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Chance Constrained Stochastic Optimal Control for Linear Systems with
Time Varying Random Plant Parameters

Shawn Priore, Ali Bidram, and Meeko Oishi

Abstract— We propose an open loop control scheme for linear
systems with time-varying random elements in the plant’s
state matrix. This paper focuses on joint chance constraints
for potentially time-varying target sets. Under assumption of
finite and known expectation and variance, we use the one-
sided Vysochanskij—Petunin inequality to reformulate joint
chance constraints into a tractable form. We demonstrate our
methodology on a two-bus power system with stochastic load
and wind power generation. We compare our method with
situation approach. We show that the proposed method had
superior solve times and favorable optimally considerations.

I. INTRODUCTION

In much of the linear controls literature, stochasticity is
regarded as a factor external to the system modeling process.
Additive noise is often a placeholder for systemic uncertainty
that is difficult to account for. For example, wind speeds
can affect the output of a wind turbine in a local grid, yet
state-of-the-art models have considerable difficulty in making
accurate predictions of their power output [1]. New control
techniques that can incorporate this stochasticity systemically
have the potential to enable more efficient controllers that can
be robust to natural phenomena. In this paper, we develop
an optimal control derivation scheme for discrete time linear
systems with time-varying stochastic elements in the state
matrix subject to joint chance constraints.

Early work in the 1960s and 1970s illuminated the need
for incorporating random elements into the plant with ap-
plications in industrial manufacturing, communications sys-
tems, and econometrics [2], [3], [4]. Several works consid-
ered minimization strategies for linear quadratic regulator
problems. Without the addition of joint chance constraints,
dynamic programming techniques can easily be employed
to find optimal controllers [5], [6], [7]. These works have
been extended to account for unknown distributions associ-
ated with the random parameters. Sampling techniques and
feedback mechanisms have been used to overcome these
hurdles [8], [9]. Unfortunately, these regulation problems
are often limited in scope and cannot readily be extended
to solve for chance constraints. Random plants with more
complex structure have been investigated [10] but have
typically been limited to Gaussian disturbances. Since the
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late 1970s research in this area has been sparse, appearing
only occasionally in econometric literature [11], [12] where
plant uncertainty has been used to model economic trends.

A similar problem, in which the uncertainty in the plant
is modeled either by bounded parameterization or a bounded
column space, has been extensively studied in the robust
model predictive control community [13], [14], [15], [16].
By exploiting the bounded parameter and column spaces,
estimation [17], [18] and stability techniques [19], [20] allow
for closed loop controller synthesis. While several of these
techniques can address uncertainty in the plant, they do
not address uncertainty that is random in nature [21], [22],
such as unknown but deterministic parameters. Further, these
methods can address uncertainty that result from bounded
random variables, such as discrete distributions with finite
outcomes, and uniform or beta distributions, but cannot ad-
dress random variables on semi-infinite or infinite supports.

We propose to address stochastic optimal control for
systems with uncertain state matrices in a manner that is
amenable to convex optimization techniques. To achieve this,
we use Boole’s inequality [23] and the one-sided Vysochan-
skij—Petunin inequality [24] to transform the chance con-
straint into a biconvex constraint that can be solved with
the alternate convex search method. Our approach offers
a closed form reformulation of the chance constraints that
is biconvex and can readily be solved. Further, this ap-
proach enables optimization under a wide range of distri-
butional assumptions and any solution guarantees chance
constraint satisfaction. However, our method also introduces
conservatism and relies on open loop controller synthesis.
In general, open loop control has known limitations with
respect to stability and convergence. As is common in model
predictive control literature, this approach could be combined
with stabilizing controllers which introduce an extraneous
input [25]. The proposed approach accommodates that well
established framework which implicitly addresses issues of
stabilization and convergence. Hence, many of the known
limitations typically associated with open loop control can
be accommodated. In addition, there are systems, such as
those with limited actuation or sensing, for which feedback
is simply not possible [26], [27]. The main contribution of
this paper is the construction of a tractable optimization
problem that solves for convex joint chance constraints in
the presence of random elements in the state matrix.

