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ARTICLE INFO ABSTRACT

Keywords:
Mathematical model

Yaws is a chronic infection caused by the bacterium Treponema pallidum susp. pertenue (TPE) that was thought
to be an exclusive human pathogen but was recently found and confirmed in nonhuman primates. In this paper,
Yaws . we develop the first compartmental ODE model for TPE infection with treatment of wild olive baboons. We
Nonhuman primates solve for disease-free and endemic equilibria and give conditions on local and global stability of the disease-free

Eliminati e . . A .
Trlen;;ae:zn equilibrium. We calibrate the model based on the data from Lake Manyara National Park in Tanzania. We use
One health the model to help the park managers devise an effective strategy for treatment. We show that an increasing

treatment rate yields a decrease in disease prevalence. This indicates that TPE can be eliminated through
intense management in closed population. Specifically, we show that if the whole population is treated at
least once every 5-6 years, a disease-free equilibrium can be reached. Furthermore, we demonstrate that to
see a substantial decrease of TPE infection to near-elimination levels within 15 years, the whole population
needs to be treated every 2-3 years.

1. Introduction 2018; Mubemba et al., 2020b; Chuma et al., 2019). Sustainable yaws

eradication in the human population would require long-term control of

Yaws is a neglected tropical disease and currently subject to erad-
ication efforts (WHO, 2020). The disease is caused by the bacterium
Treponema pallidum susp. pertenue (TPE), which until recently, was
believed to be an exclusive human pathogen (Knauf et al., 2018; Zim-
merman et al., 2019). Our research has shown that African nonhuman
primates (NHPs) are infected with TPE strains that are identical to
strains that cause yaws in humans. While eradication of the latter is still
believed possible, it is obvious that the bacterium itself will continue to
exist in African NHPs. Based on current data, there is an extremely low,
but non-negligible risk for spill-over from NHPs to humans (Knauf et al.,
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TPE infection in our closest relatives, following a One Health approach,
at least, until it will be demonstrated that current NHP infecting TPE
strains do not possess a risk to humans.

We still know little about the biology of TPE and its interaction
with its wild primate host. We could, however, show that in wild
olive baboon (Papio anubis) female mate choice was affected by the
infectious status of their male partners, i.e., females reduced sexual
contacts with obviously infected males (Paciéncia et al., 2019). These
infection related behavioural changes in combination with the fact that
many NHP taxa including great apes are critically endangered (Estrada
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Fig. 1. Lake Manyara National Park (LMNP) and other national parks and protected ar-
eas in Tanzania, Africa. Map drawn in Matlab using the mapping toolbox and using the
shapefiles from http://landscapesportal.org/layers/geonode:tz_protected_areas, https://
datacatalog.worldbank.org/dataset/world-bank-official-boundaries, https://datacatalog.
worldbank.org/dataset/africa-water-bodies-2015, https://www.arcgis.com/home/item.
html?id=al3e9697ceb644b3a52b58df15c142f7.

et al., 2017) raise concerns on species survival. In some cases, it might
be important to locally control or eliminate infection in wild primates
to prevent the spread of the disease into critically endangered NHP
populations. Few efforts have been reported at Gombe National Park,
where treatment with penicillin has been used to control the disease in
a habituated baboon group (Collins et al., 2011). Even though current
treatment in humans is relatively easy to achieve with a single oral
dose of azithromycin (Marks et al., 2018), treatment in NHPs will be
far more challenging due to the cryptic lifestyle (e.g. timidity against
humans) and uncooperative behaviour of wild primates paired with our
knowledge gap on how TPE spreads within wild NHP populations.

Disease modelling is a modern tool that can help to predict (in-
silico) the epidemiology of diseases as well as the outcome of different
intervention strategies in wildlife before they are applied in the real
world. Applying such a model to TPE infection in NHPs could help
to better understand the impact of epidemiological and behavioural
parameters on the disease spread. While similar models have already
been published for human yaws treatment in rural communities (Gart
and DeVries, 1966; Mushayabasa et al., 2012; Fitzpatrick et al., 2014;
Marks et al., 2017; Fitzpatrick et al., 2018; Dyson et al., 2018, 2019;
Holmes et al., 2020), for obvious reasons, they cannot be applied
to wild NHPs which live under different ecological conditions and
in different social settings and without voluntarily consulting health
care. Moreover, since TPE infection occurs in low-income countries and
conservation areas are often underfunded, mathematical models can be
of great value to prioritized management options, including treatment,
based on costs and benefits. While mathematical models are always a
simplification of reality, their predictive value significantly increases
with the proportion of data that are included from the real world. In
this study, we aimed to develop a mathematical model for TPE infection
in olive baboons and which includes the most recent knowledge on
TPE infection in NHPs. Our goal was to quantify whether treating wild
NHPs will result in lower TPE infection prevalence and at what rates the
treatment must be applied to eliminate TPE from the target population
at Lake Manyara National Park in Tanzania; see Fig. 1.

