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Abstract

Bilevel optimization has been applied to a wide
variety of machine learning models and numer-
ous stochastic bilevel optimization algorithms
have been developed in recent years. However,
most existing algorithms restrict their focus on
the single-machine setting so that they are inca-
pable of handling the distributed data. To address
this issue, under the setting where all partici-
pants compose a network and perform peer-to-
peer communication in this network, we devel-
oped two novel decentralized stochastic bilevel
optimization algorithms based on the gradient
tracking communication mechanism and two dif-
ferent gradient estimators. Additionally, we es-
tablished their convergence rates for nonconvex-
strongly-convex problems with novel theoretical
analysis strategies. To our knowledge, this is the
first work achieving these theoretical results. Fi-
nally, we applied our algorithms to practical ma-
chine learning models, and the experimental re-
sults confirmed the efficacy of our algorithms.

1 Introduction

Bilevel optimization is an important learning paradigm in
machine learning. It consists of an upper-level optimization
problem and a lower-level optimization problem, where
the objective function of the upper-level optimization prob-
lem depends on the solution of the lower-level one. This
kind of learning paradigm covers numerous machine learn-
ing models, such as hyperparameter optimization (Feurer
and Hutter, 2019; Franceschi et al., 2017), meta-learning
(Franceschi et al., 2018; Rajeswaran et al., 2019), neural
architecture search (Liu et al., 2018), etc. Thus, it is of
importance and necessity to develop efficient optimization
algorithms to solve bilevel optimization problems.
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In fact, the bilevel structure makes it difficult to compute
the gradient of the outer-level optimization problem since it
involves the computation of Hessian and Jacobian matrices.
In the past few years, numerous optimization algorithms
have been proposed to address this challenge. For instance,
Ghadimi and Wang (2018); Hong et al. (2020); Ji et al.
(2021); Chen et al. (2021) developed stochastic-gradient-
based optimization algorithms, which are able to efficiently
estimate Hessian and Jacobian matrices. Recently, to accel-
erate the convergence speed, Guo et al. (2021) developed a
momentum-based optimization algorithm, and Yang et al.
(2021); Khanduri et al. (2021b); Guo and Yang (2021) pro-
posed the variance-reduced optimization algorithms. Both
categories are able to improve the estimation of the full gra-
dient. Thus, they can achieve faster convergence speed than
the vanilla stochastic gradient based algorithms (Ghadimi
and Wang, 2018; Hong et al., 2020; Ji et al., 2021; Chen
et al., 2021) . However, all these bilevel optimization algo-
rithms restrict their focus on the non-parallel setting. As a
result, they are not applicable to the distributed setting.

In this work, we aim to develop decentralized bilevel op-
timization algorithms to solve the following bilevel dis-
tributed optimization problem:

K
1
N
min K;f (z,y"(x)),
- (1
L om
b oy(z) = in —
st. y(x) = arg min Kkzﬂg (z,y)

where z € R?% and y € R% are the model parame-
ters, g% (z,y) = E. st [9) (z,y; )] denotes the ob-
jective function of the lower-level subproblem in the k-
th participant and Sék) is the data distribution of the k-
th participant for the low-level function, f*)(z,y) =
EENS};C) [f%)(2,y;€)] is the objective function of the
upper-level subproblem in the k-th participant and corre-
spondingly S}k) is the data distribution of the k-th partic-
ipant for the upper-level function, K is the total number
of the participants. From Eq. (1), it is easy to know that
each participant possesses its own data, which will be used
to learn the model parameters (x,y) via the collaboration
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among all participants. In this work, it is assumed that all
participants compose a network where the participant per-
forms peer-to-peer communication. Thus, it is a decentral-
ized bilevel optimization problem.

Decentralized optimization has been extensively studied in
recent years due to its great potential in real-world ma-
chine learning tasks, such as data analysis on Internet-
of-Things (IoT) devices (Gao et al., 2023). To address
the challenges under various settings, several decentralized
optimization algorithms have been proposed. For exam-
ple, Lian et al. (2017) developed the decentralized stochas-
tic gradient descent (DSGD) algorithm based on the gos-
sip communication mechanism and established its conver-
gence rate for nonconvex problems. Sun et al. (2020); Xin
et al. (2021); Zhang et al. (2021a); Zhan et al. (2022) pro-
posed the decentralized stochastic variance-reduced gradi-
ent descent algorithms based on the gradient tracking com-
munication mechanism, which improve the convergence
rate of DSGD. Additionally, some efforts (Koloskova et al.,
2019; Tang et al., 2019; Vogels et al., 2020; Li et al., 2019;
Gao and Huang, 2020) were made to improve the com-
munication complexity of decentralized optimization algo-
rithms by compressing the communicated variables or skip-
ping the communication round.

However, all aforementioned decentralized optimization
algorithms restrict their focus on the single-level minimiza-
tion problem, which are not applicable to the bilevel opti-
mization problem. In particular, bilevel optimization in-
volves the computation of Hessian and Jacobian matrices.
If communicating these two matrices, it will incur a large
communication complexity. Thus, it is not clear whether
these matrices should be communicated like the gradient.
Moreover, considering the interaction between the bilevel
structure and the communication mechanism, how will
the decentralized bilevel optimization algorithm converge?
Particularly, the stochastic hypergradient regarding x of the
outer-level objective function is a biased estimation of the
full gradient. How does this biased estimator affect the con-
sensus error? All these problems regarding the algorithmic
design and theoretical analysis for decentralized bilevel op-
timization are still unexplored.

To address the aforementioned problems, we proposed
two novel decentralized bilevel optimization algorithms.
Specifically, on the algorithmic design side, we devel-
oped a momentum-based decentralized stochastic bilevel
optimization (MDBO) algorithm, which takes advantage
of the momentum to update model parameters, and a
variance-reduction-based decentralized stochastic bilevel
optimization (VRDBO) algorithm, which leverages the
variance-reduced gradient estimator, STORM (Cutkosky
and Orabona, 2019), to update model parameters. Both of
them employ the gradient tracking communication mecha-
nism. Importantly, in our two algorithms, only model pa-
rameters and gradient estimators are communicated among

participants. In this way, the computation of Hessian and
Jacobian matrices is restricted in each participant, avoiding
large communication overhead. On the theoretical analysis
side, we established the convergence rate of our two algo-
rithms. Specifically, we investigated how the biased gradi-
ent estimator affects the consensus error in the presence of
the momentum and variance-reduced gradient. With the
help of well-designed potential functions, we show that
MDBO achieves the O(m) convergence rate and
VRDBO enjoys the O(m) convergence rate to
obtain the e-accuracy solution under mild conditions. We
further show that MDBO can also achieve linear speedup
when employing stronger assumptions as existing works
(Yang et al., 2022). In summary, our work have made the
following contributions:

* We developed two novel decentralized bilevel op-
timization algorithms for solving Eq. (1), which
demonstrated how to update model parameters locally
and communicate them across different participants.

* We established the convergence rate of our proposed
algorithms, which demonstrated how the bilevel struc-
ture, the gradient estimator, and the communication
mechanism affect the convergence rate.

e We applied our algorithms to the practical machine
learning task. The empirical results confirm the supe-
riority of our algorithms.

2 Related Works

Bilevel optimization has been widely applied to numerous
machine learning applications. For instance, in the hyper-
parameter optimization task, the upper-level problem opti-
mizes the hyperparameter and the lower-level problem op-
timizes the machine learning model’s parameter. In the
meta-learning task, the upper-level problem learns the task-
shared model parameters while the lower-level problem
learns the task-specific model parameters (Ji et al., 2021).
When optimizing these kinds of bilevel machine learning
models, the challenge lies in the computation of the in-
verse Hessian matrix (V2,g¥))~1. To address this issue,
Ghadimi and Wang (2018) developed a Hessian inverse ap-
proximation strategy, which employs stochastic samples to
compute an approximation for (sz g¥))~1. Meanwhile,
it employs the double-loop mechanism, where y is updated
for multiple times before updating x, to obtain a good ap-
proximation for y*(x). Ji et al. (2021) further employed a
large batch size to improve the approximation for y*(x).
On the contrary, Hong et al. (2020) developed a single-
loop method, which employs different step sizes for the
model parameters x and y such that each update y is a
good approximation for the optimal solution y*(z). It is
worth noting that these single-loop and double-loop algo-
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rithms employ stochastic gradients to update model param-
eters, which suffer from a large estimation variance. To
address this problem, Guo et al. (2021) developed a single-
loop algorithm, which utilizes the momentum to update
model parameters. Khanduri et al. (2021a) proposed an-
other single-loop algorithm, which leverages a variance-
reduced gradient estimator to update the model parame-
ter x. However, they fail to achieve a better theoretical
convergence rate than the vanilla stochastic gradient based
algorithms. Recently, Yang et al. (2021); Khanduri et al.
(2021b); Guo and Yang (2021) resorted to more advanced
variance-reduced gradient estimators to accelerate the con-
vergence rate. Specifically, Yang et al. (2021); Khan-
duri et al. (2021b); Guo and Yang (2021) combined the
STORM (Cutkosky and Orabona, 2019) gradient estima-
tor and the single-loop mechanism so that they can achieve
a better theoretical convergence rate than the stochastic-
gradient-based algorithm and the momentum-based algo-
rithm. Moreover, Yang et al. (2021) combined the SPIDER
(Fang et al., 2018) gradient estimator and the double-loop
mechanism, which actually can achieve the same theoreti-
cal convergence rate with that based on STORM. However,
all these algorithms only investigate the non-parallel situa-
tion. Thus, their theoretical analysis does not hold anymore
for the distributed scenario.

Decentralized optimization has also been applied to a wide
variety of machine learning applications in recent years.
Compared to the parameter-server setting, the decentral-
ized communication is robust to the single-node failure
since the participant conducts peer-to-peer communication.
Recently, Lian et al. (2017) investigated the convergence
rate of the standard decentralized stochastic gradient de-
scent (SGD) algorithm for nonconvex problems. Yu et al.
(2019) developed a decentralized stochastic gradient de-
scent with momentum algorithm, which has the same theo-
retical convergence rate as (Lian et al., 2017). Pu and Nedié
(2021); Lu et al. (2019) developed a decentralized SGD
based on the gradient tracking communication mechanism.
Later, some variance-reduced algorithms were proposed to
accelerate the convergence rate. For instance, Sun et al.
(2020) utilized the SPIDER (Fang et al., 2018) gradient es-
timator, Xin et al. (2021); Zhang et al. (2021a) employed
the STORM (Cutkosky and Orabona, 2019) gradient esti-
mator, and Zhan et al. (2022) resorted to the ZeroSARAH
(Li et al., 2021) gradient estimator for improving the sam-
ple and communication complexities. Additionally, some
works consider decentralized optimization problems that
are beyond standard minimization problems, e.g., composi-
tional optimization problems (Gao and Huang, 2021), min-
imax optimization problems (Tsaknakis et al., 2020; Xian
et al., 2021; Zhang et al., 2021b; Gao, 2022b), constraint
optimization problems (Wai et al., 2017; Mokhtari et al.,
2018; Gao et al., 2021). However, all these decentralized
optimization algorithms are not applicable to the decen-
tralized bilevel optimization problem. On the one hand,

they focus on the single-level problem. Thus, their theo-
retical analysis is incapable of handling the interaction be-
tween two levels of functions. On the other hand, those
algorithms are based on the standard stochastic gradient,
which is an unbiased estimator of the full gradient. On the
contrary, the stochastic hypergradient is a biased estimator,
which incurs new challenges when bounding the consen-
sus error. Thus, it is necessary to develop new theoretical
analysis strategies to investigate the convergence rate of de-
centralized bilevel optimization algorithms.

Recently, we are aware of two concurrent works (Chen
et al., 2022; Yang et al., 2022) on decentralized bilevel op-
timizaiton. In particular, Chen et al. (2022) developed the
decentralized optimization algorithms for Eq. (1) based on
the full gradient and the vanilla stochastic gradient. On
the contrary, our work leverages advanced gradient estima-
tors, i.e., momentum and variance-reduced gradient, which
makes our theoretical analysis more challenging. As for
(Yang et al., 2022), it requires to communicate Hessian
and Jacobian matrices, while our methods do not require
that. Thus, our method is more efficient in communication.
Moreover, Yang et al. (2022) employed the gossip commu-
nication mechanism, while our methods leverage the gra-
dient tracking scheme and advanced gradient estimators.
As aresult, the theoretical analysis of our methods is more
challenging. It is worth noting that both of them (Chen
et al., 2022; Yang et al., 2022) require much stronger as-
sumption for the loss function. In particular, they require
that the upper-level objective function is Lipschitz contin-
uous with respect to x and the lower-level objective func-
tion is Lipschitz continuous with respect to y (See Assump-
tion 2.1 in (Chen et al., 2022), Assumption 3.3 (iii) and 3.4
(iv) in (Yang et al., 2022)). On the contrary, our theoreti-
cal analysis does not require these two strong assumptions,
which incurs more challenges for theoretical analysis. All
in all, our work is significantly different from these two
concurrent works and the theoretical analysis is more chal-
lenging than them.

3 Preliminaries

Stochastic Hypergradient. = Throughout this paper,
we denote FM)(z) = f®(z,y*(z)) and F(z) =
L Zszl F®)(z) and assume all participants have i.i.d.
datesets. Then, according to Lemma 1 of (Gao, 2022a),
we can compute the gradient of F(¥) () as follows:

VEW (2) = Vo f W (2, y" () )

- V?cyg(k) (267 y* ('r))H*_lvyf(k) (CL’, y*(m)) )
where V%yg(k)(x,y*(x)) is Jacobian matrix and H, =
v2,9%) (z,y*(x)) is Hessian matrix. Note that VF*) (z)
is also called hypergradient. Since y*(z) is typically not
easy to obtain in each iteration, following (Ghadimi and
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Wang, 2018), we can approximate it as follows:

VF® (2,y) = Vo [P (z,y) 3
= V20" (@, y) H 'V, f® (2,y) |
where H = Viyg(k)(x,y). Note that we just use

VF®)(z,y) to approximate VF*) (). It does not mean
we introduce a function F(*)(z,7). Here, because the in-
verse of Hessian matrix is difficult to compute, follow-
ing the Hessian inverse approximation strategy proposed
in (Ghadimi and Wang, 2018), we can use the following
stochastic hypergradient to approximate it:

VF®) (z,y;€) = f(k)(z y;f)

0 )
Ly,

where H; = H}]:1(I - %quzyg(k)(xa Y;Gi))s Ly, is

the Lipschitz-continuous constant, which is defined in As-

sumption 5, £ = {£,(o,C1,- -+, ¢y} and J are randomly
selected from {0, 1,2, ey } where J is a positive inte-

ger. Note that we let H;.Izl(f szg(k (z,y;¢5)) =1

when J = 0. Moreover, we denote the expectation of the
stochastic hypergradient as follows:

VE® (z,y) 2 B[VE® (2,y;0)] =
J

9y

Vo f® (z,y)

~ ®)
1159, 1M (@,y) .

