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Abstract
Mixed quantum-classical molecular dynamics
simulations have been an important tool for
studying the hydrated electron. They gener-
ally use a one-electron pseudopotential to de-
scribe the interactions of the electron with the
water molecules. This approximation is both
the strength and weakness of the approach. On
the one hand, it enables extensive statistical
sampling and large system sizes that are not
possible with more accurate ab initio molecular
dynamics methods. On the other hand, there
has (justifiably) been much debate about the
ability of pseudopotentials to accurately and
quantitatively describe the hydrated electron
properties. These pseudopotentials have largely
been derived by fitting to ab initio calculations
of an electron interacting with a single water
molecule. In this Paper, we present a proof-
of-concept demonstration of an alternative ap-
proach in which the pseudopotential parame-
ters are determined by optimizing them to re-
produce key experimental properties. Specifi-
cally, we develop a new pseudopotential, using
the existing TBOpt model as a starting point,
which correctly describes the hydrated electron
vertical detachment energy and radius of gy-
ration. In addition to these properties, this

empirically optimized model displays a signif-
icantly modified solvation structure, which im-
proves, for example, the prediction of the par-
tial molar volume.

1 Introduction
The hydrated electron (e−aq) is an exotic and
unique chemical species that lacks a nucleus
and whose behavior has been the focus of con-
troversy for more than five decades. Owing to
its fundamental importance in radiation chem-
istry,1–5 photochemistry,6,7 electrochemistry,8,9

and theoretical chemistry,4,9,10 determined ef-
forts have been expended in the pursuit of an
accurate molecular-level description of the hy-
drated electron.11–19 To this day many ques-
tions remain unanswered about excess electrons
in water that range from basic aspects of its
structure (vide infra) to the mechanisms of its
reactions.20

Efforts to address these issues via theoretical
modeling of the hydrated electron has largely
proceeded along two tracks. The first makes
use of a one-electron pseudopotential that rep-
resents the effective interactions of the ex-
cess electron with the water molecules.11–14,21–25

The electron is then described quantum me-
chanically, either using path integrals21,23,26,27

or adiabatic solution of the Schrödinger equa-
tion,12–14,25,28,29 The second exploits recent ad-
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vances in both methodology and computing
power to use density functional theory (DFT),
or other electronic structure-based, modeling of
the excess electron in liquid water.15–17,19,30–32

As we now discuss, each approach has its own
advantages (and disadvantages) that make it
useful (but also limited) in investigations of the
hydrated electron.

A thorough discussion of the development
and application of pseudopotentials for the hy-
drated electron up to roughly a decade ago has
been presented by Turi and Rossky,10 and we
refer the reader to that review. Most relevant
to the present work are the more recent efforts
to test the predictions of different pseudopoten-
tials against a wide range of measured hydrated
electron properties.9,25,33–41 Many of these were
motivated by arguments over whether the ex-
cess electron possesses a cavity or a non-
cavity structure in water.9,13,42–44 The argu-
ment now appears settled in favor of a cavity
structure,19,39,44,45 but this flurry of validation
work has both spurred the development of new
pseudopotentials25 and revealed a number of
strengths and weaknesses of extant ones.

Indeed, DFT-based simulations are consistent
with a cavity-forming picture of the electron,
but otherwise reveal some stark differences with
the pseudopotential descriptions that predict
the same basic structure. This is most evident
in the electron-water radial distribution func-
tion (RDF), which characterizes the electron’s
solvation environment and is significantly more
structured in the DFT descriptions. For exam-
ple, the height of the first solvation shell peak
from simulations using different pseudopoten-
tials12–14,25–27 ranges from 1.1 to 1.7 while differ-
ent DFT-based treatments15–17,19,32 give heights
of 1.7−3.5. The large spread in the DFT results
are likely indicative of a lack of convergence,
potentially related to any or all of the system
size, statistical sampling, or density functional;
these issues have been recently pointed out by
Park and Schwartz.19 However, the improved
description of the excess electron interactions
with multiple water molecules, compared to
that of pseudopotentials, provides strong moti-
vation for DFT studies. Nevertheless, it is cer-
tainly the case that the computational expense

of DFT descriptions of the hydrated electron
will continue to limit the feasible system sizes
and trajectory lengths for at least the near fu-
ture, though neural network-based potentials
show some promise for improving this situa-
tion.18,46 This means one-electron pseudopoten-
tials will continue to have an important role in
elucidating solvated electron properties as they
enable simulations of large systems, propaga-
tion of long trajectories that provide signifi-
cant statistical sampling, and ready analysis for
physical insight.