2. Material and methods
2.1. Data from yaws infection in wild olive baboons from Tanzania

Our mathematical model was designed based on current knowl-
edge on TPE infection in olive baboons (Papio anubis). In contrast
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to human yaws infection, olive baboons in Tanzania show a genital-
associated clinical manifestation, which together with the onset of the
disease during sexual maturity is suggestive for a sexual transmission
mode (Paciéncia et al., 2019; Chuma et al., 2019). Whether or not infec-
tion in baboons follows the classical human disease stages — primary,
secondary and tertiary yaws and latent stage infection (Marks et al.,
2017) - is unknown. We do know, however, that infection in olive
baboons becomes systemic (Gogarten et al., 2016) and based on the bi-
ology of Treponema pallidum should not be clearable by the host without
antimicrobial treatment (reviewed in §majs et al., 2018). In severe cases
in olive baboons at Lake Manyara National Park in Tanzania—the most
detailed studied TPE infected NHP population, tissue necrosis results
in the loss of the corpus penis and the vagina, respectively (Knauf
et al.,, 2012). The disease impact on mating behaviour in baboons
has been demonstrated (Paciéncia et al., 2019). Model relevant demo-
graphic, behavioural and epidemiological parameters largely based on
our study population at Lake Manyara National Park are summarized
and referenced in (Table 1).

2.2. Mathematical model

We distinguish between males (subscript M) and females (subscript
F). Individuals are born at rate A,, and A into pre-susceptible classes
Py, and Py, respectively. The young individuals are not yet sexually
active and therefore they cannot get infected. As the individuals age at
rate a), and ay, they become susceptible (S, and S) at the onset of
their sexual activity. A susceptible male gets clinically infected at rate
Bu A{—F, where NI—F is the proportion of clinically infected sexually ac-
tive fAeI;nales; simifaFrly, a susceptible female becomes clinically infected
at rate fp ;TM. The lesions on the infected individuals heal at rate A,,
and A and the individuals become latently infected (L), and Lf). The
latently infected individuals cannot infect others, but they still carry the
infection and relapse to the clinically infected stage at rate p,, and pp.
For simplicity, we assume that without treatment, all clinically infected
individuals eventually relapse. All individuals die (of disease unrelated
causes) at rates pM and pp.

The individuals are treated by antibiotics at rate 7. A treated indi-
vidual becomes susceptible (if old enough).

The scheme of the dynamics is shown in Fig. 2 . The parameters and
symbols are summarized in Tables 1 and 2.

3. Model analysis

The transmission dynamics described in Section 2.2 yields the fol-
lowing system of ODEs

dP

d—tM = Ay — (@ + tpr) Py (3.1)

ds I

M ay Py Ty Iy — By +pias ) Su (3.2)
dt NAp

dI I

d—M=ﬂM—FSM+pMLM—(T+/1M+;4M)IM (3.3)

1 Nar

dL

= Al = @ pag + ) Ly (3.4)
dP

d_tF =Ap —(ap + pup)Pp (3.5)
ds I

—F=aFPF+rIF+TLF— Pr M +up | S (3.6)
dt Nam

dI I

—E St ppLy — (T + Ap + )y (3.7)
dt Nam

dLp

o - Aplp —(t+pp + up)Lp. (3.8)

The system (3.1)-(3.8) has two equilibria, the disease-free equilib-
rium and an endemic equilibrium as discussed below.
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Fig. 2. Scheme of the dynamics. Blue: males, red: females. Full arrows denote transitions between the compartments. The letters next to the arrows specify the rates of the
transitions. The dotted arrows show the influence on transmission rates. (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)

Table 1
Model parameters and their values. All times in years, all rates per year.
Symbol Meaning Males Females Source
A Birth rate 0.075 0.075 Smuts and Nicolson (1989)
a! Age of first sexual activity 3 6 Packer (1975), Bercovitch (1987), Smuts and Nicolson (1989)
u! Expected lifespan 12 15 Assumed
p Contact rate 0.25 0.75 Assumed
A1 Duration of the infectious period 1.5 4 Assumed
p! Expected time to relapse 3 3 Assumed
T Treatment rate variable variable (0 at the baseline)
Table 2

Model compartments. Subscript M indicates males, subscript F indicates females.