Since VE® (z,y) # VF®(z,y), the stochastic hy-
pergradient 'V F(%) (x,y; 5) is a biased estimator for
VEF®) (x,y). The detailed bias is shown in Lemma 3.

Notations. Throughout this paper, mgk) and y,gk) denote

the model parameters of the k-th participant in the ¢-th
iteration. Moreover, we denote Z; = + Zle xgk) and

U = % Ele yﬁk). Additionally, we denote

Fg ~ -
A = [VEO @y &), VEO (@, 473 7).

) )

K K K
[ VER () FO g0y

ge, 1 1 1 2 2 2
At = [V, g™ (@M 55 ), V08 (2 45 (),
Vyg(k)( (K) , (K), (K))]

Ti HYp 56t

X = [mgl) x1(52)7 T 7x£K)] Y= [ (1)7yt(2)7 ’ »yt(K)] :
(6)

Furthermore, the adjacency matrix of the communication

network is denoted by W = [w;;] € RE*® where w;; >

0 indicates the i-th participant is connected with the j-th

participant and otherwise w;; = 0. The adjacency matrix

satisfies the following assumption.

Assumption 1. W satisfies WI' = W and W1 = 1. Its

eigenvalues satisfy |An| < -+ < || < |A1| =1

Then, the spectral gap of W can be represented by 1 — A
where A £ [X\p] and 1 — \ € (0, 1].

Algorithm 1 MDBO
(k) _ (k) _

Input: zy” = 20, y5 = vo,n > 0, a1 > 0, g > 0,
B1 >0, B2 > 0.
1: fort=0,---, T —1do
2 if t == 0 then
3 U, = Afét7‘/;5 A‘]ct Zf _ A §t Zg AQQ
4 else ~
5 Ut = (]. — CY1’I7)Ut71 + OllnAf‘ﬁt,
V;~= (1 - amn)Vi_1 + OéznAfCt,
6: ZtF = ZtF 1W + Ut Ut—l 5
29 =ZI W +V, — Vi1,
7.  endif )
8 Xy =Xy —nXe(I-W)-pinzf,
Yig1 =Y —nYi(I = W) — BanZ{,
9: end for

4 Decentralized Stochastic Bilevel
Optimization Algorithms

Momentum-based Decentralized Stochastic Bilevel Op-
timization Algorithm. In Algorithm 1, we developed
a momentum-based decentralized stochastic bilevel opti-
mization (MDBO) algorithm. The main idea is to use the
momentum to update the model parameters x and y at each
participant and then perform communication. Specifically,
the momentum is updated as follows:

F-
U= 1—an)Ui1 + ainl, ™,

@)
Vi = (1 — aon) Vi1 + asnAf*

where ay, ag, and n are positive, a1 < 1, asn <
1, Uy W u®, W) e R%>*X is the mo-

Fe and V; =
t t

€ R%*K is the momentum of the
stochastic gradlent AJe*. Here, u( ) and v( ) are the mo-
mentum in the k-th participant. Their updates are restricted
in the corresponding participant. Then, MDBO employs
the gradient tracking communication mechanism to ex-
change the momentum and model parameter across partic-
ipants. In detail, Z}" € R%>*K and Z7 € R%*K are the
tracked momentum for U; and V, respectively. In the first
iteration, they are initialized as the stochastic gradient as
shown in Line 3 of Algorithm 1. In other iterations, they
are updated as follows:

mentum of the stochastic hypergradient A
[v (1), (2) | (K )]

)

zF=zF \w+U, -
Zi =27 \W+V,—

Utfla

(®)
‘/tfl )

where Z W denotes the communication operation.
Based on the tracked momentum, the model parameters x
and y are updated as follows:

_BantF7
627721597

Xt+1 = Xt — nXt(I - W)

©)
Yigi =Y =Y (I -W)—
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where n € (0,1), 81 and 3, are positive, X;W and Y,V
indicate the communication of model parameters across
participants. In fact, by reformulating this updating rule,
it is easy to know that X;,; is the combination of the
local model parameter X; and the update X;W — 317

that is based on the neighboring participants’ informa-
tion. In summary, the computation of stochastic gradi-
ents/hypergradients, Hessian matrix, and Jacobian matrix
is restricted in each participant. Only the momentum and
model parameters are communicated across participants.

Algorithm 2 VRDBO

Input: a:( ) = o y( )

ﬁ1>0 ﬂ2>0
1. fort=0,---,T
2: ift == 0 then

_y0,77>0,a1>0,02>0’

—1do

3: With the mini-batch size B: B
U= A5V, = A%, ZF = A[E, 79 = A%
4:  else ~ ~
2 Ff-t Fi_t
Ug = ~(1 — o) (Up—1 + A% — A5 +
F‘~
041772At §t’ , ,
Vi = (1 — aan®)(Vier + A — AY) +
Qa1 AgC’
6: ZtF = ZtF 1W + Ut Ut—l 5
Ztg = Z)5971W + ‘/;S ‘/t—l >
7. endif }
8: Xt+1 = Xt — ’I’]Xt(I — W) — ﬂl’l’]ZF N
Yign =Y —nYi(I = W) — BanZ{,
9: end for

Variance-Reduction-based Decentralized Stochastic
Bilevel Optimization Algorithm. Existing non-parallel
algorithms have shown that the momentum-based ap-
proach does not achieve a better theoretical convergence
rate even though it demonstrates better empirical con-
vergence performance (Guo et al., 2021; Khanduri et al.,
2021a). Thus, we further developed a new algorithm:
variance-reduction-based decentralized stochastic bilevel
optimization (VRDBO) algorithm, which takes advantage
of the variance-reduced gradient estimator to accelerate the
convergence rate. The details are shown in Algorithm 2.
Specifically, VRDBO utilizes the STORM (Cutkosky and
Orabona, 2019) gradient estimator to control the variance
of stochastic gradients/hypergradients as follows:
Ur= (1= o) (Uis + 8,5 = 85 +

_ (10
where o > 0,7 > 0, and an? € (0, 1). Note that Afffi de-
notes the stochastic hypergradient which is computed based
on the model parameters X;_1 and Y;_; in the (¢ — 1)-th
iteration, as well as the selected samples in the t-th iter-
ation. V; is updated in the same way. Then, based on
this variance-reduced gradient estimator, each participant

leverages the gradient tracking communication mechanism
to exchange the tracked gradients and model parameters to
update local model parameters, which is shown in Lines 6
and 8 of Algorithm 2.

In summary, VRDBO utilizes a variance-reduced gradient
estimator to control the variance of stochastic gradients.
Thus, it can achieve a better convergence rate than MDBO,
which will be shown in next section. Additionally, both
MDBO and VRDBO do NOT require to communicate Hes-
sian and Jacobian matrices. Only model parameters and
tracked gradients are communicated. To the best of our
knowledge, we are the first one developing the variance-
reduced decentralized bilevel optimization algorithm.

5 Convergence Analysis

To investigate the convergence rate of our two algorithms,
we first introduce two common assumptions for both algo-
rithms and then introduce algorithm-specific assumptions.

Assumption 2. For any fixed * € R% and k €
{1,2,--- K}, the lower-level function g*)(x,y) is p-
strongly convex with respect to y.

Assumption 3. For any k € {1,2,--- K}, the first and
second order stochastic gradients of all loss functions have
bounded variance o> where o > 0.

5.1 Convergence Rate of Algorithm 1

Similar to the non-parallel algorithms (Ghadimi and Wang,
2018; Chen et al., 2021; Hong et al., 2020; Ji et al., 2021),
our Algorithm 1 requires a weaker assumption regarding
the smoothness of the loss function compared with Algo-
rithm 2, which is shown as follows.

Assumption 4. Forany k € {1,2,--- | K}, V. f® (z,y)
is Lipschitz continuous with the constant Ly > 0,
Vyf(k)(:z:,y) is Lipschitz continuous with the constant
Ly, > 0. Moreover, (z,y)|| < Cy, with the con-
stant Cy, > 0 for (z,y) € R% x R,

Assumption 5. Forany k € {1,2,--- K}, Vg% (z,y)
is Lipschitz continuous with the constant Lgy > 0,
Vﬁyg(k) (x,y) is Lipschitz continuous with the constant

2 (k
Lg,, >0, V2 gt
constant L

)(z,) is Lipschitz continuous with the
2090 (@)l < Cy,,
(z,5;¢) =

Gyy

with the constant Cy, > 0 and pl = Viyg(k)
Lg, 1 for (z,y) € R% x R,

Based on these assumptions, we are able to establish the
convergence rate of Algorithm 1 as follows.

Theorem 1. Given Assumptions 1-5 ifog > 0, ag > 0,
n < mln{17 QﬁlL* )y’ a2} ﬁl < mln{ﬁl a»ﬁl b»ﬁl c}
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and By < min{f2,q, f2,b, B2,c }, where

B _ 1
Bla = 15L,Lr ﬁzc—GLgy ,
Pro = 2 QM N2y
4Lg, /(2 +8/a2) L% + (100 + 200/03)L%)
5. = n(1—A)?
Rl 5
AL, \/(6 +18/03) L% + (250 + 450/03) L%,
By = 9L
27 2((4+16/a3) L% + (200 + 400/a3)L%) L2
51— A)2Ly
BZ,b = )
2Ly, \/(12 + 36/a?)L% + (500 + 900/a3) L%
(11)
the convergence rate of Algorithm 1 is
L T2
T z; IVF(@)I1*] + LEE[|7: — y* () [°])
t=
2(F(x T, 1212 .
A0 Z @) | Pl e )2
npLT BapnT (12)
+ GcgmyCJ%y (1 _ L)2J + 2500‘27711%0—2
M2 Lga/ H’2
1002 300L2% 0>

9 2 £
+9anoz + anT + a2 T

9

where the definition of L, Ly, Ly, Lj, o is shown in
Lemmas 1, 4, 5.

Corollary 1. Given the same condition with Theorem I,
by choosing T = O(m) n=0(e), J = O(log 1),
B = 0((1 = N)?), fa = O((1 = A\)*), a1 = O(1), and

ag = O(1), Algorithm 1 can achieve the e-accuracy so-
. T-1 - _ -

lution: 37— (B[|VF(x,)|* + LE[I7: — y* (@0)||*)) <

O(€). Then, the communication complexity is O(ﬁ),

the gradient complexity and Jacobian-vector product com-

plexity is O(ﬁ), and the Hessian-vector product

complexity is O(ﬁ )-

Discussion. The concurrent work (Chen et al., 2022) de-
veloped a decentralized stochastic bilevel optimization al-
gorithm based on the vanilla stochastic gradient (See Algo-
rithm 5 in (Chen et al., 2022)). Another concurrent work
(Yang et al., 2022) developed a momentum-based decen-
tralized stochastic bilevel optimization algorithm, which
employs the gossip communication mechanism and re-
quires to communicate stochastic gradients/hypergradients,
Hessian matrix, and Jacobian matrix. Obviously, on the
algorithmic design side, our Algorithm 1 is significantly
different from those two works. Moreover, on the theoret-
ical analysis side, those two works have much stronger as-
sumptions. In particular, their theoretical analyses require
that the second-order moments of (stochastic) hypergradi-

ent regarding x of the upper-level function and the (stochas-
tic) gradient regarding y of the low-level function are upper
bounded, which is shown in Assumption 6.

Assumption 6. For any k € {1,2,---
R x R, v, f(¥)

K} (2,y) €
(z,y) and V ,g*) (x, y) satisfies:

Ve f P (@, 9)ll < Cy,  IVy™ (@ y)] < Cy, , (13)

where the constant Cy, > 0 and C'gy > 0.

With this additional assumption, the convergence rate in
(Yang et al., 2022) is able to achieve linear speedup with
respect to the number of participants, while that in (Chen
et al., 2022) fails to achieve linear speedup even with this
strong assumption (See Lemma A.35 and Theorem 3.3 in
(Chen et al., 2022)).

In the following, we show that our Algorithm 1 can also
achieve the linear speedup effect as (Yang et al., 2022) with
this additional assumption.

Theorem 2. Given Assumptions 1-5 and Assumption 6,
ifar > 0, ag > 0, n < min{l,m, L1

Ct170t2 4

< min{ 224 = , and <
b= {15LyLF’ 4Lgy\/6L%/a2+100L§/a§} Pz <

min{ ouL }, the convergen
6Ly, * 2(12L% /a3 +200L3./a3) L2, ¢ convergence

rate of Algorithm 1 is
fZ IVE@)?] + LEE[|ge — y* (@)]1*)
t=0
2(F (o) - <*>>+12L%
B np T BapnT
6C2 (2 2402
+ Gy fy(l_L)Q.] F_|_
12 Ly, arnT aopnT
480[%6%7726‘123L% 4804%[3§n2€’§yL2F
(1=

(1=
80003 Bn?C2L2 L3 8000383n°C2 L3 L2,
P2 (1= A

P2 (1 = A
432632 C2L%  4320383n*C2 L%
af(l—A)*

(1=
720003 P CALE L2 2008307 CE LY L2,
azp?(1 =) p2 (1= A

6a1mo%  100agno? L3
K 2K ’

v (@o)[”
400L%C5.

150 —

(14)
where the definition of L,,, L}, Ly, Ly, op, Cp, ng is
shown in Lemmas 1, 4, 5, 14.

