0.26), or (0.27), if for any test functions

¢ (1,x,v) € C2([0, T) x 2 x R?), with
supp ¢ C {[0. T) x @ x RPN\{({0} x ) U (0. T) x y}, and
W(r,x) € C([0, T) x ; R?), (1, x) € C([0, T) x Q; R?),

we have

T
// Jo.+¢(0)dvdx +/ f/ (00 +V -0+ T+ - Vyd) frdvdxdt
QxR3 0 QxR3

r T
:/ / ¢fi133dvde+f / ¢ fr03dvdSy, (0.28)
0 Y+ 0 y_

(0.28)pc
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d
T
/ / E -0,Vdxdt — / v (0, x) - Egdx
0 Q Q

T T
= —/ / (Vy x W) - Bdxdt +4n/ / W . Jdxdt, (0.29)
0 Ja 0 Ja

T T
/ / B - 9, ddxdt + f ®(0, x) - Bydx = / / (Ve x ®) - Edxdt, (0.30)
0 Q Q 0 Q

V- E =4mp, V- B =0 in the sense of distributions in (0, 7) x 2 X R3. (0.31)

an

and

Here, the boundary term of (0.28) is determined by different boundary conditions:
Jo [, ¢gxdsduvds,. for the inflow BC (0.25),
T 2 . N
02850 = 170 1 (—ﬁ a0 B, x, u)usdu) 03 fe dvdS,,

for the diffuse BC (0.26),
fOT f)/+ ¢ (t, x, v, —v3) f+03 dvdSy, for the specular BC (0.27).

Now we state the main theorems.

Theorem 1 (inflow BC). Suppose the initial datum fy 1 satisfies, for some § > 0,

4+ 5
WY fo,2ll oo xr) + 1) Vi fo £l @xr?)

548 548 (0.32)
+ (V)" o 0xs fo. £ | Lo @xr3) + 11{0)77 Vo fo, £l Lo (axr3) < 00,
and the inflow boundary datum g satisfies
1) 8 8211 22 (0,00 xy-) + 1{0) 7 Vi, 8211 250(0,00) x7)
+H (W) P Vgl Lo (0,00 xy-) < 00 (0.33)
Moreover, Ey, By, g satisfies (0.16), and the compatibility conditions
V-Ey=4mpg, V-By=0, in 2,
on =0, 200’3 = 0,0 on 02, 0.34)
and
I Eollcggy + 1 Boll 2y < oo (0.35)

Then there exists a unique solution fy(t, x,v), E(t, x,v), B(t,x,v) for0 <t < T with
T < 1to RVM for the inflow BC (0.25) in the sense of Definition 2, such that,

Sup <”(“)4+5wa| SOl oo axr3) + {v) s d,, FOll Lo @xr3)
o=r=t (0.36)
+ 1)V, Lo Ol @i ) < 00,
and

sup (IVxE@lzoo@) + Ve Bl () < o0 (0.37)
0<t<T
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Theorem 2 (diffuse BC). Suppose fo + satisfies (0.32), and Eo, By, g satisfy (0.16),
(0.34), and (0.35). Then there exists a unique solution f1(t,x,v), E(t,x,v), B(t, x, v)
for0 <t < TwithT < 1toRVM for the diffuse BC (0.26) in the sense of Definition 2,
such that both (0.36) and (0.37) hold.

Theorem 3 (specular BC). Suppose fy + satisfies

_Cc C
()3 e VeV, fo 4o + [(0) e V=DV, fo 4 loe < 00, (0.38)

for some C > 0. Eg, By satisfy (0.16), (0.34), and (0.35). Then there exists a unique
solution fi(t,x,v), E(t,x,v), B(t,x,v) forO <t < T with T < 1 to the RVM with
system (0.27) in the sense of Definition 2, such that

sp_ (10} Vi L (Ol @y + 10 ¥V LDl gaers) ) < 00, (0.39)
0<t<T

and (0.37) holds.

Remark 4. A large class of functional spaces satisfy the condition (0.32). Indeed any
function, whose weak derivatives V, , f are bounded in L™ (€2 x R3), and decays fast
enough as |v| — oo, belongs to the space of (0.32). Actually 0y, fo, + is allowed to be
singular at the grazing set yp.

Remark 5. As far as the authors know, Theorem (1)—(3) provide the first unique solv-
ability of the RVM system when the physical boundary has a global effect (cf. [34,64]).
The time span T of existence depends on the size of the initial data fj, Eq, By and their
derivatives, and c; in (0.16).

Remark 6. We prove the weighted regularity estimate using a Lagrangian approach of
[21]. We take a direct differentiation to the Lagrangian solution along the generalized
characteristics. The generalized characteristics depend on the boundary condition.

Remark 7. Here we require that the initial data fj to vanish exponentially fast towards
the grazing set (0.39). This allows us to establish the regularity estimate for specular BC
(0.39) with the W1 field. We prove this theorem in Sect. 7.

Difficulties and key ingredients The problem in this paper is a coupled system of hy-
perbolic equations and kinetic Vlasov equation with characteristic boundary condition:
the problem suffers a loss of derivative of wave equation (cf. [14]) and the boundary
singularity of Vlasov equation (cf. [20,21]) at the same time. The key difficulty in the
construction of a unique solutions of the RVM system with physical boundary conditions
is a control of the nonlinear term F 4 - V, f1.. We overcome this difficulty by establishing
a regularity estimate for both the electromagnetic field £ and B, and the density dis-
tribution f4 using the Glassey-Strauss representation. We detail several key difficulties
along the road. In this section and the rest of the paper, for sake of simplicity, we will
consider the one-species relativistic Vlasov—-Maxwell-system since the analysis of the
two-species case does not process essential difference from that of the one species case:

Wf+0-Vif+F-Vof =0,inRy x Q x R,

0.40
f(O,x,v):fo(x,v),ianR3, ( )
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We also set all the charge and mass of the plasma f equal to one, so here 1 = !

VAT,
and
0]
S = <E + Eext + X (B+ Bext)) — ges, 0.41)
and E, B satisfies the Maxwell equations (0.21), with
,o:/ fdv, J=/ vfdv. (0.42)
R3 R3

eWave equation and the Neumann BC From the Maxwell’s equations (0.21), we have
the inhomogenous wave equations for £ and B:

O2E — AL E = -4V, p — 479, J, in Ry x €, (0.43)
32B — A B =41V, x J, in Ry x €, (0.44)

with the boundary condition E1 = E; = 0, B3 = 0 on 92 in (0.24) and the initial
condition

El;—o = Eo, 0;E|;=0 = 0,E¢ := Vy X By — 4w J|;=0, in Q,

, (0.45)
Bli=0 = Bo, 0;Bli=0 = 9By := —Vx x Ep, in Q.

The boundary conditions of E3, B) components are not a priori given, which causes
some trouble handling weak solutions based on the Glassey-Strauss representation. Of
course, if the fields E, B € C2(Q) N C(Q), and p € C'(Q) N C(), then from the
Maxwell’s equations (0.21) and the perfect conductor boundary condition (0.24), we
deduce the Neumann boundary condition

03E3s =4mp, 03By = 4w Jp, 03By = —4nwJ; on R, x 0. (0.46)

One of the main goals in this paper is to equip a solution space in which we can realize the
Neumann BC (0.46) in a suitable sense and hence guarantee a unique solvability. Indeed
we can justify the Neumann boundary condition (0.46) in a weak solution formulation
testing against smooth test functions that do not vanish at the boundary 9€2 in Lemma 1,
and prove the uniqueness of weak solution. We then carefully show in Lemma 5 that,
assuming the continuity equation

V'J+8t,0=0,

and some compatibility conditions of the initial datum (0.34), the weak solution of wave
equations with boundary conditions (0.43)—(0.46) is indeed a solution to the Maxwell
equations. This equivalence allows us to solve the RVM system by looking for solutions
to the wave equations with boundary conditions (0.43), (0.44), which is the first step of
our analysis.
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oGlassey-Strauss representation in the half space The wave equations (0.43), (0.44)
suffer from the “loss of derivatives” of (E, B) with respect to the regularity of the source
terms p and J. As Glassey mentions in his book [28], the key idea of the Glassey-Strauss
representation is replacing the derivatives 9;, V, by a geometric operator 7 in (0.48) and
a kinetic transport operator S in (0.49):

S—0-T .S
= =2 (g - 2 7y, (0.47)
1+0-w 1+0-w 1+v-w/)
while, for w = w(x, y) = &—:;,
Ty = 9 — w01, (0.48)
S:=0;+0-V,. (0.49)
Note that
Tif@t—1ly—xly,v) =08y, [f—1|y—x],y vl (0.50)

which is a tangential derivative along the surface of a backward light cone [28]. On the
other hand, the Vlasov equation (0.40) implies that

Sf=—=Vy -[(E+Eex+0 x (B+ Bex) — ge3) f1. (0.51)

Therefore, in [27,28], they can take off the derivatives T, S from f using the integration
by parts within the Green’s formula of (0.43)—(0.44) by connecting the source terms to
f via (0.42).

For our problem, we derive the Glassey-Strauss representation in the presence of
a boundary. For E| and Bj, to solve the wave equation with the Dirichlet boundary
condition (0.24), we employ the odd extension of the initial data and the forcing term
into the lower half space R3 = {(x1, x2, x3) € R3 : x3 < 0}. Solving the whole space
wave equation with the oddly extended data gives us the solution that satisfies (0.24). On
the other hand, for E3 and B);, we decompose the solution into two parts: one with the
Neumann boundary condition of (0.46) and the zero forcing term and initial data, and
the other part satisfying (0.43)—(0.45) with the zero Neumann boundary condition. For
the first part, we find out the expression using the fundamental solution of the Helmholtz
equation. And for the second part, we use the even extension to get the solution with the
zero Neumann boundary condition.

For the expression in the lower half space, we introduce

W= [a)l w) —a)3]T, (0.52)
and

T3f = =0y, [f (0 — |y — x|, yj. —y3, V)] = 3y, f — @30 f.

_ _ ) (0.53)
Tif =0y,[f@—1y—x,y,—y3v)] =0y, f —wo f for i =1,2.

Then through direct calculation we obtain an explicit expressions of E and B by solving
the wave equations (0.43)—(0.45) under the boundary condition (0.24) and (0.46) in
Proposition 1 and Proposition 2 respectively.
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eWeighted W1 estimate of f and the regularity of the fields An intrinsic feature of the
transport equation in domains with boundary is the singular behavior of its derivatives:
the solution of a linear transport equation with physical boundaries is known to not
have high regularity [21]. However, to get the unique solvability, one must control V,, f
effectively. This in turn requires the control of spatial derivatives of the distribution
function and the spatial derivatives of electromagnetic fields. But due to the characteristic
boundary, f does not have high enough regularity to achieve the required regularity for
E and B directly from the hyperbolic equations. We explain the ideas of the paper and
the methods we use to overcome the difficulties in the rest of this section and the next.

Let’s consider a solution of the RVM system with inflow boundary data (0.40)—(0.42),
(0.25). The characteristics (trajectory) is determined by the Hamilton ODEs,

d .
—X(s;1,x,0) = V(s;1,x,v),
ds

p (0.54)
d_V(S; ,x, v) = S(Sa X(S; t,x, U), V(S; r,x, v))
N

We define the backward exit time ty(t, x, v) as
tp(t, x,v) :=sup{s > 0: X(r;t,x,v) € Q forall t € (t —s,1)}. (0.55)

Furthermore, we define xp(t, x,v) = X — tp(t, x, v); t, x,v), and vy(¢, x,v) =
V(t — (2, x,v);t,x,v). We can solve the Vlasov equation (0.40) with the inflow
boundary condition (0.25) as
f(t7x7 U) = g(t - tb(tv-xa U), X(t - tb(t5 X, U), z, X, U),
Vit —t(t,x,v);t,x,v)) fort > m(t, x, v).

From some direct computations (see (5.8) and (5.9)), the derivatives of f have a bound
in general as

Vi f(t, x,v) ~ V(1 x, v),

which can be further bounded from the direct computation of the characteristics (see
(5.5)) as
1+ SUPp<s<t VS () lloo

= (0.56)
Up,3

vxtb(ta-xv U) 5

The formation of such singularity motivates us to introduce the following notion. As a
first order approximation of 0y 3(¢, x, v), we define the kinetic weight

alt, Xy, %3, 0) 1= \/(x3)2 +(03)2 = 2583 (t, x), 0, v)()%
x3

= \/(x3>2 +(3)2 = 2(E5(t, x,0) + E, + (8 x B)3(1, x),0) — g) o

(0.57)

Note that @ = 03 on dQ2. Crucially « is effectively invariant along the characteristics,
thanks to the velocity lemma (Lemma 8). This allows us to prove an a-weighted bound
on the derivatives of f, more specifically, we prove that forany 0 < § < 1,

() PavVyf(1) € LY@ x B, for0 <1 <T. (0:38)
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On the other hand, due to the generic singularity (0.56), to close the estimate we need
to bound V. E, V, B by (v)>*3aV, f in the generalized Glassey-Strauss representation.
By taking the derivatives directly to the formulas of £ and B, in Lemma 7 we achieve
the bound

Vi E| +|VyB| < “initial data”
+ sup ||(U)5+5018x3f(t)||oo/ / ———— : dvdx.
0=<r<T Qnfix|<T) JrR3 (V)*a(t, x, v)

Then from the local-to-nonlocal estimate (Lemma 9), we derive

! 1
— dv<In(l+—) €Ll (),
/]1{3 )y Palt,x,v) n( x3) € Lo ()

and we are able to close the estimate and conclude E, B € W1 ((0, T) x Q).

In the construction of solution, we study a sequence of solutions ( f t E¢, Bl) and
pass the limit. To achieve a uniform estimate, we use a weight at (t, x, v), which is the
same form of (0.57) with exchanging E, B to E*¢, BY. Since ot depends on E¢, BYand
hence f*, when passing the limit of the sequence {0/3_18)(3 f e}fz 1» we need to verify
that

oo £C S @by, £ in LO((0,T) x © x R?). (0.59)

Obviously this convergence is nontrivial since the norm itself is nonlinear. To obtain
this, we observe that since we can bound VE¢, VB¢ pointwisely, they have traces and
a strong convergence

¢ ¢
Elsa — Elsq, B lasg — Bliq.

Thus we can prove that a strong convergence a‘~! — « in L. On the other hand,
using a positive lower bound of o’ away from the grazing set, we obtain a upper uniform
bound of 8x3(xz_1 — 0y, locally. We then achieve the desired convergence (0.59) using
uniform bound of f¢.

Among other boundary conditions, we find that the specular boundary condition
suffers most. Due to the lack of higher regularity of the fields (e.g. compare to [6] where
the field is C?), we can only derive an exponential-in-o singularity of the derivative of
trajectory

€l
|anCl(S; ta X, v)| S Cl <v)e a(tx,v){v) )

€l
[deVar(s; t, x, v)| < Cy(v)evetsnbn,

(0.60)

Clearly, such a strong singularity can be harmful in our analysis based on the Glassey-
Strauss representation. We study the specular BC problem with great care. Details are
presented in Sect. 7.
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oA Priori L™ estimate of V,, f and uniqueness A simple Gronwall’s inequality implies

1) (f = ) Dlloo S 1) (f = £)(O0)lloo

t
+ sup ||<v>4+5vvf<z>||oo/O I(Ef — Eg+ By — Bg)(s)lloo-

0<t<T

0.61)

For constructing a solution and proving its uniqueness, we establish an effective stability
estimate of the difference of solutions f — g, and Ey — E4, By — B,. To control the
nonlinear term of the equation of f — g, (Ey — Eg + By — Bg) - V, f, we establish an
estimate of V,, f. From the Lagrangian view point along the characteristics (0.54), we
have

Vo f(t, x,v)
~ Vi fo(X(0;1,x,v), V(0; ¢, x,v)) - Vu X(0; ¢, x, v)
+Vy fo(X(0; 7, x,v), V(05 7, x,v)) - V, V(0; £, x, v).
Clearly effective control of Vi E, Vy B is necessary. Now we crucially use our estimate
of ady, f to obtain bounds for V. E, V, B in the Glassey-Strauss representation, which

in turn gives the a priori L* estimate of V,, f. Using this V,, f-bound and a pointwise
bound from the Glassey-Strauss representation (Lemma 6)

IE f—¢(Dlloo + I1E f—g(Dlloo S sup {0} (f — £)(5) oo,

0<s<t

we achieve an L™ stability as supy—,<, [[(0)*°(f — @)oo S (W) (f —
2)(0) 0.

1. Uniqueness of the Maxwell Equations

In this section, we consider the uniqueness of solution to the Maxwell equations in
(0, T) x Q2 in a presence of free charge:

0E =V, xB—4xnJ, (1.1)
0B=-V, x E, (1.2)
V,-E=4np, (1.3)
V,-B=0, (1.4)
with initial condition:
E(0,x) = Eo(x), B(0,x) = Bo(x) in €2, (1.5)

and the perfect conductor boundary condition:
Ey=E; =00n0%2, B3 =00ndQ. (1.6)

It is worth to recall that the boundary conditions for E3 and By, B, are not given origi-
nally.
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Definition 3. For given Eg, By, p, j, we say functions
E(t,x), B(t,x) € W'®((0, T) x Q), (1.7)

is a solution to the equations (1.1)—(1.6) if (1.1)—(1.4) holds almost everywhere in
(0, T) x 2, and (1.5), (1.6) holds in the sense of trace.

Remark 8. Traces of W1 ((0, T) x Q) are well-defined in a classical sense since any
uniformly continuous function in space and time can be extended up to [0, T'] x €.

The goal of this section is to prove the following uniqueness result:

Theorem 4. Suppose Eo(x), Bo(x) € WLP(Q), and Vip,ViJ,d,J € L¥((0,T);
L? () for some p > 1, and

loc

V.J=-4p. (1.8)

Then a solution E(t, x), B(t,x) € Wl*oo((O, T) x Q) to the equations (1.1)—(1.6) in
the sense of Definition 3 is unique.

The key of proof is to realize E3, B, By as weak solutions of inhomengenous wave
equations with the Neumann boundary condition from a weak solution of Maxwell
equations in the sense of Definition 3. For the general theory of hyperbolic equations
with boundary, we refer to [33,40,42].

Definition 4. Givenany ug, 1 : Q > R,G: (0, T)xQ — R,andg : (0, T) x Q2 —
R, we define a function u(r) € WP () fort € (0, T), p > 1 to be a weak solution of
the inhomengenous wave equation with Neumann boundary condition:

Fu— A =G, —dgult, ) =g,

(1.9)
u(O,x) = ug, aZ‘M(O’ )C) =ui,

if for any ¢ € C°([0, T) x Q), we have
(u, p)n = /Q(ul(x)¢(0, x) —uo(x)9,¢(0, x))dx
T
+/ / ut, x) (3,2¢(t,x) _ Ax¢(t,x)> dxdt
0 Q

T
—/ / u(t,xH,0)8x3¢(t,x”,0)dx‘|dt
0 Q2

T T
+/ / g, x)De(t, x|, 0)dxdt —/ / Godxdt =0, (1.10)
0 Q2 0 Q

and each terms in (1.10) are all bounded. Note that since u(t) € WLP(Q), it has a trace
u(t)|po € LP(9R2). Also, note that supp(¢) C [0, T) x Q is compact, but ¢|,—g # O,
and ¢|sq # 0 in general.

We also define a weak solution of the Dirichlet boundary problem:

Pu—Au=G, ult,x)he=2g, (1.11)
u(0, x) = up, %u(0, x) = uy, .
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if for any ¢ € C°((0, T) x ), with ¢|s = 0, we have
(u,¢)p := /Q(ul(x)qﬁ(O, x) —uo(x)9,;¢ (0, x))dx

T
+f /u(t,x) (a,2¢(t,x)—Ax¢(t,x))dxdt (1.12)
0 Q

T T
—/ / g(t, x) 0y, 0 (¢, x|, 0)dxdt —/ / Godxdt =0,
0 02 0 Q

and each terms in (1.12) are all bounded.

Lemma 1. Suppose E(t, x), B(t, x) € W-((0, T) x Q) is a solution to the equations
(1.1)—(1.6) in the sense of Definition 3, and Eo(x), By(x) € wlr(Q), Vip,VilJ, 0, J €
L®(0,T); LY () for some p > 1. Then E1, E>, B3 solve the wave equation with

loc

the Dirichlet boundary condition (1.11) in the sense of (1.12) with

uy = Eo;, uy = 0,Ep; := (Vy x B); —4mJy;,

G =—4n0y,p —4no Ji, g =0, forE;,i=1,2, (1.13)
uo = Bo3, uy = 0,Bo3:=—(Vy X Eg)3, G =4n(Vy x J)3, g =0, for B3,
(1.14)
respectively.

Moreover, E3, By, By solve the wave equation with the Neumann boundary condition
(1.9) in the sense of (1.10) with

uo = Eo3, uy = 0;Eo 3 := —02B0,1 +91Bo2 — 47 Jo 3,
G = —4n0,p —4nd; J3, g = —4np, for E3, (1.15)
uo = Boi, u1 = 9;Bo,i := —(Vx x Ep)i, G =4x(Vy x J);,
g=(—D""xJ;, forB;, i=1,2, (1.16)
respectively.
Proof. We omit the proof. For a proof, see [7]. O

Next, we prove the uniqueness of wave equation with Neumann BC (1.9) and Dirichlet
BC (1.11).

Lemma 2. Suppose u(t, x), u(t, x) are weak solutions with the Neumann BC (1.9) with
the same ug, uy, G, and g in the sense of weak formulation (1.10). Then u(t, x) = u(t, x).

Proof. Tt suffices to show that if u is the solution of (1.9) with
up=u;=G=g=0, (1.17)

in the sense of (1.10), then for any ¥ € C°((0, T) x ),

T
/ /u(t,x)xﬂ(t,x)dxdt:O. (1.18)
0 Q
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Let l/}(t, x) = Y (T —t, x), then 1/~/ € C°((0, T) x ). We consider the function
3(t,x): (0, T) x R3 > R given by

l ) r— - ) )
5t ) ::4_/ Y ( I|y XI| M yz)dy
T . , — X
1 B(x;t)N{y3>0} i y (1.19)
t— - 3 s T
L Y =1y —xl,y y3)dy'
4 B(x;t)N{y3 <0} |y - x|
Then the function v(z, x) is a weak solution of the wave equation in (0, 7) x R3
OF = AJD(, X) = Luss 0¥ (1, %) + L 0¥ (1, ) (1.20)

v(0,x) =0, 9,v(0,x) =0,

where x = (x1, x2, —x3). And since ¢y € C2°((0, T) x ), the function 1x3>01/~/(t, X)+
1x3<01}(t, %) is smooth in (0, T) x R3. Thus ¥ is smooth. Moreover, for some small
5 >0,

v(s,x) =0fors € [0,6), (1.21)
and a direct computation yields
0,0 =00n (0, T) x 092. (1.22)
Now, let v(t, x) : [0, T) x Q — R3 be given by
v(t,x) =o(T —t, x). (1.23)

Then v(¢, x) is smooth, and by (1.21), v(¢, x) € C°([0, T') x Q). Moreover, from (1.20),
(1.22),

(37 — A)v(t,x) = ¢ (T —1,x)in (0, T) x Q,

(1.24)
O v(t,x) =00n (0, T) x 9L2.