Symbol Meaning Description/clinical manifestation

P Pre-susceptible Not sexually active and not susceptible to infection

N Susceptible Sexually active and at risk of infection

1 Clinically infected Infectious lesion or lesions, typically afflicting genital
region. Seropositive and PCR positive

L Latently infected Non-infectious but can relapse to infectious lesions.

Seropositive but not PCR positive

3.1. Disease-free equilibrium and the effective reproduction number

i ilibrium €° = (P° s 70 70 p0 g0 7O 7O
The disease-free equilibrium &° = (P, S},. I}, L}, Pp,Sp. 1, LY)
is given by

A A A A
%"-( M__ M __IM__ g CF_ ZF_CF ,0,0>.
ay t Uy My Oy T Hy apt+ Up Hp Cp + Up
(3.9)
The effective reproduction number, R,, is given by
Re = VBrTrbuTF, (3.10)
where
+uy +
T, Pv TH T T (3.11)

T (A g A 0pg F Hp FT) = Apg g
is the average time a male spends in the infectious compartment I,,
and similarly,
_ PF + HF +7

(Ap +up+0)pp + up +7) = Appp

Ty (3.12)

is the average time a female spends in the infectious compartment 1.
The formula (3.10) is derived using the next-generation matrix
method (van den Driessche and Watmough, 2002) in Appendix.

It follows from van den Driessche and Watmough (2002) and
Castillo-Chavez et al. (2002) that the disease-free equilibrium is locally
and globally asymptotically stable if R, < 1 and it is unstable if R, > 1.

3.2. Endemic equilibrium

When R, > 1, there is an endemic equilibrium &* = (P} S;‘W
Iy, L*M, P;, S;, Iy, L’}). The number of infected males is given by

* 2
NiyR; =1

I = (3.13)
M TeBr(BuTymy + 7p)
where
A a
«  _ [ M M
Nam = <HM> (“M +MM>’ @19
A
rp=l4e —F (3.15)
T4 pptHp
A
Ty =14+ — (3.16)
T+PomtHm
Furthermore,
A
Pl = — M (3.17)
ap t+ Uy
Am
Ly, =—M __p, (3.18)

T+omtHm
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Effective reproduction number
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Fig. 3. (a) R, is decreasing in 7. The treatment rate 7, ~ 0.173 per year at which R, reaches 1 is the minimal treatment rate that is needed for the elimination of TPE infections.
For the parameters as in Table 1, treating the baboons once in just under six years (1/0.173 ~ 5.78), the infections can be eliminated. (b) The rate of elimination increases with the
treating frequency. When the treatment happens about once in 4 years (or less often), the infections are still quite prevalent in the population after 15 years from the start of the
treatment. To generate the Figure, we assumed that the population without any treatment had enough time to reach endemic equilibrium (with proportions of individuals as in
Table 3. Then, starting at time ¢ = 0, the treatment is applied with frequency z~!. We solve the system (3.1)—(3.8) numerically and plot (/,,+Ly+1p+Lp)/(Sy+1y+Ly+Sp+1p+Lp).

Table 3

Comparison of the model predictions with data on olive baboons collected by Chuma et al. (2018). The
model predictions are based on endemic equilibrium values from Section 3.2 normalized in such a way that
the total number of males is 63 and the total number of females is 74.

Compartment Real data Model prediction
Sy, Susceptible males, seronegative 29 27
I,;, Clinically infected males, seropositive and PCR positive 12 14
L,,, Latently infected males, seropositive and PCR negative 22 22
S, Susceptible females, seronegative 22 21
I, Clinically infected females, seropositive and PCR positive 31 32
Ly, Latently infected females, seropositve and PCR negative 21 21
Si =N%, — I, L% (3.19) Table 4

The formulas for Pj, Sy, I} and L} are analogous with appropriate
changes of subscripts M and F. Detailed calculations are shown in
Appendix.