Corollary 2. Given the same condition with Theorem 2, by
choosing T = O(+=), n = O(Ke), J = O(log 1), B =
O(1), B2 = O(1), an = O(1), as = O(1), Algorithm 1
can achieve the e- accuracy solution. Then, the communi-
cation complexity is O( 5 ), the gradient complexity and
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Jacobian-vector product complexity is O(

L), and the
5 ), which in-

Hessian-vector product complexity is O(
dicates the linear speedup regarding K.

Remark 1. Due to the additional assumption 6, it is much
easier to bound the consensus error. For instance, to bound
the consensus error E[||ZF — ZF||F] it is easy to get
+E[lZzF - ZF|3] < 2?1177/\)02 (See Lemma 15) since
the second moment of the stochastic hypergradient is up-
per bounded. In fact, with this strong assumption, we can
decouple different consensus errors to simplify the theoret-
ical analysis. On the contrary, without Assumption 6, there
exists inter-dependence between different consensus errors
(See Lemmas 6, 8, 12), which makes it much more chal-
lenging to establish the convergence rate.

5.2 Convergence Rate of Algorithm 2

Since Algorithm 2 employs the variance-reduced gradient
estimator, we introduce the following mean-square Lips-
chitz smoothness assumption for the upper-level and lower-
level objective functions, which is also used by existing
variance-reduced bilevel optimization algorithms (Yang
et al.,, 2021; Guo and Yang, 2021). Please note that all
variance-reduced gradient descent algorithms (Cutkosky
and Orabona, 2019; Fang et al., 2018) require the mean-
square Lipschitz smoothness assumption to establish the
convergence rate. In the following, we use z; to denote
(x4,y;) where i € {1,2}.

Assumption 7. Forany k € {1,2,--- , K}, V,f®) (z,y)
is Lipschitz continuous with the constant {5, > 0,

V¥ (z,y) is Lipschitz continuous with the constant
ny > 0, i.e.,

E(lIVa /™ (21;€) = Vo f W (22 )l] < b, 122 — 2]
B[V, f® (2156) = Vo F® (22 1) < £y |21 — 22|,
(15)
hold for any (x1,v1), (z2,y2) € R% x R, Moreover,
E[||V, f®) (2, y;€)|]] < cy, with the constant cy, > 0 for
(z,y) € R% x R%.
Assumption 8. Forany k € {1,2,--- | K}, Vyg(k)(x,y)
is Lipschitz continuous with the constant Egy > 0,
\%S g (x,y) is Lipschitz continuous with the constant
ly,, >0, szg(k) (x,y) is Lipschitz continuous with the
constant Kgyy >0, e,

E[|Vy9™ (215¢) — Vyg® (20; Q)] < by, 121 — 22]| »
E(|V2,9% (215¢) = V2,9 (22; O] < €y, 121 — 22|

E[|IV5,9™ (21:¢) = Vi, 0™ (22: Ol < g, 121 o |)\
hold for any (x1,%1), (z2,y2) € R% x R, Moreover,
E[IV2,9%) (z,y; O)lI] < cq,, with the constant cg,, > 0

and 11 2 V2, 9" (2, y:¢) = Ly, 1 for (z,y) € R%= xR

Theorem 3. Given Assumptions 1-3, 7, 8, if aqn >
O, gy > O, n < min{l,m,\/%,\/%}, /81 S
min{B1,q, 81, B1,c} and Bo < min{Ba a;, B2p, f2,c}
 Pap 1
ﬂl,a - 15LyLF 362,(: - 6€gy )
/31,b = a )
80y, /(3 + 3/(0<1K))L% + (3+50/(2K))L%
/61 o IJ’(l - )\)2/£gy
’ 2\/(57 +54/(a1 K)) L% + (104 + 900/ (a2 K ) L
5 (1= X)Lr/ly,
2,a — )
2\/(57 +54/(a1 K))L% + (104 + 900/ (a2 K)) L3
Bap = WLy
’ 86311 ((6 + 6/(041K))Li~, + (6 + 100/ (a2 K))L%) ’
a7
the convergence rate of Algorithm 2 is
T Z IVE @)+ LENge — y* (2)]1%])
2(F(x0) — F(z,)) 12L% .
5o — y* (z0)|1?
ST pBanT
2 2 2
6ngy0fy (1 _ i)QJ n 8O—F 8L%‘O'2
I Ly, nTB ~ nTBp? (18)
602 100L%02
F F 202n3 2
Y PTBK  agpTBE2 T 2Tk
20577;?%% T 8aZio + 8057725%%
12a17%0%  200a9m%02L3%
K WK ’

where the definition of Ly, L., Lr, Lg, op is shown in
Lemmas 23, 26, 27.

Corollary 3. Given the same condition with Theorem 3,
by choosing T = O(m) n = O(Ke'/?),
J = O(ogy), B = O(dm) A = O(1 = NP,
B = O((1 = N)?), oy = O(l/K) and an = O(1/K),
Algorithm 2 can achieve the e-accuracy solution. Then,
the communication complexity is O(m), which is
better than O(ﬁ) of Algorithm 1. Additionally, the

gradient complexity and Jacobian-vector product complex-

ity of Algorithm 2 are O(m) and the Hessian-

vector product complexity is O( ), indicating

Ke 3/2(1 A)z
the linear speedup with respect to the number of partici-

pants K.

Remark 2. It is worth noting that we are able to set
a; = O(1/K) in Theorem 3. As a result, §; and «; are
decoupled (See Eq. (17)). In this way, Algorithm 2 can
achieve linear speedup with respect to the number of par-
ticipants. In comparison, «; has to be O(1) in Theorem 1.
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Figure 1: The upper-level training loss function value versus the update of variables.
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Figure 2: The prediction accuracy of validation set versus the update of variables.

6 Experiments

In this section, we conduct experiments to verify the per-
formance of our proposed algorithms. In particular, we ap-
ply our algorithms to the hyperparameter optimization of
the logistic regression model (Grazzi et al., 2020), which is
defined as follows:

n®)

Tyal

. T a® pk)
;IEI]IRI}i K Z Z KCE val I bval,i)
val =1
n{®
s.t.y*(z) = arg g@ﬁc % Z (k) Z;é ce(y atrﬂbl(tr)z)
Ngr™ 4
1 (&
e
p=1q=1

(19)

where (ag;)lwbii)“) € R? x R¢ denotes the i-th vali-

dation sample’s feature and label of the k-th participant,

(@, b (k)

i 1s the num-

;) represents the training sample, 7,

ber of validation samples in the k-th participant, ngr) is the
number of training samples, ¢ is the cross-entropy loss
function, 2 € R? represents the hyperparameter, y € R*¢
denotes the model parameter.

In our experiments, we use three binary classification
datasets ': a9a, ijennl, and covtype. In particular, a9
has 32,561 sample, ijennl has 49,990 samples, and cov-
type has 581,012 samples. We randomly select 30% sam-
ples as the validation set and the remaining samples as the
training set. Then, they are randomly and evenly put to
each participant so that the data distribution is i.i.d. in all
participants. To demonstrate the performance of our al-
gorithms, we compare them with two baseline algorithms:
DSBO (Chen et al., 2022) and GDSBO (Yang et al., 2022).
Specifically, DSBO employs stochastic (hyper) gradient
and gossip communication strategy, and GDSBO takes the
momentum technique and gossip communication strategy.
Note that They require to explicitly communicate Hessian
or Jacobian matrices, which is prohibitive for practical ap-
plications. Thus, we implement a simplified version, where
Hessian and Jacobian matrices are implicitly computed as
(Yang et al., 2021) and only model parameters (and gradi-
ent estimators) are communicated via the gossip communi-
cation strategy. In our experiments, we use the same batch
size for all algorithms. In particular, the batch size on each
participant is 400/ K where K is the total number of par-
ticipants. When estimating the stochastic hypergradient, J

'https://www.csie.ntu.edu.tw/~cjlin/
libsvmtools/datasets/
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Figure 3: The upper-level loss function value versus the consumed time.

is set to 10 for all algorithms. Moreover, since the learning
rate of DSBO, GDSBO, MDBO is in the order of O(¢) and
that of VRDBO is O(¢'/2), we set the learning rate = 0.1
for DSBO, GDSBO, MDBO and n = 0.33 for VRDBO.
Additionally, we set 31 = 2 = 1.0 for both MDBO and
VRDBO, a; = oo = 1.0 for MDBO, and oty = a5 = 5.0
for VRDBO.

In Figure 1, we employ 8 workers and the network is a
ring network. Here, we show the upper-level loss function
value with respect to the update of variables. There are two
observations. First, our MDBO has similar convergence
performance as GDSBO based on both loss function value
and prediction accuracy, which uses the same momentum
technique as ours. However, they don’t show significant
improvement over DSBO. This is consistent with the theo-
retical convergence rate. Second, VRDBO converges much
faster than MDBO and baseline methods, since it employs a
variance-reduced gradient estimator. This observation con-
firms the correctness of our theoretical convergence rate
and the effectiveness of our algorithm.

In Figure 2, we plot the prediction accuracy of validation
set with respect to the update of variables. The experi-
mental settings are the same with those of Figure 1. From
Figure 2, we have two observations. First, our algorithms,
MDBO and VRDBO, can achieve almost the same predic-
tion accuracy with baseline algorithms, which confirms the
correctness of our algorithms. Second, our VRDBO con-

verges faster than MDBO in terms of the prediction accu-
racy, which is consistent with our theoretical convergence
rates. In summary, Figure 1 and Figure 2 confirm the cor-
rectness and effectiveness of our two algorithms.

In Figure 3, we plot the upper-level loss function value with
respect to the consumed time (seconds) for our MDBO and
VRDBO algorithms. Here, to demonstrate the speedup ef-
fect, we use 8, 16 workers, respectively. The batch size
of each worker is set to 400/K where K is the number
of workers. Other experimental settings are the same with
those of Figure 1. From Figure 3, we can find that us-
ing more workers is able to accelerate the practical con-
vergence speed of our two algorithms.

7 Conclusions

In this paper, we studied how to facilitate bilevel opti-
mization to the decentralized setting. In particular, we de-
veloped two decentralized bilevel optimization algorithms,
which demonstrate how to update variables on each par-
ticipant and communicate variables across participants. In
addition, we established the convergence rate, demonstrat-
ing how the network topology, number of participants, and
other hyperparameters affect the convergence rate. To our
knowledge, this is the first work achieving these favorable
results. Moreover, extensive experimental results confirm
the correctness and effectiveness of our algorithms.
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Supplementary Materials

A Proof

To investigate the convergence rate of our algorithms, other than the notations in Section 3, we introduce the following
additional notations:

K K
_ k _ 1 k _ 1 k
ut=g2u§ M}Fngﬁ )>thgzzt( ,

k=1 k=1 k=1

_1 o1 -1 -1 N . 1
X, = EthlT Y, = EYtllT U = XUtllT V= thnT ZE = EzfnT ZY = EZ,;"HT ,

AF = [VFO (2D ) WE@ (22 @) . v EE) (g0 Fy) (20)
AY = [VygD (), u), Vg @ y?), - Vg @ 5],

A7 [VED (21, 5,), VE (20, 31), -+, VE) (@, 30)]

AY = [Vyg D (@0, 50), Vyg® (@0, 01), - Vg (20, 00)] -

A.1 Proof Sketch

Proof Sketch of Theorem 1. Since there exists inter-dependence between different consensus errors, we proposed a
novel potential function to establish the convergence rate of Algorithm 1, which is shown as follows:

6531 L% 1 _ 1 _
ﬁt+1=E[F(l‘t+1)}+ﬁ NFe1 =y (Zegn)]? |+ wa Bl Xeq1 — Xt+1||2]+w3 E[[|Yer1 — Yigull7]
Bi(1—X) 1 _ 25(1 — \)B1L% 1 _
e BN — ZEa e+ Tt R 2 — 2 @1
461 1 1008, L% 1
+ 2 ZE[AL, - U |3]+ P ElALL - Vi)
ap K Qo

281 L7 ((11432/a7)L%+(450+800/a3) L
where we = w3 = Prl,, (1432 ;21 ;() 800/ ) L) . With this potential function, we established the upper bound

for each item. Then, with appropriate hyperparameters as shown in Theorem 1, we are able to get

ns Bl o
Lip1—L; < —flE[HVF( DI — FE[H — " (z4)])?]
a1 1o, N 12561 c9m?* L0 N 377ﬁ10§w 7 (1- W 27 22)
2 M2 Mz Lgy .

With the help of this inequality, we can establish the convergence rate of Algorithm 1.

Proof Sketch of Theorem 2. With the additional Assumption 6, the consensus errors can be decoupled from each other.
Then, we developed the following potential function for establishing the convergence rate of Algorithm 1.
651 L3 351 1

Li1=F(riq)+ 3 El||ge1 — y* (Ze1)1P] +
2/

5081 L
[IIAM Ul + —
(%)

2

[HAt-H Vis ”F] .
(23)

Similarly, we can know how the potential function evolves in each iteration and then establish the convergence rate.
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Proof Sketch of Theorem 3. Establishing the convergence rate of Algorithm 2 is much more challenging due to the

complicated variance-reduced gradient estimator. Directly employing the potential function in Eq. (21) cannot give us the

desired result. To address this challenging problem, we developed a novel potential function, which is shown below.

651 L%
Bap

1 1 _
twzgs E[[| X1 — Xt+1||F]+w3* 1Yer1 — Vel 7]

Liy1 = E[F(z41)] + Ellge41 — v (Ze41)1%]

1 - _ A B1(1 — )L2 1 _
+51(14)§E[||zf;1 = ZhallE + = B2 — 2L (24)
251L 1
+2B1 E[|AL, — Unll?] + £ [IIAM Vi ll7]
301 7 1. 5061LF 1.9

+ oTnE[”(Af“ = U) 2171+ — 2 5 Elll(A7} = Ver1) 210

1/2 1K) L% K)L
where wy = w3 = i ((51+48/a# ()1 ;()98+800/a2 L) . Compared with Eq. (21), there are two additional terms,

which are critical to achieve linear speedup. In particular, with this novel design, we are able to set o; = 1/K. As aresult,
Bi and «; are decoupled (See Eq. (17)). In this way, Algorithm 2 can achieve linear speedup with respect to the number of
participants (See Corollary 3). In comparison, «; has to be O(1) in Theorem 1.

In summary, we proposed three novel potential functions for establishing the convergence rate in Theorems 1- 3, disclosing
how hyperparameters affect convergence rates.