The paper is organized as follows. Section II provides
mathematical preliminaries and formulates the optimiza-
tion problem. Section III derives the reformulation of the
chance constraints with Boole’s inequality and the one-sided
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Vysochanskij—Petunin inequality. Section IV demonstrates
our approach on two problems involving power generation
and labor allocation, and Section V provides concluding
remarks.

II. PRELIMINARIES AND PROBLEM FORMULATION

We denote the interval that enumerates all natural numbers
from a to b, inclusively, as N [a,b]- Random components will
be denoted with bold case, such as @ for vectors and A for
matrices, regardless of dimension. We use the notation a;
to denote the (4,5)™ element of the matrix A. For a random
variable x, we denote the expectation as E[xz], and variance
as Var(x), and standard deviation as Std(xz). We use ]_[?:a
for when a > b to denote the multiplication of elements over
the index ¢ as it decreases from a to b by —1. For a matrix
A, the operator vec(A) vertically concatenates the columns
of A into a column vector. For two matrices A and B, we
denote the Kronecker product as A ® B. For matrix entries
Ay, ..., Ay, we denote a block diagonal matrix constructed
with these elements as blkdiag(A41,..., A,,). We denote an
identity matrix of size n as I,, and the i column of an
appropriately sized identity matrix as €;.

A. Problem Formulation

We consider a discrete-time linear system given by
Z(k+1) = A(k)Z(k) + Bu(k) (1

with state (k) € X C R”, input @(k) € U C R™,
and time index k € Njg yj. We presume initial conditions,
Z(0), are known, and the set U is convex. The state matrix
A(k) contains real valued random variables, a;;, each with
probability space (€2, B(£2),Pq,;) with outcomes 2, Borel
o-algebra B(Q), and probability measure P,,; [23].

We write the concatenated dynamics as an affine combi-
nation of the initial condition and the concatenated control
sequence,

0

Z(k)= [ A@Z(0)+ Cr1BU 2)
i=k—1
with
1
Cr = [HA(Z’) A(K) Iy Ops(N—k—1yn | € RPN
i=k
(3a)
B= (Iy® B) € RNxNm
(3b)
- T
0= [ﬁ(O)T (N — 1)T} cud (o

Assumption 1. All random components a;;(k) are mutually
independent within their matrix. Further, the random matri-
ces A(k) are mutually independent for all time steps.

Assumption 2. Each random element a;;(k) has a finite
expectation and variance.

Both assumptions are easily met in most scenarios. We
would expect the parameters to be independent in many

biological and physical processes, and most distributional as-
sumptions would provide for finite expectation and variance.
Of notable exception are certain parameterizations of the ,
the Pareto, and the inverse-Gamma distributions.

We presume desired polytopic sets, represented by the
linear inequalities ézkf(k) < hgk, that the state must stay
within at each time step with a desired likelihood

P(ﬂszl N, Gard(k) < hik) >1-a )

where ¢, is the number of linear inequalities.
We presume convex, compact, and polytopic sets

{@®)|ne Cag) <ha} <,
violation threshold o < 1/6.

and probabilistic

Assumption 3. The distribution describing each probabilis-
tic constraint P(Giki(k‘) < hik) is marginally unimodal.

This is likely to be the most restrictive assumption as
verifying unimodality can be challenging in cases where
the distributional assumptions are not strongly unimodal
[28]. For a thorough review of unimodality in distributions
and strong unimodality, we recommend [29]. The primary
concern for unimodality within this framework is maintain-
ing unimodality through both additive and multiplicative
operations. As the terminal time increases the more likely
a non-unimodal distribution can arise from the complex and
intricate interactions of the random state and the random
plant parameters.

We seek to minimize a convex performance objective J :
XN xUuN - R.