Advancement in the ability of pseudopoten-
tials to faithfully reproduce the characteris-
tics of the hydrated electron is needed.25,41,44,47

This is apparent from comparisons to both
measured properties and electronic structure-
derived pictures of the solvation structure as
noted above. These shortcomings of currently
available one-electron pseudopotentials moti-
vate new approaches to developing such models
for the hydrated electron.

In this Paper, we propose one such method
based on optimization of the pseudopotential
parameters to match empirical data. We choose
the average vertical detachment energy and ra-
dius of gyration as the two target properties be-
cause they have been accurately determined ex-
perimentally48–52 and also provide some tension
within the description, i.e., pseudopotentials
can accurately predict one of these properties
but often not both.25,40 The present proof-of-
concept study demonstrates that this approach
can yield an improved pseudopotential, includ-
ing with respect to properties that are not di-
rectly optimized.

2 Methodology

2.1 Pseudopotential Optimiza-
tion

In this work, we use an empirical mapping
method to optimize the pseudopotential param-
eters for hydrated electron interaction with the
classical water in the mixed quantum classi-
cal molecular dynamics (QC-MD) simulation.
Specifically, we use the gradient descent method
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to minimize the score function S, defined as

S(α⃗) =
∑
i

wi [⟨fi(α⃗)⟩ − fi,expt.]
2

f 2
i,expt.

, (1)

where α⃗ = (α1, α2, . . . , αM) is the set of pseu-
dopotential parameters to be optimized, ⟨fi(α⃗)⟩
is the calculated average value of property fi
with corresponding measured value fi,expt, and
wi is the weight in the score function for the
ith property. In this proof-of-concept study we
consider just two key properties of the hydrated
electron: 1) The radius of gyration Rg that
measures the size of the electron cloud, and
2) The vertical detachment energy V DE, that
characterizes its binding energy to the liquid.

In the gradient descent method, the param-
eters α⃗ are optimized by minimizing the score
function. In each iteration, the gradient of the
score function with the current parameters, α⃗n,
is calculated in QC-MD simulations and the
new parameters, α⃗n+1, are obtained by follow-
ing this gradient:

α⃗n+1 = α⃗n − γn∇⃗α S(α⃗n). (2)

Note that, in this work, f1 = Rg and f2 =
V DE. We find that the VDE is significantly
more sensitive than Rg to the changes in the
pseudopotential parameters. Hence we assigned
w1 = 10 for Rg and w2 = 1 for the V DE. Pre-
liminary tests indicated that equal weights do
not readily lead to convergence for the average
Rg value and other, smaller, values for w1 lead
to slower convergence. The step size for the nth

iteration is given by

γn =
|(α⃗n − α⃗n−1)

T · [∇⃗S(α⃗n)− ∇⃗S(α⃗n−1)]|
|∇⃗S(α⃗n)− ∇⃗S(α⃗n−1)|2

,

(3)
which relies on the gradient for the previous
iteration.

To compute ∇⃗S(α⃗n) from eq. 1, we need the
derivative of average properties w.r.t. the pa-
rameters αj. Each property, fi, of the hydrated
electron can be related to a thermal average of

an expectation value over QC-MD trajectories:

⟨fi(α⃗)⟩ =
1

Q

∫
dp

∫
dq e−βH⟨ψ0|f̂i(α⃗)|ψ0⟩

=
1

Q
Tr

[
e−βH⟨ψ0|f̂i(α⃗)|ψ0⟩

]
. (4)

Here, Q is the canonical partition function,
β = 1/kBT with kB Boltzmann’s constant and
T the temperature, and H is the classical adia-
batic Hamiltonian of the system, and ψ0 is the
ground-state hydrated electron wave function.
It is important to note that Q, H, and ψ0 all
also depend on the pseudopotential parameters
α⃗. In the following we use Tr to represent the
phase space integrals. Then the partial deriva-
tive of eq. 4 with respect to a particular param-
eter, αj, is given by

∂⟨fi⟩
∂αj

= − 1

Q2

∂Q

∂αj

Tr
[
e−βH⟨ψ0|f̂i|ψ0⟩

]
− β

Q
Tr

[
e−βH ∂V

∂αj

⟨ψ0|f̂i|ψ0⟩
]

+
1

Q
Tr

[
e−βH ∂

∂αj

⟨ψ0|f̂i|ψ0⟩
]
. (5)

In other words, there are contributions from the
partition function, the Boltzmann factor, and
the property expectation value.