A.2 Proof of Theorem 1
A.2.1 Characterization of F'(*) (z)

Lemma 1. Ghadimi and Wang (2018) Given Assumptions 2-5, the following inequalities hold.
IVF® (@) = VE® (2, y)|| < Lrlly —y* (@)] ,
IVF® (@1) = VF® (25)|| < Li[|z1 — |, 25
19" (#1) = y" (@) || < Lyllwr — z2f|

Lfyc
°w

Lchwy L., = ngy

C C
Jdxy fy Jxy ny fy Jxy *
+ + LF - LF + m ’ Yy ot

where Ly = Ly, +

A.2.2  Characterization of VF*)(z, 1)

Lemma 2. Ghadimi and Wang (2018) Given Assumptions 2-5, the following inequalities hold.

/N
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<
<
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Lemma 3. (Bias) Ghadimi and Wang (2018) Given Assumptions 2-5, the approximation error of VF &) (x,y) for
VF) (z,y) can be bounded as follows:

Cy,. C
IVF®) (2, ) = VE® (2, )| < Z2erfuq - 7 @7
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Lemma 4. (Variance) Given Assumptions 2-5, the variance of the stochastic hypergradient can be bounded as follows:

E[|VF® (z,y) - VF® (z,y;€)|°] < oF (28)
2 2 4C?yo2 40 (o' +C§Ty) 16(o +C§1y)(02+c]2‘y)
where o 5= 4o + 5 2 s .

Proof.
E[|VE® (2,y) = VE® (2, 5;)|?]

J
J 1
_ (k) 2 (k) - LR > R (Y (k)
—E[vaf (z,y) = Vi,9 (xvy)E[Lg ,LI(I Lgyvyyg (x,y,éa))}vyf (z,y)

= Vo f O (@, y;6) + V2,0% (2,33 G) (Li f[ yg(k)(w,y;Cj)))Vyf(k)(%y;E)HQ]
= E[||Vaf® (@,y) = Vof O, y:)

+V2,9%(z,y) [ (’“)(x,y;éj))}vyf(k)(x,y)

h‘k‘
qu

~
|
£~
%

h‘g
=

— V2,9 (2, y; Co)E[ ( 209" (2, y; Cj))} Vy f® (2, y)

)
<
<.
Il
—

(- Livgygwx, v )| Vo ® ()

Gy

~
I
-

h‘g
‘Eu

Q
<

1
(I- Tviyg(k)(x, v Cj))} Vo f® (@, y;)
9y (29)

Q@
<

h‘k‘
.E““

~
Il
-

—v2,9% (2, y; Co)lE[

+ Vg™ @,y G)E [ (I - LLVf,yg(k)(x,y; Cj))}vyf(k) (,y:€)

_“\k
et

v =1 9y
- V2,9 (2,y; o) (LJlj I- 7V2y9( (x, y&ﬁ))%f““)(ffay;f)uz}

< 40% + 48| (V2,9 (@,9) = V2,0 (2,4 o) ) E [L"]JI V2,0 (0 )] Vo B )|
+4E[[| V2,9 (2,53 G0) [LJ]J Vi )| (Vyf(’“)(x,y) VO y0) | ]
+4E[|| 72,0 (@, 53 o) (E [L‘]rj[ V2,0 (@,0:¢))]

J 1 2
-7 [T - Lfviyg(k)(l’,y;Cj)))Vyf(k)(I,y;é)H ]

9y j=1 9y
(s1) 103 0> 40202+ C2Z ) 16(c® + C2 )(o> +C3)
2 + 2 + 2
7 7 1
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where (s1) holds due to Lemma 2, Assumptions 4-5, and the following inequality.

J J 1 1 J-1 1 j
[l T - 7, Vi wnan| = |7 X (- 7 Vha @) |
Lg 1 Lg Lg - Lg
v j=1 y v j=0 y
J-1
1 1
< — I— — 2 g H
—LgyZH( L, Vwd )
7=0 ! (30)
YLy
L, = L,
1
S )
i
where (s1) holds due to Assumption 2. O

Lemma 5. (Smoothness) Given Assumptions 2-5, the approximated hypergradient VE®) (x,y) is Lp-Lipschitz continu-
ous:

IVF®) (21, 91) = VE® (22,10) 1> < L& (|lz1 — 22/ + [ly2 — v2/1?), (31
2L2 C2 L2 L2 02
where L2~ =4L% + 4092%0)20 #2;2“ 42 o v 4 o Ly (z1,y1) € R% x R, (29,79,) € R% x R,

Proof.

||VF(k)(l‘1,y1) - Vﬁ(k)($2,y2)||2

J
J 1
= Hvxf(k)(mlayl) - Viyg(k)(xlayl)E[T H(I - Tviyg(k)(x1,y1; Cj))} Vyf(k)(xl,yl)
9y 9y

=1
J o 1 2

HV f( ) (z1,91) = Va

“;
=
—~
=
w3
<
[\V)
N—

1 .
(= 7 Viua® @1.91:6) |V f Y (r.01)

Iy

<
I
—

h‘k‘
‘Ew

- Viyg(k) (z1,91)E

Q
<

J
- J -
+V2,9% (z1,51)E T H(I - Tvyyg( ) (22, y2; Cj))_ Vo f® (@1,m)
9y j=1 9y (32)
7z .
~V2,9%) (z1,51)E T [1a- Tvz " (22, 12:¢;)) | Vy f P (w1, 91)
"9y j=1 Gy -

1 .
I —V3,9® (2,921 )))| VSO (2, 2)
9y -

9
<

b‘k‘
AE&(

+ Viyg(k) (z1,91)E

j=1
- J j 1 -
- viyg(k)(xlyyl)]E I H(I* Tviyg(k)($27y2;<j)) Vyf(k)(ifz,yz)
-Gy j=1 9y h
g ; 2
+ 92,00 2, 2B [ TT0 — 293,60 (2,25 ) V0 O (2,0
-y j=1 91/ -
(s1) J2L? acy L7 L C}
< (417, +403,03, 7 R R =) (s = ol + llys = wall?)
Yy

where (s1) holds due to Assumptions 4-5 and the following inequality.
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HE[J d L o2 . L o2 .
Tt | CEb A CRTR )] R P | (R A CN I

Iy j=1 9y j=1 9y
J-1 S
_ 1L L o () i1 . JH
= H Lgy = (I Lg?; vyyg (37172/1)) Lg7/ J;) (I Lgy Vw/g ($27y2>)
J-1
1 j 1 ;
< (- AR em) - (1- 920 eam)|
Gy j=1 gy 9y
J-1
(s1) 1 1
"L, @va%wﬁwﬁwmﬂ
9y j=1 Gy
1 v 1 J—1—1
X (Z (I — L—szg(k)(:myyl)) (I - L—Viyg(k)(m?yz)) ) ‘)
i=0 Iy 9y 33
J-1
= o Z Hiv 9F (21, 91) — —V2,9%) (22 yQ)H
B Lgy j=1 LQy W ' Lgy vy ’
I o2 & g 1 5 j—1—i
|32 (1- L Vi (wae)) (T Vi (r2.))
i=0 Iy gy
1 (L =,
? i—1
<o 3 (2 nm) — nmll x X0 - £497)
Y=l Y =0 Y
J-1
L .
—é.QTWW<%MMF£Vﬁ
v =1 Y Y

— (21, 91) — (T2, 92) |l

where (s1) holds due to a™ — b" = (a — b)(3>_1-, 'aibn1od),

0
A.2.3 Characterization of Gradient Estimators
Lemma 6. Given Assumptions 1-5, the following inequality holds.
1 F 1 2 L% 1 2
ZEUIAT = TP < (1 = an) 7 E[|AL, — Usal?] + e BllIXe = X |I7]
ann
2 (34)

L% 1
F Y, Y, 2 2,2 2
+ a1 KE[” t t—lH ] + aqn UF‘ .
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Proof.
1 ~
FE[IAT ~ U]
= LE(IAT - (1= agn)Usy — annATE |2
7 BlIAY = (1 —amn)Uiy — and, |7
1 e
EE[H(l—Oﬂﬂ)(A ~Upr) + (1= amn)(AF = AF ) + ann(AF — A2
(s1) - F o F N
= (1- aln)Q*E[\\(Af_l —Ur1) + (A = A7 )P +afn2EE[llAf A 35)
(s2) 1 =
< (1—a177 E[|AF, - Upa|?] + 7? E[AF — AF |17+ a2n??
(s3) 2 Zﬁ 1 2
< (1*01177) E[|AF, — Uit 2] + K E[[| Xt — X7

2

Lz 1
E 2,2 2
+ E[||Y: — Y- +ain oz
mK [H t t 1” ] 17

where (s1) holds due to AF = E[A, **], (s2) holds due to Lemma 4 and Lemma 34 with a = =47+ (s3) holds due to
Lemma 5. O

Lemma 7. Given Assumptions 1-5, the following inequality holds.

1 g 2 Lgy 1 2
—E[|A] - V|*] < (1 - am) E[JAL_; = Vi [IF] + @EE[II& — Xi—1|[w]
(36)
2
—_E[|Y; — Vi ||? 20202 .
L L BIY, Vi3] + adn’o
Proof.
1
—E[|A7 - V|7
1
= ZElIA? — (1 —aan)Viy — anAf ]
1
= B —aon)(AlLy = Vier) + (1 = con)(A] = AfLy) + aan(Af — A7)
(s1) 1 1 X
= (1- azn)zgﬁ[ll(A?_l —Vioa) + (A = AL )17+ oz%anlE[HA? — A 37)

(s2) 1 1 1
< (1 - con) EIIAY s~ ViralP) + — ZEIIAY AL 4] + adfo®

(s3) 1, o, Ly, 1 )
< (1- 06277)§]E[||At—1 —Viall®l + TW?E[HXt — X 1|7

1
9y 2 2.2 2
+ E|||Y: — Yi— +ajno
K (1Y t—17] 2 )

where (s1) holds due to Ay = E[AY**], (s3) holds due to Assumption 3 and Lemma 34 with a = 2L, (s3) holds due
to Assumption 5. O

A.2.4 Characterization of Consensus Errors

Lemma 8. Given Assumptions 1-5, the following inequality holds.

1 5 SF 1 ; 2020% 1 . ain?o?
=E[z] - Z[ 7] < )‘?E[”Ztil zr 1HF] - : e ([Ut-1 — Af_1||%]+17/\F
20in* L7 1 ) L% 1 ) oo
ﬁ*E[HXt = Xeallp] + ﬁK E[|Y; = Yi-1ll7] -
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Proof.
1 _ .
=ElZF - 21
1 ~ —— _ _
= ?E[”Zf—IW + U= Uiy — 2 = Uy + U |7
(s1) 1 P SE 12 1 = = 2
< ENEIZE, ~ ZE I3 + s Bl Ues — O+ O3
1 = _ 5 1 1
< )‘?E[”Ztlil - ZL 3]+ /\K E[|U; — U1 ||7]
1 = _ 5 1
= )\EE[HZ& - ZL 3]+ 7/\}( E[l(1 — c1n)Us—1 + amA = Up—117]

1 z z F; 39)

1 - -
= AGElIZE, - Z0IE] + FEl| — ol + amAf —aanAf + o 3]

—-AK
S O ey, O
< A=ElZE, - ZE 117 +t1 : Y EE[Hth - Al F] + ﬁ
1 s g 2a n? 1 5 2a2n 1 - - ajn’o
< AEIZE ) — ZE 5]+ 2 R0, AF I3+ 2T AL, - af )+ O
(s3) 1 ; _F 2a n? 1 e ajn’o
$AREINZE s - ZE 3]+ 20 SR - AR 3]+ TE
2027 L 2030% L% 1
+ ﬁ[( E[||X; — X;_1]|%] + 7)\171( [1Y: = Yi1l|7]
where (s1) holds due to Lemma 34 with a = 152, (s5) holds due to Lemma 4, (s3) holds due to Lemma 5.
O
Lemma 9. Given Assumptions 1-5, the following inequality holds.
= 1 - 2a n? 1 a3n?o?
FEZE — 2713 < AEIIZL, — 2003 + 22 LR{Vees - A7 3]+ 20
(40)
20‘2771’1;1 2277L7/1
#?E[H)ﬁs — X7 + f)\gEE[HYt Y7 -
Proof.
1 _
LE[|Z¢ - 23]
1 _ _ _
= gE[”Ztgle + Vo= Vier = 2] = Vi + Vi |[7]
(s1) 1 g Sg 112 1 o ¥ 2
< })\E[Hth = Zialw]+ 7)\}( E[[|[V; = Vic1 = Vi + Vi 7]
1 - 1
< AE(ZL, ~ Z I3 + AK [V — Vietl13]
1 - 1
= )\EE[HZtgq — Z{ |17+ ﬁ?E[H(l — aan)Vie1 + aanAl = V4|7
1 g 59 (|2 1 gc, 41
= ALEZ) = 27 M%) + 7)\1( E[|| — agnVi-1 + aanAf — asnAf + asnA || 7]
(s2) 1 _ a2n? 1 a3n?o?
< - g 79 2 2 - _ A912 2
EAZENZL, — Z04 03] + T2 LRIV - A7 + 227
1 - 2020?11 20202 1 adn?o?
S AZEIZL ) — 205+ 22 RV — A7 3]+ 22T L R(AL, - A+ 22T
(ss) 1 - 202n% 1 a3n?o?
SAZENZL ~ 2043 + 2 Vi — AL 3]+ 220
204%772[/ 1 2a2772L 1
ﬁ[( E[||X; — Xi—1]|%] + 7)\}( E[|Y; — Yio1lF]
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where (s1) holds due to Lemma 34 with a = 152, (s5) holds due to Assumption 3, (s3) holds due to Assumption 5.