Now, since u is the solution of (1.9) with ug = uy = G = g = 0, and v(t,x) €
C([0,T) x ), 9x;,v|ae = 0, from (1.10) we have

0= / (u1(x)v(0, x) — up(x)9,v(0, x))dx
° T
+/ /u(t,x) (Blzv(t,x)—Axv(t,x)) dxdt
0 Q

T
—/ / u(t,x||)8x3v(t,xH,O)dx”dt (1.25)
0 Joaq

T T
+/ / g(t,xH)v(t,xH,O)dx”dt—/ / Gvdxdt
o Jog 0 Ja

T T
=/ /u(l,x)l]f(T—t,x)dxdt:/ /u(l,x)t/f(t,x)dxdt.
0 Q 0 Q

Thus, we proved (1.18) and this conclude the lemma. o
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We also prove a similar version of the lemma that will be used later.

Lemma 3. Letu : (0, T) x Q2 — R be a function such that forany ¢ € C2°([0, T) x Q),
with Ox;plaq =0,

T
/ / u(d? — A)pdxdt =0, (1.26)
0 Q

then u = 0.

Proof. Takeany y € C2°((0, T) x §2). Let I/NJ‘(I‘, x) = (T —t, x), and define v(z, x) in
the same way as (1.19). Then define v (¢, x) asin (1.23). Then, as showed in (1.19)—(1.24),
v(t,x) € C([0, T) x ),

(8,2 —Av(t,x) =y, x)in (0, T) x 2, and d,v]ye = 0.

Therefore, from (1.26), we have [ [, updxdt = [ [, u(®? — A)vdxdt = 0. Thus
u=0. O

Lemma 4. Suppose u(t, x), u(t, x) are weak solutions with the Dirichlet BC (1.11) with
the same ug, uy, G, and g in the sense of weak formulation (1.12). Thenu(t, x) = u(t, x).

Proof. Tt suffices to show that if u is the solution of (1.11) with
up=u; =G =g=0, (1.27)

in the sense of (1.12), then for any ¥ € C°((0, T) x ),

T
/ / u(t, x)y(t, x)dxdt = 0. (1.28)
0 Ja

Now, let ¥/ (¢, x) = ¥(T — ¢, x), and define the function w(z, x) : (0, T) x R? — R3
as

1 bt —ly — x|,y
B x) = Y =1y —xl, y ya)dy
47 JB(:nNiy3>0) ly — x|
1 It — 1y — x|, vy, —
_ Y — 1y —xl,y y3)dy’ (1.29)
4 JB(x;nn{y3 <0} ly — x|
and let w(t, x) : [0, T) x @ — R3 be given by
w(t,x) =w(T —t, x). (1.30)

Then from direct computation and using the same argument as (1.19)—(1.24), we get
w(t,x) e CX([0,T) x ), and

(32 — Aw(t,x) =9 (T —t,x) = ¥ (t,x)in (0, T) x 2,

(1.31)
w(t,x) =00n (0, T) x 0Q2.

Therefore from (1.12) and (1.27), we have 0 = fOT Jqu@? — Aywdxdt = fOT

Jo udxdt. This proves (1.28). i
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Next, we show that the Lipschitz solutions of the wave equations solves the Maxwell
equations if the continuity equation conteq and some initial compatibility condition are
satisfied.

Lemma 5. Suppose E(t,x), B(t,x) € WU'®((0,T) x Q), Vip,8J,ViJ €
L>®((0, T); Ly, (), with

loc

V.-J=—0p. (1.32)
Assume
E1, E> solves (1.11) with (1.13), and E3 solves (1.9) with (1.15),
B3 solves (1.11) with (1.14), and By, B solves (1.9) with (1.16). (1.33)
Further we assume compatibility conditions
V-Eyg=4mpy, Vy-By=0, in 2, (1.34)
Ep1=Ep2=DByp3=0 on 92Q. (1.35)
Then we have
E=VyxB—4nJ, V.- E =4mp, (1.36)

#B=—-VyxE, V,-B=0.

Proof. We provide the detailed proof of V- E = 4mp,and 6, E = V, x B —4mJ. The
proof of 9; B = —V, x E,and V, - B = 0 is similar.

In the view of Lemma 4, it suffices to show that for any ¢ (¢, x) € C2°([0, T') x Q)
with ¢y = 0, we have

T
/ / (V-E— 47{,0)(3t2 — Ay)pdxdt = 0. (1.37)
0 Q
Now by direct computation with integration by parts, we have
T
/ / (V- E —4mp)(8? — Ay)pdxdt
0 Q
T
= / (—0:Ep- Vo0, x)+ Eo - V0 (0, x))dx + 4w / / V- Jopdxdt
Q 0 Q

T
+4m / Jo - V0, x)dx — 4 / / pd>pdxdt
Q 0 Q

where in the second equality we’ve used (1.33).
Now, using V - J = —0;p, (1.34), and integration by parts we obtain

T
f f (V- E —4np) (0> — Ay)pdxdt
0 Q
= / (=0:Eo +4mJy) - Vo (0, x)dx — / (V- Eo —4mp)0:¢ (0, x))dx
Q Q

Z/ —(Vx x Bg) - Vg (0, x)dx = 0.
Q
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This proves (1.37).
Next, let’s show that d; E1 = (Vy x B)| —4m J;. It suffices to prove for any ¢ (¢, x) €
C([0, T) x Q) with ¢|sq = 0, we have

T
/ /(atEl — (Vi x B)| +4711)(0? — Ay)ddxdt = 0. (1.38)
0 Q

Using (1.33) and integration by parts, we compute

T
/ /(3,E1 — (Vy x B)1 +4n]1)(3,2 — Ay)opdxdt
0 Q
T
=—/ a,Eo,la,qs(o,x)d“/ 471p081¢(0,x)dx+/ f4n8tp31¢dxdt
Q Q 0 Q
—/ 471]0’18,¢(0,x)dx+/ Eo1Ax9(0, x)dx
Q Q
T
—/ /47T]1Ax¢dxdt+/(30’23[33¢—Bo’38[32¢(0, x))dx
0 Q Q
—/(—3tBo,382¢(0,X)+BzBo,233¢(0, x))dx
Q

T
+/ / 4t (— 20100 + J105¢p — J301 036 + J195¢p)dxdt
0 Q

T T
+/ / 471]183¢dx|‘dt—/ / 4 J103¢pdxdt.
0 02 0 Q2

Then from (1.8) and integration by parts,

T T
f f 4709, pd1 pdxdt — / f 47 Jy Ay pdxdt
0 Q 0 Q

T
+f / 47t (— 20100 + J105¢p — J301 036 + J195¢p)dxdt
0 Q
T T
= / f 47{(]1812¢+128281¢+J33381¢)dxdt —/ / 47ZJ1Ax¢dxdt
0 Q 0 Q
T
+/ / 47 (— 20100 + J1053¢ — J301036 + J195¢)dxdt = 0.
0 Q
Thus,

T
/ /(8,E1 — (Vo X B)j +47J1) (8 — Ay)pdxdt
0 Q
= /Q (=8 Eo,1 — 47 Jo,1)3¢ (0, x) + B 2339, (0, x) — Bo 3929, (0, x))dx (1.39)

+ /Q(—47T31;00¢(0, x) + E0,1Ax¢ (0, x) + 0, Bo302¢(0, x) — 9, Bo233¢ (0, x))dlx.
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From (1.33), we have —0; Eo,1 —4mw Jo,1 —33Bo2+02Bo,3 = 0,and 9; Bo = —Vy X Ep.
Together with (1.34), (1.35), we use integration by parts to get

/Q((—arEo,l — 4w Jo,1)0:¢ (0, x) + B 2930, (0, x) — Bo,3920;¢ (0, x))dx

+ /Q(—47T31p0¢>(0, x)+ Eg1Ax¢ (0, x) +03;Bo3024(0, x) — 9;Bo,233¢ (0, x))dx = 0.

Thus, we conclude (1.38). And from the same argument we can show that 9;E, =
(Vi X B)y +4m Jp.

Next, let’s prove 9; E3 = (Vy x B)3 — 4 J3. In the view of Lemma 3, it suffices to
show that for any ¥ € C2°([0, T') x Q) with ¥ laq = 0, we have

T
f / (0,E3 — (Vy x B)3 +4mJ3)(37 — Ay)Ydxdt = 0. (1.40)
0 Q

Using (1.33) and integration by parts, we compute

T
/ /(8,E3 — (Vi X B)3 +41 3)(87 — Ay)Ydxdt
0 Q
T
:—/ 8,E0,38,¢(0,x)dx+/ /4n8,p831pdxdt
Q 0 Ja
+/ 471p0831/f(0,x)dx—/ Jo30: ¥ (0, x)dx
Q Q
+/ Eo3Ax9 (0, x)dx+/ 4oy (0, x)dx)
Q Q

T
—/ f4JTJ3Ax¢dxdt+/(313(),2—3230’1)3[w(0,x)dx
0 Q Q

+/ (—=9;Bo,102¥ (0, x) + 8; Bo,201 ¢ (0, x))dx
Q
T
+f / 4 (050 — Jad300 — J103019 + J307)dxdr.
0 Q

From (1.8) and integration by parts,

T T
/ /4n8,p831pdxdt—/ /471J3Ax1pdxdt
0o Ja 0 Ja

T
+f f 4 (J3050 — J2d300y — J103019 + J307 9 )dxdt
0 Q
T T
= / / 4T (1101030 + J202039 + J303)dxdt —/ / 47t J3Acyrdxdt
0 Q 0 Q

T
+f / 4t (3030 — J2d300 0 — J103019 + J307)dxdt = 0.
0 Q
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Thus,

T
/ / (8 E3 — (Vi X B)3 +4mJ3)(07 — Ay)ydxdt
0 Q
= / (=0:E03 —4mwJo3+01Boo — 02B0,1)0: ¢ (0, x)dx (1.41)
Q
+f (=4 d300% (0, x) + Eg3A,¥ (0, x) — 0, Bo,102% (0, x) + 9; Bo,201¥ (0, x))d x.
Q

From (1.33), we have —0; Eg.3 —4mw Jo3+01Bo2 — d2Bo,1 = 0, and 9; Bo = —V, x Ey.
Together with (1.34), (1.35), we use integration by parts to get

f (—0:Eo3 —4mJo3+01Bo2 — 02Bo,1)0: ¥ (0, x)dx
Q

+ /Q(—47T33,001/f(0, x) + Eo3A:¥(0,x) — 8;Bo,102¥ (0, x) + 9; Bo,201¥ (0, x))dx
=0.
This concludes (1.40). |
Now we are ready to prove Theorem 4.

Proof of Theorem 4. The proofis adirect consequence of previous lemmas.Let (E, B) €
W0, T) x Q), and (E, B) € whee (0, T) x ) be two solutions of (1.1)—(1.6).
We consider E| — E, E» — E», and B3 — B3. From Lemma 1, both E; and E; satisfy

(1.13) for i = 1,2, and both B3 and [33 satisfy (1.14). Therefore, from Lemma 4, we
have

E = E], E; = Ez, B3 = é3. (1.42)

And for E3 — Eg, B — Bl, and By — éz. From Lemma 1, we have both E3 and E3
satisfy (1.15), and both B; and B; satisfy (1.16) for i = 1, 2. Therefore, from Lemma 2,
we deduce that

E; = E3, By = By, B, = B». (1.43)

Thus, we get £ = E,B = B, and this concludes the uniqueness of the solution. Now
this solution should solve the Maxwell equation by Lemma 5. O

2. Glassey-Strauss Representation of £ and B

In this section, we give a representation of the field £ and B by solving the wave
equations (0.43), (0.44), under the boundary condition (0.24) and (0.46).

We first consider the electronic field E. The tangential component £ = (E1, E3)
satisfies

atzE” —AE) =G :=—4aV|p — 4o J),
Ejli=0 = Eo|, % E|li=0 = 3 Epy, 2.1
E;y =0 on 9Q. (2.2)
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Define
X = (x||, —X3) for x = (x”, X3) = (xl, X2, JC3). (2.3)

To solve the Dirichlet boundary condition, we employ the odd extension of the data: for
i=1,2andx € R?,

Gi (t’ X -x3) = 1x3>OGi (t9 x) - 1x3<0Gi (t’ -)Z)5
Eoi (x), x3) = 1y50E0i (x) — 1y <0 Eoi (%), (2.4)
0 Eoi (x|, x3) = 13500, E0; (X) — Lyy2<00; Eo; (X).

Then the weak solution of Ej (¢, x) to (2.1) with data (2.4) in the whole space R3 takes
a form of, fori =1, 2,

1
Bt = oo | (18, Eoi(3) + Eoi () + VEoi(») - (v — 1)) dS)
41> JyB;nn{ys >0}

1 _ _ _ _
| (= 1 Eoi(5) — Eoi(5) — VEoi(3) - (5 — 0)dS,
4712 JyB(xinn{ys <0}
1 Gi(t—|y—x|,
e it =1y —x[,y) dy 2.5)
4 JB(x;nn{y3>0) ly — x|
1 —Gi(t— |y — x|, 7
L L it =1y —x] y)dy’ 2.6)
4 JB(x;nn{y3 <0} ly — x|

where B(x,1) = {y e R3 : |x —y| < t}and dB(x,1) = {y € R? : |x — y| = t}. The
above form is then a (weak) solution of (2.1) and (2.2). Next, we express (2.5) and (2.6)
using the Glassey-Strauss representation [27] in 2. Define

a,=‘i:+'£, ai=%+<aﬁ—%> T, 2.7)
while, for o = 0 (x, y) = 7=
T, = 0 — w;ot. 2.8)
S:=0+7v-V,. (2.9)
Note that
Tif@—1ly—xl,y,v)=0y[f—ly—xly vl (2.10)

and the Vlasov equation (0.40) implies that
Sf=—=Vy -[(E+Eex+0x (B+ Bex) —ge3) f1. (2.11)
From (0.42) and (2.7),

aGip+ 0, Ji) — |y —x|,
2.5) = _/ @ip + 8 J)(r — |y — x| y)dy
B(x;t)N{y3>0} |y _x|

—/ @ f + 00 )t — |y — x], y, v)d
B(x:)N{y3>0} JR3 ly — x|
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w; + U; dy
—SHE =y — x|, y,v)dv
ly —x

R31+U

B /I;(x t)N{y3>0}
(wz (i + Vi)V dy
fB(xt) /R3< P ij(t—ly—xl,y,v)dvy_

N{y3>0} |
Here, we followed the Einstein convention (when an index variable appears twice, it
implies summation of that term over all the values of the index) and will do throughout

this section.
Then replace T f with (2.10) and apply the integration by parts to get the last term

equals

(w; +0;)0; ds
- wj | éij — ———) f(0,y,v)dv
B(x;HN{y3>0) I+v o y—

(wi + 0;)03 dy
+/ f (8,-3—% =1y —xl.yp. 0. vydp— 1
B(x:n)N{y;=0} JR3 1+70-w ly — x|

(191> = D(D; + o) dy

fw-,) T ancat AUl MRS I U

N(ys=0} * R Y
(2.12)

x|?

where we have used that, from [27,28],
[ (o @i+ 808\] (0P~ D@+ @)
ay; Lly—xI Y 1+9-w ly —x2(1+0-w)?
In order to express (2.6) in the lower half space we modify the idea of Glassey-Strauss

slightly. Define

w= [a)l w> —a)3]T (2.13)
We use the same S of (2.9) but
Tsf = =8y [f =y = x|, v, =3, V] = 0yy f — @30, f, @.14)
T f =3y, [f(t — |y — x|, y), —y3. )] = 0y, f — @0, f for i =1,2.
Then we get
S—0-T
0 = —, (2.15)
140w
- _S—-0-T ;i S - _ 0T
dy, = T; + @; — = ~ +T; — wj ————. (2.16)
. 1+0 - 140w 140w
Therefore, we derive
i + S+(U—M> 7. 2.17)
1+0-w ’

9 +0;0 = ———
1+ -

Now we consider (2.6). From (2.17),

(2.6>=/ @ f + 80, 1) — |y — x], 5, v)dv—2
B(x;1)N{y3<0} y
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o; + U; _ dy
= = (Sf)(t — |y —xl|,y,v)dv
B(x;)N{y3<0} JR3 1+ 70 - ly — x|

a)lv]+vlv])Tf(t | 5. v)du dy
B(x:1) R3 ) =3, ly — x|’

N{y3 <0}

Applying (2.14) and the integration by parts, we derive that the last term equals

/ / _ (8 a),vj+v,v]>f(0 )d ds,
wj\dijj — ———F—— v, v)dv
3B (x;1)N{y3<0} JR3 AN 1+0 ly — x|

w; 03 + V; U3 d
+/ / ta(éis ;)f(t—ly—xl i 0, v)dv Y
B(x;:)N{y3=0} JR3 L+9 ly — x|

A2 A
_/ (vl A)(vz ;) Flt— 1y —x]. 5. v)d
B(x;0)N{y3<0)

(1+7-m)? ly —x|2’
(2.18)
where we have utilized the notation
i=+1 fori=1,2 13=-1, (2.19)
and the direct computation
Lji [ 1 (5” B L,-wiﬁ,-f ﬁ_iﬁj>] _ (|92 _21)@’}”7_)")2. 2.20)
ay; Lly —x| 1+0-@ ly —x]?(0+ 0 - @)

Next, we consider the normal components of the Electronic field E3. From (0.43),
(0.45), and (0.46), we have

02E3 — A E3 = Gy 1= —4nd3p — 470, J3,
E3li—0 = Eo3, 0;E3|;=0 = 9;Eo3, (2.21)
33Es =4mp on 9. (2.22)

Itis convenient to decompose the solution into two parts: one with the Neumann boundary
condition of (2.21) and the zero forcing term and initial data

2w — Ayw =0 in Q,
wl=0 =0, dwli=0 =0 in Q, (2.23)
w = 4mp on 9%,

and the other part E3 with the initial data of (2.21) and the zero Neumann boundary
condition. We achieve it by the even extension trick. Recall x in (2.3). For x € R3,
define

G3(t7 -x) = 1x3>OG3(t, x) + 1X3<0G3(t7 )z)v
Ep3(x) = 14350E03(x) + 13 <0 Ep3(X), (2.24)
0 Ep3(x) = 13500 E03(x) + 1,5 <00; Eg3(%).
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The weak solution E 3 to (2.21) with the data (2.24) in the whole space R3 take a form
of

~ 1
Ext0) = 5 [y (HEQ) + En(3) 4 VER() - (v =) dS,

N{y3>0}
1 _ _ _ _
* a2 ﬁB(x;t) (10 E03(¥) + E03(3) + VEo3(3) - (§ — X))dSS,
Alys<0)
1 Gs(t — |y — x|,
L b 3t — |y — x| y)dy (2.25)
47 ) B(x;n) ly — x|
N{y3>0}
1 Giy(t—|y—x|,y
+— b P )N (2.26)
4 ) B(x:t) ly — x|
N{y3 <0}

Following the same argument to expand (2.5) and (2.6), we derive that

w3 + U3 dy
(2.25) = (Sf)(t = |y — x|, y,v)dv
B(x;nN{y3>0} ly — x|

R3 1+0-

(1912 = 1) (D3 + w3)
+/ f(t_|y_x| }’av)dv 2
B(x;n)N{y3>0} JR3 (147 w)? ly — x|

(w3 + 03)0; ds,
—/ wj |83 — ——F— ] f(0,y,v)dv
3B (x;)N{y3>0) I+ ly — x|

(w3 + 03)03 dy
+/ / <1——A £t =1y —x|, y. 0, v)dv——
B(x;nNN{y3=0} JR3 I+v-w ly — x|

2.27)
w3 + U3 dy
(2.26) = / / = (Sf)(t — |y — x|, y,v)dv
B(x;1)N{y3<0} JR3 1+70- |y — x|
(1912 = D (D3 + @3) _ y
+/ ——— f@&—1y—x|,y,v)dv 3
B(x;nN{y3 <0} JR3 (1+v-w) ly — x|

- @30 + 030 ds,
- 3 (837 = BT 70, 5. v)du
IB(x;1)N{y3 <0} JR3 1+9 ly — x|

(@3 + v3)v3 dy
+ 1 ————=)f(— |y — x|y, 0,v)dv .
/B(X;t)ﬂ{y3=0} AA@ ( 1+ ) I ly — x|
(2.28)

Note that the weak derivative 33 to the form of E3 solves the linear wave equation (2.21)
with oddly extended forcing term and the initial data in the sense of distributions. Thus

it satisfies

3E3;=0 on 0%Q. (2.29)

Now for (2.23), using Laplace transformation and solving the corresponding Helmholtz
equation with the Neumann boundary conditions (Lemma 4.1, 4.2 in [13]), we obtained
that the solution w of (2.23) has the form:

p(t = /Iy —xg12+x3, )
d (2.30)

-

w(t,x) =

_ /
V=g <t Ly — xy12 + x2
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Collecting the terms, we conclude the following formula:

Proposition 1.

Ei(t,x) = yrs) /BB( S (t3: Eo.i (y» y3) + Eo,i (y|» ¥3) + VEoi (y). y3) - (y — x)) dSS,
x;)N{y3>
(2.31)
1
+ — (=10, E; O, yy, — — E;i 0, yy, —
4712 ,/:93()( t)ﬁ{\z<0}t ( i 0. 1. =y3) ©. 3. =y3)
= VIEi(0, y, —y3) - (v — X)) + BE; (0, yj, —y3) - (y3 — x3))dS, (2.32)
(917 — D@ + ;)
_ Tt — dvd 2.33
/Bmmpm/n@ =P+ 52! (TP Ty dvdy (2.33)

2 - 1 1 L l
./ / (|U| )(U + L w; 5 f(t _ ‘y _xl YiIs — Y3, ’U)d'Udy (2'34)
B(x;t)N{y3 <0} )

|y—x|2(1+v w~

1 + l d
/ / T (S =y =%, . v)dv (2.35)
B(x;0N{y;=0) JR3 1 +7 - [y — x|
+f f I Sy~ ly v s, v (2.36)
B(x;t)N{y3<0} I+0- ly — )Cl
+ f (ais M) Fle—ly=xlyp. 0, 0do—2(2.37)
B(x;)N{y3=0} I+v | Xl
f f (ais - w) F& =1y = xl, . 0, dv—2 (2.38)
B(x:H)N{y3=0} I+ ly — xl
/ / i (351‘ - M) £0.y, vdo 22 (2.39)
dB(nND;=0) JRS T l+0 0 [y — x|
L,a),vj +0;0 dsy
N = HOTEUY ey s v 2.40
/BB(X Dya<0) /]12{3 Z‘J“’J( T T1s )f( VI, —¥3, V) Uly o ( )
—&3/ / 2f(t—|y—x|,yn,0, U)dvdSy. (2.41)
B(x;)N{y3=0} [y — x|

Next, we solve for B. For Bj, B, we have, fori =1, 2,
3?B; — AyBi =4 (Vy x J); :=H; in Q,
O, Bl =4mJo, 0y,By =4mJ; on 99, (2.42)
B;(0,x) = Bo;, 9;B;(0,x) = 9,By; in K.