Noting that Q = Tr[e−βH ], it is straight for-
ward to show that

∂⟨fi⟩
∂αj

= −β
⟨
δ

(
∂V

∂αj

)
fi

⟩
+

1

Q
Tr

[
e−βH ∂

∂αj

⟨ψ0|f̂i|ψ0⟩
]
, (6)

where δ(∂V/∂αj) = ∂V/∂αj − ⟨∂V/∂αj⟩ is the
fluctuation in potential energy derivative.

It remains then to determine the derivatives
of the expectation values corresponding to Rg

and V DE. The latter is more straightfor-
ward and we consider it first. The V DE is
equal to the negative of the ground-state elec-
tron energy, such that fi = −E0 and therefore
f̂i = −ĥel. Here, Thus ĥel is the quantum me-
chanical Hamiltonian for the electron and can
be written as ĥel = T̂e−−w + V̂e−−w. However,
only the second, potential energy contribution
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that comes from the pseudopotential depends
on α⃗. Thus, we have

∂

∂αj

⟨ψ0|ĥel|ψ0⟩ =

⟨
ψ0

⏐⏐⏐⏐⏐∂ĥel∂αj

⏐⏐⏐⏐⏐ψ0

⟩

=

⟨
ψ0

⏐⏐⏐⏐⏐∂V̂e−−w

∂αj

⏐⏐⏐⏐⏐ψ0

⟩
=

∂V

∂αj

. (7)

This result makes use of the Hellmann-
Feynman theorem,53 and also notes that the
full classical potential energy, V , is composed
of the water-water interactions that are inde-
pendent of α⃗ plus the expectation value of the
electron-water potential, ⟨ψ0|V̂e−−w|ψ0⟩. Thus,
for the derivative of the average V DE we ob-
tain

∂⟨V DE⟩
∂αj

= −β
⟨
δ

(
∂V

∂αj

)
V DE

⟩
−

⟨
∂V

∂αj

⟩
, (8)

which can be straightforwardly calculated
within QC-MD simulations.

To obtain the derivative when fi = Rg, we
first evaluate the derivative for f̂i = R̂2

g = (ˆ⃗r −
⟨ˆ⃗r⟩0)2 and use

∂⟨Rg⟩
∂αj

=
1

2⟨Rg⟩
∂⟨R2

g⟩
∂αj

. (9)

Here, ˆ⃗r is the coordinate operator for the elec-
tron and ⟨ˆ⃗r⟩0 is its ground-state expectation
value, i.e., average position.

For this squared radius of gyration, eq. 6 be-
comes

∂⟨R2
g⟩

∂αj

= −β
⟨
δ

(
∂V

∂αj

)
R2

g

⟩
(10)

+
1

Q
Tr

[
e−βH ∂

∂αj

⟨ψ0|(ˆ⃗r − ⟨ˆ⃗r⟩0)2|ψ0⟩
]
,

Unlike in the case of the V DE, the second
term cannot be evaluated using the Hellmann-
Feynman theorem and is instead calculated
using the general formula derived by Aizu:54

∂⟨ψ0|Â|ψ0⟩
∂αj

=
∑
i ̸=0

⟨ψ0|∂ĥel

∂αj
|ψi⟩⟨ψi|Â|ψ0⟩+ ⟨ψ0|Â|ψi⟩⟨ψi|∂ĥel

∂αj
|ψ0⟩

E0 − Ei

+ ⟨ψ0|
∂Â

∂α
|ψ0⟩, (11)

For Â = (ˆ⃗r− ⟨ˆ⃗r⟩0)2, the last term vanishes be-
cause the electron coordinate is independent of

the pseudopotential parameters. Thus, we have

∂⟨ψ0|(ˆ⃗r − ⟨ˆ⃗r⟩0)2|ψ0⟩
∂αj

= 2
∑
i ̸=0

⟨ψ0|
∂V̂e−−w

∂αj
|ψi⟩⟨ψi|(ˆ⃗r − ⟨ˆ⃗r⟩0)2|ψ0⟩
E0 − Ei

, (12)

∂⟨R2
g⟩

∂αj

= −β
⟨
δ

(
∂V

∂αj

)
R2

g

⟩
+ 2

⟨∑
i ̸=0

⟨ψ0|
∂V̂e−−w

∂αj
|ψi⟩⟨ψi|(ˆ⃗r − ⟨ˆ⃗r⟩0)2|ψ0⟩
E0 − Ei

⟩
.(13)

Note that this requires, in the second term, a
sum over excited states of the hydrated elec-
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tron, which makes the derivative calculation
more expensive than that for the V DE. In
practice, we find this sum is converged using
five excited states.