O
Lemma 10. Given Assumptions 1-5, the following inequality holds.
n(l X% 2775 S F
B[l Xes1 — Xenal[}) < (1= T3 )X — XillF) + 5Bl - Z7 113 “2)
Proof.
E[[| Xi41 — Xeqall7]
(s0) - .y
= E[|X; —nXe(I - W) = BinZ{ — Xo + BinZ{ |7
=E[|(1 —n) (X, = Xo) + (X, W = X, = 1 ZF + 51 Z])|I37]
(s1) _ = _ _ =
< (- mE[|X, - Xi|[F] + nE| X W + 812] - X, - Bi2] |}) @3
o o2y, B0 205
< (- mElX, — X3+ N w3+ 2R 2 - 2 )]
(s3) n(1 —\?) > 2057 > F
< (1= TS5 )ENX - KallF) + 5B 2] - zfn%] ,

where (s¢) holds due to X (I — W)1 = 0, (s1) holds due to Lemma 34 with a = -, (s2) holds due to Lemma 34 with

0= S5 (s2) holds due o [ X3V — X[} < 021X, - K[ 0

Lemma 11. Given Assumptions 1-5, the following inequality holds.

27752

— )2 _
BV — Yol < (1= 2Dy, - v+ 22wz - 203 (44

Proof. In terms of the definition of mgi)l, we have

E[|[ Vi1 — Yisa|2]

) B|Y; — nYi(I — W) — BonZf — Vi + BanZ8||2)
—E[[(1 =) (Y; — Y2) + 0V, W — ¥y — BaZ0 + B229) |12
(s1)

< (1= nE[|Y; = Vil[3] + nE[|Y;W + BoZ] — Vi — B2Z7|13] 45)
(s2) _ 14 22) 2775 _
2 e -7l + T myw v+ e BllIZE - Z7|7]

2)\2

(s3) 1— )2
¢ (1= XNy, - )+ 22z - 2003

where (so) holds due to Y; (1 — W)1 = 0, (s1) holds due to Lemma 34 with a = 7, (s2) holds due to Lemma 34 with
a= 2)\’2 , (s3) holds due to || V; W — Y;||2 < A?||Y; — Y, ||%.
O

Lemma 12. Given Assumptions 1-5, the following inequality holds.

E[|Xe41 — Xel7] < 80°E[| X — Xel3] + 4n? BB Z — Z7 | 5] + 40 BYE]| 2/ |17] - (46)
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Proof.
E[|X¢41 — Xl 7]
=E[| Xy —nXe(I - W) = BinZ[ — X4|| 7]
= E[|[nX:(W — I) — BinZ[ || 7]

2 (47
< 2p°E[[| X (W — D[ %] + 20*BFE[| 2/ || 7]
= 20°E[| (X, — X)W — DF] + 20° BE( 2 - Z[ + Z{|I3]
(s1) - F _
< S°E[|| X — Xel#] + 4n* BB Z] — Z7 | 7] + 4 BTEN Z/ |17] |
where (s1) holds due to ||AB||r < ||A||2||Bl|r and ||[I — W |2 < 2.
O
Lemma 13. Given Assumptions 1-5, the following inequality holds.
E[l[Ye41 — Yel7] < 80°E[|Y: — YellF] + 40*B3E(| 27 — Z7 || ] + 40° B3E[ Z¢|I%] - (48)

Proof. In terms of the definition of ig’j_)l, we can get

E[[|Yit1 — Yil|3]
=E[|Y; —nYi(I = W) = BanZ{ — Y| 7]
= E[|nY{(W — I) — fonZ{|%]
< WPE(|[Yu(W — I)|[3] + 202 B3E[| 271 3] “9)
— 2PE[|[(Y; — Vo) (W — I)|[3] + 202 B3E[| 2 — Z§ + Z{|I%)

(s1) _ _ _
< SnPE[|Y: — Yall%] + 4n*B3E( Zf — ZE || 7] + 40 B3E[| Z7 17

where (s1) holds due to [|AB||r < ||All2||B||lF and ||[I — W||2 < 2. O

A.2.5 Proof of Theorem 1
Proof. According to the smoothness of F'(x), we can get

*

E[F(Zi4+1)] < E[F(Z)] + E{VF(2:), Ze41 — Te)] + LQFE[Hfftﬂ — &[]

20271 %
— E[F(z)] ~ nBE[(VF (), 5)] + TR, |2

2 2L*
= E[F@)] - BNV + (T - ) g, 2+ DU E) v R - 5]
(s1)
& EIF @) - DEEIVFEI - TR + b LEE v @)
Snﬂlcgwyc.?y 3,'761[’2~
o = E

1 ~
+ 3nA EIIAT = Uil ,

(50)

[IY; = Yi|%]

3nB1L% _
w NP1
(1- 7)2‘] + TFE[HXt - Xl +

9y
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where (s1) holds due to ) < L* and the following inequality:

E[|VF(z;) — ]
~ S 1
< 2E[|VF(Z;) — VF (s, 5)|1%] + 2E[|[VF(Z4, 5t) — VE (T4, 5e) + (Af — AF + A — Ut)E1||2]

< 9B[|VF(2) ~ VF (@50 IP) + 6BV E o 50) — VEG g0l + 6B [ AF - aF) 1]

N 1 12
+ 8[|l -tz ] o
(s1) L C;.,C3 [ 6L% _ 6L2% _
< 2URE( —y @I+ (0 0 4 SEEING — X+ Rl - Rl
1 ~
+ GX]E[HAf — Uil
where (s1) holds due to Lemma 3 and Lemma 5. Additionally, we can bound E[||3; — y*(Z;)||?] as follows:
E[l|ge+1 — v (@e10)lI]
(s1) Bonp 30B2 1oy 250BTL; 250521 1
< (1- E —2E ——UE = ="E[|(A] - Vi) —=1]?
2 (1= BRI~ @0lP) - TRBlal?]+ gt LBl + 2 BIAY - V) 2 1IP)
() o Bomp e 3053 i 25mBTL; (52)
< (L= =)E[lg —y* (@))% - JE[HWIF] — = E[||a]?]
4 6524
250mL7% 1 _ 258,m L2 _ 250,m 1
—— T E[|| X, — X3 75’ny¥2 A - V3|3
S B - K+ T Y — Vil + S A - il
where (s1) holds due to Lemma 9 in Yang et al. (2021) with 85 < g7 — and 0 < n < 1, (s2) holds due to the following
inequality.
E[I(A] - Vi) 1)
K
1
= B[I(Af - A7 + A7 - V) 1)
g gy L2 g L >3)
< 2E[(A} = Af) 71 + 2E[l[(Af - V2) 7-111]
2L!27u v |12 2L£2]y |12 1 g 2
< ZBEX, - K]+ 2B, - ilE] + 2 EIA7 - Vil
Then, to investigate the convergence rate of Algorithm 1, we introduce the following potential function:
65, L2
Lipr =EB[F(@41)] + ——LE[| g1 — v (@41)]]
Bap
26117 (11 + 32/a3) L2 + (450 + 800/a3)L%) 1 _
+ - (1 %) ZE[[Xi41 = Xo1|7]
28, L2 ((11+32/a + (450 + 800/a2)L2) 1 .
+—= 1(1 ) T ZE (Vi — Vi 7] (54)
Arl—N) 1 25(1 = N)Ai Ly
+T E(lZf1 - t+1HF] T E[l 271 — ZEa |17
46, 1 1008, L2 1
+ f*E[IIAm UnallF] + — 5= BlIAL = VinllF] -
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Based on Lemmas 6, 7, 8,9, 10, 11, 12, 13, we can get

Lt — Ly
2 2
B , nhly o 3np1Cy,,C5, 1
< —T]E[HVF(%)HQ] - TFE[Hyt —y*(@)|°] + +(1 - T)QJ
K Gy
2577510’L%L3 200330 L2 L2 16nB3L%  400mB3 L2 L2 nB
y 4 3 4L2~ 9y F 9y _PT Ellla 2
+ 0415177 F+ ,UJ2 + OZ% Oé%,LLQ 4 ) [Hut”]
2000281850 L2 L3, 16nB1B5L% 4000163107 Ly 9npy By L2
4 2,412 9y F 9y _ P22 F RN, 112
+ (4o B3 T+ - s o L2 )
danBIL? (11 + 32/a2) L% + (450 + 800/a3) L2 1—\)2
o (LG, (1 + 32/ + JDLD) BNy e
w2 (1 — A2)2 20 F (55)
2000250* L3, L 1605015 400nﬂf’L§yL%)iEH|Zﬁ e
p? af agpz K CUTH TR
(4775153L3y((11 +32/af) L% 4 (450 +800/a3) L3 C25(1 - \)?AiLE \ don By B2 T2
12(1— 22)2 a2 11PN M
200c2 81 830" Ly L% n 166185 L% N 40077515§L3yL2F)iE[”Ztg 7912
u? a? adu? K
10051a2n2L%02
-

2, 2
21

0615177202~ 2581 can? L2072
5 E 4 b 22 £ +451C¥17720125

By setting the coefficient of E[||i]|?] to be non-positive, we can get

25nBY L3 L, s 4o 200a9fPntLy L3 16nB7L%  400nAYLy L. ppB,
o) +4a1 By LE + 5 + 5 + 75 - — <0,
B o’ ay ;g 4 56
2562 L2 L% 0
Yy
2

20000339 L2 L% 1653L%  40057L2 L% 1
BQMQ + + < 0.
2
L
°Y > 1, we can get

2 af azp? 4
- B WHLILE 1 _ 1
By setting 57 < 5L, Ly Wecan get Bz i < —g- Because a1 < 1,00 < 1,7 <1, e

+4a1 B’ L +

253212 L% o B 20000337 L2, L% . 168702 400BPL2 L3 1
Su? L p? af azp? 4
25831213  4BTLALLY N 20087 L7 L 165%L%L73y 40087 L7 L% 1 57)
Biu? I I ai  p? azp? 4
ABFLELLE  20087L; L3 N 1657 L% i N 40087 L; L% 1
- p? of P azp? 8"
1 2
By letting this upper bound non-positive, we can get
ABRLALE, 2005712 L3 . 65712 12, . A008L3 L7 1 _ .
1 I af oy azp? .
(4+16/a3)L2L% (200 +400/a3)L3L2, . 1
2 51 + 2 51 -5 < 0 )
1 1 8
2 (58)
1
62 < = 1%
P78 ((4+16/af)L2 + (200 + 400/a3)LE) L2
B < a .
AL, \/((2 +8/a3) L2 + (100 + 200/a3)L%)
- < i Bou [ } : 121 B
Therefore, by setting ;1 < mln{lsLyLF, i \/((2+8/a%)L2ﬁ+(100+200/a%)L%) , the coefficient of E[||@.||?] is non

positive.
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By setting the coefficient of E[||7;|?] to be non-positive, we can get

200a 1 B30 L] L% N 160185 L% N 4000/ B3 LY, L 9nBrBaLY _ 0

4o 1 B30 L +
2 F MQ a% a%/j? QM
200007’ Ly Lj.  16L%  400L] Ly 93
2 + 2 2,2 <0.
1% Oél OZQ,U 2ﬂ2//‘

(59
4a1n3L% +

2

L
Because a1m < 1,a0n < 1, < 1, M;’ > 1, we can get

200027® L2 L3, N 1623 400Lj L3 9L3
112 o3 a3 2621t
2712 2 72 2712 2 72
ALY LG, 200L7 Li. 16LLLY  400L] Ly 9rL3%
2 12 a%/ﬂ a%MQ 28214
(4416/af)L% L2 . (200 +400/03) L L 9L3.

It I 2B2p

donn’ L% +

<

(60)

By letting this upper bound non-positive, we can get

(4416/af)L%L2 (200 +400/a3)L2 L3 9L2, -0
2 + 2 C 2Bop —
% 1% 24
L3
((4+16/a7)L% + (200 + 400/a3)L3)L2

(61)

52S2

By setting the coefficient of IE[HZtF - Ztﬁ |%] to be non-positive, we can get

AnBiL; ((114-32/a3)L% + (450 +800/a3) L) Bl =02
u2(1—A2)2 201
N 200@26{’n4L§yL% N 16047 L% N 400nB7L; L3
w af azp?
52 AL2 (114 32/af)L% + (450 + 800/a3)L7.) 1-X
' p2(1—2)2 21
372 2 2712 2712 2
. 200a9° Ly L% N 1667 L7, . 40087 L7 L3

2 1 2 2,2
M a7 QT

+4on B30 L%

i

(62)

2
+4Bfain’ L,

2
LQ

Because a1 < 1,a0m < 1,p < 1,-% > 1,1 — )% < 1, we can get

#2

2 AL; ((11432/a3)L% + (450 +800/a3)L3) DY

! :u2(1 - )\2)2 27’]0&1
200007°L2 L% 1687L% 400822, L%

I ' of

2
+ 4612041773L%

2,2
Qal
2 2 2 2 2 212 712
g 4L2 ((11+32/0}) L% + (450 + 800/0d)LF) (1= N)? | 4BLELZ
P2 (1 —A2)2 2nan (1= A2)?
20002 L3, 162LZLZ  A00B7L2 L3
2=t ez e Tz - e

(63)
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By letting this upper bound non-positive, we can get

p AL2 ((11+32/a3)L2 + (450 + 800/03)L3)  (1—-N)?  4BPLL2
! 2 (1= N%)? 2ar (1= 22)?
. 200L2 L% ) 160135, A00BPL LG

p2(1=A2270 a2 (1-A2)2 0 adu?(1—-A2)2 =

2403, (124 36/03) L + (500 + 900/03)L%) _ (1))’

1

p L S e (64)
52 < /1“2(1 - )‘)4

P 78L2 (124 36/a?) L2 + (500 + 900/a3)L3,) |
5 < p(l—N)?

AL, \/(6 +18/a3) L% + (250 + 450/03) L%

where the second to last step holds due to na; < 1.

By setting the coefficient of E[||Z — Z7||%] to be non-positive, we can get

417616%L3y((11 + 32/04%)Lfa + (450 + 800/a3)L%) ~25(1 - N3 L% + 4oy By BRn L2
(2(1 — A2)2 o1 LR H
2000 In*L2 L% 16 3L% 400 312 L2
+ 251ﬁ2277 g, HF n 776122 F n nﬁlfzzgy Ia <0
aq Rt
2 4L£27y((11 + 32/0@)L% + (450 + 800/a3)L%) 2501 — N)2L2
? p2(1— A2)? nora 2
200agﬂgn3L§yL§, N 165§L% N 4006§L§yL% _

lu2 2

— )

(65)

+doq B2 LA +

1B277 a 051 Oé%,UQ
2
3 >1,1- X% <1, we can get

Because a1m < 1,a0n < 1, < 1,

Al — A2z S nag?
200a0830°L3, L | 168317  40083L;, LY,
w of azp?