To solve (2.42) we write B; = éi + Bp; with éi satisfies the wave equation in
(0, 00) x R? with even extension in x3:

07 Bi — AxBi = 1oyooH;(t, x) + Ly <0 Hi (2, %),
Bi(0, x) = 1;=0Bo; (x) + 1y <0 Boi (%), (2.43)
3 B; (0, x) = 1y;-09; Boj (x) + Ly <09y Boj ().
And Bjp; satisfies
92 Bpi — Ay By =0in Q,

Bpi(0,x) =0, 0;Bp; =01n 2, (2.44)
Oyy Byt =4mJy, 0y Bpy = —4mJy on Q.
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On the other hand, B3 (f, x) satisfies

92B3 — AyBy = 4n(V, x J)3 := H3in Q,
B3(0, x) = Bos, 9:B3(0, x) = 9;Bp3 in 2,
B3z =0o0noQ.

Using the odd extension in x3:
H3(t,x) = 1-0H3(t, x) — 1y <0H3(2, X),

Bo3(x) = 1,;50B03(x) — 1, <0Bo3 (%),
0:B03(0, x) = 1,;500; B3 (x) — 1300 Bo3(x),

Using a similar argument as for the representation of E (we refer [13] for details),

we obtain the following formula for B:

Proposition 2.

1
Bi(t,x) = 72/ (10 Bo,i (v, ¥3) + Bo,i (v}, ¥3)
A t> JaBinn(ys>0

+VBo,i(y, y3) - (y —x))dS,
Li
47rt2

/ (10 Bo,i (¥}, —¥3) + Bo.i (v, —¥3)
AB(x;1)N{y3 <0}
+VBo,i (0, yj, —y3) - (v — x) — 33B0,i (0, y, —y3) - (y3 — x3))d5,

+/ / (0 x D (1= iF) )f(t—ly—XI Yl 3, v)dvdy
Bl:nn(y;>0) Jr3 (1+0 - @)y — x|? o

+/ / (07 x 0 (1= |57 )f(t ly = x|, yj. —y3. v)dvdy
—ly- —y3,
B(x;n)N{y3 <0} "A+0 )y —x? I

(w X D);
+f L1 Iy — x1, ., y3, )
B(x;t)N{y3>0}

]R"ﬂl"-U' |Y*x|

(w™ x 0); dy
+f / T o S = by =Xl v —ys, v
B(x:)N{y3 <0} L+7- |y — x|

+

(@ x )i ds,
+/ / ( ‘ ’)f(o, Wiy, 0)dv 2
3B(:HN3>0) JR3 \ 1+ 0@ t
(0= x b);i ds
+/ / t,- <7_ £,y —y3. v)dv =2
3B (x:)N{y3 <0} JR3 1+0 0 t

, 0; f(t—1|y—x|,y,0,v
+(—1)2(1 = 8;3) / S =y =2l )dvdSy.
B(x:inN{y3=0} JR3 [y — x|

/ / (—(e3 X D) + M) F— Ty = xl yy. 0, v)dv—2
B(x;nN{y3=0} 1+0 ly —

R (0™ X 0); V3 dy)
+/ / <_(e3 X V)i + A71> f@&—1ly—xl,y0, v)dv
B(x:1)N{y3=0} 1+0-w

(2.45)
(2.46)

(2.47)
(2.48)
(2.49)

(2.50)

x|

2.51)

—x |

(2.52)
(2.53)

(2.54)

(2.55)
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3. Regularity Estimate of the Field

With the formula for E as in (2.31)-(2.41), and B as in (2.45)-(2.55), we have the
estimate of the fields.

Lemma 6. There exists a0 < T K 1 such that for any t € [0, T], we have

IE@® oo + 1BM)lloe S I1Eolloo + I Bolloo

+ ( sup [[{(0)*° £ () loo + 1 Eollc1 + ||BO||c1) . (3.

0<t<T

Proof. The proofis similar to (and easier than) the proof of the estimate of the derivatives
of E and B in Lemma 7. We therefore omit the proof here for sake of avoiding redunda
ncy. ]

We focus on the proof of the estimate of the derivatives of the fields:

Lemma 7. With the formula E(t, x) as in (2.31)—(2.41), and B(t, x) as in (2.45)—(2.55),
there exists a T < 1 such that for any t € [0, T],

194 EOlloe + 1V, BOlloe S 1Eollc2 + 1 Bolle2+ sup (10)* Vs 1))

0<t<T

+ sup [[(0)* £ ()lloc, (3.2)
0<t<T

[10x3 E (@)l + 10x3 B(D)lloo S 1 Eollc2 + 1 Boll c2

+ sup (110} ati fOlloo + 1)V, F1) 1)
0=<t<T

+ sup ({0} £()lloos (3.3)
0<I<T

13 E@lloo + 13 B llso S [1Eollc2 + | Bolle2
+ sup (||<v>4+5vxuf<t)||oo+||<v>5+“aaX3f<r)||oo)

0<t<T

+ sup [0} £()lloo- (3.4)
0<t<T

Proof. We take derivative to 5~ 9 E;(t, x) in (2.31)—(2.41) and estimate each term.

First, by using the change of variables z = y — x and spherical coordinate for z, we
have

1
231)= — (10, Eo,i (x +2) + Eo,i (x +2) + VEq(x +2) - 2) dS;
4mr? {|z]=t,x3+23>0}

1 2
= 2 / / (tatEO,i(x+Z)+E0,,'(x+z)
4t {t cos¢p>—x3} JO

+VEo,i(x +2) - 2) % sin ¢d0dep.

(3.5)
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Thus

d
—2.31) = /
Ay, 42 {Izl=t,x3+23>0} (

+Voy, Eg,i(x +2) - z) das;

10y, 0: Eq i (x +2) + 0y, Ep i (x +2)

(3.6)

1 2
+ 4—5k3 / (td;Eoi (x) +2z),0) + Eg; (x) +2),0)
Tt 0

+ VEo,;(x)+2z),0) - 2)db.

Fori =1,2, Eo; (x| +z),0) = 0, thus we have

a
15— (23Di=12] S 1120 Eolloo + I Vx Eolloo + 111 V2 Eoll o

Xk

+[10; Eolloc + [IVx Eolloe < I Eollc2-

And we apply the same estimate for 31(2.32),-:1,2 to obtain
.\'k

a 0
Ia—(2~31)1:1,2| + |a_(2-32)i:1,2| S IEollc2.

Xk Xk
For i = 3, we use the cancellation for %(2.31),-:3 + %(2.32)523 at y3 = 0 to get

d )
37(2-31)1.:3 + I(2'32)i=3

Xk Xk
1

= ani?
1

T an2

+V)3 Eo3(x +2) - 7 — ;0 E0.3(x +2) - 23) dS:

/ (taxk 0 Ep3(x+2)+ 0y Eo3(x +2) +Viy Eg3(x +2) - z) ds,
{lz|=t,x3+23>0}

/ Lk (taxk 0 Ep3(x+2)+ Bxk Eo3(x+2) (37)
{lz|=t,x3+23 <0}

+—2 $ /zn (8 Eos(x) + 0)) —x3tzd9
X s .
a2’ f, Onbosla+y p

Thus |%(2.31),-:3| + |%(2.32),-:3| < | Eollc2, and therefore

0 0
15— 2.3D1+15—=(2.32)] S IEolic2. (3.8)

a)Ck Xk

Next, using the change of variables z = y — x we have

) (97 — D(@; + )
7(2.33)=f / ————————— >0, f(t — |y — x|, y, v)dvdy
Oy {y—xl<n(ys=0) JB3 [y — 21+ - 0)2

3.9)
/ (1% — D(@; +wy)

®s (Jy) — X2 +xD) (1 + 9 - )2

(3.9)
f@—1y—x|,y,0,v)dvdy .

+ 813 /
() —=xy P +lx3 )12 <1}

3.9
From [30] we have

[ 2(1 +|v]?)
I1+9- 0~ 1+ v xw)?

<2(1+v), and |0+ 0> <201+ - w), (3.10)
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and since 1 — 9|2 = 1+\1_v|2’

(1912 = D (D + i) - V2 1 i . -
(1+7-w)? T+ P (A +0-0)32 ~ + vl (3.11)

Using (3.11), we have for k = 1, 2,

(1912 = D(®; + ;)
0 t—|y—x|,y,v)dvd
/R3 ly = x[2(1+0 - w)? (8= Iy = x|, y, v)dvdya

/{Iy—XI<t}ﬂ{y3>0}

1 3
< sup ”(U>4+8Vx”f(t)”oo/ /gl_—2(1+|v|) 3-8dudy (3.12)
{ly—x|<t} JR3 1Y x|

0<t<T

4
S sup [0V F(0) oo
0<t<T
For k = 3, wehave forany 1 < p < %, from (3.11), and Lemma 9 which will be proved
in the next section,
(101 = D@ + o)
5 0 f(t — |y — x|, y, v)dvdy
/{‘\y—x|<t}ﬂ{y3>0} /11%3 ly —xP(L+0-w)? "
1 (1+oh—*°

< sup 1) ady f(O)llo / f > dvdy
0<t<T (ly—x|<0)n{y3>0) JR3 |y — x[F a(t — |y — x|, y,v)

< sup [[(0) P ade £ () lloo-

0<t<T
(3.13)
We leave the estimate of (3.9) together with the estimate of d,, (2.37) later.
Next, from the equation (0.40) and the definition of Sf, we have
Sf =—(E+Eext+0 X (B+ Bex) — ge3) - Vo f.
From integration by parts in v and the fact that V,, - (0 X (B + Bext)) = 0,
(2.35) = / SE(, ) - (E +1 x (B + Bex) — g€3)
B(x;1)N{y3>0} JR3 (3.14)

d
£t =1y — x|y, v)do—2—,
ly — x|

where

w; + U; ) (e =0 0)(1 +7 - @) — (w; + V) (0 — (@ - D)D)

SI-E(a), v) =V, (

1+ o WY1 +9 - w)?
(3.15)
By writing
w— (- D=wl+0-w) — (- w)(w+D), (3.16)
we have from (3.10),
(ei — ;) w(w; + ;) (@i +0) (0 - @) (0 + )

E A
S Dl < e a0 T T s w2
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<2V/1+ 02 +2V1+ v ++8V1+ w2 = 121+ [v2.  (3.17)

From (3.14), and using the change of variables z = y — x and takmg F derivative to
(2.35) we have

d d
—(2.35) = / SE, @) - (0 E+1 x 8y, B) f(t — |y — x|, y, v)dv Y
Oy B(x:0)N{y3>0} JR3 ly — x|

+f SE(W, w) - (E+1 x (B + Bext)
B(x;t)N{y3>0}
dy
—ge3)dy f(t — |y — x|, y, v)dv (3.18)
[y — x|
+5k3f S,.E(v,w) (E+0 x (B+ Bext)
B(x:n)N{y3=0}
— ge3) £t — Iy = x ., 0, vydv—2_
|y — x|
Thus for k = 1, 2, from (3.17) we have,
E N dy
| S (v, w) - (0, E+0 x 0y, B)f(t —|y—x|,y,v)dv |
B(x:0)N{y3>0} JR3 ly — x|

< sup ||(1+|v|4+8>f<r>||oo< sup [V E()lloc + sup ||va<r)||oo).

0<t<T 0<t<T 0<t<T

(3.19)

Similarly, for k = 3,

. dy
| SiE(v,a))~(8xkE+vx8x3B)f(t—|y—x|,y, v)dv |
B(x:)N{y3>0} JR3 ly — x|

<% sup ||<1+|v|4+5)f<z)||oo< sup ||, E()lloo + SUp ||ax;B<r>||oo),

0<t<T 0<t<T 0<t<T

(3.20)

for any 0 < § <« 1. Thus for ¢ < 1, the terms from (3.19), (3.20) will be absorbed into
the LHS. From (3.17), we have for k = 1, 2,

| SE(, @) - (E+ Eex + 0 x (B + Bexy)
B(x;t)N{y3>0} R3

_ge3)3xkf(t_|y_x|»y» U)dv |

dy
Ly = x]
S ( sup [IE()loo+ sup IIB(@)lloo + |Be] +g> sp_ (10)* ¥,y (1) 1s )
0<t<T 0<t<T 0<t<T
(3.21)
And, for k = 3,

| SF, @) - (E+ Eex + 9 x (B + Bex)
B(x;:t)N{y3>0} JR3
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dy
—ge3)dy; f(t — |y — x|, ¥, v)dv |
ly — x|

< ( sup [IE()loc + sup ||B<t>||oo+|Be|+Ee+g) sp_ (11()¥ 0ty £ (1)l )
0<t<T

0<t<T 0<t<T
1 —4-6
YR RS
B(x:nN{y;>0) JB3 [y — x| \a(t — [y — x|, y,v)
s ( sup [[E()lloc + sup ||B(t)||oo) sp_ (1) e f (Dl ) - (3.22)
0<t<T 0<t<T 0<t<T

And
I/ SE(v, @) - (E + Eexi + 0 X (B + Bext)
B(x:)N{y3=0}

dyu |

—ge3) f(t — [y — x|, y, 0, v)dv

) sup ()" F()lloo
0<t<T

~

S ( sup [[E(@)lleo + sup I1B®lloo +Bel + Eec + g
0<t<T

0<t<T
I S
) /{(\ywu|2+\x;\2)<ﬂ} Uy — =P+ a2
S ( sup [E()loo + SUP | B()lloo + [Bel + Ee +g> sup [[(1+[0]*) £ (D)oo
0<t< 0<t<T 0<t<T
(3.23)

Thus combining (3.18), (3.19), (3.20), (3.21), (3.22), (3.23), we get

|vx<2.35>|§t2( sup ||V, E(D)lloc + sup ||vx|B<t)||oo>+||< YOV (Ol

0<t<T 0<t<T

0
| —(2.35)] ,Stz( sup [[0x; E(#)]leo + sup ||8X3B(t)”00>

X3 0<t<T 0<t<T

4 sup (1) ads fOlloo) + sup_ 101+ o) (D) l1x.
0=<r=T 0<t<T

By the same argument we get the same estimate for |ai(2.36)|. Therefore
Xk

sup ||V, E(t)lloc + sup ||vx|B<r)||oo)+||< YV £ Dllso

|V, (2.35)] + | Vy, (2.36)| < 1 (
0<t<T 0<r<T
) (3.24)

x 0<t<T 0<t<T

|*(235)|+|f(236)|<t (SUP 105, E(®)lloc + sup |9x; B(N)lloo
Ox;

4 sup (I10)*Pade f(D)lloe) + sup 101+ [0 £ (1)
0<t<T 0<t<T
Next, using the change of variables z; = y| — x| we have

i (2.37)
5 .

Xk
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3 / (8 (w; +f)i)l73>
= — i3 — ~
8xk /lz—|Z”|2>X3 R3 ! 1+0v w0
dz
2 2172 I
t — +x ,z+x,0, v)dv——n—5—
S —=(zyl 3) 2|l I ) e +x32)1/2)

(w; + ;)0
— (1= 83) —3) B,

8i3 — -
W>X3/Rs ( 1+0-

dz
(Iz) 2 +xH1/?

1 (wi +0;)03
+6k3 / / 0| —m a7\ — = ——
J12=lzy?>x3 JR3 (Izy1* + x3) / l+v o

F@ =z +xDY2, zp +x, 0, v)dv dz
+§ / / Sin — M P
. M>x3 R3 3 1+0-w !

F@ =z +x)"%, 2 +x), 0, v)dv

F@ =z +xDY2, 21+ x, 0, v)dv

—x3
————-dz
(Izy]? +x3)
(w; +0;)03
—6k3 diz—————
/2o P=x3 JR3 1+0-w

ds
£, 2 +x). 0, v)dv——2 ( a_ . ﬂ) a, (3.25)
\/,z —x2 Vi2—x2 Izl 1

The first term is only contribute as the tangential derivative, from (3.10),

O, AR, (3.26)

1470w

Thus from (3.26),

. + A. o
I(1 = 83) Sin — M) Ay,

i3 ~
«/l2*|Z|||2>X3 w[l‘@ ( l+v-w
dz|
2
(Iz)]? +x9)1/?

.
< sup (1 + YD)V, FO / —————dr
OStET M * r2+x§<t2 ("2 +x§)1/2

F = (zgl +xH"2, 2+ x, 0, v)dv |

(3.27)

< sup [[(1+ ) Ve, £ () oo

~

0<t<T

For the second term, recall (3.9), using the identity [13]

(1917 = D(@i + ;) —ii[ 1 (8“_(w,-+ﬁi)ﬁj)}
Uy —xg2+xH(1 + D - 0)2 dy; Lly—x| Y 140 ’

J=l y3=0
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we have

1 (wi +l7i)f)3>
3.9 + a 8i3 — —
|( )2 / t27‘zu‘2>x3 /]R3 X3 ((|Z|||2+x3)1/2 < i3 1+0 - )

=z 12 +x32)1/2, z +x), 0, v)dv dz|

2 AN A
. |5k3/ / 0 1 (5" (w; +v,~)v<,~)
- g - A 21 iy T A
((|YH*X|\\2+|X3|2)l/2<l} R3 = 3)’] (|yH — leZ +.X3)I/2 1+0 - w

X f(t = (lyy — x> +xDY2, 1,0, v)dvdy|, (3.28)
where we’ve used the cancellation %3 [Iylfxl (8i3 - (a’]’:l'j’juvf ]) , =
y3=
1 . (w;+0;) 03 . .
<m (8,3 T )) Thus from integration by parts and (3.10),

1 (w; +l’}i)l’}j
8k3 — | &ij - ————
{(ly” x”|2+\x3|2)1/2<t} R3 Byj |y — .X| 1+ V-w

f@—ly—xl|,y, vydvdyl

oy —xl (wi +0;)0; (3.29)
S — 5 %) | %
{Ayy—xy Pl 2<y | (g — X2 +x3) l+v- 0

f@—ly—x|,y, v)dvdy

+ sup [[(1+ [0]*) Ve, FO)lloo + 11+ [0[**) follco-
0<t<T

Now from (0.40), we write 0; f = —0-Vy f — (E+ Eex¢+0 X (B+ Bext) — g€3) -V, f.
Then using o = 03 on 9€2, integration by parts in v, and that V,, - (0 x B) = 0, we get

(w; + ;)03

X3
If_ f —— 0 f (1 = (2| + 2", 2 +x1, 0, W)dv—=—-dz|
e Jp 140w r I+ X3 I+ x| (22 + D) I
< sup (||(1+|v|5+‘5)aaX3f(t>||oo+||<1+|v|4+‘3>vx,|f(r>||oo) (3.30)

0<t<T

+ sup (1 + [v[*) £ (1) lloos
0<t<T

where we’ve used from (3.15), (3.17), and (3.26) that

‘Vv <(wi +Aﬁi)ﬁ3)‘
1+7v-w

By the same argument we have

(w; + ;)

SE (o, U)U3+Tvvﬁ3 < 141+ v|%
vV-w

| [y — xyl < (o +0)0;

{(yy=xP+xs )12 <t} [(ly —x 2 +x3) l+9-w

S sup (I + D)0t fDlloe + 10+ 101V, £Olloo) (3.31)

0<r<T
+ sup [[(1+ [[*) £ (O)lloo-

0<t<T

ﬂ 0 f(t — |y —xl|,y,v)dvdyy]
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We also have

0D , ds;
If (o Az) 3f(0,zu+xu,0, »dv X3 Z| KN L)
VT g P=xs JR3 140w 222\ Jrr-x? zl) ot

ds
< 10 folloo / (Lt oyt 22 gy 35 (3.32)

Iz |=y/1—x3 '/R3 2—x2 !

" folle () £ sup 1) £ D)l
0<t<T
Thus from (3.25), (3.27), (3.28), (3.29), (3.30), (3.31), (3.32), and together with (3.9)—
(3.13), we have

1V 2:33)+ V4 @371 S sup {10V fD)l1o]
0<t<T

|—(2 33) + 3_(2 37)]

ax3 X3

< sup [|| W) O lloo + 1 (v) P ady £ (D) lloo + | (v) 0V, f(r)noo} :
<t=<

By the same argument we get the same estimate for 31(2.34) + 81(2.38). Thus
Xk Kk

[V (2.33) 4 Vi 2.37)] + V5 2.39) + Vi @39 S sup {10)*0 Vs F Ol

0<t<T
|a—m(2 33)+@(2 37)|+|@(2 34)+§(2 .38)| (3.33)
S {10 F©)lloe + 1)@ty F D) lloo + 1)V, FOloo]
=I=

Next, by using the change of variables z = y — x and spherical coordinate for z, we
have

21
(239):/ s / Za)]<l] M)f(o Z+x,v)dv w (334)
1 cos ¢p>—1x3

Thus

a(2 39)
2 (o + vl)vj .
/,CM» W/ Zw, ( T )8xkf(0,z+x,v)(ts1n¢>)dvd0d¢ (3.35)
_8/3/ Zw, (a,, M) £0, 2y +x),0, v)z)z_’l (n/] - (’;3)2) dude.
1— (2

So from (3.26), fork =1, 2,

| / Zw,( M) 3y, £(0, 2 + x, v)(t sin §) dvdddg|
tcos¢p>—x3 (336)

27
S0 ol [ [T [ @ S sing) dvadas < 10Tl
tcos¢p>—x3
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And for k = 3,

| f Zw,< M) 8, £(0, 2+ x, v)(t sin §) duddde|
tcosp>—x3

(3.37)
1+x3
S W) ady follso /0 In(s)lds < [1{0)>Pafollco,
and
2 _
|/ ij ( i M) 70,2 +x). 0, v)ilz% (: 1- (x:)z> dvdd|
=) (3.38)

2
|/ Zw, ( i M) £, 2 +x1,0,v) dvdd] < [[(0)* £(0) oo
Therefore, we have

IV, (2.39)] < 1) Ve, folloo. |8—(2 39 S 1) P ady, follso + [1{0)*8 £(0) [l
X3

And by the same argument we have the same estimate for 5— (2 40). Thus

|v)qI (2.39)] + |v)qI (2.40)| < [{0)*°Vy, folloos

3.39
|—(239>|+|3—<240)|<||<>5+5aBX3fo||oo+||<v>4+5f(0>||oo. 539

a)“3 X3

Finally, we estimate aaTk (2.41). We have

0
|— Q24D < (1 —83) / 18, £t — (71> + 2912, 2
3Xk 4/t27\z”|2>x3 R3 * | 3 H
dZ”
+x),0, v)|dv

(z) 2 +xP)1/2

+sk3/ 1 = (2P 42212,
o Je RS I

1
+xy,0,v)dv 0 ——— ] |dz
I, 0, v)dv 8y ((|Z||z+x§)1/z>l I

53 / / £ = (22 +xDV2, 2
4/1‘2*|ZH|2>X3 3

+ x5, 0, v)dv ldz|

—3
()12 +x3)

2 0,z +x,0
—6k3/ ||f( ad Bt ’U)|dv ki V12— x3de.
0 R3 t 2

2 _
12 — x3
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Similar to the estimate in (3.25)—(3.32), we get

V5 24D1 S sup {10 "V F 0]
0<t<T

|—(2 OIS sup {1002 70 lloe + 1)@V f Olloo + 10V, £ D)l |
<t<

(3.40)
Next, we estimate the d,, derivatives to B. Using the same argument as in (3.5)—(3.8),

we get

I—(2 45) + I—(2 46)| < I Eollc2- (3.41)
Oy Oy
Next, From (3.10) we have
(wxﬁ)(1—|ﬁ|2)|<2| W X v |
(1+7-w)? T A+ P20+ w)?
V1+]v?
<8 <8/i il
(1 +|w x v|2)2

Following the same argument as in (3.9)—(3.13), and (3.25)—(3.33), we obtain

(3.42)

|V, (2.47) + Vi (2.51)] + |V, (2.48) + V, (2.52)] < sup ()™ Vy, £ (Dlloo
0<t<T

|_(247)+8_(2 51)|+|8_(2 48)+8_(2 .52)| (3.43)

8)63 X3 X3 X3
< sup 11+ []P)ade f(Dlloo + sup [[{0)* £(1) ool

0<t<T 0<t<T
Next, from (3.44) we have

0
9 0.49) = (/ SP(v, @) - (E + Eexe + 9
B(x;1)N{y3>0}

axk a.xk
|y ;fl

Vul(@ x v);] (0 X )i (V+ w)

VI+ 21 +9 - w) * 1+ RA+D-w)?