4. Results

Increasing the treatment rate 7 yields a smaller number of infected
males and females. It also results in a smaller effective reproduction
number. These results follow from the facts that (a) by (3.11) and
(3.12), T); and Ty are decreasing in 7, (b) by (3.10), R, is increasing in
Ty, and Ty, and thus (c) R, is decreasing in 7. Consequently, by (3.13),
I, and also I} are decreasing in 7.

Moreover, since lim,_, R, = 0, there is a threshold treatment rate
7, such that R, < 1 whenever 7 > 7, i.e., the population will reach the
disease-free equilibrium. In other words, if the treatment rate is high
enough, the TPE infection will be eliminated in a closed population.
For the parameter values as in Table 1, 7, = 0.173, i.e., the whole
population would have to be treated once every 0.173~! ~ 5.78 years.
This is illustrated in Fig. 3(a). However, realistically, the treatment rate
needs to be much higher than 7, (in our particular case, the whole
population should be treated once every 2-3 years), otherwise TPE
infection will still be significantly present in the population even after
15 years; see Fig. 3(b).

We validated the model by comparing the predictions (under no
treatment regime, i.e., = = 0) with the data collected in Chuma et al.
(2018). As shown in Table 3, the model agrees with data very well and
the difference can be easily attributed to randomness in data collection.

We also performed sensitivity analysis based on Arriola and Hyman
(2009) and Table 4 shows the sensitivity of the effective reproduction
number, R,, and the threshold treatment rate, 7, on model parameters.
Both variables are most sensitive to the (unknown) contact rates fp
and ), between the sexes. If the true contact rate is 1% more than we
assumed, the threshold treatment rate increases by about 0.9% (and the
effective reproduction number increases by about 0.5%) (see Fig. 4).

The sensitivity indices ST and SI, . The index S, of a variable y on
a parameter x was calculated as (%)(%) (Arriola and Hyman, 2009).
The numbers were rounded to the three decimal places. Parameters are
as specified in Table 1. The sensitivity index —0.5 means that a 1%
increase of a parameter value x will result in the 0.5% decrease of the

variable y.

Parameter STy, ST,

Pr 0.499 0.912
Pu 0.499 0.911
Pum 0.218 0.260
Pr 0.160 0.180
Ap -0.192 —-0.290
Am -0.272 -0.433
Mg -0.454 —-0.286
Hp —-0.467 -0.263

5. Conclusions and discussion

We created an ODE compartmental model for sexual transmissions
of TPE infection in olive baboons. We analysed the model and found
expressions for the disease-free and endemic equilibria. We derived an
expression for the effective reproduction number (R,) and determined
conditions on local and global stability of the disease-free equilib-
rium. We validated the model by seeing a good fit with real world
data (Chuma et al.,, 2018) and performed sensitivity analysis. Our
model predicts that NHPs need to be treated at least once every two
to three years in order to eliminate TPE within 15 years.

While our current mathematical model for yaws transmission in
olive baboons is still limited by our understanding of yaws infection
in NHP populations, it is already useful for the testing of effectiveness
of yaws treatment in wild baboon populations. It should be seen as
a starting point for the epidemiological modelling of TPE infection in
wild primates, which is a requirement for the prioritization of possible
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Fig. 4. Dependence of the threshold treatment rate 7, on model parameters; the parameters that do not vary are as specified in Table 1. As B, fp,py oOr pp increase, so does
7. This means that if any of these parameters is larger than we assumed, the treatment rate needed to eliminate TPE would have to be larger. In contrast, 7, is decreasing in
Ay Ap, M and pup, ie., if any of these parameters are larger, then the treatment rate could be smaller. Note that 7, is constant in A,,, Ay, a), and ay.

management options. Obviously, the model will benefit from evidence-
based parameters collected from target populations. In particular olive
baboons have a huge geographic range in sub-Saharan Africa that
spans from West Africa across the northern savanna belt to East Africa.
Within this large range, regional differences have been reported in
terms of ecology and social organization (e.g., group size and demogra-
phy) (Swedell, 2011). Moreover, TPE infection in East Africa is mostly
associated with skin ulcers at the genital region, whereas in Central
and West Africa infection is often associated with facial lesions or
ulcers on the extremities (Knauf et al., 2018; Chuma et al., 2018, 2019;
Levréro et al.,, 2007; Mubemba et al., 2020a). The latter argues for
transmission through skin-to-skin contact independent of the mating
behaviour. As a result, it will increase the predictive power of our
model if it is fed with real data obtained from the population that
should be treated against yaws infection. These data include but are
not limited to male migration rates, mating behaviour, reproductive key
parameters, infection rates and life-history parameters.