< g 4L2 (114 32/ad)L% + (450 + 800/a3)L})  25(1 — A)2L%

2 12(1 = \2)2 o2
AB3LE Ly 20083Ly Ly 16B3L%L;  40083L; Li
pAI=A2)2 T p2(1=22)2 " adp2(1—A2)2 " adpP(1—A2)2

82 AL; ((11+32/af)L% + (450 +800/a3) L) 25(1 — A)?L%

+ 4alﬁ§n3L§5 +

(66)

By letting this upper bound non-positive, we can get

g2 100, (114 32/0d) LG, + (450 + 800/0B)Li) _ 25(1 - X)L,
2 (2(1— A2)2 o’
ABLLLG, | 0BLY, Ly I6BLELG,  A00BLYLE
e ) L e O R T (P S L TR (e O C
5 AL5, (124 36/af) L, + (500 + 900/a3)LE) _ 25(1 — \)°L%
2 (2(1— A2)2 = a2
g2 < 25(1 — A)*L2 |
ALZ ((12+36/a3)L2 + (500 + 900/a3)L3,)
P2 < 5(1-N*Lr 7
2Ly, /(12 4 36/af) L% + (500 + 900/a3) L3,

(67)
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where the second to last step holds due to nas < 1. As a result, by setting ayn < 1, a9m < 1,17 < 1, and

Bopt 2 (1 = M) !
I5LyLr’ 4, \/((2 +8/a3)L% + (100 + 200/a3)L%) 4Ly, \/(6 +18/a3) L% + (250 + 450/a3) L%
L2 5(1—\)2Lp
((4+16/aD) L7, + (200 +400/a3)LE)L3, "aL,, , [(12 4 36/a3) L2 + (500 + 900/03) L} }

B < min{

B2 Srnin{2

(68)
we can get
Liyr— Ly
3npCy,,CF, -
112
IOOﬁlagnQL%a2
3 .

L2
< - PRV F @) - LRl -y (@) + )

CV15177202~ 2581 an? L2402
P Braon” L + 4By arn?o% +
2 p? 1

By summing over ¢ from 0 to 7' — 1, we can get

Z IVF(@)I1°] + LEE[|g: — y*(2)]1%]

t=0 o2 (70)
— 6 2 L2.52

2(Lo — L) 97112 y L)2J+9a1ng%+ 50042772 7o’

n/T 2 1

As for L, we have

1 ~ _ o~
B2~ 251

_F:
= ZE[|age - Agh )
| X

k
Ez:]E IV E® (0, yo0; £ Z VE®) (o, y0: & )”F}
k=1 k:’ 1

K
= = D E[[VF® (x0,40; &) = V) (20, 50) + VE® (20, o) (71)

K K K
.y 1 .y 1 .
K Z VF(k)($07y0)+ K Z VF(k)(l”myo) K Z VF(k $07y0, )H ]

k'=1 k'=1 k'=1

K K K
~ “(k ~ 1 ~ 7./ 1 ~ 7./ ~(k'
== kz_l]E[HVF(k)(xo,yo;fé )Y = VE® (20, y0) + = ;VF"“ ) (20, Y0) — K ,;vF(k (20, 40; &5 )12

_ - F
and L[| Z] — Z§|3] < 20% ZE[IA] —Uoll}] = ZEIIAL — A% 3] < 0% ZEIIA§ ~Voll3] < 0 Then, we can
get

Lo = E[F(z0)] +
frl-A) 1
T 20, K

2051

2
6%?1@[”@0 @)

s g 25(1 — A\)B L% 1
n Bz - 2813+ 2U AL Lz 7))
210 (72)
48 . 1008, L% 1

+ DL ZENAT — Vol + — T A - Vol

63, L2 5610% 1508, L%0>
L gy —y o) + A8 S0 LE

< E[F(xo)] + BQ,LL a; CV2/~L2
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Finally, we can get

T-1
= S E(IVE@)IP) + LiEllg v )]
t=0

2Ly — Lr)  6C5 CF 25003mL2.02
< ( 0 T) gzy2 fy (1 _ L)QJ + 9@1770_% + 02772 FO'
7751T H Lgy w (73)

2(F(z0) — F(x, 1202 100%  300L2 02
< 20 ZF@)) 2L giigy -y o)) + k4 200
np T BapnT
602 C2 250 L2 2
Yoy [y K N2y 2 Q2N L0
- Yoyno? + ——21ZEZ
T e T

anT — apu®nT

+

A.2.6 Proof of Corollary 1

Proof. By setting T' = O(ﬁ), n = 0(e), J = O(log 1), 1 = O((1 — N)?), B = O((1 — N)?), oy = O(1),
as = O(1), we can get

2(F(z0) — F(z4)) 1202 o 120% 400L%02
= O(e), —y*(z = O(e), =0(e ——— =0(e),
6C2 CQ 300 L2 2
Gy fy HoNog 2 QN LEpo™

Additionally, since the communication is conducted in each iteration, the communication complexity is equal to the number
of iterations. Thus, it is O(ﬁ) When computing the stochastic gradient, the batch size is O(1). Thus, the gradient

complexity is O(ﬁ) When computing the stochastic hypergradient, the Jacobian-vector product is conducted for
one time in each iteration and the Hessian-vector product is performed for J times in each iteration. Thus, the Jacobian-
vector product complexity is O(ﬁ), and the Hessian-vector product complexity is J x T = O(ﬁ log1) =

O ise)-
O

A.3 Proof of Theorem 2

To study the convergence of MDBO under Assumption 6, we employ a little different initialization condition, which is
demonstrated in Algorithm 3.

Algorithm 3 MDBO

Input: atgk) = 29, y((]k) = Yo, > 0,1 >0,a0 >0,5 >0, 6 >0.

LU =0,V =02 =0,2%, =0,
2: fort=0,---,T—1do 3
F,.

3 Up=(1—a1n)U_1 + a1nA, *,
Vi = (1 — agn)Vio1 + aanAj,

4: ZfZZf,lW-i-Ut—Ut—l»
Z}=Z) W+V,—Viq,

5: Xt+1 = Xt - T]Xt(.[ - W) - Bl’ﬂZF s
Yigr =Y —nYi(I = W) — BanZY,

6: end for
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A.3.1 Characterization of Gradient Norm
Lemma 14. Given Assumptions 1-6, the following inequality holds.

C3 2 E[|Vaf® (2,467 < 0* + C3 |
2 2E[|VZ,g% (2,507 < 0+ C2

Gay Gay
C 2RIV, f® (2, 4:9I°) < 0® + CF,
R . ~ R 202 (2 (75)
Cp 2BIIVEW (e, 5§ < 207, + —5,
C2 L E[VygW 2,y Q)17 < o®+CF
[UlF < KC,  |IVill7 < KC; .
Proof. Based on Assumptions 1-6, it is easy to get
CF, 2 E(IVo P (@, y; O] = Bl Vaf P (2, y:€) = Vaf P (@, y) + Vi f P (2,9)[7] < 0* + C?« :
C2 2E[V2, 9% (@, 0P = ElIV2,9% (2,y:¢) — V2,0%) (2, 9) + V2,90 (2,9) ) < o + C2 6
CF, 2 E[|Vy P (@, 4017 = BV, f® (2, 5:€) = Vy f P (@,9) + Vo f P (@, 9)%] < 0 + CF
C2 L2 E[|IVyg™ (2,5 O] = BllIVy9™ (2, 55¢) — Vg™ (,9) + Vg™ (2, 9)|*] < 0 + C3 .
Then, we can get
C% 2 B[|VF® (2, y; §)|I°]
b
J
= E[|Vof® (2, 4;€) — V2,9 (2, y; o) I, H vzyg““(x Y GV f 5 (2,43 ©)I°]
J
J
< 2B{IVaf P g O] + 2B V2,0 (7. 0) 7 - H 09" @y GV Oy O]
J
J 1
< B[V, f P (a3 )I12) + 2B [ 92,9 .3 ) x 17— [T = 7= V2,9 @3 G2 x IV, D) (@, )
9y j=1 9y
202 (2
A Jay ~ fy
<207, + 2

(77)
where we use Lemma 2 in the last step.

F: .
Then, we use induction approach to prove ||Uy||%. At first, when t = 0, ||Up[|% = [la1inAy*°[|% < KC’% since a1n < 1.
Then, assuming | U;||% < KCA'% we can get

1Usallp = (1 = axn)Us + Oémﬁtffl Ir

<A —am|Ur+ 04177||Ati1+1 IF (78)
< (1 — Ozln)\/»Cp +0¢177\/>CF
VRO,

where the second step holds due to the convexity of Frobenius norm. This completes the proof for ||U;||%. Similarly, we
can prove the claim for ||V;|%. O
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A.3.2 Characterization of Consensus Errors

Lemma 15. Given Assumptions 1-6, the following inequality holds.

1 s op 20312 C2
—E[|zf - Z] 3] < —=L . (79
K [” t t ||F] = (1_/\)2
Proof.
ZEllZ - 2713
K t t I|F
1 ~ J—— _ _
= ?E[”Ziilw + U —Uia = 2, = Ui+ U |17
(s1) 1 7 = F 1 1 . -
& ENEZE, — ZE 3]+ BN Uy — O+ T3
1 a2 = p 1 1
< )‘?E[Hzﬁl - Z 17 + ﬁ?E[HUt — Up—1l%]
1 3 = p 1 F:
= AZEIIZ7) = Z74 117 + = Bl = axn)Us1 + a1y — Upa || 7]
1 i —F 1 1 F:
= )\gE[HZth - ZI 5 + ﬁgE[H —onnUp—1 + and, |7
(s2) 1 . _ = 2027202
< )\?E[”Zt[il = Z 5]+ T}\F
(s3) 20[%772@’% =1 .
< F At—l—z
SR up Y
_ 203%C2
where (s1) holds due to Lemma 34 with a = 352, (s2) holds due to Lemma 14, (s3) holds due to recursive expansion and

the initialisation conditions: U_; = 0, Z_ﬁ1 =

O
Lemma 16. Given Assumptions 1-5, the following inequality holds.
1 _ 2a§n202
—E[||Z! - Z7|%] < ——& (81)
ZEIZ — 2013 < s
This lemma can be proved by following Lemma 15.
Lemma 17. Given Assumptions 1-5, the following inequality holds.
1 . 8a?8in*C?
Bl X1 — XerilF] € it (82)

(1=A)1
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Proof.

—E[|| X1 — Xer1ll3]
s 1 ~ B s
) ZB[||X, — nXo(I = W) — BinZE — X, + BinZE|12)
fiE 1—n)(X, — X X, W — X, — 3, 2F 77|12
=% (1 —n) (Xt — X¢) +n(Xq t— B1Zy + 12 )| F]

1 > 1 Poo 5
< (L= m)BIIXe = X7+ ngBIXW + 512 - X0 = B 2] 7]

(s2) 1 o n(1+A%) 1 27752 1 -
< (1- U)*]E[HXt — Xill 7]+ Yo ® E[| X, W — Xi||F] + = ;2 ?]E[HZtF — Z[ %] 3
(s2) 1 7112 2Bt 1 P ZF)2
¢ (1= 20 L, - 3+ 2208 Lz - ZF )
() /(1 )\2 1 o B 203?C2
< — _ i S i
>~ ( )KE ”Xt Xt”F} + 1— )2 (1 . /\)2
2133 2041772(7}23 : ( (- /\2))*
T1-N (1o & 2
RS

where (sg) holds due to X:(I — W)1 = 0, (s1) holds due to Lemma 34 with a = ﬁ, (s2) holds due to Lemma 34 with

a= 712—)\22, (s3) holds due to || X;W — X;||% < A% X; — X;||%, (s4) holds due to Lemma 15. O

Lemma 18. Given Assumptions 1-5, the following inequality holds.

_ 802832 C?
—E[[[Yi41 — Vi ||F] < (1_*”49 (84)
This lemma can be proved by following Lemma 17.
Lemma 19. Given Assumptions 1-5, the following inequality holds.
1 7207671 C2 _
ZE[| X1 — Xel|F] < (1_7)\)1? + d* BRE @ |1%] - (85)
Proof.
1
?E[HXtJrl — Xy[|7]
_ 1 F 2
= EE[HXt —nXe(I = W) = BinZ; — Xil¥]
1 ~
= ZE[lnX,(W — 1) - B2 3]
1 1 =
< 2n2*E[||Xt(W = DIE] + 20° 81 112 |7]
> 1 P SF | 5 86
= o0 S E[I(X, — X)W — D3]+ 20783 BN ZF — ZF + ZF 3] (80
(s1) - 1 I 1 =
< &° LE[I1X: - thlfw] +4n* B =B 2 = Z7 5] + 4n* B Bl 21 |7]
o GG | it + 4B
< TN (1 )2 nP1 t

7203 Bin! 12;

< g B
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where (s1) holds due to [|[AB||r < || Al|2]