Then applying the same argument as in (3.18)—(3.24), we obtain

(3.44)

X(B + Bext) — ge3) f(t — [y — x|, y, v)dv

where by direct calculation we have

SEw,w) = (3.45)

|vx<2.49)|+|vx|(2.50>|5r2< sup [V, E@lloo + sup ||VX|B(r)||oo)
0<t<T 0<t<T

+ )V F (D)l
9 9 (3.46)
|a<2.49>|+|3(2.50>|5t2< sup [[3x, E()lloo + sup ||aX3B(t>||oo)
X3

X3 0<t<T 0<t<T

+ sup (1) adey f©)lloc) + sup (11 +[0*) (D) ]1c.
0=<t<T O=<t=<T
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Next, using the same argument as in (3.34)—(3.39), we have

Vi (2.53)] + |V, 2.58)] S 11(0)*™ Vs, folloo

9 9 (3.47)
PRI Pl CRDIPS 1{v) P adyy folloo + 1) £(0) oo

ax3 X3

Finally, similar (3.40), we have

V4,259 5 swp fIw)** v, F0)l )

0<t<T

0
I35 2591 S sup {1 FDlloo (1 + sup (IED o + | B®) o)) C48)

0<t<T 0<t<T
+ 1) P aVy £ (O lloo + 1)V, F() o )-

Collecting (3.9), (3.24), (3.33), (3.39), and (3.40), and (3.8)—(3.48), and letting T <
1, we get

Vs, Elloo + 1 Vx, Bllos < 1Eollc2 + 1 Boll 2 + sup )"V, £ (O)llso-
<t<T

103 Elloc + 1033 Blloo < 1 Eollc2 + 11 Boll e

+ sup [ (0Pt fD)lloo + 0V, fOlloo)
0<t<T

+ sup [[(0)* £ (1) lloo- (3.49)
0<t<T

This concludes (3.2) and (3.3).
For 9; E, and 9; B, from the Maxwell equations (0.21), wehave ||0; E ||co < ||VxBllco+

()" Flloo, 19: Blloo < IV E lloo- So from (3.2), (3.3), we get (3.4). 0

4. Estimates on Trajectories
We have the following crucial lemma [38]:

Lemma 8 (Velocity lemma). Let o be defined as in (0.57). Suppose

sup (1E(@)lloo + 1Bt lloo
OStST
+ 18 E3(0)loo + 18: (D x B)3() oo (4.1)

+H| Vi E3(0)]loo + I Vx (D X B)3(1)]l0o) + & + Be < C.
And for all t, x,
g — E. — E3(t, x),0) — (0 x B)3(t, x|, 0) > co for some co > 0. 4.2)

Thenforany (t, x,v) € (0, T)XQXR3, with the trajectory X (s; t, x, v)and V (s; t, x, v)
satisfies (0.54),

10C |r—s e
10 lr=s] 10&

Sla(t,x, v).
4.3)

a(t,x,v) <a(s, X(s;t,x,v), V(s;t,x,v)) < e
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Proof. Note that

L g (1)
vy (v) (v)

By direct computation,

[0 +0- Vi + T - Vy1(@?)

= —2233(“”, 0, v) +2ﬁ—3§3(t, X, v) (4.4)
(v) (v)
+2 (3153(& x), 0, v)) <x_3> +203x3 — (20) - Vi §3(, X, 0, v)):%
3
(3 Fat, x,v) — 2<v3)2< “> Bt =2 >s<t,x,v)-vv§3(r,xu,0, v)
+2x3< 72 -5, x,v)83(, x), 0, v). 4.5)

Using the fundamental theorem of calculus

4.4) = 2(% (,/OXS 0383 (t, x|, 5, v)ds) .

Since §3 = E3+ E, +01By — 0pB] — g, andsince - § = 0 (E + Eex¢ + 0 X (B3 +
Bext) — g€3) =0 - E — (g — E.)U3, we have

[0, +0- Vi + T - Vy1(@?)

03 3 R .
=2— </ Oy E3(t, x), 8) + V105 Ba(t, X, §) — V205 B1 (2, x|, s)ds)
0

(v)
X3 n A R A
+ 2@ ((3t - VXH) (E3(t, x,0) + v Ba(t, x), 0) — v2 B (¢, xy, 0))) +203x3
na)2
Bp AL (0-E@, x,v) = (¢ — E.)03)
x<3v (4.6)
_ 2@ (E + Eext + (i) X (B + Bext) - ge3)) . Vv(ﬁlBZ(t, X|» O) — 1’)231([’ x|, 0))
b E— (g~ E)d ) )
+2x3 (g DL (E3(t, x|, 0) + 01 Ba(t, x, 0) — 02B1 (¢, x, 0) — g)

(v)?
_2%(6 % Bext) . Vv(ﬁlBZ(t’ X[ O) — 13231([, X 0)) .

4.6),

Now from the assumptions (4.1) and (4.2), all the terms on the RHS of (4.6) except
(4.6)1 can be bounded by

Cl X3 2
< co— + (x3)" + (03) ) 4.7)
o (v)
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where Ci = supg; <7 (||E(f)||oo + B lloo + 1E3(0) w100 + [1B1(2) Iy + || B2 (1)

[| W],oo) + E, + g. And from direct computation,

X3 02 1-— ﬁlz —0p0
(4.6)1 = =2Be—5 | =01 | - | | —0102 | Ba2(t, %), 0) — | 1 — 02 | Bi(t, x|, 0)
{v) 0 —0103 —U2U3
X3 . .
= _ZBeW (szz(l, Xy, 0) +v1 By (2, x, 0)) )
thus from (4.2)
B X3
|(4.6)1] < —co—. (4.8)

co (v)

Combining (4.7) and (4.8), we get

(6 +- Ve +5 - Vyl@d)] < 10(S )COU+SC1 <(x3)2+(133)2). (4.9)

From the expression of « in (0.57) and the assumption (4.2), this yields

+ B,

18 +0 - Vi +F - Vyl(@?)| < 20(C‘—>oe2, (4.10)

Thus along the characteristics, by the Growall’s inequality we get

C1+Bg

o2 YNe—s| o> (t,x,v) < a’(s, X(s; 1, x,v), V(s; t,x,v))

20(C|+Be

e sl 2

(t, x,v). (4.11)

Taking square root we get (4.3). O
Lemma 9. Let « be defined as in (0.57). Then for any (t, x) € [0, T) x Q, we have

1 1
/ PIEM Gy < AMPin 1+ =), (4.12)
R3 a(f, x, v) X3
f 1 L ow<cm(1+ 4.13)
n — 1. .
s T+ [0 (s, x, 0 =00 %

Proof. From (0.57) we have

Ly=m / 2o
/1; alt, x, v)dv - ol=ut ((XS) + (V3) 2 (E3(l‘, x),0)

x5\ 712
+E¢ + (D x B)3(t,x,0) — g) m) dv

2
s/ —2| |dv</ _2M| [4v3
[v|<M x3+”—3> lvs|<M X3 + 37

— au? v 3 S
=4M’In x3+ )M —amPim 1+ =),
X3




Lipschitz Continuous Solutions of the Vlasov—Maxwell Systems

Now, for (4.13), we have

1 1 1 2
dv < d

/R3 T+ a0 = /Rz T [0]* oy 4 a7
@) (4.14)

<[ ! d
= v
wo (1+10P%) (v + fv3))

Using the spherical coordinate v = (r, 0, ¢) we have dv = r?sin¢ drdfd¢, v; =
r cos ¢, and

/ 1 dv — 4 /oo/ r?sin ¢ dod
R? (1"' |v|3+5) (x3 + [v3]) v o Jo (1473 (x3+7rcosg) 4
—4n / 1 / " AL (4.15)
o Jo (A1 +r38)(x3+7rcose)

[ee) 2 o
+4n[ / rosing dodr.
1 Jo (L+r38)(x3+rcos¢)

Using change of variables r cos ¢ = u, —r sin ¢ d¢p = du, we have

/1/”/2 r2sing </ f r2 sin ¢ _rising .
o Jo (14713 (x3+rcose) dgdr X3 +7cos¢ $dr

| (4.16)
r r 1 1
=f/ dudr:/rln<1+—>dr<ln(1+—>.
o Jo x3+u 0 X3 X3
And using change of variables cos ¢ = u, —sin ¢ d¢ = du, we have
oo pr/2 2 /2 :
/ / resin¢ dedr < Cs / sin ¢ ¢
1 Jo (1 +r3)(x3+rcos¢) 0 X3+cos¢ @.17)

L 1
=C5/ du:C,gln<1+—>.
0o X3+u X3

Combining (4.14), (4.15), (4.16), and (4.17) we conclude (4.13). |
We have the following estimate on the backward exit time #, for the trajectory.

Lemma 10. Let (t,x,v) € (0,T) x Q x R3, and the trajectory X (s;t,x,v) and
V(s;t, x,v) satisfies (0.54). Extending E(t) = Eo, B(t) = By fort < 0. Suppose
forallt,x,v,

g — E.— E3(t,x),0) — (0 x B)3(t, x, 0) > co, (4.18)

then there exists a C depending on'T, g, Be, || Ellw1.000,7)x ) IBllwi.co(0,7)x5) Such
that

(1, x, C .
b(t, x, V) < by (4.19)

= b
SUP; gy <s<t V L+|V($)? <o

Ift — (¢, x,v) <O, then

t

SUPo<s<r vV 1+ [V(s)|>

—a(O X (0), V(0)). (4.20)
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Proof. We first prove (4.19). For any (¢, x, v) € (0, T) x 2 x R3 witht — (7, x, v) > 0,
we have

t
Up3 — U3 = / —383(s, X(s; ¢, x,v), V(s; t, x, v))ds.
t—ty

From (4.18) this implies

t t
[ s < [ a0 XG0 Vs s = sl + ] @20
t—1p 1—1p

On the other hand, from (4.3),

lup 3] + [v3] = (vp) Vb 3] + (V)[D3] < sup  (V(5)) (Vb3 +a(t, x, V)
t—tp<s<t

< C sup (V(s))Up3. (4.22)

—tp<s<t

Combining (4.21) and (4.22) we get tco < Csup,_, _;,(V(s))Up 3. This implies
(4.19).
For t — (2, x, v) < 0, using the same argument we have,

t
cot < /(; —83(s, X(s5), V(s))ds < [V3(0)| + |vs]

and from (4.3),
[V3(0)] + |v3] < tsup t<V(S)> (@(0, X(0), V(0)) +a(t, x,v))
t—tp<s<
< C sup (V(s))a(0, X(0), V(0)),
t—tp<s<t

thus we get cot < Csup,_, _;,(V(s))a(0, X(0), V(0)), and this yields (4.20). |

Lemma 11. Suppose

sup [[ViE()lloo + sup [[VyB(t)[co < 00.

0<t<T 0<t<T

Then for any s,t € (0, T), we have

19y, X (532, x, 0)| < eS80 10, Viss 1, x, 0)] S (2 — 5)eC1I51,

r— (4.23)
190, X (532, x, v)| < ﬁecl'f—f', 18y, V(53 1, x, 0)| S eCI=s1,
S
and fori # j,
2
) Crir—st 1t — S|
|3xin(s,t,x,v)|§e il VIW 4.24)

2
where C1 = (supg; <7 (IVx E()lloo + I Va B(D)lloo + I E(®) oo + B loo) + & + [ Bel)”.
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Proof. The expressions of X (s; ¢, x, v) and V(s; ¢, x, v) are

t oot
X(s;t,x,0) =x — (t —5)D +/ / F(, X)), V(r"))dr'dr,
5T 4.25)

t
Vis;t,x,v) =v — / §(t, X (1), V(1))dr.
We denote

R S S S SR T —V<s>V<s>

"= mvera VT favor

1
= (5. X (), V()
V1+1[V(s)|? nav ’ (4.26)

1 N A
- —=V(s) - , X(s),V Vv
S IVOIR (s) - (s, X(5), V(s)V(s)

= F(s, X(5), V(s)).
By direct computation we get
t t
0 X(si1,%,0) = € + f / [V§ @) 9, X () + V(@) - 8, V() de,
3y X (531, x,0) = —(I—A)3U,U+[ /[v F@) 0, X (@) + V& (1) - 8, V(¢)]dr'dr,
(4.27)
0y, V(sit,x,v) = —/ [V (1)) - 0, X (1) + V,§ (') - 0, V(T)lde

t
Oy V(sit,x,v) =¢ — f [ViF (') - 3y, X (T) + V(7)) - 8y, V (7)1d7.

Since § = E + Eext + 0 X (B + Bext) — ge€3, we have

VeS| < IV2E|+|VyBl. (4.28)
And since 9,0 = (ev_l> — %’
1
VoSl S —=—==(IBI +Bc)). (4.29)
VI+vP

From the expression of @' in (4.26), we have from (4.28),

A 1
Vi x Vi E|+|V:B]), 4.30
V.S < W' 8IS o (VeI +IV:BD (4.30)
and from (4.29),
Vo] < V(mxs 08 D)+ | s (M = V0 )
1

v, 4.31)

1+|v|2|5| NG

S TP (IEl+|B[+g +[Be|)
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From (4.27) and Fubini’s theorem,
t pt’ R .
0, X(s) = ¢ +/ / [Vi§ () - 0, X (7)) + V& (1)) - 8y, V (2)]drde’
S N
t
=e +/ (T = 9)[VaF(T) - 9, X (7)) + Vi (2') - 9y, V(2H]dT'.
s
Therefore, from (4.30) and (4.31) we have

t A A
[0y X ()] = 1+ (z —S)/ (IVXS(T)Ilax,-X(T)I + IVUS(T)Ilax,-V(T)I) dr

51+(r—s><||vxE||oo+||va||oo>f |vm|2 0., X (0)ld
+(t =) (1Elloo + [ Blloo + ¢ + | Be |>/ W' 8,V (D)ldx.
(4.32)
Thus
(V (5))15, X (5)]
SVE) + 1 —5) (IVeElloo + Vs Buoo)uf(‘)’%ffv((j))>>
(V O X d
[—— o V@l Xl
<5<tV 4.33
4+ =) (IElloo + [ Blloo + g + | Be |)% (433)

10, V (T)|dT

' 1

/s JI+ V(D)2
% c
)+ ]/ \/1+|V(r)|2(

2
where C1 = (supy<, <7 (IVx ED)lloo + [IVx B o + 1E (D lloo + 1 B()lloc) + 8 + [ Bel)”
From (4.27), (4.28), and (4.29),

V(D)8 X (D] + 185,V (D)]) dv

05, V() S (IVxElloc + 1| Vi B”oo)/ (V(@)ox X (T)ldT

v IV(t)I2
Y17 |2 dy; V(r)ldr (4.34)

V(D)8 X (D] + 185,V (D)]) de

+(1Blloo + | Be |)/

saf e

Combine (4.33) and (4.34) we have

(V()0x X ()] + (05, V()] S (V(5))
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(V@) oy, X ()| + |8xiV(t)|) dr. (4.35)

t 1
C -
’ 1/5 w/l+|V(1:)|2(

So from Gronwall’s inequality,

[l ——ud
(VSN X ()] + 18 V)] S (Ve TR < sty (s, (4.36)
Next, using the same argument as (4.28)—(4.35), from (4.27) we get

1
V(5))9; X ()] + 13y, V(s)| S 1+C / V(0))|3y; X (T)] + |8y, V (7)]) .
( )0y | + [y, | 1 W(( [0x | +[0x )
Again by Gronwall’s inequality,
(V ()]0, X ()] + 19y, V ()] < eI, (4.37)
Thus,
Cylt—s| Cult—s|
Oy, X (831, x, < —— 10, V(s t, x, < ttii=st, 4.38
[0y, X (s xv)INW(S)> [0y, V(s; 1, x,0)| S e (4.38)
Now plug (4.36), (4.38) back to (4.27) and using (4.30), (4.31), and (4.38), we have
185, X (511, x,0)| < 1 ' (Cili= AI/ / dr < =51 el
V(T’) (V(s))
(4.39)
t
|aiV(s;z,x,v>|Sec"’*"“/ (V(D)dr S |t — sl (4.40)
3 s (V)

From (4.36), (4.38), and (4.39) we conclude (4.23). Finally, for i # j, from (4.27),
(4.30), and (4.31),

t pt <2
|9, X j (55, x, V)] geCI'H'/ / 1/ dt'dt gecllf—flu.
s Jr (V@) (V(s))

5. W1°° Estimate of Inflow Problem

In this section, we prove an a priori estimate for the inflow problem (0.40), (0.25). From
(0.54), we have

ft,x,v) =145 £(0, X(0), V(0)) + 14, < 8t — b, Xb, Ub). (5.1)
From (0.54), we have

t t
X;(s;t,x,v) =x; — (t —5)V; +/ / S (t/, X (r), V(z'))dr'dr. (5.2)
S T
Sets =1t — ty so that X3(t — ty; ¢, x, v) = 0. Then

t t
fp03 = X3 +/ $3(thdr'dr (5.3)
t—th JT
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By taking derivatives we obtain

t t t
8Xx3+/”bfr 0L, X (@), V(& )ldr'dr = (v3—/ttb§3(f L9 X

= Up 30x1h,

and hence

1 t t N
Doty = — {ax,.x3+ f / ax,.[sa(r’,X(r’),V<r’)>]dr’dr}
vb,3 t—tp JT
t

1 A .
= - {Bx,-xz +/ [Vi§3(T)) - 0y, X (7)) + Vu§3 () - BxiV(r’)]dr’dr} :
vb,3 t—tp JT

(5.5)

Similarly,

t t
Dy X3 — 0y, U3 +f / 3y, [§3(', X (), V(T')Idt'dt = Up 30y,  (5.6)
I—tp JT

Thus
l t t n
Aty = — {—tbav,. 03 +/ / 3y, [$3 (7, X (=), V(t/))]dt/d‘c}
Upb,3 t—m Jt
l t t R n
. {—tbav,. 4 [ [ 9RO 0,x@) + 95w 8, V(r/)]dr’dr} .
Upb,3 t—t Jt
5.7
And we have
t t n R
Oy, Xp = e; — (Ox; 1) Vb +/ [Vi&3(t") - 3, X (7)) + Vy§3(T') - 8y, V(¢)]de'de
t—th JT
t
Ox; vp = —(Oy; 1p)T(t — 1y, Xb, tb) */ [ViS3(7) - 0y, X () + Vu§3(2) - 0y, V()]dT
= (5.8)

t t
By xb = —(3y; D)ty — (3y; b)) Vb +/ / [Ve&3(t') - 8y X (7)) + Vo F3(2)) - 8y, V(r)]dT'de
t—tp Jt
t
dy;vp = €; — (Oy; 1) (t — b, Xp, ) —/ [Vi83(7) - 0y, X (7) + Vo §3(7) - 3y, V (7)]d7.
t—1y

We have the following calculations for the derivatives of f in (5.1).

dy f(t,x,v)
= 14> {Vx f0(X(0), V(0)) - 0y, X (0)
+Vy fo(X(0), V(0)) - 8y, V(0)}
+ 1y < {—0:8(t — 1, Xp, Vp)Oy; b + Vi g(t — 1y, Xp, Vp)x; Xb
+ Vyg(t — b, Xp, Ub)dx; Ub}
= 14> {Vx f0(X(0), V(0)) - 8y, X (0)
+Vy fo(X(0), V(0)) - 8y, V(0)}
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+ ltb<t<_ 0;g(t — tp, Xp, Vp) =
Up,3

t t
Oy, X3 +/ / [ViS3(t)) - 0y, X (7)) + V,§3(T) - 3x,V(T’)]dT'df}
t—tph JT
+ Vig(t — tp, xp, vp)-

t t
e; — (O, 1) Vb +/

I—th VT

[V, §3(t)) - 8, X (T)) + Vo3 (1) - Oy, V(r/)]dr’dr}
+ Vyg(t — tp, Xp, Up)-

t
—(0y; )S(t — ty, Xp, ty) — / [Vi83(T) - 3y, X (1)
I—1p

+Vu§3(1) - 9y, V (v)]d7} ) (5.9)

and

O, f(t,x,0)
= 14> {Vx f0(X(0), V(0)) - 8y, X (0) + V,, fo(X(0), V(0)) - 9, V(0)}
+ 1y < {—0:,8( — tb, xb, Vp)dy; b
+ Vgt — b, Xp, Ub)y; Xb + Vyg(t — b, X, Ub)dy,; Ub}
= 14> {Vx f0(X(0), V(0)) - 8y, X (0)
+Vy fo(X(0), V(0)) - 9, V(0)}

t t

1 R .
+ 1tb<t< — 0,g(t — tp, Xp, Vp) {_tbaviv3 +/ [ViS3(t)) - 9y, X (7))
Ub,3 t—tn Jt

+V,33(t)) - 0y, V(r’)]dr’dr} (5.10)

t

t
+ Vg (t — ty, Xp, vp) - {—(3uiﬁ)tb — (Oy; 1) Up + + / [Vi§3(t") - 8y, X ()
T

t—1p

+9,§3() - 0,V (2)ldede |
t
+ Vypg(t — tp, xp, vp) - {e,- — (0y; ) f(t — tv, Xb, th) —/ [Vi&3(1) - 3y, X (1)
I—1p

AV, F3(0) - v<f)]df})