—

minimize J (:;5(1), L E(N), U) (5a)
04
subject to Ue uv, (5b)
Dynamics (1) with Z(0) (5¢)
Probabilistic constraint (4) (5d)

Problem 1. Under Assumptions 1-3, solve the stochastic
optimization problem (5) with open loop control U € UN,
and probabilistic violation threshold o.

The main challenge in solving Problem 1 is assuring (5d).
The interaction of multiplying the random state matrices
makes enforcing the constraints challenging. Even if closed
form expressions exist for a single time step there is no
guarantee an expression will exist at the next time step.

III. METHODS

Our approach to solve Problem 1 involves reformulating
the joint chance constraint (4) into a series of constraints
that are affine in the constraint’s expectation and standard
deviation, E[Cjzk:ﬁ(kz)} and Std(éik:ﬁ(k)), respectively.
This form is amenable to the use of the one-sided Vysochan-
skij—Petunin inequality which guarantees the synthesized
controller satisfies the probabilistic constraint. The refor-
mulation results in an easy to solve biconvex optimization
problem.
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A. The Vysochanskij—Petunin Inequality

The one-sided Vysochanskij—Petunin inequality [24] is the
foundational theorem underpinning the approach we take in
this work.

Theorem 1 (The one-sided Vysochanskij—Petunin inequality
[24]). Let x be a real valued unimodal random variable with
finite expectation E[x] and finite, non-zero standard deviation

Std(x). Then, for A > \/5/3,

4

P(x — Elz] > AStd(x)) < ST 1)

The one-sided Vysochanskij—Petunin inequality is a re-
finement of Cantelli’s inequality for unimodal distributions.
Based on Gauss’s inequality, it provides a bound for one-
sided tail probabilities of a unimodal random variable being
sufficiently far away from the expectation. Specifically, the
bound encompasses values at least A standard deviations
away from the mean. We first make use of (6) to bound the
chance constraint probabilities based on an affine summation
of the expectation and standard deviation.

(6)

B. Constraint Reformulation

For brevity, we drop the index ¢ by assuming c;, = 1. We
take the complement and employ Boole’s inequality [23] to
convert the joint chance constraint into a sum of individual
chance constraints,

N N
P(Z Gra(k) > hk> <> P(G@t) = he) (D
k=1 k=1

Using the approach in [30], we introduce risk allocation
variables wy for each of the individual chance constraints
and bound the sum of risk allocation variables,

P(ék:z(k) > hk) <wp Yk €Ny (82)
N
Sw<a (8b)
k=1

where wj, is a non-negative real number.

Here, we need to find an appropriate value for wy, such that
we can solve this problem. To that end, we add an additional
constraint

E[Gr(k)] + NSt (Gud(h)) < ©)
with optimization parameter Ay > 0. Here, (9) implies

P(Gri(k) > hir) )
< P(éki(k) > E[ék@'(/@)] £ AStd (@,@'(k)))

Under Assumption 3, the one-sided Vysochanskij—Petunin

inequality allows us to bound,

P(Gi(k) > E[Grah)] +MStd(Grai(h)) ) < 9(>\§+1)
Y

so long as A\, > +/5/3. Here, « < 1/6 implies A\j cannot

take values smaller than +/5/3.

By substituting (10)-(11) into (8a), we can establish the
relationship between A\; and wy as

4

YR 902 1)

Hence, (8)-(11) simplifies to
E[é@(k)] + \iStd (észs(k)) <hy VkeNyy (12a)

N 4
— - _<a (12b)
’; 9\ +1)

for optimization parameter Ay > 1/5/3.

Lemma 1. For the controller U , if there exists risk allocation
variables \y, satisfying (12) for constraints in the form of (4),
then U satisfies (5d).