O
Lemma 20. Given Assumptions 1-5, the following inequality holds.
1 720[252 4 21/ B
T BlYess = Yell] < — 7™ + 4 BE[|]”] 87)
(1=
A.3.3 Characterization of Gradient Estimators
Lemma 21. Given Assumptions 1-5, the following inequality holds.
7 1 1 775 7752
E[ll(A = U) 1Pl < (1= arm)E[[(AZy = Urn) 21017 + F]E[H |’ + FE[II ve-11%]
. . 88
Toon S CLLE  T20308PCE 1% ool %)
(I=XN)4 ap(1—X)4 K
Proof.
BI(AF - U) 21/
t t K
F Fét ]' 2
=E[l[(Ar = (1 = ean)Up-1 — c1ndy ™) 217
5 F |
=E[[((1 = aam)(AL; = i) + (1= aam)(Af = AL ) + aan(A] - A £"))*1\\2]
(s1) F 1 F 2 Fgv 1o
(1 —an)’E[[(ALZ, — Uim 1)§1+(A - A 1)*1|| I+ o Ell[(AF =A%) 21117
(s2) 1 1 : afn’oy
2 (1= amBlIAT L — V) 1)+ o BIAT — A3+ =
(s2) 1 L1 2 1 atol
< (1= amE(IAL = V) P+ B L BN = Xoalff] + 8 CEIY = Vi 7]+ = O
(54) 1 L2~ 72023204 C2 2
< (1—anE[(AL; = Upr) =12 + £ ———F + —Lan? BIE|| g1 |
< (1 By~ V) 17+ 5 g+ B )
2 232,42 2 2,2 2
i% + 7F47725 E[||o,—1]|?] + A9k
aim (1= XN)* 2 - K
5 AnBLLY AnB3 L%
< (- amE[I(A7, - UH)KHIQ] + Efl|de-1]%] + o LE[[51]|?]
720416%7736’%[% 72a§ﬁ§n3é§yLQF 04%7720'%,
(I=X)4 a(1—X)? K
where (s;) holds due to AF = E[Afé‘], (s2) holds due to Lemma 4 and Lemma 34 with a = 251, (s3) holds due to
Lemma 5, (s4) holds due to Lemma 19 and Lemma 20. O
Lemma 22. Given Assumptions 1-5, the following inequality holds.
1 UB 77B2
E[l[(Af = Vi) = 1|| J< (1= am)E[(AY_, = Via) 1017 + gyE[II 10”1+ gyE[II ve-1l]
R (90)
72a1ﬁ%n3C’%L3y T202050°C7 LY a2n20>
as(1 —X)4 (T=X)4 K

|B||F and ||[T — W5 < 2, (s1) holds due to Lemma 15 and Lemma 17.
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Then, we introduce the following potential function:

651 L> B .
Lip1 = F(xi41) + ﬁ;MFE[”ytH — " (@) ]
On
361 1 50ﬂ1L 1
+ f*]E[HAm Uprall 7] + " = e BlIAL — Vil 7] -
Based on Lemmas 17, 18, 21, 22, we can get
Loy — Ly
2 2
77/81 TlﬁlL ./ 3np1Cy, O3, i
< —=E[|IVF(@)|*) - —LE[|5 — v ()" + ——F5—=+(1 - +—)*’
w Lgy
25776sz L2F L2 nﬁ
F 40232 9y 402 32 1
b+ wn S5} +wr a5 - L)
12 L2 332
, np _
+ (w6f4n253 + w7ﬁ4ngﬂ§ - 2w )E[]|7?)
L 308 L2 aiBin 4 308 L2 a262n202 " 25,6’277[/.2 80516%77202 o 256277L2 80426277202
TG —A> R ) L T (D VI A (O
L2 720383 C2 " L% 7203830 C2. Ly, 72 1B C2 Ly, 720353 nC?,
aim (1 =XN)* am (1= X)* 704277 (I =N 7a277 (1—=XN)*
a’nc2 2,2 2
+wg 17;{ 7 +w70¢27;(a
77/81 nBiL% . _ 3npCy, fy 1
< ——~E[|VF(z,)]* — FE[H y* (&)%) + %(1— —)*
w Lgy
+<25"52L2 STy 300 L g g 500 LE Ly oo 08 gy
6820 Pap alan Tt 300t a1
361 L ) 2o, 150103 L, 37762 65.L%
Rl
+(a1ann62+ e e e SL LT
+ s, L2 a3 B3n? ;é IR 8%62772% 68,12 25BanL2 8a3pEPC2  6B,L2 25B:nL2, 8a3p3n*Ce,
(T=N)* (1=A)* Bop  3p (L= Bop 3u (L=
36, Ly 1201510 CY  3p, Ly T203630°Cy)  1508,L% Ly, T208680°CE 150813 Ly, 7203630 Cy)
a; aqn (1—=X)4 ar aqn (1 —=XN)* 3agu? agn (1 —N)* 3agu? agn (1 —X)*
L35 351 a?n%% 150,81L2F a27720'2
ap K 3apu? K
2 2
Uﬁl nB1 L7 _ 3npCy,, CF, 1%
< ——~E[|VF(z,)]* — FE[Hyt (@) + ——5 (1 - )
w Lgy
25776{’L%L§ 1277ﬁ{’Lfﬁ 200033 L% L2, 7751) —
B3 af adp? "
1277616%[’% 20077615%[/%[’3@ I 9776162LF )E[Hl_} ||2]
af a3p? 24 '
2404%6{’773C%L% 24a§616§n3C§yL2F 400a%6fn3C%L§yL% 400a§616§n3C§yszLzy
(T=)1 (L= P2 (1= A)* p?(1 = A
21683n°C2L2 2160361 83n°C2 L2 360003B83n°CALY L2 36008183n°C2 L3 L2
TEyE IR 32— M) PETESE
3B1aqn* ol 5081 cen?a? L3,
K 2K

92)
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By setting the coefficient of E[||#i]|?] to be non-positive, we can get

dLyLy | AALE | 2RIELE ap

Bu? af azp? 4

2561 L% L7 126%L2F QOOBfLQFLf]y 1 <0

22 5 T 2,2 4=
Ban a7 aap

25ﬁfL’j;L§ 1
B3n2 4

By setting 3; < B2l \ye can get

1
BLrL, < —g. Then, we have

2567 L% L2 12ﬂ12L2ﬁ+200,6’%L%L3y 1

B3u? af azp? 4
126312 20083L3L2, 1
- o adpu? 8
_ 12672 L% 20087 L% L7 1
ajp? azp? 8’

where the last step holds due to L, /> 1. By letting this upper bound non-positive, we can get

V2BILELG, | 2005 LELG, 1
afp? o S
(1203 /of + 200L3 /a})BL2, 1
p? o8
fr < -

4L, \/6L2F Ja? +100L2 /a3

By setting the coefficient of E[||7;|?] to be non-positive, we can get

128183 L% | 200m, SLeLy, bl _
a? adu? 20 -
126,L%  2008,L%L%  9r2
2 £+ 2 Z w - E< 0,
oq g 2p

Because L, /pu > 1, we can get
12ﬁ2L§ QOOﬁQL}Ljy B 912
of azp? 2u
B 126,03 Ly 2005,L%L; 9L3
aip? azp? 2
(12L% /af + 20013 /a3) L 9L2,

— 9y o
- ,LL2 62 2/1,

By letting this upper bound non-positive, we can get

(12L% /a2 +200L3,/a3) L2, 5 < 9L,
p? T 2u
9uL?
(12L% /af +200L% /a3)L2

52§2

As a result, by setting

ﬂl = min{15i2;[/y7 41, 6L2 /; 2 2}’
gy\/ p/O‘l + 100L% /o5
L3
(12L%/a% + 200L%/a§)Lgy ’

52S2

3

93)

(94)

95)

(96)

o7

98)

99)
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we can get
Lip1— Ly
2 2
nﬁl np1L3 _ 3npCy,, 05, u
< —-E[|VF(z)]* — FEHI g — " (@) |P] + ——5— (1 - 7)2"
H 9y
24@5%30;@ N 24a25152n303yL; , 10003630 CRIE Ly 400036 530°Cy 313,
(L=N)* (=M1 P21 =) P2 (1= A)* (100)
21683n>C2L2 . 2160381 83n°C2 L2, P 36000385°C2LEL2  36008183n°C2 LEL2,
(I=A)1 aj(l =) azp?(1 =) P2 (1= A
3510417720?5 5081c2m?*c? L%
K WK
By summing ¢ from 0 to 7" — 1, we can get
T—1
T Z E[|VF(@)|*] + LEE[g: — y*(20)]”]
Lo — [ 6C2 (C?
2(Lo T) goy ~ fy (1- L)QJ
7761T /1‘2 Lgy
4803 Bn? C2 L2 . 4803 83m*C2 L% . 80003 Bn?C2L2 L3 80003837 C2 L3 L2, (101)
(=M1 (=M1 P2 (1= A)* P2 (1= A)*
43283n?C2L% . 43203630*C2 L2 . 720003 B3P C2LE L2 72008307 C2 L3 L2,
(T=x)1 aj(l— ) azp?(1 = A)* P2 (1= M)
6a1m0%  100agno? L3
K 2K '

~ ~ a2 2 ~ ~ ~
Due to E[[|(A — Up) £1112] < ZE[I i, VE® (2§, y¢)12] + 2Bl S5, VE® (2, 55 6812 < 462
and E[[|(Af — Vo) =1[?] < 4Cg2y, we can get

681 L% . Bﬁ 1 5083, L2 1
Lo = E[F(z0)] + — FE[II v (@) 7] + [ (AF - o)gll\QH#EHI(A% *Vo)glllz]
. 61L% o o 12510; 2008, L3.C2, (102)
< E[F(zo)] + o (150 — y*(zo)[I] + P ——
Finally, we can get
T Z IVE (@)% + LEE[|5: — y* (20)]1°])
t=0
T, 1927,2 B L 6C7 C% M
1) = Flre)) | 2Lk g, )| + et - Ly
nbi T Bapn Iz 9y
BedOPPCRLY  AS3SRPCY LY B00adGPPCRLY I 800a303°Ch IRLE (g3
(=M1 (=M1 P2 (1= A) p? (1= A)
43282C2L%  43203P3n°C2 L% T20003p3°CELE L2 T20083n°C2 L3 L2
-nF TR a3 (1— M)} 21— )

6a1m0%  10009n02L2  24C% . 400L3.C2
K 2K anT ap?nT
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A4 Proof of Theorem 3
A.4.1 Characterization of F'(*) (z)

Lemma 23. Given Assumptions 2, 3, 7, 8, the following inequalities hold.

IVF® (@) = VE® (@,y)]| < Lelly —y* @),

IVE®) (1) = VE® (29)]] < Loy — o] (104)
ly* (1) =y (2)]| < Lyl — 2]

Ly, c Crulawy o LayyCyCamy Lrcg, Cq,
where LF _ e‘fﬁ + fyﬂgmy + fyuﬂm,/ + Jyy lfg Jzy L} — LF + %’ Ly = %

These inequalities can also be proved by following Lemma 2.2 in Ghadimi and Wang (2018) when given the mean-square
Lipschitz smoothness assumption, since |E[a]||> < E[||a/|?] holds for any random variable a.

A.4.2 Characterization of VF*) (z, y)
Lemma 24. Given Assumptions 2, 3, 7, 8, the following inequalities hold.
J 1 C j
[TH (I- fVQ NARICRTIS)) } = 72 (1— Ly g(’“)(%y)) :
j=1 j=0 91/
200y < ta- L7
y Iy Sg = 1 ¢
(105)

7;\1\3

These inequalities can be proved by following Lemma 3.2 in Ghadimi and Wang (2018) when given the mean-square
Lipschitz smoothness assumption since ||E[a]||? < E[||a||?] holds for any random variable a.
Lemma 25. (Bias) Given Assumptions 2, 3, 7, 8, the approximation error of VF®) (z, ) for VF®) (x, ) can be bounded
as follows:
- Cguy Cfy H
IVF® @ y) = VEO (@) < #2220 )7 (106)
Gy

These inequalities can be proved by following Lemma 3.2 in Ghadimi and Wang (2018) when given the mean-square
Lipschitz smoothness assumption since ||E[a]||?> < E[||a||?] holds for any random variable a.
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Lemma 26. (Variance) Given Assumptions 2, 3, 7, 8, the variance of the stochastic hypergradient can be bounded as
follows:

E[|VE® (2, y) = VE® (2, y;6)%) < o, (107)
2 02 C2 0,2 2 C2
where 0% =402 + 462’92 412 S+ 66":5 Yy,

Proof.
E[|VEW (2,y) = VE® (2,5 )]

= E[||Vaf M @,y) - V2,90 @ U’ﬁ oM @35 6)) |V, P (a.y)

—wW@mH%ﬂ%mﬂéﬁa IO AT
v =1
= E[||Vaf® (@,y) = Vo s O, y:)

j
J 1
+V2,9%(x, y)E[T [[0 = V5™ @y Cj))} Vy ¥ (2, )

9y j=1 9y

(= 92,00 @.5:6))| 90 P (@.9)

9 y

Ve s

]
<
<
Il
—_

(\‘K
E\u kzku

(T = 93,00, 5:G))] V¥ (,9)

92,090, 15 B :
Iy

A |
los

<.
I
—

(= V2,05 )] Vo 9 3:6)
Gy

N‘&
'Eu

—V2,9% (2, y; Co)E[

@
<
<
Il
Ja

(108)

(I- iVZyg(’“) (w,y;Cj))]Vyf(’“) (z,9;)

TS N s
Gy

.f‘\ <
e

|I
_

—v2,0®) (2, y: Go) (ngj I—fvzyg(’“ (z,y; CJ)))V A ny}

< 40 1 4[| (v2,6% (.y) - Ww<uy@)b]ﬁ1vmfwygw v, ¥ ay)| ]
+4E ||V, (2, CO)EUQJ f[(l — 1200y D] (Tt B (@,y) = Vo f O (@, :6) ) Hz}
)i

+mwﬁww@%@@bjﬁﬂ—1%wwmmmﬂ

J
J 2
- 1= fvzyg (Ly;Cj)))Vyf(k)(fmy;f)H }
9y j=1 9y
(s1) 4% 02 42 o2 1662
S 40_2+ fy2 4 Qz; ga:2y fy ,
H H w
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where (s1) holds due to Lemma 24, Assumptions 3, 7, 8, and the following inequality.

J e = j
el 110 - 7 Vs e won)| =7, 2 (1= - @) |
9y j=1 9y 9y j=0 9y
J-1
1 L oo !
<g, L7 T )|
v j=0 v (109)
(1) 1 = j
2802
Ly, = Ly,
1
S )
u
where (s1) holds due to Assumption 2. O

Lemma 27. (Smoothness) Khanduri et al. (2021b) Given Assumptions 2, 3, 7, 8, the approximated hypergradient
VE®) (2, y; i) is L p-Lipschitz continuous, i.e.,

E[|VE® (z1,y1;€) — VE® (22,2, €)[1*] < L (|21 — 2| + [ly1 — v2/I?), (110)
6(c2, 03, +2 2 62, 2 2 T

2 _ o o) s d
where L, = 205+ 2uty, St @iy, 57y~ JOT ANy (@1, 91), (2,92) € R% x R%.

A.4.3 Characterization of Gradient Estimators

Lemma 28. Given Assumptions 1, 2, 3, 7, 8, the following inequality holds.

7 1 7 1 1
E[IAT - V)17 < (1 - av)E(NAL, — Uy 1) 1P+ 2232 BlI1 X, — X[
111)
2020 0% (

2 1 F
K

+ 2LFﬁE[||Yt — Y3+

Proof.