Proposition 3. Let (f, E, B) be a solution of (0.40), (0.25), (0.21). Suppose the fields
satisfies (4.18), and

sup ([VxE()lloo + IVxB(1) [l o) < 00.
0<t<T

And assume that for § > 0,

1) Vs, follso + 1{v) P ad; folloo + 1(v) 7V, folleo < 00,

1(0)>* 8, glloo + 1 (V)" Vi, glloo + () Viglloo < 0.
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then for 0 < T < 1 small enough, we have
S (1) *295, FOlloo + 10)¥ 00, f Ol + 10V, f D)) < 0.
<t<T

(5.11)

Proof. For notational simplicity, we assume that the lower order terms of E and B are
smaller than the higher order terms:

sup [[E(t)lloo +g+[Be|l S sup [VxE(@) |0,
0<t<T 0<t<T

sup [|[B(t)lloo + & +|Bel S sup [[ViB(1)|oo-
0<t<T 0<t<T

From (5.9), (5.10), we have

(5.12)

|0 f (1, %, V)] < 1> {| Vi fo(X(0), V(0))[]0; X (0)] + [V fo(X (0), V(0))[[0y; V(0)[}

A

Up,3

+1zb<z<|3tg(t — Iy, Xp, Vp)|

t t
{8)(,-)(3 +f [Vx§3(f/) . ax,-X(T/)
t

—h JT
+V,$3(t') - By, V(T/)]dr/drH

+[V2g(t — tp, X1, vb)| |€; — (0x; 1)V

+ / tt V8 9 X () + Vs (2 - 8, V()1 dr
+|vab(t T— t, Xb, V)| |— (3, 16)F(t — th, Xpy, 1)
- / LIV - 0y X (D) 4 VuBa D) - 0y, V(D) ) (5.13)
By (0052 0] = Ly 1V (X O), VOII3 X ()] + 19, f0(X (0), VO, VO

1 . t t n
= {—lb3v,-v3+/ [ [V,§3(t)
Upb,3 t—ty Jt

0y, X () + Vo§3(2') - 8y, V (¢))]de'dr } ’

+1tb<t(|8tg(t — I, Xp, Ub)|

+ Vg (t — th, X1y, V)| |[—(By, D)t — (B, 1)V

t t
" / [Veds (&) - 9 X (2) + Vola (2)) - 8, V(21 dr
t

—Ip JT

+Vog(t — ty, xp, vp)| |ej — (B, )Tt — ty, Xp, 1)

t
—/ [Vx83(7) - 0y, X (1) + Vo §3(7) - 3y, V (T)]dT
t—1ty

(5.14)
From (4.30), (4.31), (4.23), (5.5), and (5.7), we have

1 t t R n
|y, 1p] < — {|ax,.x3| + / f IVa3(t) - 0, X () + Vo3 (7)) - ax,.V(r’)|dr/dr}
Up,3 t—tp JT
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1 t t n n
< - {IaxiX3|+/ / IVx%3(T’)II3x,-X(T/)I+IVU%3(T/)II3x,-V(f’)ldf/df}
Up,3 t—tp JT
1 crg
S 7 |10 x3l+ 2 (IVxEllpe + IVxBlp2) | (5.15)
Ub,3 (U) 1,x X

A

I ) o .
(g ] < —— {m,av,- b3l + f / VeB3() - 00, X(T) + VoBa(e)) - By, V<t’)|dr’dr}
Up,3 t—tp JT

t ot
< = {Itb8uiﬁ3|+/ / |ng3(r/)||8vix(t/)|+|vug3(f/)||auiV(T’)ldt/df}
Ub’3 I—tp JT
1 Iy Ctl%
S G\ 2 Ve Bl I Bl ) 5.16
T b3 ((v) * (v)2(|| xEllLgs +1VaBllLgs) (5.16)

Thus from (5.13) and (5.15), fori =1, 2,

()08, £(t, x, V)]
< () (1V, fo(X0), V0|3, X (0)] + |3y fo(X (0), V(0))]]dx, X3(0)]

+|Vy fo(X(0), V(0)[|V,V(0)]) (5.17)

4+6 Ctl%
+(v)"°10,8(t — ty, Xp, Vb)| = (IVxEllLe + Vi Bl L) (5.18)

Up,3(v) : :

4+8 1 Ctﬁ

+ (V) Vgt =y, xp, vp) [ [ T+ | =——+ 1) —(IVeEllLxe + [[VxBllL)
Ub 3 (v) : :

448 i

+ (V)| Vyg(t — ty, xp, vp)|C | = [§(t — ty, xp, )| + 1p
Up,3(v)

X (IVxEllpge + [IVxBll ). (5.19)

From (4.23), (4.27), and (4.20), we have
|51 <C )™ (Vi fo(X(0). V(O)| +1]dx; fo (X (0). V(0))]
+(1+ DIV fo(X (0). VO))) (5.20)
= @+ 1) (10 ady foll g + 10y, follz + 1017V folluge )
And

1(5.18)] + [(5.19)] +[(5.19)]
= (C+mC(IVxElLyx + IVaBliL))

(H0y*aglz, + 1) Vaglliz + 1) Voglliz, )

(5.21)

And from (5.13) and (5.15), fori = 3,

() ady, £, %, V)
< (0 Pa(t, x, v)(IVy, fo(X(0), V(0))[13x, X} (0)] + 855 fo(X (0), V (0))]|dy; X3(0)]|
+ |V (X (0), V(0)[|V, V(0)]) (5.22)
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(t, x,v)

545 _ o Cl%
+ (V)"0 g(t — tn, Xb, Vb)| s I+ —(IViEllLee + Ve BllLe)) (5.23)

1,
(v)
548 a(t, x,v) Ctﬁ
+{(v)""| Vi gt — ty, xp, Ub)|T(1 + ——UIVxElLe + [IVxBllL2)) (5.24)
3 ' '

(v)
a(t, x,v)
+ (V) |V, g (t — ty, xp, vb)|T|s<t — b, Xb, 1b)]
3

X (L+pCUIV2EllLge, + IV Bll£32))- (5.25)

Now from (4.23) and the velocity lemma (4.3),

1522)] = € (10 adny foll e + 10} Vi foll e + 10}V fO) 1)
(5.26)

and
[(5.23) +](5.24)| + |(5.25)]
<(C+ tbC(”VxE”L[O’OX +|IViB ”L?CX)) (5.27)
(||<v>5+5atg||m +1(0) Vgl + ||<v>5+5vvg||m) :
Also, similarly from (5.14) and (5.16),

[(v)>*8,, £(t, x, V)]
< (W) IV, fo(X0), V(O)13y, X (0)] + |3y fo(X (0), V(0))]]8y, X3(0)]
+ 1V, fo(X (0), V(0))[|Vy, V (0)])
b tianvxEnL,o-; + V2 BlLx))
b 3(v) (v) ’ ,

+ (V) |V g(t — th, xb, vp)|
fn 1 1
— 4 (=—+1) - 2CUVsElx +IVaBllzx)
() \ b3 (v) : :
+ (V)P |V,g(t — ty, xp, vp)|

Ip
((1+ - [§@ — v, xp, )| + b C (Vi E|l L + IIVxBIIL,oa))
Up,3(v) - ‘

+ (V)13 (t — v, xp, vp)|

= @3+ (1) adiy follue + 10V folluze + 1)V, folluze )
+(C+tC(IVeEll L + IVxBllL2))

x (01 ™aglz + 10 Vagli + 10 Voglz, ) (5.28)

Now from (3.3) we have
IVEllL + V2Bl

S IV F (@ x, )l + 11(0) P ade f (2, x, 0) 1 +C,
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thus combining (5.20), (5.21), (5.26), (5.27), and (5.28), and by choosing 0 < T <« 1
small enough we have

HY*2 Vo £ (2, x, 0)llzge + 1(0) Py £ x, ) L + () PV £ (2, x, )l

2 (1) adns folluge + 10)32 Vo folluge + 1)V, follo )

(5.29)
+C) (||<v>5+‘*atg||m + ()P Vgl oo + ||<v>5+“vvg||m)
1
45 (IO £, 0) s, + 1) b £ 0.3, )ugs ) < oo
This conclude (5.11). |

We state and prove a variation of Ukai’s trace theorem in [1,35,62].
Lemma 12. Suppose f € L>((0, T) x @ x R?), and § € Wh>((0, T) x R?) satisfy
Yf+0-Vif+F-Vof =h e L0, T) x Q@ x RY). (5.30)
Then f € L°°((0,T) x (y\w)), and
sup || f (Ol = sup 1 ()]l o @xr3)- (5.31)

0<t<T 0<t<T

Proof. Denote the characteristics X (s; ¢, x, v), V(s; t, x, v) which solves

d .
—X(s;t,x,v) = V(s; t, x, ),
ds

J (5.32)
d—V(s; t,x,v) =3, X(s;t,x,v), V(s;t, x,v)),
s

and X (¢;1,x,v) = x, V(t;t,x,v) = v. Then since § € WH®((0, T) x R?), the
characteristics (5.32) is Holder continuous. From (5.30), for almost every (¢, x, v) €
(Ov T) X V+s and max{os r— tb(t9 X, U)}’

t

[, x,v) = f(s, X(s:t,x,0), V(s;t,x,v))+/ h(z; X(t5t,x,v), V(r;t,x,v))dr.
)

Thus

sup || f (D llzesy = sup 1 F Ol px@ur3) + & = Al L0, 1)x@xR3)-

O0<t<T O0<t<T

Since t — s > 0 can be arbitrarily small, we have

sup [ f O lizoge) = sup [1f (O]l Lo @xr3)-

O<t<T O<t<T

Now, for (x,v) € y— and s € (¢, max{7, # (¢, x, v)}), we have
N
f(t,x,v)=f(s,X(S;t,x,v),V(S;t,x,v))—[ h(t; X(t;t,x,v), V(t:t, x,v))drt.
t

Using the same argument we get

sup [ f (Do) = sup [1F (O]l Lo (@xrs)-

O<t<T 0<t<T

This proves (5.31). o
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Next, we prove a trace theorem for the derivatives of f.

Lemma 13. Let (f, E, B) be a solution of (0.40), (0.25), (0.21). Suppose

sup (Ve E(®lloo + Ve Bt [loo) < 00, (5.33)
0<t<T
1) "8, glloo + [1(v) " Vi, glloo + 1) Viglloo < 00, (5.34)
and
sup_ (110} Vay fDlloe + 10} iy £ (Ollow + )39, £ (D)oo < 00
0<t<T
(5.35)
Then
sup (||<v>“+5vxH LDz + 1) Pade £, X, 0) L% 00
0<t<T
HWTV f Ol ) < 00 (5.36)

Proof. The proof uses similar argument as Ukai’s proof of a trace theorem in [62]. Next,
notice that for de € {Vx”, Vu},and p =4 +6,5+ 5, we have

(V)P 3e f) + 0 Vi((v)P0e f) +F - Vo ((v)Pde f)
= — (V)00 - Vi f — (V)73 - Vo f —F - Vo ((v)P)0e f. (5.37)

Then for almost every (x, v) € y;, and s € (max{0, t — 1, (¢, x, v)}, 1), we have
(V)P0 f(t,x,v) = (V(sst,x,0)) e f (s, X(s:2,x,0), V(s5 1, x,0))
+/t (—()P8eD - Vi f — ()78 - Vo f (5.38)
—:;- Vo((0)P)0e f) (t, X (151, x,0), V(T 1, x,v))dT.

Thus, from (5.33) and (5.35),

[(v)Pde f (2, x, V)]

C(t —
< sup [[{v)"3ef () oo+ =) (( sup (IVxE(®)lloo + [IVx B(#)lloo) + & + | Bel)
0<s<t alt,x,v) \ o</<T

X sup (||<v>“+5vx”f<t>||oo+||<v>5+5aanf<z>||oo+H(v)S”va(r)noo)), (5.39)

0<s<t

since we can choose s close enough to ¢ such that

C(t—ys)
—(( sup ([VxE(®)lloo + IVxB(t)lloo) + & + |Be|) sup
a(t,x, v) \ o<=t O0<s<t

x (1) 295, £ Olloo + 10)¥ 00 £ Ol + 1) V0 £ (1) o) ) <e<1,
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we have

[(V)P0e f (1, x, V)| < sup [[{v)Pdef(s)lloo +e&,

O<s<t

for any ¢ > 0. Therefore, we get

sup (W)™ Ve F(O o) = sup [0V, £(0)llso,

0<t<T 0<t<T

545 545 (5.40)
sup [[{(u) " Vy fOllLepy) < sup [[{(v)" "V f(H)llco-
0<t<T 0<t<T
Similarly, since
@ +0- Ve +F - Vo) () Pady, )
= —(W)PaduF Vo f —F - Vo) P)ady, f
— @+ Ve +F - V)l ) o, f
=: Gy(t, x,v).
Then for almost every (x, v) € 4, and s € (max{0, t — tp(¢, x, v)}, 1), we have
() Pade, (1, x,v)
= (V(s: 0,2, 0) Pady, f(5, X (s31,2,0), V(si1,x, ) (5.41)
t
+/ Gol(t, X(t;t,x,v), V(t;t,x,v))dr.
N
Since
|G (t, x,v)] < C((( sup [IVxE®)lloe + Vs B(®)lloo) + & + | Bel)
0<t<T
x sup (10} Vy, £ Ol + 1) @by fDllow + 10 V0 f Dl ).

0<s<t

using the same argument as (5.39)—(5.40), we obtain

sup [[(0) P ady, £, X, Ve < sup (V)7 Pady, £t x, V)]l (5.42)

0<t<T 0<t<T

Now, for (x, v) € y_,and any s € (¢, max{T, #(¢, x, v)}) we have the same formula
(5.38) and (5.41) for (v)Pdef and (v)5+‘$otax3 f respectively. Therefore by the same
argument, we get

sup (W)™, f(O) iy = sup [0V, (0l

0<r<T 0<t<T

sup [[(v)*PVy fOllwg) < sup [1(0)7V, f(©lloo, (5.43)
0=<t=T 0<t<T

sup () Pady, f(t, x, V)2 < sup [(0)Pady, £, x, V)]l

OftST OStST

Combining (5.40), (5.42), and (5.43), we conclude (5.36). |
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Next, we sketch the proof of local existence of the solution with inflow boundary
condition (Theorem 1). Since the argument is similar to (and easier than) the proof of
Theorem 2, we skip the details here to avoid redundancy.

Sketch of proof of Theorem 1. We recursively define a sequence of functions:
FO,x,0) = folx, v), E°4, %) = Eo(t, x), B°(t,x) = By(x).

For ¢ > 1, let f* be the solution of

Ofl+0-Voft+ 3 v, Y =0, where

515_1 =E“T+ Eexi + 10 X (Bz_l + Bext) — ge3,
FE0,x,0) = folx, v),
fe(t’-x’ v)|77 = g(tﬂ‘x7 U).

Let p* = [ps fldv, j* = [gs D f dv. Let

=231 +---+(2.41), Bt = (2.45) + - - - +(2.55), with f changes to fl.
(5.45)

(5.44)

o/(t,x, v) = \/()C3)2 + (,’}3)2 -2 (Eg(t, X[ 0)+E, + (IA) X Be)?:(l,)c”, 0) — g) <X_3)
v

(5.46)

Then similar to the argument in Lemma 14, Lemma 15, there exits M, M2, M3, My,
and cg, such that for0 < 7 <« 1,

sup sup (II Yot (t)||L0°(Q><R3)) < Mjy,
¢ 0<t<T

sp sup (IE O)lloc + 1B Ol ) + 1 Bel + Ec + g < Mo,
¢ 0<t<T
inf inf <g —E, — E3(t x),0) — (0 x BE)3(t,x||, 0)) > cp. 5.47)

€ 1,x)

sup sup (110 Vi, 1 Oloo + 100~ iy 1O lloe + 1) 90 £ D)l )
¢ 0=<t<T

4+6 v

o FEO o) + 110 Pa 1)

+sup sup (II(v) s f Ol )

t 0=<t<T
HOMV Ol m) < Ms,
sup sup (1 E () lloo + 10, B ®)lloc + V2 E (1) loc + V5 B (D)o ) < M.
£ 0=<t<T
(5.48)
Similar to the argument in Lemma 17, there exists functions (f, E, B) with (v Y f(t, x,

v) € L0, T); L¥(Q x R3), and (E, B) € L¥((0, T); L®() N L°°(8§2)) such
that as £ — oo,

sup (IE“() = E®llz@ + 1E“®) = EOllL=e)
0<t<T
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HIB O = BOll=@) + 1B ®) = BOli=ae) = 0. (549)
and
S I A — ) FOll o @xra) = 0. (5.50)
=I=

Moreover, (f, E, B) is a (weak) solution of the system (0.40)—(0.42), and (0.25). And
the solution (f, E, B) obtained in Lemma 17 satisfies

) Ve, £ (O lloo + [0 Pty £ ()lloo + [(0)*Vy f(D) oo < 00, (5.51)
and
1 E@)lloo + 13 B loo + IV E@) lloo + [V B()lloo < 00. (5.52)

Finally, using the argument as in Lemma 19, we can show that the solutions of the RVM
system (0.40)—(0.42), (0.25) is unique. O

6. Diffuse BC

o2
In (0.26), we denote ;. = We_%. And let the constant ¢, be such that ¢, fv3>0 03
n(v)dv = 1. We first prove an a priori estimate for diffuse BC.

Proposition 4. Let (f, E, B) be a solution of (0.40)—(0.42), (0.26). Suppose the fields
satisfies (4.2), and

sup (IVxE(@)lloo + Ve B(1)l00) < 00. (6.1)

0<t<T

Assume that for § > 0, (V)*°Vy f, (V)P ady, £, (V)>PV, f € L¥((0,T) x Q x R?),
then for 0 < T < 1, there exists a C > 0 such that

sup (|| W)V, £ (Olloo + 1(0)Pades £ () lloo + | <v>5+5vvf<r>||oo)

0<t<T
+ sup (101 Yy, £l
0<r<T (6.2)
H W) ey f Ol + 1TV f Ol )
<C (||<v>5+5vxH folloo + 11{0) s folloo + | <v>5+5vvfo||oo) :
Proof. Forany (¢,x,v) € (0, T) x Q x R3, from (5.13) and (5.14), we have
|0y, f (2, x, )]
< L= (| Vi fo(X(0), V(0))][8y, X (0)] + [V fo(X (0), V(0))][3y, V (0)]}
8;3 + 1
1< <|a,f(r — I, X, V)| T 6.3)
Up,3

83+ tp Siz+1ty
Vi f @ — th, xp, vp) [ ——— + Vo [t — b, xp, vp)| | ——— + (V) ] ),
Ub,3 Ub,3
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and
[0y, f (2, x, V)|
S L=l Ve fo(X(0), V(0) |0y, X (0)] + [V fo(X (0), V(0)) |0y, V (0) [}
+ 1y < <I3tf(t — b, Xb Ub)|f_b (6.4)
Up,3

Ip
Ub 3

+|Vx”f(t — Ip, Xb, Ub)|

+ Vo f(t = ty, Xp. vp)| (v{)"3 + <v>)) :

Now, using the boundary condition (0.26) and equation (0.40), we have

Vi f(t — b, Xn, vb) = ¢t (b) =V f(t — ty, xp, w)iizdu,
u3<0
Vo f(t — ty, Xp, Vp) = cu Vb (VD) f(t —ty, xp, wizdu,
u3z<0
0: f(t — ty, Xp, Vp) = Cppt(vp) i-Vyf(t —ty, xp, Wiz + f(t —ty, xp, )§-
u3<0
Vu(a3)du.

Therefore, fori =1, 2,

[0x; f (2, x, V)]
S = { Vi f0(X(0), V(0) |0y, X (0)] + [V fo(X(0), V(0))]]0y, V (0)[}
+ 1< <C/4M(Ub)<v>2/ . (Ve f(t = ty, xp, w)|d3 + f(t — ty, xp, 1)) du)
Uz <

6.5
S Ly {1 Vi fo(X(0), V(0)119x, X (0)] + [0 fo(X (0), V(0)[] Vi, X3(0)] ©>

+ |V, fo(X (0), V(0)][3y, V (0) [}
+1y (c,m(vb)w /

u3z<0

(IVx f (&t = th 3, )itz + (1 — ty, 2, ) du) :

where we’ve used (4.19). And for i = 3, we have

|0k, f (2, X, V)|
S L= {1 Vi, f0(X(0), V(0)) 1355 X (0)] + [0x5 fo(X (0), V(0))]|Vi; X3(0)]
+1Vy fo(X(0), V(0)[[9y, V(0)[} (6.6)
1
+ 1y <CMA—u(vb)<v)2/ (IVa f (& — 1y, xp, w) |3 + f(t — ty, xp, 1)) du) .
Ub,3 u3<0
Also,
|8Uif(t1 X, U)|
S L= oI Vi f0(X(0), V(0)) 3y, X (0)] + [y5 fo(X (0), V(0))[[Vy,; X3(0)]
+1Vy fo(X(0), V(0)[[dy, V(0)[} (6.7)

+ 1y < (Cullv(vb)|vb|<v>2/ (Vi f(t = th, xp, w)|it3 + f(t — 1, X, 1)) du) .

u3<0
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Let (x,v) ¢ yp and (2, x9, v%) = (¢, x, v). For the characteristic

d .
—X(s;1,x,0) = V(s;t,x,v),
ds

J (6.8)
d—V(S; t,x,v) =§(s, X(s;t,x,v), V(s;t,x,0)),
s
we define the stochastic (diffuse) cycles as
th =1 —1p(t,x,0), x" = xp(t, x,v) = Xt — t(r, x, 0); 1, X, V), ©9)
vy = V(t — ty(t, x,0); 1, X, 0) = vp(t, X, V), .
and v! € R? with n(x!) - v! > 0. For [ > 1, define
I+1 I VA B N F5 Il
=t —(,x,v), xT = xp(t, xT, 0,
b( b ) (6.10)

l [
Ub:vb(tsxvv)i

and v/*! € R3 with n(x'*1) - v/*! > 0. Also, define
X'(s) = X (st x 0D, Vi) = Vst 1! o, (6.11)
s0 X (s) = XOs), V(s) = VO(s).
Expanding V, f(t!, x!, v)) + f(t', x', v!) in (6.6) again, we get fori = 1, 2,

0x; f (2, x, V)]
< L odI Vi fo(X(0), V(O)19x, X (O] + [V fo(X (0), V(0))]9x, V(O)[}

+1tz<o<tl{cﬂu<vb><v>2/] (191 ©. X @, V') + (")9, £ 0, X' @, V' O))]) 13}

+ £(0, X'(0), VI(O)))dvl}

+1,2, (cuu(vb)(v)z /1 .

~1

v ~
(e;m(v,iwizj / (V£GP 2 0713
v§<0

3 Ub 3

£ 2 2)>dv ) )
Keep doing the expansion we get for £ > 1,
Ve, £t %, 0)]
S 1 olI Vi fo(X(0), V(O)[I Vi, X (0)] + |03 fo (X (0), V(0))[[Vx, X3(0)]
+|Vy fo(X(0), V(O))“VXHV(O)'}

+ /L(Ub) U) / Z 1{tz+1<0<[z

!1/11

(6.12)
((IV FO. X O, VIO)|+ ()] ¥, £ 0, X' (0), V/ O)]) 8
+ £(0, X' (0), v"(O))) dzl!