Many values of currently included model parameters are based on
empirical knowledge that we obtained from our decade long field re-
search with baboons and TPE infected primate populations. As a conse-
quence, some of the parameters may include a sampling bias (e.g., pref-
erential sampling of infected individuals, Chuma et al. (2018)) which
might be an effect of the observed visibility of the external genital skin
area in females compared to males. The model parameters, specifically
the duration of infectious period, had to have a significant difference
between males and females so that the model could produce more
acutely infected females. If the true reality is that there is about the
same number of acutely infected females as there are males, the model
parameters would have to be adjusted accordingly. The increase of
the accuracy of model predictions when real data are used warrants
long-term field studies that combine behavioural and infectious disease
research in target populations. This, unfortunately, is often challenged
by a lack of funding for long-term projects.

Although yaws infection can be treated in humans with a single oral
dose of azithromycin Mitja et al. (2012), it is unrealistic to think that
yaws eradication can be achieved through treatment of wild baboons
and other NHP species which often avoid human contact or show an
uncooperative behaviour. Nevertheless, our model predicts that TPE
infection in baboons can be controlled or even eliminated in a defined
population that is accessible for treatment intervention. Even in NHPs

oral doses of penicillin or azithromycin can be used to treat bacterial
infection (Gamble, 2018). We show that an increasing treatment rate
yields a decrease in prevalence and the effective reproduction number
(R.) indicating that a disease-free equilibrium can be reached through
intense management in closed populations. This is an important finding
for the conservation of species and important NHP populations (e.g. ha-
bituated animals) as well as for yaws eradication since our data on NHP
infection suggest that the control of yaws in NHPs will be important to
reach the WHO goal to eradicate human yaws by 2030 (WHO, 2020).
For wildlife management authorities it is important to note that our
ODE compartment model for sexual transmission of TPE infection in
baboons indicates that for a true visible effect within a realistic time
frame (15 years) one has to treat the animals at much higher rate
than the smallest rate needed to achieve elimination. Although the full
support of robustness is beyond the scope of this study, the result seems
to be robust and not dependent on parameter values or details of the
model.

Despite the encouraging results from our model that TPE infection
in NHPs can be controlled using mass drug administration, a possible
serious consequence of antibiotic treatment is the emergence of an-
tibiotic resistant strains. In Papua New Guinea, where the new WHO
yaws treatment strategy of mass azithromycin treatment followed by
targeted treatment programmes was applied, a number of treatment
failures with azithromycin became obvious (Mitja et al., 2018). This
was further proven by an increased PCR-detection of the mutations
in the 23S ribosomal RNA genes of T. pallidum that are known to
code for macrolide-resistance (Grimes et al., 2012). Since TPE in NHPs
is more difficult to control and because of the zoonotic potential of
TPE strains of NHP origin, the emergence of antibiotic resistant strains
must be avoided at all costs. Any treatment in NHPs must be long-
term monitored and scientifically evaluated with a clear cost-benefit
analysis. Current NHPs strains show no macrolide resistance (Chuma
et al., 2019) but we know that T. pallidum infection in humans is a
dynamic process with multiple sublineages that can become extinct or
being replaced by newer more dominant sublineages (Chuma et al.,
2019; Beale et al.,, 2021). Management authorities must be aware
that antibiotic treatment in NHPs would significantly impact the selec-
tion pressure for TPE with, yet, unknown ecological consequences for
animal and human health.
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In conclusion, current genetic data indicate that interspecies trans-
mission of TPE in NHPs is rare (Mubemba et al., 2020b; Chuma et al.,
2019). In light of the proven zoonotic potential of NHP infecting TPE
strains (Smith et al., 1971) there is, however, a non negligible risk for
human health. For this reason, the control of TPE infection especially
in baboons in areas where they interact with humans paired with
ongoing disease surveillance in NHPs and humans will become an
important management tool to prevent potential spillovers and possible
reemergence of human yaws. Six decades after the first description of
the yaws bacterium in nonhuman primates (reviewed in Smajs et al.,
2018), it is clear that a One Health approach is needed to sustainably
eliminate yaws infection in humans. Under no circumstance treatment
in humans should be hindered by the fact that the bacterium is nat-
urally found in NHPs (Knauf et al., 2018). Our mathematical model
indicates that treatment in NHPs can result in disease free-populations
and is therefore supportive for the sustainable elimination of human
yaws when a One Health approach is applied.
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Appendix. Calculations