Proof. Satisfaction of (12a) implies (10) holds. The one-
sided Vysochanskij—Petunin inequality upper bounds (10) via
(11). Boole’s inequality and De Morgan’s law [23] guarantee
that if (12b) holds then (5d) is satisfied. L]

We formally define the reformulated optimization prob-
lem.

minimize J (:E(l), ..., z(N), U) (13a)

subject to U e UV, (13b)
Expectation and variance derived

from dynamics (1) with Z(0) (13¢)

Constraint (12) (13d)

Reformulation 1. Under Assumptions 1-3, solve the stochas-
tic optimization problem (13) with open loop control U e
UN, optimization parameters N, and probabilistic violation
threshold «.

Lemma 2. Any solution to Reformulation 1 is a conservative
solution to Problem 1.

Proof. By Lemma 1, (13c)-(13d) satisfy (5d). Here, (13c)
replaces (5c) as we only need the expectation and vari-
ance derived from the dynamics. All other elements re-
main unchanged. Conservatism is introduced from Boole’s
inequality as equality is only achieved when constraints are
independent. Similarly, the one-sided Vysochanskij-Petunin
inequality only achieves equality only in extremely rare
cases. In most scenarios, the use of the Vysochanskij-Petunin
inequality will introduce conservatism. O

Here, Reformulation 1 is a conservative but tractable
reformulation of Problem 1. While we cannot guarantee a
solution exists to Reformulation 1, we can guarantee any
solution to Reformulation 1 is a solution to Problem 1, if
one exists.
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C. Solving Reformulation 1

We note that while (12a) will elicit a closed form due
to Assumptions 1 and 2, and linear dynamics, deriving this
expression is tedious. This is particularly true for longer time
horizons. For the random variable éki(k) the affine form
of (2) allows us to easily compute the expectation via the
linearity of the expectation operator,

0

11 A(i)} F(0) +E[CK]BU  (14)

i=k

E[@ki(k)} = G,E

Here, E[H?:k A(z)} and E[C] can easily be computed by
observing

b

b
I1 A(k)] = [T ElA®)
k=a

k=a

E 5)

for any a € Njg y_1) and b € Ng ;_1) by Assumption 1.
To derive the standard deviation of GZ(k), we start by

noting five formulas. First, by construction of Cy, there exists

some a € Ny n) such that for j7* = j — an we can write

11, A(i)é; ifa<k
Ciéj =1 & ifa=k+1 (16)
0 ifa>k+1

Second, for a random matrix Z following Assumption 1 and
a non-random matrix S,

E[ZTSZ] - IE[ZT} SE[Z]
+ diag (tr (SVar(Zéy)),...,tr (SVar(Ze,)))

a7

The third and fourth formulas are the derived recursive
formulas (18)-(19). Here, (18) is a result of the Law of
Total Variance [23], (19b) is a result of the Law of Total
Expectation [23], (19d) results from the vectorization func-
tion, and (19e) results from the mixed-product property of
the Kronecker product. Finally, for a < b € Npg y)

1=k i=b

by (16) and (17). This formula can easily be modified for
when a > b.

Now, we expand the variance term Var (ékm(k)) as

Var (ékx(k)) (21a)
0
— Gy Var (]_[ A(i)f(O)) Gl + ékVar(ckBﬁ) Gl
i=k
— 0 — —
+ 2Gj,Cov (]_[ A(i)Z(0), C,JS‘U) Gy (21b)
i=k

Using the formulas (17)-(19), Var (H?:k A(z):f(())) can be
found by substituting a = 0 and ¢ = #(0). Next, we expand
the expression for Var (C WBU ) as

Var (ck.Bﬁ) (222)
= (U"B" @ I,,))Var(vec (Cy)) (BU @ I,,) (22b)
Nn
=(U"B" @ I)Var | > (&; @ i) | (BU ® I,)
j=1
(22¢)
and we can expand the variance term in (22c) as
Nn
ar( > (& ® Cré;) (23a)
j:
= Z &;é] ® Var(Cyé;)) (23b)
j=1
Nn Nn
Z Z €€ T ® COV(Cke],Ckem)) (23¢)
j=1m=1
JF#m