+M(Ub)(v>2/ 1{[z>o}/ (IVfo(tl,xl,v’)lﬁé+f(tl,xl,vl)) dv'dz]” ],
l_[171 v Vl

j=1Y]
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where V; = {v/ € R® : v <0}, and

-1

dz;” = ([ nwheuld |dvf}{1"[cﬂu<vb)<vf> —dvf}

j=i+l j=1 U’ 3
where ¢, is the constant that ¢, fR_; ,u(vj)|f)§ |dvj = 1. Similarly, we get

|03 f (2, X, V)|
S L <ol Vi fo(X(0), V(0))[10x3 X (0)] + [0 fo (X (0), V (0))[]0x; X3(0)]
+|Vy fo(X(0), V(O))”axsv(o)”

M(vb)
/l l Zl{t”l<0<t’

vb3 Vi1

, . , , . (6.13)
((Ifo(O, X' (0), VIO + (v')[Vy £ (0, X (0), V’(O))|> 03

+ £(0, X'(0), v"(O))) dz!=!

A / ) l{t,>0}/ (Ve f @ ol 0188 + 00 avlas)],

Up,3 ,1]

and
IVy f(2, x,v)]
S 1ol Vi f0(X(0), V(0)[[Vy X (0)]
+ 1023 f0(X(0), V(O) IV, X3(0)| + 1V fo(X(0), V(0)[IV,V(0)[}

+ 1£(vp) b (v / Zlﬂ+1<0<,z

/lftl

(6.14)
((IV FO. X O, VIO + ()], £ 0, X' (0), V O)1) 85

+ £(0, X' (0), v"(O))) dxl!
+ 1 Cop)lopl () / 11, f (Ve r @ ox )1+ 70 ooy ) dnfas)),
M2 v v
Next, we claim that there exists /o > 1 such that for [ > [y, we have
1 [
/[71 V.l{tl(t,x,v,vl. vl 1)>0}d21 1~ (z) . (615)
j=1Yi
Since
2 S P+ (1 — Y2 IENZ + IBIR), (vi)
S W)+ @ =t (IE o + 1 Blloo),



Lipschitz Continuous Solutions of the Vlasov—Maxwell Systems

and using (4.3), we have for some fixed constant Cy > 0,

-1
dz=f < (o) []rwpi/ydv.
j=1
Choose a sufficiently small § = §(Cp) > 0. Define
={v/ eV :v] >4},

N \2dvl <
where we have fvj\v;; Co,./,u(v])(v yedv! < 6.
On the other hand if v/ € V?, we have from (5.2)

) ] I R ) )
It/ — 1715 =|/(1/ $a(z, X7 (), VI (r))drds|
1+ Js
toopth g o pi+1y2
5/ / 8 grds < )8
i Sy (Vi) ming<;<7 (V4 (7))

vy mingzeer (VI(D) ;o
~ 3 — .

Thus

it/ — 1) > :
g maxp<c<7(V/ (1))
Now if #/ > 0 then there are at most [ ] + 1 numbers of v € V‘S forl<m<I-—1.

Equivalently there are at least ] — 2 — [CQ] numbers of V™ € Vy,, \V . Therefore we
have:

-1
'/H l{tl(txvvl ,,,,, vi— 1)>0}d21 1

j= 1 J
(] -1
.
Z / there are exactly m of v € V‘s 1_[ COV wwy)v!) dv’
m=1 [andl—l—mofv’"levml\ }Fl
[TQ] m I—1—m
Z ( ) { /V Co\/M(v)<v)2dv} { /v - Co\/M(v)<v>2dv}

Coly

: ([%} * 1) @ - nlF ) 2F] {/v COWWW’}[ :

<8 < C(%)’,
(6.16)

2
1> syl =2 ([§]+1)
Therefore, from (4.20), (4.23), (4.27), (6.12),(6.15), and (6.16) we have
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()| Vy, £ (2. x,0)]
WY1V, Fo(X(0), V(O] +t[ds fo(X (0), V(0))] + (v) |V, fo(X (0), V(O)]}
1
+ ()" () (v)? f Zl{,f+1<0<,f}((|vxf(o, X' (0), V(0))]
] 1 !z 1
)1V 0, X0, V/O)]) 8+ £(0, X' (0), V"(O))) dz!
+ (V) 1 (vp) (v) / 1[,1>0]/ (le”f(ﬂ’xl, yl)lﬁé + f X, v’)) dvldE,l:ll
l—[[—l v VI L

j=1Yi

S € (101 + 101"V, folloo + 1+ ol D)ty folloo + 10+ 1015V, folo)

1 ! 448
+C<§) sup 1)V, £(0)loo,

0<t<T
(6.17)
and similarly,
() |ady, £ (2, x, )|
S Palt, x, v){|Vy, fo(X(0), V(0))]
+ 1945 fo(X(0), V(O] + (v)]Vy fo(X(O) V(0))|}
sa(t, x, v)u(vp)
+< )5 ST /ll J;ltz+l<()<ﬂ
( (1970 X7, VIO + (v} 1V, £ 0, X' (0), V' (O))] ) 2}
+ £(0, X' (0), vf(O))) dxli™! (6.18)
ses (2, x, V) (vp)
+(v) T( v) /l,:'] . | T

/ (Ve & hish+ o)) avlaz)]
Vi
S G (1A + PV folloo + 10+ D)t folloo + 10+ 07y folloo )

1 I

+c<5> sup | (V)P Vy £ (1) oo,
0<t<T

and

Vo f (1. x, )]
< € (10 + )V folloo + 10+ I D)t folloo + 10+ 017V, folloc )

[
+C (%) sup [[(0) P aVy £ (1) oo, (6.19)

0<t<T
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where we’ve used (4.3). Adding (6.12), (6.18), and (6.19) and choosing I > 1, we get
for a large C > 0,

sp_ (110 Vg £ Olloo + 110} iy F D) loo + 1) Vo £ (D)o
0<t<T (6.20)

< C (0™ folloo + 10} i, folloo + 1)V, folloc )
Next, using the same argument in Lemma 13, we obtain

sup [|()*™ Ve FO Lo = sup [0 Vy () lloos

0<t<T 0<t<T
sup ()Y, f (D)l < sup 1(0)7PV, £ (D)oo, 6.21)
0<t<T <t<T

sup [[(0) Py, £, x, V) Loy < sup [1(0)> Pade, £, x, v)lloo-
0<r<T 0<t<T

Together (6.20), we conclude (6.2). |

In order to construct a solution to the system (0.40)—(0.42), (0.26), we define a
sequence of functions:

£Ot, x,v) = folx,v), E%t,x) = Eo(t, x), BY(t,x) = Bo(x).
For ¢ > 1, let fz be the solution of
B,fz +0- fo/z +3L. vaz =0, where !
=E" 4 B + 0 x (B! 4+ Bex) — ges3,

40, x,v) = folx, v), (6.22)

Fh, x, vl = cun(v) — N, x, wisdu.
u3<0

Let pt = [p3 fldv, j* = [ps 0 fdv. Let
E'=@231)+---+(2.41), B* = (2.45) +--- + (2.55), with f changes to f*.
(6.23)

And let

§' = E“ + Eexe — 0 x (BY + Bex) — ges. (6.24)
We prove several uniform-in-£¢ bounds for the sequence before passing the limit.
Lemma 14. Suppose fo satisfies (0.32), Eo, By satisfy (0.16), (0.35), then there exits
My, M3, and cy, such that for0 < T < 1,

sup sup (11(0)* £ sy ) <M
¢ 0<t<T

sup sup (IE O)lloc + 1B O)lloc) +1Bel + Ec +g <Ma, (625
£ 0<t<T

inf inf (g — Eo — E4(t, x,0) — (0 x BY3(t, xy. 0)) >¢o.

€ 1,x)
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Proof. Let £ > 1. By induction hypothesis we assume that

sup sup (110 £ Ol par) <M,
0<i<t0<t<T

. . (6.26)
sup sup (IE Ol + 1B~ (0)lloo) + Bl + Ee + g <Mo.
0<i<t0<t<T
Denote the characteristics (X¢, V¢) which solves
d o
d—Xe(s; t,x,0) = Visit, x,v),
ds (6.27)
d—VK(S; 1, x,0) = § (s, X i1, x, ), ViGs; 1, x, 0)).
S

We define the stochastic cycles:

tf(t,x, v) :=sup{s <t: Xl(s; t,x,v) € 02},

xt(t, x,v) = XAt (e, x, 0)5 1, x, v),

(6.28)

tzz_l(t,x, v, V1) = sup{s < tf : Xl_l(s; tle(t,x, V), xf(t,x, v), V1) € 092},
x5 x v o) = XN G G X vov)s (1 x v) x5 x, v), o),
and inductively

—(k—1)

I (t, x,0,v1,...,V0—1)

=supls < XD D o)
£—(k—1) (6.29)
xk (t,x,v,v],...,kal)

—(k— L—(k—1 —(k—2 —(k—2
= Xk [ D R .
Here,

t
KD

D= DG v v i),

—(3i—1)
-xl‘ (tv-xvvvvla~~'vvi—l)'

. 0—i
First, we note that for any 7; |

0—(i—1)

<s<t , since

| | e , ‘
Vs T T ) = - / @ X @, v ),

N

from (6.26), we have

—Gi—1 i —i L—(i—1) _t—(i—1

il — (Y My < [V (s TP D )
—(i—1 —i

< vl + @ — S,

Thus

; . -1 . . .
(140G —alihan) ) = (v D T )

i+1
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(1 F D g )Mz) ). (6.30)
From (6.22) we have for any (¢, x, v) € (0, T) x  x R3,

P 0) = 10 f771 0. X0, VEO))
+ Lo S X A0, VG 1 v)

=100/ 0, X0, V' (0)) 6.31)

—1eogeun (VD) Fhat, xf, v adur.

v1,3<0

And (6.30) gives

<v)4+5|fl+l (t, X, U)|
< Leo(L+ T (M2 + ) [(VE0)™ 410, X*(0), VE(0))]
Leogeu(L+ T (M2 + ) (VED) ™ (Ve (i) (6.32)

4 5 ol 01,3
/ (v)*° f (ﬁ,X],Ul)deﬂ
v1,3<0 (v1)

Then inductively, we obtain

@@ 2 0] = 1o (L+ 1 (Mo + @) IVE0) 2 ££410, X(0), VE(0))

sasronept [ Z et <omt- (VT O )y 0D

(6.33)

X (0. X710 vp), VIO o)) AT+ (L+ T(Ma + )™ / Myt

k—1
Jj=1

L—(k—1 Z k—1
[|f‘Z K ED D o ldua sk

where

X0 v) = X070 T ),
VIR0 v) = VO ;7D kT,

V;={v; e R®:v;3 <0}, and

i—1
B —(j=1) = (i—1
dzf ' =] [en0+ TMy+ )P (VU0 (; G=Dy)
j=1
o =G (=G =Dy 448 k-1 (6.34)
vj3(V (t; )) )
dvil [ n@peuld;sldv;).

j=i+l

1), t— 1
V3 -(j- )(t (- ))( >4+5
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From the same argument as in (6.15)—(6.16), we get there exists kg >> 1 such that for

k > ko,
k
1,041 dsil < 0y (6.35)
k=1, t >0} Tk=1 =\ o
j=1Yi

Thus, from (6.33), (6.35), we have

sup () FEO N oo ixrd)
0<t<T
< k(1 + T Mp)* [ ()™ foll o (6.36)
1\* »
+(1+T(Ma+g)**? (5) sup ()" fE Ol Lo )

0<t<T

By choosing M1 > 1 and then T < 1, we get

sup_[|(0)*"° O Loy < M- (6.37)
0<t<T

Now from (6.23) and (0.16),

sup |1E“ (1) loo + sup 1B (1) lloo

0<t<T 0<t<T

= C(lEollcc + 1 Bollco) + CT (I Eollct + | Bollc1)

+CT sup |} £ (1)l (1+T( sup (||E@(r>||oo+||B‘(t>||oo)+g+|Be|)>
0=<t<T 0<t<T

= C(lEolict + 1Bolict) + CTMy (1 + T (M + g +|Bel)) .

(6.38)
Letting M> = (C + 1)(|| Eollct + || Bollct) + |Bel + Ec +gand T K 1, we get
sup [E“ )l + sup B @)llco +|Bel + Ec+g < M. (6.39)
0<t<T 0<t<T
Next, from (0.16) and the proof of Lemma 6, by letting ¢y = %‘ in (0.16), we get
inf (8= Ee— B (x) 00 = (6 x B30, 0)) > 20
—CTM, (1 +T(My+g+|Bel)).
By choosing T « 1 small enough, we have
int (g — Ee— EXN1x),0) — (0 x B30, %, 0)) > co. (6.40)
Thus we conclude (6.25) by induction. |

Next, we consider the derivative of the sequences. Define ot as in (5.46). We have
the following estimate.
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Lemma 15. Suppose fy satisfies (0.32), Eo, Bo satisfy (0.35), then there exits M3, My
such that for0 < T < 1,

sup sup (110} 2V, £ Olloo + 10)3 00 00, £ Ollow + 1)V, £ (1) 1)
¢ 0<t<T
wsup sup (V5 POl + 10076 ™ b £ Olx g

¢ 0<t<T

(6.41)
TS Oll ) < Ms,

sup sup_ (110, E“(1)lloo + 13/ B ®)lloc + [ Vx E oo + V2 B 0)lo) < M.
t 0=t=T

Proof. The proof is essentially the same as the proof of Proposition 4. The only dif-
ference is that instead of using the stochastic cycles (6.8)—(6.11) that flows under fixed
E(t, x), B(t, x), we use the (6.28)—(6.29) that flows with a different E*(z, x), B(z, x)
after each bounce.

From the uniform estimate (6.25), and from the velocity lemma (Lemma 8), we have
for some C > 0,

e Cli=slgl (s, x, v)<a(sX(stx v), ViGsi 1, x, )
eCl=slab (s, x,v), forall £. (6.42)

Therefore, following the same proof of Proposition 4 we get

sup_ (11(0)*2 9, 4 D)lloo + 1 0)300 80 f 4 Ol + 10}V, £ (1))
0<t<T

+ sup (1Y Vo S O i + 10 0 00 LA O )
<t<T

WV, L O

= Ce ()Y folloo + 1)ty folloo + 1)V, folloo)

1 (6.43)

k
+C(§> sup ( sup (”<v>4+avxnfi(t)”°°

0<i<t \0<t<T

HW) iy Ol + 10V, 101

448 V

+ sup sup (110 Vay £ Ol + 101 ™ 0 F Ol )

0<i<t0<t<T
HM VOl ) )
Thus, by choosing k > 1 and M3 > 1, we conclude

sup sup (10)** Vi 1 0Olow + 1) ™ 0y 1D oo + 1)V, £ 1)1 )
¢ 0<t<T

wsup sup (1Y POl + 1076 ™ e FAO e (6.44)
t 0=<t<T

IV Ol ) < Ms.
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From this, we use the same argument to get (3.49) in the proof of Lemma 7 and obtain

sup_ (1 B! (1) lloo + 119 B 0o + 194 E*! (1) oo + 1V B (1)1 )
0<t<T

=7C sup sup (IE Olloe + 10 Olloo + V2 E (Ollow + V2 B (1)1

1<i<€0=<t<T
C (IEollc + I1Bollcy) + € sup_ (110)*2 95 £ 0)llow + 1) by £ (1)1 )
0<t<T
+C sup (1095 POl + 107 ™ e FEO e )
0<t<T

+C sup (1) P Ollos + NE™ 0o + 1B 0l ) -
<t<T

From (6.25) and (6.44), this gives

sup sup (1 E (1) lloo + 10, B ®)lloc + 1 Va E“ (1) loc + 1V B (1))
¢ 0<t<T

<TCsup sup (101 E“ @) llow + 10 B ) loo + V2 E“0)llow + I VB (1)1 )
¢ 0=<t<T

+C (IEolic2 + 1Bollc,) + C(My + My + M3).

Therefore, by choosing M4 > 1 and T <« 1, we get

sup sup_ (113 E“(1)lloc + 13/ B 1)lloc + [ VxE“O)llow + V2 B 1)l ) < M.

¢ 0<t<T
(6.45)
Together with (6.44), we conclude (6.41). |
We have the following trace properties for E¢ and B:
Lemma 16. Suppose E*, B¢ satisfies (6.41). Then forany £ > 1,0 <t < T,
Ef,-,0) € L®3K), B'(r,-,0) € L®(3). (6.46)

Proof. From (6.41) we have
E'(t,x) e Wh((0,T) x ), BY(t,x) e Wh™((0,T) x Q),

in particular, from the Morrey’s inequality, E(¢), B(t) are Lipschitz continuous on €.
Now pick any x| € R2,and 0 < x3 < 1, from the fundamental theorem of calculus, we
have

X3

EY(t, x;,0) :E‘(t,x”,xg,)—/o CO3EN(1, xy, y)dy,

x3
Be(l‘,x”,()) = Bl(t,x”,xg) —A 83B£(t,x\|,y)dy.

Therefore

IES(t, -, 0) |l zoae) < IES(D)I (@) + X313 EC ()| oo (),
IBE(t, -, 0) | Loy < IBX ()|l + x30133BE (1) | Lo (@)



Lipschitz Continuous Solutions of the Vlasov—Maxwell Systems

for any x3 > 0. Thus
IE“(t, - O)llL=g) < IEX O]
<00, IBX(t, -, 0)llL@e) < 1B (D)L= < oo,
and we conclude (6.46). |
Next, we prove the strong convergence of the sequence f*.

Lemma 17. Suppose fq satisfies (0.32), Eo, By satisfy (0.16), (0.35). There exists func-
tions (f, E, B) with (v)* f(t,x,v) € L®((0,T); L®(Q x R3)), and (E, B) €
L0, T); L°°(2) N L°°(0K2)), such that as £ — 00,

sup (IE“() = E®lli@) + 1E (1) = EO =g

0<t<T
+|B (1) = B(t)l| oo + |1 BC (1) — B(r)nm@m) -0, (6.47)
and
Sup I FE@) = ) FONl o @xre) = O- (6.48)
<t<T

Moreover, (f, E, B) is a (weak) solution of the system (0.40)—(0.42), and (0.26).
Proof. Letm > n > 1. Note that f — f" satisfies (f” — f")|;=0 = 0 and

™ = )y =cum | ("= 7N x, wisdu.
Y+

The equation for f* — f" is

U(f™ = f 40 Ve(f" = f+F" V(" = ) = =@ =5 Vs
Thus, for any (¢, x, v) € (0, T) x Q x R3, using (6.30), we get

W™ = f(E x,v)]
t
<C / LV M@ =N -V (s, X (s), VT (9)Ids

max{ti"’l ,0}

e Crey VvV (") = AT v dsldun,

v1,3<0
where C; = (1 + T (M, + g))**%. Doing this inductively, we obtain

() (™ = M x,0)]

k—1 t("*l("*‘)
"
<C Z 1, i —(i-1
- 1fkflv /max{zf"*f o =0
e

j=1"7i=1
XV Y ET =3 Vo ) s X (), VI () dsd B

— — —(k—1 —(k—1 —
+C /nk*'v l{fk””l(k’”>0}/v [ = Ry D D ) ldud 56
j=1Yi - k

(6.49)
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Where, V; and Ef‘*l are in (6.34). Then from (6.35) and (6.41), by fixing k > 1,we get

1) F™ (1) — ()**° F) ()]0 < CiCi (sup sup ||<v>4+“vvf€(s)||oo>

¢ 0<s<t

t
f sup 17" () = F"H(S) lowds  (6.50)
0

1<i<k

t . .
e /0 sup 13" (s) — 3" ()l oodls.

1<i<k
where C, = C,C1 M3.
Now, from (6.24) and using the same argument as Lemma 6 with (6.50), we have

13" () = " )lloo < N1E" () = E" 7 ($)lloo + 1 B" 7' (s) = B" 7' (s)]loo

0<s'<s

<C ( sup [P = (D oo

+ /O IEm ) — 3””<s/)||oods’>

. N N (6.51)
SC/O sup [IF"TT() = FTTG D llood's!

1<i1<k

N . .
<c / sup (IE" () = B )l
0 1<i<2k

HIB" ) = B () o ) .
Iteration of (6.51) and using (6.25) yields
IE™ () — E"(D)lloo + [|1B™ () — B" (1)l

t N
sc [ [ s (1B = BT 1B — B ) s ds
0 JO I<i<2k

t . . : 1
=[x s (1E" @) = B0+ 1B (0) = B )l do
<i<

R |
<! / “ sup (IE"T(@) = B (@)lloe + 1”7 (1) = B (0]l ) dt
o =D 1<i<ik

=< M2T-

Thus the sequences E‘, B are Cauchy in L*°((0, T) x 2), moreover, from Lemma 16,
E¢, BY € L™([0, T] x 9K2). Therefore, there exists functions E, B € L>®((0, T); L*®
(2) N L*°(8R2)), such that

E' > E,B* > Bin L®((0,T) x Q) NL>®((0, T) x 9R). (6.52)
This proves (6.47). Also, from (6.50), (6.51),

Cl*ltlfl

||<U)4+5fm(t) _ <v)4+8fn)(t)”Loo((O,T)XQ) = M2Wv
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therefore we get (6.43). B B
Now, take any ¢ (f, x,v) € C([0,T) x € x R3? with supp ¢ C {[0,T) x Q x
R3\{(0 x ) U (0, T) x o}, from (6.22), we have

T
/ fod (0)dvdr + / / 7t (atcp +5-V.p+30 Vvqb) dvdxdi
QxR3 0 QxR3 (6.53)

T T
:f ¢feﬁ3dvde +/ / (—CM/ n)o(t, x, u)fmdu) ﬁgfz dvdS;.
0 Vi 0 Vi u3z>0

Because of the strong convergence (6.47), (6.48), we have that as £ — oo, each term
in (6.53) goes to the corresponding terms with f* replaced by f and ' replaced by §.
Therefore we conclude that (f, E, B) satisfy (0.28).

Next, from Propositions 1 and 2, we have that E*¢ and B! are (weak) solutions to
the wave equations with the initial data, boundary condition and forcing term with p, J
changed to pt, JE. Then from (5.48) and Lemma 5, we have

QE' =V, x B* —4xJ' V. - E' =4np’,
‘ ' ' (6.54)
o4B*"=—-V, xE*", V,-B" =0,
with
E{=ES=0,B{=0, on dQ. (6.55)
Clearly, (0.31) is satisfied. Now, for any test functions W (¢, x) € C°([0, T') x Q: R3),
D(t,x) € CX(0,T) x Q; R3), from (6.54) and (6.55), we have

T
f /Ef-atnydxdt—/ W(0, x) - Eodx
0 Q Q

T T
=— / / (Ve x W) - Bdxdr +4n / / W . Jldxdt, (6.56)
0 Q 0 Q

T
/ /B‘f.a,cpdxdm/ (0, x) - Bodx
0 Q Q

T
_ / / (V. x @) - Eldxdt, (6.57)
0 Q

Then from the strong convergence (5.50), (5.49), we can pass £ — oo and deduce
that each term in (6.56) and (6.57) converges to the corresponding term with E t Bt gt
replace by E, B, and J respectively. Therefore, (f, E, B) satisfy (0.29) and (0.30), and
we conclude that (f, E, B) is a (weak) solution of the RVM system (0.40)—(0.42) with
diffuse BC (0.26). O

In the next lemma, we consider the regularity of the solution.