To calculate the derivatives of the average
Rg and V DE, the derivatives of the e−-water
pseudopotential are needed. We consider as
the functional form for optimization the TB
pseudopotential created by Turi and Borgis12

and modified by Glover and Schwartz25 to
generate the TBOpt model (also known as
TBSE+OptPol). The form of these pseudopo-
tentials is the sum of an excess electron interac-
tion potential Vx for oxygen (ox) and hydrogen
(hy) sites on water molecules,

V (rx) = −qx
rx
erf(A1,xrx) (14)

+
B1,x

rx
[erf(B2,xrx)− erf(B3,xrx)] ,

and a polarization potential Vpol,

Vpol(rox) = − αw

2(r2ox + C2
1,ox)

2
. (15)

Here, x refers to ox or hy and qx and rx are the
respective site charge and electron-x site dis-
tance. Finally, αw is the water polarizability
parameter.

The TBOpt pseudopotential differs from
the TB one only in the two polarization po-
tential parameters, αw and C1,ox, and has
been shown to predict the hydrated elec-
tron properties in better agreement with ex-
periment.25 In the present work we con-
sider nine pseudopotential parameters, α⃗ =
(A1,ox, B1−3,ox, A1,hy, B1−3,hy, C1,ox). We use the
TBOpt parameters as the initial potential for
the optimization. We used the same approach
with the TB pseudopotential as the starting
point, but were unable to significantly improve
the radius of gyration. This points to a par-
ticular sensitivity of the hydrated electron on
the water polarizability value, αw, which is
the only non-adjusted parameter that differs
between the two models. This suggests that
including αw as an adjustable parameter may
be fruitful and we plan to investigate this in
future work.

2.2 Simulation Details

To optimize the pseudopotential parameters,
we performed QC-MD simulations of 500 wa-
ter molecules and one excess electron in a
cubic box of side length 24.663603 Å. We
model water with the SPC/Fw force field.55

This water model has the same charges as,
but a simpler intramolecular potential than,
the SPC/Flexible56 water model that is com-
monly used in hydrated electron studies; we
have previously shown that it gives similar be-
havior for the hydrated electron.20 The simu-
lations are performed in a cannonical (NV T )
ensemble with periodic boundaries in all direc-
tions. Initial velocities are assigned randomly
at 298.15 K, drawn from the Boltzmann dis-
tribution. The classical equations of motion
are integrated with the velocity Verlet algo-
rithm using a time step of 1 fs. Temperature is
maintained at 298.15 K using a Bussi-Donadio-
Parrinello thermostat.57 The Lennard-Jones in-
teractions are truncated at 10 Å. The electro-
static interactions were also truncated at 10 Å;
no effect of long-range electrostatics was in-
cluded in this proof-of-concept study.

For the quantum mechanical calculation of
the adiabatic electron wavefunction at each
time step in the QC-MD simulation, the
Schrödinger equation is solved using a sinc-
function discrete variable representation (DVR)
basis.58 The DVR basis spans from -7 to 6.125
Å with 16 × 16 × 16 grids (grid spacing
0.875 Å). The eigenvalue equation is solved us-
ing an iterative Lanczos algorithm with full re-
orthogonalization.

At each iteration of the pseudopotential opti-
mization we propagated a set of 20 trajectories
for 13 ps each. The last 10 ps from each run,
yielding a total of 200 ps simulation time, is
used for computing the derivatives in Eqs. 8 and
13. The optimized parameters are then used
to simulate the excess electron with 1372 water
molecules in anNpT ensemble using a Bernetti-
Bussi barostat,59 and the details of the simula-
tions are as just described except we propagated
5 sets of the trajectories for better averaging.
The error bars are reported as 95% confidence
intervals based on the Student’s t-distribution60
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using block averaging with 5 blocks at 298.15 K
and 3 blocks for all other temperatures.

3 Results and Discussion

3.1 Pseudopotential Optimiza-
tion

We first performed simulations with the TBOpt
pseudopotential (iteration 0). The simulation
runs from each iteration were used to gener-
ate the new pseudopotential parameters for the
next iteration using the method explained in
Sec. 2.1 that involves computation of the deriva-
tives of the average properties. The step size γ
is determined from two successive iterations, so
for the first iteration, we manually choose γ =
0.1 such that the resulting parameters produces
significant shift in Rg and V DE towards the ex-
perimental results.