Hence, we can find the value of (23b) via (17)-(19). Simi-
larly, we can find the value of (23c) via (16) and (20). Finally,
we expand the covariance term,

Cov (]_[ A(i CkBU>
= (Z(0)"®1,,)Cov <vec <H A(

i=k

(24a)

z’)) , vec (ck)> (BU®I,)

(24b)
= (sﬁ'(O)T ® I) (24¢)

n 0
X Z ®COV<HA e],Ckem>>
1

m=1 i=k

=
x (BU @ I,,)

which has a closed form via (16) and (20). Hence,
Std(ék:c(k) has the closed form (25) which can be
formatted as a 2-norm.

By inserting (14)-(21) into (12a), we see that A\, and the

inclusion of U in Std ( G (k)) form a biconvex constraint
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For a known vector i and a € Njg 3

Var (H A(i)j) (18a)
i=k

=E Var(H A®D7 A(i);}) + Var (IE []_[ Ay [T A@y ) (18b)
L i=k i=k—1 i=k i=k—1
B k—1 a a

= |Var ( (;JT H A ® In> vec (A(k)) H A(z)gj’) + Var <E[A(k)] A(z)gj’) (18¢)
L i=a i=k—1 i=k—1
B k—1 a a

—E <gT [TAGT @ In> Var(vec (A(k))) | [] AG)F® In> +E[A(E)] Var( 11 A(i)ﬁ) E[A(k)T] (18d)
L i=a i=k—1 i=k—1

See (19)

l(ﬂ [TAO ™ ® 1) Var(vec (A(k))) (

(192)

<gj’T H AT ® I,,L> Var(vec (A(k))) < AT ® In> H A(z)g’H (19b)
i=a i=k—1 i=k—2
B k—2 a
=E <g’T H A ® In> E[(A(k—1)" ® I,) Var(vec (A(k))) (A(k—1) ® I,)] ( Ay ® In> (19¢)
L i=a i=k—2

(A(k—1)T®1,) (Zn: (&) ®Var(A(k)é'j))) (A(k;—l)@]n)] ( ﬁ AG)T® In>]
j=1 i=k—2

(19d)

( A ® In> (19¢)
i=k—2

( AQ)y & In) (199)
i=k—2

( Ai)y ® In) (199)
i=k—2

iE[A(k—z)Tsk_lA(k—m @Var(A(k)e;)

Sk—_2

(19h)
= (7" ®1I,) (Z E[A(a)" Ser1A(a)] ® Var(A(k)aj)> (& 1,) (19i)
j=1
0 Nn
Std(ka(k)) = GkVar<H A(z)f(O)) GI +Gu(0TBT ® I,)Var (Z € ® C1ej) ) (BU @ I,)G},
=k =! (25)

n Nn 0
+2Gh(E0) @ 1,) ) (@»5,1 ® Cov (]_[ A(i)éj,ck€m> ) (BU ® I1,)G}

i=k
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[31]. A biconvex problem has the following form:

min f(x,y) (26a)

(26b)

where z € X CR", y € Y CR™, f(,-): R* xR™ - R
and g;(-,-) : R™ x R™ — R are convex when optimizing
over one parameter while holding the other constant [31].
For completeness, we include Algorithm 1 to demonstrate
one method of solving (26) via the well known alternate con-
vex search method [32]. While this method cannot guarantee
global optimally, Lemma 2 guarantees any solution will be
a feasible solution to Problem 1. We note that this method
can be sensitive to chosen initial conditions. However, users
may opt to utilize a grid search approach to find the initial
conditions that produce the most optimal solution.

s.t. gi(z,y) <0 VieN

Algorithm 1: Computing solutions to (26) with al-
ternate convex search
Input: Feasible initial condition for ¥/, denoted ™,
maximum number of iterations 7,4 -
Output: Solution to (26), (Z*, ¥*)
for i =1 to n,q. do
Solve (26) assuming ¢ = ¢*; Set &* =
Solve (26) assuming ¥ = &*; Set i =
If Solutions converged break
end

z
Y

IV. RESULTS

We consider the following scenario: a two-bus elec-
tric grid with two thermal generation units, one stochas-
tic wind power plant, and a stochastic load. All com-
putations were done on a 1.80GHz i7 processor with
16GB of RAM, using MATLAB, CVX [33] and Mosek
[34]. All code is available at https://github.com/
unm-hscl/shawnpriore-time-varying-plant.