Lemma 18. Let (¢, x, v) be defined as in (0.57). The solution (f, E, B) obtained in
Lemma 17 satisfies

WYV, £ (O)lloo + 1(0) 0, () loo + [{0) ™V f ()00 < 00, (6.58)

and

19 E()lloo + 110 B() lloo + [Vx E(®)lloo + [ Vi B(#)|oo < 00. (6.59)
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Proof. From the L strong convergence (6.47), and the uniform-in-£ bound (6.41), we
can pass the limit up to subsequence if necessary and get the weak—x convergence

3 E' 2 9.E, V.E' AV E,
e * AN s 700
9,BY X 9,B, V,B' X V. Bin L0, T) x Q), (6.60)

and

WV, D Yy, .

<v>4+8va£ _*\ <v>4+(5‘vvf in LOO((O’ T) x Q x ]R3) (661)
We also claim
<U)5+sae—13x3f€ x (v)5+80£3)c3f in L0, T) x Q x RY). (6.62)

For any test function ¢ € C2°((0, T) x © x R3), we have

/0’ / /ms((wm“hlaxs f = )Py, fpdvdxdt

= /Ot //me“wmag_lfe — ()P0 f)dy, pdvdxdt (6.63)
- /0 t / /Q XRS((v>5+‘SaX3a‘*1 L= WP ana! Hgdvdxdt (6.64)
- /Ot fAXR3((v>5+53x3a€—lf — ()50, af)pdvdxdt. (6.65)

From (5.46) and (5.49) we have
||al - a”LOO((O,T)XQXR3) — 0as ¢ — oo. (666)
Thus, together with (5.50), we have (6.63) — 0 as n — oo. Next, note that

9. al x3_(E§(t’x||vO)+Ee+(ﬁXBe)3(l,x”,0)—g)ﬁ
30 = .

ot

1SO

1
For (¢, x, v) € supp ¢, x3 > 0 for some ¢ > 0. Thus, i <o

CM;

[0x5 aelsupp(qﬁ) (t, x,v)| <

From (5.50), this yields

t
CM; / // () (fC = fHgldvdxdt — 0.
¢ 0 QxR3

1(6.64)] =
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For (6.65), since

desat — By

x3 — (E5(t, %), 0) + E. + (B x BY3(t, %), 0) — ¢) 7y

¢
o
x3 — (E3(t,x,0) + E. + (0 x B)3(t,x,0) — g) <17>
o
— ((E* = E)3(t, x), 0) + (8 x (B* = B))3(t, x, 0)) 77
= +
al
R 1 o—at
+ (X3 — (E3(t,X”, 0)+ E.+ (v x B)3(t, x),0) — g)) m o
Again, for (¢, x, v) € supp ¢, x3 > 0 for some ¢ > 0. Thus a@(tlx 5 < %, a(llx o < %
So from (5.49), (6.66), we have
(@0 — Bz ) Lgupp(e) (7. X, V)l oo (0, 7y x 2xR3)
1
<- E(t) — EX(1)||oo + | B(2) — BY(t )
< coi?ET(" (1) = E“lloo + 1 B() = B (1)l 6.67)

CM, ,
+ C—2||0l — ol o0, 7)x@xr3) —> 0as € — oo.

Thus, we have (6.65) — 0, and this gives (6.62).
Therefore, from using the weak lower semi-continuity of the weak-* convergence
(6.60), (6.61), and the uniform-in-£ bound (6.41), we conclude (6.58), (6.59). |

Next, we prove the uniqueness of the solutions of the RVM system (0.40)—(0.42),
(0.26).

Lemma 19. Suppose (f, Ey, By)and (g, E4, B,) are solutions to the VM system (0.40)—
(0.42), (0.26) with f(0) = g(0), Ef(0) = E¢(0), Br(0) = B,(0), and that

Ef, By, Eg, By € WH((0,T) x Q), Vapys, Vads, 8 J 7, Vipg,

Vidg, dJg € L0, T); LY () for some p > 1.

loc

And

sup [[(0) PV, £ (D)llee < 00, sup (1) V,g(1) oo < 00. (6.68)
O<t<T O<t<T

Then f =g, Ef = Eq, By = B,.
Proof. The difference function f — g satisfies

(O +0-Ve+Fp-Vo)(f —8) =@ —Ts) - Vog
(f =80) =0, (f =8Iy

ZCLL/'L(U) 0—(f—g)(t,x,u)123du,
uz<

(6.69)
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where
Sr=Ef+Eex+0X (Bf+Bex) — g3, §g = Eg + Eext + 0 X (Bg + Bext) — ge3,
S0

Se—8r=Es—Eg+0 x (Bf — By). (6.70)

From Lemma 1 we have E 1 — Eg 1, Ef2 — Eg 2, By3 — By 3 solve the wave equation
with the Dirichlet boundary condition (1.11) in the sense of (1.12) with

up =0, uy =0, G = —470y,(of — pg) — 4w (Jysi — Jg.i),
g=0, forEsp; —Eg;,i=1,2, (6.71)
uo=0, u1 =0, G=4n(Vx x (Jy — Jg))3, g =0, for By3— B3, (6.72)

respectively. And E 3 — Eg 3, Bf,1 — Bg1, Bf2 — By 2 solve the wave equation with
the Neumann boundary condition (1.9) in the sense of (1.10) with

uo =0, u1 =0, G = 4wy (py — pg) =47 (Jp3 — J43),

g = —4n(pyr — pg), for Ep3— Eg3, (6.73)
up=0, u1 =0, G=4n(Vy x (Jr — Jg))i,
g=(—=D"nJs; — Jg1), for By —Bj;, i=1,2, (6.74)

respectively. Therefore, from Lemmas 2 and 4, we know that Ey — E, and By — B,
would have the form of

Ef—Eg=Q231) +---+(2.41), By — By = (2.45) + - - - + (2.55),

6.75
with Eg, Bo changes to 0, and f changes to f — g. ( )

Now consider the characteristics

Xp(sit,x,v) = Vp(sit,x,0),
Vilsit,x,v) = Fp(s, Xp(sst,x,0), Ve(sit, x, v)).

Then from (6.69), same as (6.49), we obtain

k=1 .,

i—1

0 (f — )t 3, V)| < C / / 1 <0or
fos : H’;:{Vj; max{z,,0} <0<t}
X (VN (Fe — 1) - Vo f)(s, X 4 (s), vf(s))|dsdzll<—l (6.76)
+C1/k 1 l{tm—(k71)>0}f |(f—g)(tk,xk,vk”dvkdz:]/::]l.
Vi N

j=1YJ k
So using (6.16) and (6.35), we have

t
sup () (f — @) ($)lloo < C /0 1Fe — T ) ool (V) Vg () [loods.

0<s<t

(6.77)
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Now, from (6.75) and the estimate in Lemma 6, we have

1B = 8 ®lloo < I(Ef = Eg)($)lloo + 1(By = Bg)($)lloo
<C sup [P (f — & lloos (6.78)

0<s'<s

and from the assumption (6.68), sup, <, [|(1 + [v]**)V,g(s) oo < C. Therefore from
(6.77) and (7.91), we have

t
sup ()P (f — &) ($)lloo < C’ fo sup [[(0) 7 (f — &) ) lloods.  (6.79)

0<s<t 0<s'<s

Therefore from Gronwall

sup [[(0)7"(f — @) )lloo < e NW)(f = £)(0) oo = 0.

0<s’'<t
Therefore we conclude that the solutions to (0.40)—(0.42), (0.26) is unique. |

proof of Theorem 2. Using the sequence f¢, E¢, B® constructed in (6.22), (6.23), we
have from Lemma 17 that the limit (f, E, B) is a solution to the VM system (0.40)—
(0.42),(0.26). This proves the existence. From Lemma 18, we have the regularity estimate
(0.36), (0.37). And from Lemma 19, we conclude the uniqueness. O

7. Specular BC

In this section we consider the solution f of the Vlasov—Maxwell system (0.40) satisfies

the specular reflection boundary condition (0.27). We have the following a priori estimate
for f.

Proposition 5. Let (f, E, B) be a solution of (0.40)—(0.42), (0.27). Suppose the fields
satisfies (4.18), and

sup (IVxE(@)lloo + Ve B(t)lo0) < 00. (7.1)

0<t<T

Assume that for some § > 0, and some C > 0 such that

C C
5+6 ; 5+6
[1{v)"*e Vel Vy follo + [ {v)” e V0TV, folloo < 00,

then there exists a 0 < T < 1 small enough such that
sp_ (10 Vo f Olloo + 1)V, £ (1)1 )
0<t<T

+ sup (MY Ve POl + 1OV Ol ) < 00
<t<T

(7.2)
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Let (¢, x, v) € (0, T)xQxR3. Recall the definition of 1, (¢, x, v), xp(z, x, v), vp (¢, X,
v) in (0.55). Now let (to, x9, vO) = (¢, x, v). We define the specular cycles, for £ > 0,

@ ) = @ — (e 2 00, (X 00, up (L X 00 = 20p3( X v )es).
And we define the generalized characteristics for the specular BC as

Xcl(s§ tv X, U) = Z 1[[Z+11[Z)(S)X(S; tey xes vl)’ VC](S; tv X, U)
2

(7.3)
= Z Ljes1 0y ($)V (s 4 xt Y.
4

The key to prove Proposition 5 is the following estimate for the derivative of the
characteristics under the specular reflection.

Lemma 20. For any (t,x,v) € (0,T) x Q x R3, and 0 < s < t, let 3 € {Vy, V,},
then for some Cy > 1, we have

1
[0e Xc1(s; 1, x, V)| < Cp{v)evetxv)
e ‘ (7.4)
[0 Vaa(s; £, x, v)| < Cy{v)e vetrnw,
Proof. We need to estimate along the bounces:
8(Xcl(3; t9 -x9 v)s Vcl(sv ta xs U))
a(x,v)
Ly £+1 €+1 il
o K@ Vae) - 20T T )
Bt xip vy L) el AU s v (7.5)
from the last bounce to the s—plane intermediate groups .
« 8(t1,xﬁl,v§1,v|1|1)
d(x, v)

from the #—plane to the first bounce

We first find out the matrix of derivatives in the intermediate groups from the ¢-th
bounce to the (£ + 1)-th bounce:

8([“1 £+1 1Z+1 £+1)

T = Hi 0% (7.6)
14
a(t ” 9 U’; ’ “)
We have
bt
(" — "ol = f f $3(v)dds. (7.7)
1 Jg

Taking %(7.7) and direct computation gives

ort! Lt 1330) | 3830
G = 1= g fi ! ( 2By 4 Wst) )dtds. (7.8)



Lipschitz Continuous Solutions of the Vlasov—Maxwell Systems

Taklng 7 derivative to

et
x|1|z+1 _ ﬁ_ (te e+1) i +/{ 1/ S (v)drds,
+Js

we get

8x€+1 # s A A
I :/ f 33u(f)+35n(f) dvds
ot s 0r 0

1Z+1 2
- “/ / (a&(r) aw”)wm.
oitt Jiet Jg 0

And taklng - derivative to

i
vﬁ+l = Uﬁ — /e | $)(s)ds,
l+

we get

oot et as (©) , 30
[ Il ov3tt) ou3lt)
ort A“l /,.m / 8tz drds

_/ <3S||(S)+33|(S)>d
s s 0,0

Similarly, taking takmg == derivative to
l‘l
- [ ms
iaa!

il F(ethy f / a&(r) P!
e+ 1

att =" A€+1 9

/ <3S3(S) 333(8))
— + ds.
s s 0;¢

we get

)drds

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

Now let’s calculate the matrix J/*! in (7.6). Taking de € {BXﬁ’ 3,)57 3,)‘/»‘7} derivatives

to (7.7) we get

o+t / / 333(1)
oxl o5t i

grt+l ! 04 / / agm)
avg §+1 81)3 Z+1 s
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drtds,

_ et =tha—- @Y | / / a&(r)
t(+]

A€+1 < E A€+1

v
o+t 353@)
avﬁ - l+l

(7.15)
Taking 0, € {8xﬁ, avg, 8vﬁ} derivatives to (7.9) we get
l+1
X Id22+ ﬁe+1 / / 33u(f)
8x||5 ’ I s 5
£+1
o™ ™! o / / 3&\ @,
vzt 8v3
axf gt (ﬁ 0H? 0% .
” 7 — ﬁ+1 _ (tz _ t£+l) f / ” (716)
vy av” s
Taking 0, € {3xﬁ’ 8v§, 8vﬁ} derivatives to (7.11) we get
0+1 t
v et U st /’ 98(s)
3)6”2 axt x| I 041 8 e ’
8U€+1 e
vzt ov E s 81}% ’
8v£+l ati+l 1t 83' (
I 1 1)
=1Idy, + t - —d
av;’ 2.2 o ) /;m oy s
And finally, taking 9, € {8xﬁ, avg, BUﬁ} derivatives to (7.13) we get
8U§+1 at€+l el 1t T3 (s)
= s - [ s,
X axt x| 0, z
8v£+1 8t€+1 9
835 :_1_ S (£+l)+/ 53(5‘) (718)
v3 81)3 e+ 8 ot
ulrl gt “aF3(s)
3 - — - S3([£+1) _ / ds
av) 31)” 41 Bvﬁ

For the estimate, from (7.8) and that |% + dg*(f) | < < , we obtain

at€+l

| | < 1+ M |t57ti+1‘2 | ax | M |t57ti+1‘2
ate AZ+1 (v) ’ — AZH( ) ’
3vﬁ+1 \t[—t[+l|2 |tz—l5+1\ 3U§3+1 |t[—te+1|2 |fe—te+l|
= <
5| = Mg+ ) 1S | = MOGEE + D (119)
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Next, we estimate dg(gf), ag(Z)’ 3§(;)’ 03(1) . Since

35(1)
d.¢

= Vi $(1) - 8 X (1) + 0§ (1) - 0,0 X3 (1) + VuS(1) - 8 V(1)
X

From (4.23), (4.24), (4.30), (4.31), we have

|a§(”|s SV [P
(V@) (V (1))
And,
0§ A . It =] !
= V8@ X @+ V@) - 0V DI S Zpo +

Similarly, from (4.23), (4.24), (4.28) and (4.29),

d
| g(r)| = [V §(0) - 9, X (1) + 823 §(7) - 9, X3() + VoS (1) - 0,0V (7))
X
< = 1
~ V(D) ’
83(‘[) |t£ _ t(i+l| 1
=51 = VSO 0 X @+ VB @) - 0 VOIS =+ oy

Thus, we have

[

l+1|2 |tl _tZ+1|2
(6+1 (v)2 ’

P (7.20)
0 9 1t —
/ | g(’)w S musé—' :
el 0, z el Oye (v)
Thus, from (7.15) and (7.20), we obtain
8t€+1 |[ _ tl+1|2 atﬂ+1 |tl _ t[+1| atﬁ+1 |tl €+1|2
| | <M i1 ) 507 | < ] ) | 30 | < i - (7.21)
Bx V3" (V) v3 V3" (V) vy U3 (v)2
From (7.16) and (7.20),
|3xﬁ+1| - ]+M|te_t£+l|2 |axﬁ+1| |te_t£+l| 8xﬁ+l|
X oty T el T o5ty dvf
(7.22)

|t€ _ t€+1|2 |tﬁ _ tZ+1|
=M\ —5 + .
8 (v)?2 ()
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From (7.17) and (7.20),

3”ﬁ+1 1t — 1412 v 3Uﬁ+1 [t — e |t —
| = | =M g+ =t ) = M| —5 + ,
Bx 037 (v) v 037 (v) (v)

3

Z l

vt - |t£—le+1|2 |t€_t€+1|

N av =t e T W )
I 3

(7.23)
From (7.18) and (7.20),

3v£+1 te _ tl+1 2 8v£+1 t( _ t€+1 2 t(Z _ t£+l
|—2-l=M %Hfﬁ_tml A2 l= M |Az+1 2| ! ).
dx| 05+ (v) v st () (v)

I 3
(7.24)
. avit!
Now we estimate 33‘3
( Z+l)2
0 — (t@ €+1)"Z+l £+l) +/ / / _%3(_[ )dT d‘L’dS
i+l J 4l J b+l d /
(7.25)
and from (4.30), (4.31),
d » M

- <

|8 =
where M depends on |V E ||, || Vx Bllso, and g. Thus

(te _ t@+1) R el |tl _ t[+1 |2
1+ —F3(¢ =M -—FF-. 7.26
From (4.26),
. a1 1— |"€+l|2 a1 "§+l
F3@) = W&(f M+ 03(1)W-
Therefore,
([Z tZ+l) 1— |’\€+1 |2 |t5 _ tl+l |2

I+ 2001 (0 §uhi <M (T e = fm')- (7.27)

U3 (v)

Also, notice that

AV ~0+142 1t ot 2
(@D (- (@ ))l_/ d((l (V3(s))))ds|
t

wh (B w1 ds (VEGs))
|t€_t5+l|

< MT. (7.28)
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Therefore from (7.20), (7.20), (7.27), and (7.28), we have

P £+1 at€+l 1t 9
i N 33(t‘f+‘)+/ 856) 4

dv3t vl Y
3 7.2
|t£ _ t4+1|2 |tZ _ tZ+l| ( 9)
=1+M|— + .
551 ()2 (v)

Finally, from (4.19), (4.3),
1f =1 <85 (o) S et x, v)(v),
and from (7.25),

ttops 16 — 12
1 — 4t = —/ $3(vdrds S ————,
e+l J el (v)

so by (4.3),
a(t, x, v)(v) < 05wy < |t — .

Therefore, we have for £ > 1, there exists ¢, C > 0 dependingon 7, || E||c0, || B|lco, and
g such that

ca(t, x, v)(v) < |t* — " < Cat, x, v)(v). (7.30)

Put together the above estimates and using (7.30), we have for some M > 0,

1+ Ma(v)| Ma(v) Ma(v) M Mo (v) Mo(v)
Ma(v) [1+Ma(v) Ma(v) M Ma(v) Ma(v)
JeH Ma(v) Ma(v) 1+ Ma(v) M Mo(v) Ma(v)
£ = Mov) Mo (v) Mo(v) [1+Ma(v)| Mo(v) Mo (v)
Moa(v) Mo (v) Moa(v) M 1+ Ma(v) Ma(v)
Moa(v) Mo (v) Moa(v) M Ma{v) 1+ Mo(v)
= J(x(v)).

From diagonalization, we get
J(a(v) = PAP!,
where
A = diag [1, L1, 1+M ( 2 () (@a(v) +5) +3a(v>) 1

+M (— () (Ba(v) +5) + 301(11))] ,
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and
—1—-1-1-1 1 1
1 0 0 O 1 1
D 01 0 0 1 1
T 10 0 0 0 Ja(v)a(v)+5) —2a(v) —Ja(v)(da(v) +5) —2a(v) |’
0 0 1 0 1 1
| 0 0 0 1 1 1
1 4 1 1 1+
-5 5 =5 0 —5—3
1 1 4 1 1
~5-5 5 0 —35-3
11 1 4 1
pi_| 7575750 5 73
_L_1_1 ¢ _1 4|’
5 5 5 5 5
a a a b a a
| —a —a —a —b —a —a_
where
204/ (V) + Ja(da(v) +5) b 1
a= , b= .
10/ (4o {v) +5) 2/a(v)(da(v) +5)
Now from (7.30), the number of bounces
. T
50t x,0) € —mM ., (7.32)
ca(t, x, v){(v)
Therefore,
£*(0;1,x,v) o Lo
l—[ JE < gE O o BRE P-1 < (1+2M/a(v) @@ PP-1 (7.33)
=1

where we use the notation: for a matrix A, the entries of a matrix A are absolute values
of the entries of A, i.e. (A);; = [(A);;|. From

i —%
1 —\ c/a(v) 2M
(1 +2M/a{v)) el = <(1+2M,/a<v))2MW> < eVel
—1 M
and that (PP i < NIk we get
£*(0;2,x,v) ol o M o

[T 4| se® (PP-I < el (7.34)

P ij o (v)

- i

P 1, l’ 1’ 1

Next, we estimate —2Xd®):Va(®) 4,4 o) prom

a(tl*,xﬁ* ,vﬁ*,vﬁ*) a(x,v)

£ apt
X(s: 5 x 0) = 28 — @ — o) +f f 3@, X (@), V(r))dr'dr,
s T

i
Vst 2oty = o — / 3. X (), V(D)dr.
S
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we have

IX(s) 83(t/)
5 = V(s) + / / e drdr,

IV (s) . o 03(0) |
at[* = _g(te )_[ a % T

Therefore, |3X@>| < |V(s)| <1, and JV“) < 1. Combine this with (4.23), we have

/*

dXa(0). Vo) [ M et (7.35)
Ot x gt ) T LM sl M

Lastly, since T (t, x, v), (xH,O) = xp(t, x, v), (vé, vll‘) = vy (¢, x, v), from (5.5)
and (5.7),

1 _1 t!
01 S 5 S =, 10t | S 7 S M.
U3 o v3(v)
And thus from (5.8), we have
M
at!, xH,v3, ”) EM M
BT 1+% M (7.36)
(x,v) u 4y
o
Finally, combining (7.34), (7.35), and (7.36), we get for some C; = C1(M, c),
. . 3 oM 9
<8(XC1(S1tv-x7v)7VCl(sat9-xsv))) < 36M et'«/m < Cl(U)e‘/ﬁ.
3(x, v) ij| @2/ () B
(7.37)
O

Proposition 5 comes as a consequence of the lemma.
proof of Proposition 5. For any (¢, x,v) € (0, T) x Q x R3, let de € {Vy, Vy}, then
de f(t,x,v) = 3e(f(0, Xa(0: 7, x, v), Va(0; 7, x, v))
= Vi fo-0eXa(0; 1, x,v) + Vy fo - 0 Va1 (05 2, x, v).