A.1. Calculations of the effective reproduction number R,

Here we show the calculations of the effective reproduction number
R, using the next generation matrix method (van den Driessche and
Watmough, 2002). We will assume the order of the compartments to
be Iy, Iy, Ly, Lp, Sys Sp, Py, Pr; the first four are the infected
compartments. The new infections are represented by a column vector

I I T
F = (ﬁMN_;FSMaﬂFﬁSF’QOs) s

while the changes in compartments that do not result in any new
infections are represented by

(A1)

T+ Ay +up) Iy — P Ly
(t4+Ap+up)p—prLp

= . (A.2)
(T+ppy +up) Ly — Ap Iy
(t+pp+pup)Lp —Aplp
At the disease-free equilibrium, the Jacobians are given by
50
0 20 0
, Pr
F
F=|Pr Nonr 0 0 0], (A.3)
0 0 0 0
0 0 0 0
Ayt Hpy 7T 0 —Pm 0
V= 0 Ap+up+7 0 -PF (A4
—Ap 0 Hy tpopy+ T 0
0 —Ar 0 Hp+pp+7T

Using symbolic computation capabilities of MATLAB, we calculated
V-1, FV~! and the eigenvalues of FV~!. The eigenvalues of FV ! are
0 and +R, where R, is given by (3.10).

A.2. Calculations of the endemic equilibria
When solving for equilibria of the dynamics, i.e., the constant

solutions of (3.1)-(3.8), we set the left-hand sides of the equations to
zero and solve the following system of algebraic equations.

0=Ap —(ap + up) Py (A.5)
I
O0=apPy+7Ly +7ly — </3M—F +,4M> Sur (A.6)
Nar
I
0=y ——Spr + parLag — T+ Apg + pp) I ag (A7)
NAF
0= ApIpr — (T +ppr + )Ly (A.8)
0=Ap —(ap + up)Pp (A.9)
I
O=PFaF+r1F+TLF—<ﬂF M +;4F> Sp (A.10)
NAM
I
0= 2L Sp+ppLp—(t+dp+up)lp (A.11)
NAM
0=Aplp—(t+pp+up)Lp (A.12)
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By (A.5) and (A.9)

A
Py=—2 (A.13)
ap + Uy
Ap
Pr=—1% (A.14)
ap+ U
By adding (A.6)-(A.8), we get
Ay Ay ) ( Xym )
Nyy=—P,=|— _ ). (A.15)
AM Hm M < Hm Ayt Hy
Similarly, by adding (A.10)-(A.12), we get
ar Afp ) ( aF )
Nyp=—Pr=|— . (A.16)
Ar HF F ( HF ap + Up

In the disease-free equilibrium we have I,, = L,, = 0 and thus
Sy = Ny Similarly, I, = Ly = 0 and thus Sy = N . The formulas
above thus provide disease-free equilibrium.

To continue solving the system for the endemic equilibrium, note
that, by (A.8) and (A.12),

Am
Ly =———"""-—1y, (A.17)
M ey Ay M
AF
Lp=———1I. A.18
F twpptup ¥ (A.18)

Since Sy; = Nypr—Ipy— Ly and Sp = N,y — I — L, we get, by (A.7)
and (A.11),

ﬁMN—F(NAM—IM —Ly) =@+ Ay +urp) Iy — Ly (A.19)
AF
ﬂFN—M(NAF-IF-LF)=(T+,1F+,4F)IF—,;FLF. (A.20)
AM
Set
Ap
gp=14+ ——, (A.21)
T+ Pt Hr
A
Ay = b —M (A.22)
T+ PMm + Hyp
-1
PrAF
Tp = +Ap+ - s A.23
F ((T Ft+urp) T+I7F+MF> ( )
-1
PmAm
Ty =+ ap +up)— —22H ) A.24
M <(T et o) r+pM+uM) (428
Then, (A.19)-(A.20) becomes
Ir Iy
L (N vy — sy Iyy) = M A.25
ﬂM NAF( AM — Ty M) T, ( )
Iy Ir
This yields
TpTy — 1
Iy = Ny et Pu e : (A.27)
TePr(TyPumm + 7F)
TpTy — 1
Ip =Ny PrPuTrTy ) (A.28)
Ty Bu(TpPrrp + 7pr)
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