The TBOpt pseudopotential with SPC/Fw
water (and no long-range electrostatics) is
found to overestimate the V DE and underes-
timate the Rg, as shown in Fig. 1. We find
⟨V DE⟩ = 4.46 eV, and ⟨Rg⟩ = 2.25 Å, com-
pared to the experimental values9,49 of 3.77 eV
and 2.45 Å, respectively. In developing the
TBOpt model, Glover and Schwartz found good
agreement of these properties with experimen-
tal results (⟨V DE⟩ = 3.62 eV and ⟨Rg⟩ =
2.48 Å). We are unsure of the origin of these
differences. They could be attributable to the
difference in water models, but we have previ-
ously found much weaker dependences on the
water model.20,41

As we optimize the pseudopotential parame-
ters, we find that ⟨Rg⟩ increases monotonically
toward the experimental value. This conver-
gence is shown in Fig. 2 and the Rg distribu-
tions for the even-numbered iterations are plot-
ted in Fig. 1a. The VDE, which is overall more
sensitive to the pseudopotential details (as re-
flected in the difference in weights in the score
function, eq. 1), exhibits a non-monotonic con-
vergence, but is consistently within 0.2 eV of
the target value after the first iteration. This
can be seen in Fig. 2 where the score function
is also plotted. We find a rapid initial drop in

1.9 2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8
Rg (Å)

0.0

0.2

0.4

0.6

0.8

1.0

P 
(R

g)

a
TBOpt
Iter. 2
Iter. 4
Expt.

2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
VDE (eV)

0.0

0.2

0.4

0.6

0.8

1.0

P 
(V

D
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b
TBOpt
Iter. 2
Iter. 4
Expt.

Figure 1: The a) Rg and b) V DE distributions
(solid lines) are shown for different iterations in
the optimization. The mean values of the distri-
butions are converging toward the experimental
values shown as dashed lines.
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S in the first iteration, arising from the change
in the ⟨V DE⟩ followed by a slow decay asso-
ciated with the increasing value of ⟨Rg⟩. For
iteration 4 and 5, both the vertical detachment
energy and radius of gyration are quite close
to the target values (S < 0.05); we choose the
results of iteration 4 as our optimized set as
they have a slightly lower score function value.
These parameters for the empirically optimized
pseudopotential, which we denote henceforth as
the EOP23 model, are given in Table 1 along
with the original TBOpt values.

Table 1: Parameters for EOP23 and
TBOpt25 pseudopotentials in atomic
units.

Parameter EOP23 TBOpt
ox hy ox hy

A1,x 0.549 0.731 0.575 0.750
B1,x 0.620 0.151 0.620 0.150
B2,x 0.995 0.523 1.000 0.500
B3,x 0.429 0.284 0.400 0.350
C1,x 1.973 2.07

It is interesting to examine the evolution of
the Rg and V DE distributions during the op-
timization in Fig. 1. In particular, we find that
the widths of the distributions do not change
significantly as the centers shift toward the tar-
get values. These V DE distributions show
the non-monotonic behavior observed in Fig. 2,
where the iteration 2 distribution is shifted to
values that are too low relative to the experi-
mental target.

The behavior is different for the hydrated
electron solvation structure, which qualita-
tively changes during the optimization, as
shown by the electron-hydrogen and electron-
water center-of-mass radial distribution func-
tions (RDFs) plotted in Fig. 3. For the electron-
hydrogen RDF, Fig. 3a, the optimization does
not change the longer-range, r > 4 Å, behavior,
but the behavior at shorter distances is strongly
modified. In particular, the EOP23 result (la-
beled Iteration 4 in the figure) shows a signifi-
cantly reduced first-solvation shell peak, a sec-
ond solvation shell peak at larger distances, a
lower minimum between the two shells, and a

0 1 2 3 4 5
Iteration No.

2.2

2.4

2.6

2.8

3.0

3.2

R g
 (Å

)

a

3.6

3.8

4.0

4.2

4.4

VD
E

 (e
V)

0 1 2 3 4 5
Iteration No.

0.00

0.02

0.04

0.06

0.08

0.10
S

b

Figure 2: (a) The ⟨Rg⟩ (red) and ⟨V DE⟩ (blue)
of hydrated electron, and (b) score function
value S shown for the even-numberred itera-
tions in the optimization. The markers (squares
and circles) represent data and the dotted lines
are shown to guide the eye. The dashed line
shows experimental result for ⟨Rg⟩ (left axis)
and ⟨V DE⟩ (right axis).
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Figure 3: The RDF, g(r), for a) e−-water H atom and b) e−-water center-of-mass for the even-
numbered iterations of the optimization.

closer approach to the center of the electron dis-
tribution. In general, these suggest more ori-
ented water molecules solvating the hydrated
electron.