A. Power Generation

Operation of power grids with high penetration of renew-
able energy sources are known to be a challenging task,
largely because of the stochasticity inherent to intermittent
sources of power generation (e.g., solar and wind generation
units). Although thermal generation trends are predictable

&1 e

1 2
%)_I L@

Two bus network with renewable source generation.

B

Fig. 1.

[35], state-of-the-art modeling efforts are often unable to
effectively capture the fundamentally erratic and stochastic
nature of wind energy production [1]. Indeed, this is an active
area of research in power grids, because of the challenges
that these intermittent sources of power can create for the
reliable and stable operation of power grids.

Figure 1 shows a sketch of the prototypical system we
consider, a small, two bus network with both wind and
thermal generation, and a single load.

We model the system with the LTV dynamics [36]:

0 0 0 0 0 0][P]
00 0 0 0 O0f]|P
k1) = 00 1 0 0 O0f|Cw
10 0 4k 0 0 0| |Pw
00 0 0 1 o0|]|C
00 0 0 Bk o] LL,] @D
N——
A(k) (k)
I k
I uy (k)
O4x2| |u2(k)
N—_——
(k)

where Py, P, and by extension wj(k) and ug(k) are the
power generated (in MW) by the thermal generators con-
nected to Bus 1 and 2, respectively, Cyy is a multiplier
to convert cubed wind speed in m3-s73 to MW, Py, is
the actual power generated from the wind farm, Cp, is the
maximum load requirement in MW, and L; is the actual
load. We presume Cp = 1,600 MW, and the wind farm
houses 100 wind turbine generators with a blade length of
65 m. For standard air density of 1.225 kgm™3, Cying =
0.8130 MW-s>-m~3. All other initial conditions are set to
0 without loss of generality. Here, the random variables are
~(k) ~ Weibull(5,30), and B(k) ~ Beta(50,50), and are
presumed independent. Here, ~y(k) represents the wind speed
in m-s~! at time k and is presumed to be consistent for all
wind turbines.

The two thermal generators have a maximum nominal
injection of 600 MW and must maintain at least 10% of
the maximum nominal injection to remain on, hence,

. —Iy| 60 - 15
U= k k) < 28
faw [ oo < [ 2]}
We presume that supply must meet demand and the power
transmission line between buses has a maximum rating of

900 MW. Hence, the target set for each time step is defined
by the inequality

-1 -1 0 -1 0 1 0
(k) < (29)
1 0O 0 1 0 0 900
——
Gr e

Since the wind speed and load are stochastic, we consider
the target constraint in a probabilistic manner and require
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they must hold with probability 1 — «. The optimization cost
is presumed to be

J(a(1),...,d(N)) =

al (30)

@ (k) lo'g"’ 0.‘101 (k) + 30 60] ()

k=1
is the cash expenditure for running the thermal generators.
Here, the cost of running the thermal generator on Bus 2 is
more costly than Bus 1.

From this construction, we observe that

0
[[1AG = Ak (31a)
i=k

A(K)B = 0pxm Yk € Ny (31b)

Hence, the expectation and variance terms, (14)-(21), sim-
plify to

E [G”k:z(k + 1)} = GLE[A (k)] (0) + G B(k)i(k)
(32a)
Var(ékm(k + 1)) = Gy Var(A(k)Z(0) GT (32b)

The constraint (12a) simplifies to a linear constraint for all
time steps. Further, since neither term changes as a function
of the time step, the optimal solution will have the same
controller for all time steps. Thus, we only need to solve
Reformulation 1 for one time step. From (32), we can easily
find the expectation and variance of our constraints:

E[GZ&(!:H)] —05-Cp — 1189188 - Cy  (33a)
— iy (k) — u2(k)
E[égf(kﬂ)} — 118.9188 - Cyy + @1 (k) (33b)

and
Var(éldf(k)) = 204.6946 - C2, +0.0025 - C2  (34a)

Var(éQaz(k)) — 204.6946 - C2, (34b)

It is easy to show that the probability density function
of v(k)?3 is log-concave via substitution. By [28], v(k)3 is
strongly unimodal. Beta distributions with both parameters
> 1 are also strongly unimodal. As strong unimodal dis-
tributions are closed under convolution, we guarantee the
constraints are unimodal [29].

We compare the proposed methodology with scenario
approach [37]. As the scenario approach relies on samples
of the random state matrix, it can only guarantee constraint
satisfaction up to a set confidence level. For fair comparison
between methods, we set the confidence level, 1— /3, to 0.999.
We compute the number of samples, Ng, required to achieve
this confidence level as [37]

122 (1)

corresponding to 112 samples for 1 — o = 0.84 and 1,781
samples for 1 — a = 0.99.

(35)

%104
—e—Proposed Method
—=—Scenario Approach

Cost, in dollars

0.85 0.9 0.95 1
Safety probability, 1 — «

Fig. 2. Comparison of optimal cost, J, between proposed method and
scenario approach. The optimization problem was only infeasible with the
proposed method at 1 — o = 0.99, and this is denoted by a missing value
at this safety probability. The proposed method has a lower cost than the
scenario approach for lower safety probabilities, and a higher cost for higher
safety probabilities.

8_

——Proposed Method
-=—Scenario Approach

o

N

Time to solve, in seconds
F-S

. 2

0.85 0.9 0.95 1
Safety probability, 1 — «

o

Fig. 3. Comparison of time needed to find the optimal controller between
proposed method and scenario approach. The optimization problem was
only infeasible with the proposed method at 1 — o = 0.99, and this is
denoted a missing value at this safety probability. The proposed method
has a near constant time to solve where as the scenario approach appears
to grow exponentially.

In Figures 2 and 3, we compare the optimal cost and solve
time of our approach to the scenario approach. We consider
discrete values of 1 —a € [0.84,0.99], and evaluate each
approach for each value. As shown in Figure 2, for lower
safety probabilities, our approach has a lower cost, however,
as the safety probability increases, the conservatism of our
proposed approach is evident in the higher cost. (We note the
proposed method was not able to find a solution at 1 —a =
0.99 as the admissible input set was too constraining to find a
solution.) However, the solve time of our method is superior
to the scenario approach for all safety probabilities for which
a feasible solution was found. In contrast, the solve time of
the scenario approach appears to grow exponentially as the
safety probability increases. In considering between the two
methods at high safety thresholds, the tradeoff between cost
and solve time may inform choice of method.
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Lastly, we note that potential extension of this approach
to more complex grid architectures could exploit the fact
that the Problem 2 can be solved via a sequence of linear
programs, meaning that efficient scaling would be possible.
Additionally, modeling choices in which hard constraints are
cast as probabilistic constraints with high safety likelihoods
may incur feasibility issues due to the conservatism inherent
to the Vysochanskij—Petunin inequality.

V. CONCLUSION

We proposed a framework for solving stochastic optimal
control problems for systems with random plant parame-
ters subject to polytopic target set chance constraints. Our
approach relies on the one-sided Vysochanskij—Petunin in-
equality to reformulate the joint chance constraints into a
series of individual chance constraints. We have shown that
these new constraints typically result in a biconvex opti-
mization problem and outlined the alternate convex search
approach to solve them. We demonstrated our method for an
stochastic multi-input power generation model and compared
our results with the scenario approach. We showed that our
method performed two orders of magnitude faster and for
some safety thresholds resulted in a lower optimal cost.
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