Now, from (4.3) and (7.4), write X (0) = Xq(0; t, x, v), and V(0) = Vq(0; ¢, x, v), we
have

(7.38)

)8 £ (2, x, V)|

< C1|Vy £(0, X (0), V(0)|(v) e T

+ CLIY, £(0, X(0), V(0))| () e Totaom

< CIV, £(0, X(0), V(0))(|V (0))** ¢ TeOXT- 7TV E (7.39)
+C|V, £(0, X(0), V(O))<V(0)>5+56W

548, TamT v 545, TamT v
=C|l{v)™ e x folloo + [[{v)" e vfolloo ) -
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Next, using the same argument in Lemma 13, we obtain

sup () V, fFO) Loy < sup 1)V £ (1) lloos
0<t<T

0<t<T
4+8 445 (7.40)
sup [{v)"™°Vy fO)llLey < sup (V)™ Vy f(O)llco-
0=<t=T 0<t<T
Combining with (7.39), we conclude (7.2). |

We consider the sequence of functions:
O, x,v) = folx,v), E%, x) = Eo(t, x), B%(t, x) = Bo(x).
For ¢ > 1, let f ¢ be the solution of
O fl+0- Vel vy £t =0, where 3!
= E 4 Eo + 0 x (B! 4 Bew) — L
£, x,0) = folx,v),
fe(t,x, V)] = fefl(t,x, V), —v3).
Let p* = [ps fldv, J* = [53 D dv. Let
E'=(Q231)+---+(2.41), B* = (2.45) +--- + (2.55), with f changes to f*
(7.42)
And let
F' = E“+ Eexe — 0 x (B® + Bexo) — ges. (7.43)
We prove several uniform-in-¢ bounds for the sequence before passing the limit.

Lemma 21. Suppose fy satisfies (0.32), Eo, By satisfy (0.16), (0.35), then there exits
My, M3 such that for0 < T < 1,

sup Sup (”<U)4+8f£(t)”LOO(QXR3)) <M1,
€ 0<t<T

sp sup (I 0)lloo + 1B O)lloc) + 1Bel + Ec+g <Mz, (7.44)
L 0<t<T

inf inf <g — Ee— EL(t.x).0) — (0 x BY3(1, x| 0)) ~co.

1,x)

Proof. By induction hypothesis we assume that

sup sup (1) £ (O mgers) ) <M,

05'1‘56 0<t<T ' (7'45)
sup sup (1B (0)lloo + 1B ()lloc) + | Bel + Ee + g <Mo.
0<i<t0<t<T
Denote the characteristics (X¢, V) which solves
d 4 5
d—X (s52,x,v) =V7(s;t,x,0),
§ (7.46)

d 12 £ £ £
d_V (S;taxvv):%(svx (S;t7x7v)7v (S;t7x7v))‘
N
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And define the specular cycles:

tf(t,x, v) :=sup{s >0: XK(‘L'; t,x,v) e Qforallt € (t —s,1)},
Xt x,v) = Xt x, v)i 1, x, 0), (7.47)
vf(t, X, V) = Ve(tf(t, X,v);t,x,v) — 2V3€(tf(t, X,v);t,x,v)e3

and inductively for k > 2,

/f k=Dt o p) = sup {s > 0 xt—k=D g te {k 2) xlf:ﬁkfz)’vefgkfz))

e Qforallt € (r —s,1)},

k—1 0—(k—=1), —(k=2) _—(k=2) _L—(k—2
xED (¢ ) m KR D, o) D) - -2))
D) (7.48)
k (t,x,v)

—(k=1) s b—(k—1 e—k—z 0—(k—2 e—k—z
— yt-k D(t( ). ( )’xk§ ) g ))

L—(k—1) , L—(k— 1 L—(k—2 —(k—2 —(k—2
B S

And we define the generalized characteristics for the specular BC as
Xﬁl(s; t,x,v) = l[t:z(t’x’v)’l)(s)Xe(s; t,x,0)

bk, =(k=1) _l—(k=1) —(k—1)
+Zl[t,f;1",t,f‘<""))(s)x (s; 1, ) Xy ) Vg ),

k>1
¢ - ) (7.49)
VaGs;t,x,v) =1 (1 (r.x.0), t)(s)V (s;t,x,0)

+Zl (k=) (V™ k(s ==l ,f_(k_l),ve_(k_l)).

From (7.41) and (7 47), for any (t,x,v) € (0,T) x Q x R3, let k be such that
fk+1k(f x,v) <0< tk ~® =D x, v), then we have

e+l _ pl—(k—1) ek =(=1) Z—(k—l) k=D
Foax v = 0 (0, x0 K (0 4,
t—k (—(k=1)  E=(k=1) | L—(k=1)
V(0 )
= fo (Xefk (0; t}f—(k—l)’ x}f—(k—l)7 vlf—(k—l)) ’

—k = (k—1) _£—(k—-1) l (k—1)
|4 (0, Iy ) X ) U ))

(7.50)

Thus

(v)4+5
i, l—(k=1) _O—(h=1) f—(k—1)
(Vz k (O, I VX LU ))

(0 £ (1 2wy < s 1) follos

(7.51)
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Now, since

- l—(k—=1) L—(k—=1)  €—(k—1
o= VK (056D 56D D)

i+1

k—1
- (vf_(’_l) N vH) sl kD _ytk (0; LoD =), v,f—“‘—“)
i=1

—(i—1 —(k—1)

' k=1 oy ) ] t
< [ O+ 3 [ T s+ [ 15O lcds
f i=1"1

i+l

t .
< / sup 13 (5)lloods.

0 0<i<l

From (7.45) we have
[v| < ‘Vl_k (0; t,f*(kfl), x,f*(kfl), v,ff(kfl))} +tM>,
and this yields
(v)
(Vi-k (0; t,f‘("‘“, x,f‘““”, u,f‘“““))
Thus (7.51) gives

S )™ FE O oo @nmsy < (L+ T (g + M) [[(0)* folloo < M1, (7.53)
<t<T

for T small enough. Now from (7.42) and (0.16), using the same argument as (6.38)—
(6.40), we get

S NE )lloo + 1B (Dllso) + |Be| + Ec + g < Mo, (7.54)
<t<T

inf (g — E, — EXN(t,x,0) — (0 x B30, ), 0)) > co. (1.55)
X

Thus we conclude (6.25) by induction.

Next, we define o’ (¢, x, v) in the same way as in (5.46). Then we have

Lemma 22. Suppose foy satisfies (0.38), Eo, By satisfy (0.16), (0.35), then there exits
M3, My such that for0 < T < 1,

sup sup (I Ve Ol + 10}V, £ (1) 1)
¢ 0<t<T

wsup sup (I10)* Ve f Ol + 100 L Oll e i) < Ma,
¢ 0<t<T

sup sup_ (113 E"1)lloc + 13/ B"®)lloc + [ Vx E“0)llow + V4 B (0l ) < M.
¢ 0<t<T

(7.56)
And with the M5 as in Lemma 21,

sup sup (ILE“(t, 0)ll=om + 1B (1, 0l =gy ) < Mo (7.57)
¢ 0<t<T
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Proof. Let 0e € {Vy, Vy}. From (7.50) we have

Do f™ (1%, 0) = Vo fo - 0X (00 D 0w, 5 kv, o k)
+ Vo fo - 8 VEE (0; R (R N R IE) I (') v))

(7.58)

Then from (7.44), we can use essentially the same argument as the proof of Lemma 20
to get

DXk (0; 170D (D oDy k(g (kD) =) oy
3(x, v)
1

— Cl
CrvEko ’
= v >>exp< Jak(0, XK (0), v”(O))<V”(0)>>

(7.59)

where
XER©O) = XER; /7R gk kel
= ViR %D, x}f—(k—l)’ oDy,

Ve—k (0)

—(k—1 0—(k—1
Iy ( )(t,x,v), Xy (k=1

0—(k—1) ¢
= Xy (t,x,0), vy

—(k=1) _
I =

—(k—1 —(k—1
R S RO}

and C depends on M1, M,. Therefore, from (7.58) and (7.59),

<U)4+8

R

545 = 548 T
X <||(U) evVe W Vy folloo + [{v) 7 e Ve vaOHoo) .

And using (7.52), we conclude

sup sup [[(0)**3e (1) lloo
¢ 0<t<T

_C _C
<C (||<v>5+5em Vi folloo + I1{v) + e Va® vaonoo) < Ms.  (7.60)

Then, from the same argument as in Lemma 13, we get

sup sup [[{0)*09e O Loy < sup sup ()06 (1) [0 < M3,
4 OStST 4 OStST

(7.61)
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From this, we use the same argument to get (3.49) in the proof of Lemma 7 and obtain

sup_ (1 B (1) loo + 119 B 0o + V4 B (1) oo + 1V B (1)1 )
0<t<T

=7C sup sup (I0E () lloo + 19,80 lloc + V5 E' )lloc + V2 B (D)l )

1<i<€0=<t<T
C (IEollc2 + I1Bollcy) + € sup_ (110)** 95, £ 0)llow + 1) 0 dy £ (1)1 )
0<t<T
+C sup (K0 Vs, L O i + 10720 0 Ol )
<t<T

+C sup (1) F Olloo + IE™ 0 loo + 1B 0] ) -

0<t<T
From (7.44) and (7.60), this gives
sup sup (I E (1) lloo + 13 B ®)llow + | Va E“ (1) loc + 1V B (1))
¢ 0<t<T

=TCsup sup (I E O lloo + 10 B ©)llow + |V E (1) loo + V4 B (1))
¢ 0<t<T

+C (I Eollc2 + 1Bollc,) + C (M + Ms + M3).
Therefore, by choosing M4 > 1 and T < 1, we get

sup sup (119, E“(1)lloc + 13/ B ®)lloc + [ Vx B llow + V2 B 0o ) < M.
¢ 0=<t<T

(7.62)
Together with (7.60) and (7.61), we conclude (7.56).

Now, from (7.62), we use the same argument as in Lemma 16 to conclude that for
any0 <t <T,
E'(t, x)|ag € LX(0R), B (1, x)|se € L),

sup (1B, 0)llag) + 1B @ 0limoe) < sup (IE @0 lloo + 1B @ 0)loo) < Mo
0=<t<T 0<t=<T

This proves (7.57). |
Next, we prove a pointwise convergence result for f¢.

Lemma 23. Suppose fy satisfies (0.38), Eo, By satisfy (0.16), (0.35). Then there exists
a function f such that f* — f pointwise almost everywhere on (0, T) x (€ x R3\ ).

Proof. Fixany (¢, x, v) € (0, T)x (2xR3\ ), then it suffices to show that { £ (z, x, V172,
is a Cauchy sequence. Fix ¢ > 0, and let n > m > Ny. Note that f — f" satisfies
(f"™ = f"l=0 = 0 and

™ = I x, 0 = ("= 7 x, vy, —v).

The equation for f™ — f" is

F(f™ = M +0 - Ve(f™ = fH+F" V(" = M
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=@ =3V, (7.63)

Thus, for any (7, x, v) € (0, T) x (2 x R3\ p), there is ak > 0such that " ¥ (z, x, v) <
0< t,'::(k_l)(t, x, v), and we have from (7.63),

f"™ = f"(t, x,v)
t
- / (=@ =5 Vus") (5, X" (9, VI (5))ds
t

m—1
1

k=2 L ym—i

! _em—1—i _ an—1—i nfi)
3 [ (G =5
i=1 i+1

(s, X" (), v (5))ds

m—(k—1)

Tk—1
+/ (_(gm—l—(k—l) _grl=le=Dy van—(k—l))
0

(S, XI’Vlflf(kfl)(s)’ melf(kfl)(s))ds.

(7.64)

Together with (7.52), this implies

I = Y x,v)] < € <sup sup ||<v>4+5vvf@<s)||oo>

¢ 0<s<t

[ . .
/0 sup [IF" () =" () llocds  (7.65)

1<i<k-—1

where C; = (1 + T (M, + g))***. Note that since (x, v) ¢ yo, a(t, x, v) > 0. And from
(7.30) and (7.32), we have

T

= ca(t, x, v)(v)’
where ¢ depends on M5 and g. Now, for some small §' > 0, we write
" =" =Egm-i — Epu-i + Bpn-i — Byu-i
= Efm—i,fn—i + Bfm—i,fn—i
= El[‘v3|>8/)(fm—i_fn—i)
E1(|v3|§8/)(fm7i_fnfi) + Bl(‘vzby)(fm—i_fn—i) + Bl(|v3|§8,)(fm4_fn—i),

where

By (nei— iy = 231+ + (2.41), with f changes to 1y~ ( FrE oy,

By, (i ooy = (245) 4 +(2.55), with f changesto Ljypp (f" 7 = f"7),

Exy gy (i proiy = (23144 (241),  with f changes 10 Ly <y (F" ' = £,

By, g (ri— gy = (2.45) +---+(2.55), with f changesto 1<y (f™ " — f"79).
(7.66)



Y. Cao, C. Kim

Now, using the estimate in Lemma 6 and that

1
—dv < C(8)°,
/v3<8/ (U>3+5

we have
1E,, yyorm=i= iy oo + 1By o pmei priy (9)lloo
< "% sup 1™ = 7 oo (7.67)
0<s'<s
And
”E lugl>8') (fm- z_fn z)(S)”oo + ”Bl (I3 |>3/;(f'"7i—f"7i)(s)”00
_; 7.68
<C sup sy @ = 17 () oo (7.68)

0<s'<s
So from (7.65), (7.67), and (7.68),
V)*(f" = F)( x,v)| < CCLM3

[ .
/O ( sup  sup || Ljjuymsny (0) O (FM '—f"—‘)<s/>||oo+M1<6/>5) ds.

1<i<k—10<s'<s
(7.69)
Now, let j be such that tm s x v) <0 < tm =U=D(y x,v). Then if |vs3| > &,
from (7.32),
T T
<— < =¥
~ca(s’, x,v)(v) T &

So same as (7.65), this gives
sup  sup [ 1juy =y ) = DG oo

1<i<k—10<s'<s

S
< €1 M5 / sup sup 13" () = 3 () loods'-
0

1<i’<k/—11<i<k—1

Using the same split (7.66), like (7.67) and (7.68), we thus get
sup  sup Ly -ay ()T = 1) oo

1<i<k—10<s'<s

S .
< CC]M3/ sup sup (||1{|v%|>5/}(1) 5(fm i fnfl)(s//)”oo (770)
0 2<i<k+k’ 0<s”<s’
+M1(8)°) ds’
Plug (7.70) into (7.68) yields
(™ = ) x, )]

t s
< (CC1M3)? /0 /O sup  sup [ 1jus1=8n (0T — G 0ods'ds

2<i<k+k’ 0<s”<s’

CCi M31)?
+ M (8)° <CC1M3t+—( 1 M1) )

2



Lipschitz Continuous Solutions of the Vlasov—Maxwell Systems

Iteration of the above gives

(™ = (@ x,v)]

/! »
< (cclMsﬂl—, sup  sup [ Ly =5y (0T = ) oo

s 2<i<k+lk' 0<s<t
l .
e\ (CCiIM31)!
+ M (8 —
i=1
Now, by choosing 8’ small enough we have

I .
CCiMst)l
M)y [CLOTLEDS L2 ) My (8P eCOMt %
1!
i=1

And choosing [ large enough such that
!

t . &
<cclM3>’F sup  sup [ Ljjuy =6 ()T — TS oo < 5

© 2<i<k+lk' 0<s<t

Finally choose Ny large enough such that Ny > k + [k/, we get for n, m > N,

WIS = @ x )] < e
Therefore the sequence { f¢(t, x, v)}72  is Cauchy, and this proves the lemma. O

Lemma 24. Suppose fy satisfies (0.38), Eo, Bo satisfy (0.16), (0.35). Then for0 < T <
1, there exists functions (f, E, B) with (v)** f(t, x,v) € L®((0, T); L®(Q x R?)),
and (E, B) € L*°((0, T); L*(2) N L*®°(0R)), such that (f, E, B) is a (weak) solution
of the system (0.40)—(0.42), (0.27). Moreover,

1)V £ () oo + 10}V, £ (D) ]loe < 00, (7.71)
18, E(®)lloo + 18 Bt loo + I V2 E(®) oo + | Ve B() lloo < 00. (1.72)

Proof. From the uniform-in-¢ bound (7.44), we can pass the limit up to subsequence if
necessary and get the weak—s convergence
(LS ) fin L0, T) x @ x R N LY, T) x ), (1.73)
E' S E, B X Bin L®((0,T) x Q) NL¥((0, T) x 32). (7.74)

for some (f, E, B). Then from (7.56) we also have
yE' N 8,E, V,E' XV, E, 3, B"
2B, ViB" X V. Bin L®((0, T) x Q), (7.75)
WV S )V ()0,
2V, £in LO(0, T) x 2 x RY). (7.76)
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Now it left to show that (f, E, B) is a solution to the system (0.40)—(0.42), (0.27).
Take any ¢(t, x, v) € C2([0, T) x © x R3 with supp ¢ C {[0, T) x Q x R3}}\{{0} x
y U (0, T) x yo}, from (7.41), we have

T
/ fop (0)dvdr + / f FE@p+0-Vip+F ! Vyp)dudxdt
QxR3 0 QxR3

T T (1.77)
=f o f 03dvd S, +/ o(t, x, vy, —v3) fE03 dvdS,.
0 V+ 0 Y+
Because of (7.73) and (7.74), we have
T T
/ / FE0p + 0 - Vip)dvdxdt + / / of 03dvd S,
0 QxR3 0 Jy,
T
+/ ¢ (t,x, v, —v3) fi D3 dvd Sy
0 V+
. ; (7.78)
N f / (3¢ + D - Vep)dvdxdt +f ¢ d3dvd Sy
0 JaxRr3 0 Jy,
T
+/ ¢(t,x,v‘|,—v3)fﬁ3 dvdS,
0 V+
as £ — oo. As for the term fOT Josrs FEE1 . Vypdvdxdt, since
T
[ [ 5= s Vagdudsar
3
o Jaxr (7.79)

T T
= / / (f = HF'- Vypdvdxdr +/ / FET =) - Vypdvdxdt
0 QxR3 0 QxR3

From (7.74), we have fOT Joxgs @1 =3) - Vypdvdxdt — 0as £ — oo.

Now, let supp(¢) = D.From Lemma?23,1p(¢, x, v)fl(t, x, v) convergesto 1p(z, x,
v) f (¢, x, v) pointwise almost everywhere. And from (7.44), [1pherefore, fromthe
dominated(t, x, v) (¢, x,v)| < 1p(t, x, v)M,. Therefore, from the dominated con-
vergence theorem, we have

T
/ / p(f — fOldvdxdt — 0as € — oo.
0 JOxR3
Thus

T
/ / (f = £H3" - Vypdvdxdt
0 QxR3

< sup IF7 Ol sup Vo (@)oo (7.80)

0<r<T 0<t<T
T
/ / p(f — fO|dvdxdt — 0as € — oo.
0 QxR3

Put together (7.77)—(7.80), we deduce that ( f, E, B) satisfy (0.28).
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Next, using the same argument as in (6.54)—(6.57), we get (f, E, B) satisfy (0.29) and
(0.30). Therefore, we conclude that (f, E, B) is a (weak) solution of the RVM system
(0.40)—(0.42), with specular BC (0.27).

Finally, from using the weak lower semi-continuity of the weak-* convergence (7.75),
(7.76), and the uniform-in-£ bound (7.56), we conclude (7.71), (7.72). |

Lastly, we prove the uniqueness.

Lemma 25. Suppose (f, E¢, By) and (g, Eg, By) are solutions to the RVM system
(0.40)—(0.42), (0.27) with f(0) = g(0), Ef(0) = E¢(0), Bf(0) = B,(0), and that
Ef, By, Eg, By € WM((0,T) x Q), Vaps, Vg, 0I5, Vapg, Vilg,
0 J, € L0, T); LY (RQ)) for some p > 1.

loc

And

sup ()" V, £ ()lloe < 00, sup [{(v)*°V,g(1) oo < 00. (7.81)

O<t<T O<t<T
Then f =g, Ef = Eg, By = By.

Proof. The difference function f — g satisfies

@ +0-Vi+8r-V)(f —8) = —37) Vg
(f=8)©0)=0, (f - x, )|, (7.82)
=(f =9 x, v, —v3),

where
Sf=Ef+Eext+0 X (Bf+ Bext) — g€3, §g = Eg + Eext + 0 X (Bg + Bext) — ge3,
SO

S¢—S8r=Ef—Eg+0x (Bf— By). (7.83)

From Lemma 1 we have E 1 — Eg 1, Efo — Eg 2, Br3 — By 3 solve the wave equation
with the Dirichlet boundary condition (1.11) in the sense of (1.12) with

uo=0, u;1 =0, G = —4mwdy,(or — pg) — 470, (Jri — Jg.i),
g=0, forEp; —Eg;,i=1,2, (7.84)
up=0, u1 =0, G =4n(Vy x (Jy — Jg))3, g =0, for By3 — By 3, (7.85)
respectively. And Ef3 — Eg 3, Br,1 — Bg 1, Bfo — Bg 2 solve the wave equation with
the Neumann boundary condition (1.9) in the sense of (1.10) with
up =0, u1 =0, G = -4y (pf — pg) — 470 (Jr3 — Jg.3),
g = —4n(pr — pg), for E¢3 — Eg3, (7.86)
up =0, u1 =0, G=4n(Vy x (Jr — Jg))i,
g=(D"MnJs; — Jg1), forBpi—Bji, i=1,2, (7.87)
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respectively. Therefore, from Lemmas 2 and 4, we know that Ey — E, and By — B,
would have the form of

Ef—Eg=(Q231)+---+(241), Bf — By = (2.45) +-- -+ (2.55),

7.88
with Eo, Bg changes to 0, and f changes to f — g. ( )
Now consider the characteristics

Xp(sit,x,0) = Vp(si 1, x,v),
Vf(s; t,x,0) =550, Xr(s:t,x,0), Vi(s;t, x,v)).

Then from (7.82), same as (7.64), we obtain

t . .
(f—g)t,x,v)= / ((Sg - S:f) . va) (s, X(s5), V(s))ds
t
2 ‘
+ Z/ ((Sg =355 va> (s,-X(s), -V (s))ds (7.89)
i=1 "l

+/tkl((3 SV )( X(s),-V(s)d
— - Vy s, X (s),-V(s))ds.
o g f 8

So using (7.52), (7.81), we have

sup ()™ (f — &)($)lloo

0<s<t

t
< sup ()" Vg fo sup [|§g — 8 ) () loods (7.90)

0<t<T 0<s'<s

t
<c /0 sup [1(Fs — 1)) lloods.

0<s'<s
Now, from (6.75) and the estimate in Lemma 6, we have

sup (1§ =S )Mo = sup I(Ep = EQ)()lloo + sup [1(Bf — Bg)(s")lloo

0<s'<s 0<s'<s 0<s'<s (7.91)
<C sup [ (f = ) lloos '
0<s'<s

Therefore from (7.90) and (7.91), we have

t
sup ()" (f — ©)($)lloo < C’ /0 sup [0} (f — ) )lloods.  (7.92)

0<s<t 0<s'<s

Therefore from Gronwall

sup 1) (f = @)oo < SNV (F = 2)(0)]|oo = 0.

0<s’'<t
Therefore we conclude that the solutions to (0.40)—(0.42), (0.27) is unique. |

We conclude the section by proving Theorem 3.
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proof of Theorem 3. Using the sequence f¢, E¢, B® constructed in (7.41), (7.42), we
have from Lemma 25 that the limit (f, E, B) is a solution to the RVM system (0.40)—
(0.42), (0.26), and it satisfies the regularity estimate (0.39), (0.37). And from Lemma 25,
we conclude the uniqueness. O
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