In the case of the electron-water center-of
mass shown in Fig. 3b, the TBOpt pseudopo-
tential yields an RDF with a larger first sol-
vation shell peak followed by decreasing peak
heights for the second and third solvation shells;
the minima between the solvation shell peaks
fall only to near one. In contrast, as the op-
timization proceeds, the first solvation shell
peak decreases significantly in intensity so that
it lies at nearly the same level as the second
peak. Moreover, the RDF drops below one be-
tween the solvation shells, which is an impor-
tant property with respect to the partial molar
volume.41 We will discuss these properties of
EOP23 model in more detail in Sec. 3.3. Fi-
nally we note that at small r, the EOP23 RDF
shows a non-zero feature associated with rare
occasions where a water molecule briefly lies
within the hydrated electron cavity. This sug-
gests that the optimization has added increased
the fluxionality of the hydrated electron struc-
ture.

3.2 EOP23 Pseudopotential Prop-
erties

We next consider the effect of the empirical op-
timization on the electron interactions with a
single water molecule. This is instructive be-
cause pseudopotentials are typically parameter-
ized based on electronic structure calculations
of this minimal system.

The TBOpt pseudopotential differs from the
original TB form only in the polarization term
in eq. 15, which we consider first. Specifically,
Glover and Schwartz reduced the rigidity of the
potential by reducing the water polarizability,
αw, and the C1,ox parameter.25 In the empirical
optimization presented here, we fixed the polar-
izability at the TBOpt value, but include C1,ox

in the set of parameters that are optimized.
The optimization results in further reduction
of the C1,ox parameter (see Table 1), resulting
in a more attractive electron interactions with
the water molecule at short distances. This is
shown in Fig. 4, where the polarization poten-
tial Vpol is plotted as a function of distance from
the oxygen atom with the oxygen located at the
origin.

We also examine the behavior of the full pseu-
dopotential along several directions through a
water molecule. These are shown in Fig. 5
where they are compared to the TB and TBOpt
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Figure 4: The empirically optimized, EOP23
(black line), polarization potential Vpol, eq. 15,
as a function of electron-oxygen atom distance
is compared to that for the TB (blue line) and
TBOpt (red line) pseudopotentials.

models. The clear conclusion from these energy
profiles is that the optimization has two pri-
mary effects. First, it makes the pseudopoten-
tial significantly less repulsive around the oxy-
gen atom, as can be seen from the height of
the peak near r = 0 in each plot. Second, it
makes the potential somewhat less attractive
around the hydrogen atoms compared to the
TBOpt model, while still keeping it more at-
tractive than the TB potential. This effect can
be seen in all three slices through the potential,
but is most clearly evident in Fig. 5c. We expect
that the second effect is the more important one
for the hydrated electron properties given that
the potential around the oxygen atom remains
strongly repulsive and likely has more minor ef-
fects on the electron density in that region.

3.3 The Hydrated Electron within
the EOP23 Pseudopotential

With the optimized, EOP23, pseudopotential
parameters in hand, we ran further simulations
to better characterize the properties of the hy-
drated electron. In particular, we aimed to
probe two key properties that were not explic-
itly part of the empirical optimization proce-
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Figure 5: Total pseudopotential energy for an
excess electron interacting with a single water
molecule along a) the bisecting, dipole direction
(x-axis), b) an in-plane axis perpendicular to
the water dipole (y-axis, with the molecule in
the xy-plane), and c) the OH bond axis.
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dure: The partial molar volume and the tem-
perature dependence of the optical spectrum.
The former is properly calculated at constant
pressure and the latter has been measured at
constant pressure. Thus, we propagated five
(three) sets of NpT trajectories at 1 atm and
298.15 K (all other T ), with each set composed
of twenty 13 ps independent trajectories with
the first 3 ps (5 ps) discarded as equilibration
for 298.15 K (all other T ). This yields 1.0 ns
total simulation time at 298.15 K, and 0.48 ns
at all other T , for data analysis. We also sim-
ulated a set of trajectories with TBOpt pseu-
dopotential for comparison. These NpT simu-
lations are performed for a larger system of 1372
water and one excess electron, which is required
for the partial molar volume, VM calculation41

using the Kirkwood-Buff (KB) method.61–63

We first examine the e−-water radial distri-
bution function, which is shown in Fig. 6a. It
shows a cavity of radius ∼ 2 Å (measured by
where the RDF first reaches a value of 1). This
is similar to that for the TBOpt model, but
smaller than the cavity for the original Turi-
Borgis pseudopotential.12 As noted above, the
largest result of the optimization is a reduction
in the height of the first solvation shell peak.
In the EOP23 model it reaches a maximum of
1.2 at r = 2.6 Å, compared to a height of 1.4
for the TBOpt case. The coordination num-
ber, obtained from the first solvation shell is
5.2 compared to 5.8 for the TBOpt model.

This RDF can be used to obtain the partial
molar volume using the approach of Kirkwood
and Buff.61–63 We have recently estimated VM
for some of the widely used pseudopotentials,
including TBOpt,41 using this method, which
gives the partial molar volume as

VM = kBTκT −Ge−−wat, (16)

where κT is the isothermal compressibility of
the water solvent and

Ge−−wat =

∫ R

0

[ge−−wat(r)−1]w(r;R) dr, (17)

is the KB integral determined from the
electron-water center-of-mass RDF. Here,
w(r;R) = 4πr2[1− (3x/2)+(x3/2)] is a weight-

ing function that corrects for finite-size ef-
fects.63–65

The running partial molar volume (i.e., eq. 17
as a function of R) obtained with the EOP23
pseudopotential is shown in Fig. 6b, where it is
compared with analogous results for TBOpt. A
key caveat necessary for interpreting these re-
sults is that we have not included the long-range
electrostatic interactions in the present work;
these serve to densify the water, which signif-
icantly changes the magnitude of VM (mak-
ing comparisons with experiment inappropri-
ate), though not the trends in comparing the
two pseudopotentials. We find that the EOP23
pseudopotential yields a partial molar vol-
ume of +16 ± 2 cm3/mol compared to +11 ±
1 cm3/mol for the TBOpt model. Note that we
previously found VM = −15 ± 4 cm3/mol for
TBOpt when using an Ewald sum for describ-
ing long-range electrostatic effects,20 which is
qualitatively at odds with the measured value of
26±6 cm3/mol.45,66 When an Ewald sum is used
with the EOP23 pseudopotential, we obtain
VM = −7 cm3/mol (see the Supporting Infor-
mation). Thus, the key point of the present cal-
culations are that the optimized EOP23 pseu-
dopotential shifts the partial molar volume in
the correct direction, though the change is not
of sufficient magnitude to generate agreement
with the experimental VM .

Another key aspect of the hydrated electron
pseudopotential descriptions that has received
significant attention is the temperature depen-
dence of the properties. Thus, we have exam-
ined how the radius of gyration and vertical
detachment energy vary with temperature at
constant pressure. These results are shown in
Fig. 7 for temperatures from 280 to 370 K. Note
that the different density of the NpT simula-
tions results in a slightly larger average V DE at
room temperature compared to the NV T con-
ditions of the optimization simulations, though
the room temperature Rg distribution is little
affected. We find that the EOP23 pseudopo-
tential predicts that ⟨Rg⟩ grows with increasing
temperature. This arises from a shift in the,
already asymmetric, Rg distribution with in-
creasing T , which is particularly apparent on
the high Rg side. This result is consistent with
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the ab initio-derived machine learning potential
simulations by Lan et al. at 250 bar, who ob-
served an increase in ⟨Rg⟩ with T .46 We see a
weaker temperature dependence in the average
vertical detachment energy. The V DE distri-
bution, Fig. 7b only modestly shifts the peak
position with T and the primary effect is a slight
broadening of the distribution on the low V DE
side. This is generally consistent with the re-
sults of Ref. 46 that ⟨V DE⟩ decreases with in-
creasing temperature at 250 bar; they observe
a decrease from 300 to 373 K of ∼ 0.09 eV com-
pared to ∼ 0.06 eV with EOP23.

Another salient feature of the hydrated elec-
tron is the temperature dependence of its op-
tical absorption spectrum. We note that the
spectrum is related through moment theory to
the radius of gyration distribution67 and thus
its description is improved in the optimization
procedure. Its temperature dependence, how-
ever, was not part of the optimization and thus
provides an important test. The spectrum peak
maximum, Emax has been found experimentally
to redshift with increasing temperature, charac-
terized by the derivative dEmax/dT = −2.2 ×
10−3 eV/K.67–69 This behavior has been chal-
lenging for one-electron pseudopotentials to re-
produce with the TB and TBOpt models yield-
ing values of dEmax/dT that are significantly
too small in magnitude, (−1.9 ± 0.6) × 10−4

and (−4.4 ± 0.5) × 10−4 eV/K, respectively,25

and the non-cavity LGS description giving one
that is too large, −5.2×10−3 eV/K.33 Thus it is
of particular interest for the present empirically
optimized pseudopotential.

The absorption spectrum can be obtained in
the limit of inhomogeneous broadening as,

I(ω) =
Nst∑
n=1

⟨|µ0n|2 δ(ℏω − E0n)⟩, (18)

where µ0n = ⟨n|µ̂|0⟩ is the transition dipole
moment between the ground state and the nth

excited state of the hydrated electron, E0n =
En −E0 is the corresponding energy difference,
and ω is the photon frequency. The contri-
butions from the Nst individual transitions are
summed to get the total absorption spectrum
I(ω). The first three transitions are dominant,

and the higher energy state transitions con-
tribute mainly to the Lorentzian tail in the blue
region; here, we only consider the former so the
blue tail does not appear in our spectra. The
simulated spectra at four different temperatures
are shown in Fig. 8a. We see a clear redshift-
ing of the spectrum as temperature increases
in qualitative agreement with experiments.67,69

The key question, however, is whether the em-
pirical optimization procedure has improved
the magnitude of the redshift compared to the
original TBOpt pseudopotential. This is exam-
ined in Fig. 8b where Emax is plotted versus T
and the slope is determined from a linear fit.
We find that the EOP23 pseudopential gives a
slope of dEmax/dT = −7.3× 10−4 eV/K, which
is still a factor of three smaller than the exper-
imental value but nearly twice as large as the
TBOpt result.

4 Conclusions
We have presented a proof-of-concept optimiza-
tion of the one electron-water pseudopotential
for the hydrated electron to match empirical
data. Specifically, we used the measured aver-
age radius of gyration and vertical detachment
energy to determine the best potential parame-
ters using the TBOpt model as a starting point.
The optimization is adequately converged in
only 4-5 iterations, yielding good agreement
with the target properties.

The optimized pseudopotential differs from
the original TBOpt model in two key ways.
First, it has a stronger attraction to the wa-
ter molecule through the polarization potential.
Indeed, we find that this term is critical to the
optimization as we were unable to converge an
optimization using the TB pseudopotential as a
starting point, with the only relevant difference
being the value used for the water polarizability.
Second, the optimized pseudopotential exhibits
a weaker attraction of the electron for the water
hydrogen atoms.

These changes give the hydrated electron de-
scribed by the optimized pseudopotential char-
acteristics that are in better accord with avail-
able measurements. These were investigated by
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Figure 8: a) The hydrated electron optical spectrum for the EOP23 pseudopotential is plotted
for four different temperatures. The shaded regions indicate 95% confidence limits. b) The peak
maximum, Emax is plotted as a function of temperature (black circles with error bars) along with
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constant pressure and temperature simulations.
The properties that were explicitly optimized,
the radius of gyration and vertical detachment
energy, are distinctly improved compared to the
original TBOpt pseudopotential. In addition,
properties that were not included in the op-
timization procedure were also shifted toward
experimental values. The electron-water radial
distribution function adopts a structure that is
more similar to that of the TB pseudopoten-
tial, with a key change being minima that fall
below one. This is a change in the direction of
ab initio calculations of the radial distribution
function and results in a larger partial molar
volume, which is more consistent with the mea-
sured value. In addition, the optimized pseu-
dopotential shows a stronger temperature de-
pendence in the radius of gyration and the op-
tical absorption spectrum peak position com-
pared to TBOpt. The weak temperature depen-
dence of these properties has been a key criti-
cism of both the TB and TBOpt models. While
the optimized pseudopotential does not result
in perfect agreement with the measured values,
the improvement in this proof-of-concept study
indicates this approach should be a useful route
to accurate one-electron descriptions of the hy-
drated electron.

The present work motivates future attempts
to determine empirically optimized hydrated
electron pseudopotentials. The work suggests
that improvement may be achieved simply
through including the water polarizability, αw,
as one of the potential parameters. Addi-
tionally, the process can be carried out with
an Ewald sum to better represent long-range
electrostatic interactions and through simula-
tions at constant pressure to mimic experimen-
tal conditions. However, the process is also ulti-
mately limited by the functional form and more
flexible alternatives may be required to obtain
the best agreement with the hydrated electron
measured properties.
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