E[I(AF - U) %17

3 Py Fe, 1
=E[[(A7 = (1= 1) (Ui1 = A 5) = A %) 5211
= E[l((1 — aan®) (AL = Uima) + (1= aan®) (A5 = AT) = (A, = AT)) = 1]
(s1) 3 1 Fe, F s, Py 1
= (L= a®PE(I(AL, = Ura) 1P+ E[I(1 — arn®) (A5 — AL = A + A7) 571

F: |
— oA - AF) 1))

. 1 1 ; P 5 Fs
< (1= ar?PEINAL, — Ui) 17 + 20— arn? P BIIAL, — A% — AF + A% 3]

+ 208y L E]IAF - A7) e
Y0 PRI, - U1+ 20— avpLsalt - Al )4 20
2 (- anPEAL |~ Urn) 112 + 201 - L3 X, — X 3]

+2(1 = onn?)’L% ;QE[HYt — Y7+ W;ﬁ“
< (1 - P )EINAL, — Vi) 217 + 212 - ElIX, - X 3]

2L Y~ Vi3] + 2ty

FER2 K
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where (s1) holds due to Af =E[A, gt] and At 1= E[Aff_tl], (s2) holds due to Lemma 26, (s3) holds due to Lemma 27.
O

Lemma 29. Given Assumptions 1, 2, 3, 7, 8, the following inequality holds.

1 1 1
E[lI(A7 - Vt)f1||2] < (1= aan”)E[I[(AL; = Vier) 2 11P] + 265, 75 Bl X0 = Xoa 7]
202nio? (113)
+ 265, K2 E[IIY: = Yea 3] + = -

Proof.

1
E[(A? ~ Vi) 1]
1
— B[I(A7 — (1 az0*) (Vi1 — AfS) = AF) 1)
1
= E[[(1 - azn?) (AL, — Vi) 21+ (1 = aan?) (AT — A7) — (A% = A1)

1 1
= Bl — aon?) (AL, — Vi) o1+ (1 — aar?) (AL — AL, — AT+ AD) 21— aorP (AL — AD) 1]

1
<(1- aan)QE[ll(A§_1 ~Vie1) 72117

1
+2(1 - PP BIIARY — AL, — AL + A7 + 2035 EIIAT - AL )

1 1
< (1= o PEII(AL, — Vit) 1%+ 200 — o> BIIALY — AL 3] + 203" - EI|AT — AL 3]
(s1) 1
< (1= a2772)EH|(A§—1 — Vi) 107+ 2@ ez BlIXe = Xial|F)
202nta2
+26 B[V~ Vi3] + 222
(114)
where (s1) holds due to Assumption 8 and Assumption 3. O
Lemma 30. Given Assumptions 1, 2, 3, 7, 8, the following inequality holds.
1 P 1 2 2 2
ZEUAT - TF) < (1 - aan®) = E[IAL, = U |3] + 201 — aan®) L% *E[HXt Xiall7] W)

+2(1 - a1n?)’ L% *]E[IIYt Yioi|[7] + 2ain o}
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Proof.
1 ~
ZE[IAT - O3]
1 ; F; F:
= EE[IIAF — (1= an®)(Up-r = A54) = A% 7]

= El —an AF ) —Um) + (1= an?) (A5 — AF ) — (A5 = AD)|3)
(51

) 2 1 Fe, 3 F, 2
= (- amz)z?]EHlAf_l = Uil + 2B = onn®) (A5 = ALy = A% + A7)
P -
—aan(A; % = A)|E]

~ . (116)
<(1- a1772)2 !

- F: F:
E[|A7) = Ut 7] +2(1 — ann®)? IE[IIA A5 AT A

N\H

P
+2a177 ZE[|AT — A% [3)

S2 1 1 F:

< (I—aim )2 E[”At 1 Ut—1||%] +2(1 - alnz)Q*E[IIAt o At £1HF] + 204177
(s3) 1 2

< (I—amm )g AL, = Ut )| 2] +2(1 — an?)>L H|Xt Xe-1l%]

1
+2(1 = a1?)? L ZE[V: = Yioa||7] + 200"

where (s1) holds due to Af = ]E[Afé‘] and Af_l = E[Afftl], (s2) holds due to Lemma 26, (s3) holds due to Lemma 27.

O
Lemma 31. Given Assumptions 1, 2, 3, 7, 8, the following inequality holds.
1 1
—E[|A] = Vi[[F] < (1 - aan ) B[ A7) = ViaallF] 4+ 2(1 — aon®)?05 —B[||X; — Xia|7]
'K (117)
+2(1 — an?)? 03 *E[IIYt Y7 + 20300
Proof.
1 9 9
ZE[A7 - V3]
1
= EllAa? = (1 - asn?)(Vier — AJ) — AF 7]
1
= Bl — azn DAL = Vi) + (1= aon”) (AL — A7) — (A = AY)[[7]
1
= Bl — a2 DAL = Vicr) + (1= aon®)(AF — A, = AT + A]) — aon (AT = AD)|I7]
<(1- agnQ)QﬁE[llAf_l = Vil (118)
1 1
+2(1 - a2n2)2§]EHIAg“ - A7 A+ Agl\p] + 2a2n =E[|A7 — A7 17
1
<(1- aznz)ng[llAi’fl —Vioallz] +2(1 - a2n2) [HAQC‘ - AL F] + 204277 =E[|A] — A [1F]
(s1) 1
< (1= aon®) ZE[JA]; — Vi ||7] +2(1 — agn )252 *E[IlXt XiallF]

K
+2(1 - azi?)22, —Enm Y, 1| 7] + 2a30%0”

where (s1) holds due to Assumption 8and Assumption 3. O
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A.4.4 Characterization of Consensus Errors

Lemma 32. Given Assumptions 1, 2, 3, 7, 8, the following inequality holds.

P o2 1 P ok o2, 21 20% 1 5
=ElZ; - Z; ||F] < /\?E[HZIH — Zi |l + 1 )\EE[HXt Xeall7] + T % ]E[HYt - Y17
(119)
203" 1 Fopay, cintoR
—E[|U_1 — A £
17>\K [H t—1 t71||F]+ 17)\
Proof.
—E[|ZF - 2F 2]
K t t IIF
1 ~ o~ _ _
= gE[HZtFAW + U= Uiy — 25 = U+ U | 7]
(s1) 1 7 —F 12 1 - = 2
< E)‘E[HZt 1= Ziallw] + AK E[|U — Ui—1 — Uy + Up—1[| 7]
1 = _ & 1
< )\?E[”ZtF—l - ZL 3+ T—x K E[|U; — U1 ||7]
1 = _ & 1 1 F: F-
= A?EHIZ& - ZL 3+ ﬁ?E[H(l — 1) (U1 — A, 5) + A — Uy ||7] (120)
1 s o 1 P - - P
= A?EH|Z£1 - ZL 3+ 7>\K E[|A, e = A5 — o (U — A7) — ann? (A = A5)|1F]
(1) 1 S 2 P 203" 1 ; ain'o?,
< EE[HZ& - Z{3 + ﬁ*E[HAt . ||F] ! K NUe—1 — A7)+ T )\F
(s2) 1 - - 2L2 QL% 1
—EZ, - ZF 5] + —=£ ? E[| X — Xe—1|3] + F)\E [IY; — Yio1]/%]
2ain* 1 P afnlof
+ 1 . A ? [”Ut*l At 1||F} 1_ A 9

where (s1) holds due to Lemma 34 with a = 152, (s5) holds due to E[Afftl] = Af_l and Lemma 26, (s3) holds due to

Lemma 27. O

Lemma 33. Given Assumptions 1, 2, 3, 7, 8, the following inequality holds.

g 7912 1 g 79 2 2631} 1 2 2633} 1 2
B2 = Z]|I%] < AZEll1Z7-1 = 274 [1e] + 775 ZBlIX: = Xeallw] + =5 =EllY: = Yl
K 1-AK A (121)
2020t 1 asnto?
+ T BV - AR+
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Proof.
—E[|Z¢ - Z013]
K t tIIF
1 _ _ _
= BIZL AW + Vi = Vi = Z) = Vi + Vi 7]
(51) ]_ g =3 2 ]- [/ [/ 2
< A?E[”Zt—l —Z{4|lpl + )\ K E[IV; = Vic1 = Vi + Viea 7]
1 _ 1
<AZEIZL - 2213+ AK E{I|V: = Ve ]
1 _ 1
= AElIZL, = 2] IIF] + —AK E[(1 = azn®) (Vi1 =A%) + AF = Vi ||7] (122)
1 _ 1
= AENIZE, - ZE, 13 + —AK E[JA7 = A — asn? (Vi = ALy) — asn* (A7, — A7) 3]
(s2) 1 - 2 2a2n* 1 aZnto?
< AENZE, - Z] |13+ 7“( E[|A — AF 7] + T . 3 7 EllVi-1 — A7)+ f_A
(s3) 1 _ 2021 %2 1
A2~ Z01 3] + 2 EIIX — XealF] + 2% Y~ Vi3]
202t 1 a2nto?
+ T B IVie = AL 3 + TS

where (s1) holds due to Lemma 34 with a = %, (s2) holds due to E[A7,] = AY | and Assumption 3, (s3) holds due
to Assumption 8.

O
Note that Lemmas 10, 11, 12, 13 still hold. Then, based on these lemmas, we begin to prove Theorem 3.
A.4.5 Proof of Theorem 3
Proof. At first, we introduce the following potential function for investigating the convergence rate of Algorithm 2.
661L2
L1 = E[F(2e41)] + Bon El|ge1 — v (@er)[I°]
261€3y((51 + 48/a1K)L2ﬁ + (98 + 800/a2K)L%) 1 _ )
+ M2(1 — )\2) 7EH|X1‘/+1 - Xt-‘rl”F]
23102 ((51 +48/a; K)L% + (98 + 800/ K)L%) 1 _
+— L / =Bl — Vi [7]
2(1- 2%
H LN (123)
1 = - Bi(1=NL% 1
+B1(1 - A)?E[HZEL — ZEaE + T E[ll 271 — ZE 117
261 L3%
+ 2ﬁ1 E[|AL, — Ut |3 + 2 HIAt—H V|7l
351 1.5 SOﬂlLF 1.5
o EAL )~ D) 1P+ BN (AL — Vi) 117
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According to the aforementioned lemmas, Eq. (50), and Eq. (52) where L, is replaced with £, , we can get

Lt-‘rl _['t
L3 . 306, C2. C?
< v EE) ) - PRy, g @) + St g e
2 2 1 Ly,
63, L2, 25m 33 L2 R - . 6B1L% 3np32 _
(SO DS 0 2 g2 B + (40230 — SR 310 g 2
Pop  6B2p 4 Bopr 4
277ﬁ2 2142 ((51+48/a1K)L2~ +(98+800/a2K)L2F) 1 - _ =
2083 26102, (514 48/an K)L% + (98 + 800/as K)LE) By (1— N3, w252 LR 29 _ 7912
+ (1 2 12(1— \2) 2 +4n 52“’)[( [l Z; P %]
2,4 272 2,3 272 68100m3 0% 1 352]2
9 4 o  Progno®Ly 9 3 o 4Pragn oLy 100070 0081am°0“ L
(124)
281 L5302 48, L2 4B, L300 a1 K)L2 (100/ a2 K) By L33
ey WLy IW‘Z'*’+[’1(6/;)F+ o,

- 2
where w = QﬁlLF +— 7
By setting the coefficient of IE[HZf - Ztﬁ %] to be non-positive, we can get

27 26311((51 + 48/041K)L% + (98 + 800/aa K ) L%) L2
1—\2 12(1— \2) —(1=A)
2L2 02 21202 412 02 41202 (6/cy K)L2% 02 (100/a K ) L2102 (125)
+477/6%( F29y 4 F29y n F29y n F2gy n . F 9 . F gy) <0
Iz [ np np np np

Dueton < 1and A < 1, we can get
23? 2€§y((51 + 48/041K)Li; + (98 + 800/ K ) L%) (1 )2

1- a2 12(1— \2)
- dg? (2L§;£§y 2302 ALZZ ALR2 (6/on K)LALZ . (100/a2K)L§£§y>
G G np? np? np np?
232 202 ((51+48/a1 K)L% + (98 + 800/ K)L3) X
=12 12(1— \2) —(1=2
g <2L%£3y . 203,02, . ALZ2 AL%C . (6/an K)L%L2, . (100/0@K)L%€3y)
p? p? p? I p? p?
_ 4B305 (51 +48/a1 K)L%E + (98 +800/ax K) L%) L g (6 +6/a1K)L% 4 (6 + 100/ az K) L
= ,u2(1 _ /\2)2 1%gy M2
57 +54/a1 K)L% + (104 + 900/ e K ) L2
§4B%£3( /al )2F ( /OZQ ) F_(1_>\)2.
y I (1 _ )\2)2
(126)

By letting this upper bound non-positive, we can get
5o BT+ 54/a1K)L2F + (104 + 900/ a2 K ) L% < (1o

ik, R
1-\)?
p1 < a ) .
20, \/ (57 + 54/a1 K) L2 + (104 + 900/ K) L3,

(127)

By setting the coefficient of E[||Z{ — Z7||%] to be non-positive, we can get
252 202 (51 +48/a1K)L% + (98 +800/azK)L%) (1 — N)2L%
1— a2 p2(1 =A%) R
212 02 21202 41202 41202 6/ K)L% 02 100/ K ) L2.02
+4775§< F29y F2gy F29y+ F29y+(/ L )2F9y+( /o 2) ng>§
1 u np np i np

(128)
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Dueton < 1,A < 1,and/, /u > 1, we can get

282 205 (51 +48/a1K)L% 4 (98 +800/a2K)L%) (1 — A)2L2%

[ A2 21— 2 "
32 2L%£§y QL%E;J 4L%£§y 4L%€§y (6/a1K)L%£§y (100/a2K)L%€3y

A ( W TE Ty mr np? - np? )
- 46§€§y((51 + 48/0[1K)L§5 + (98 + 800/ K)L%) B (1—N)2L% (129)
= 12(1— A2)2 112

5o (64+6/a1K)L% + (64 100/asK) L3

+ 4ﬂ2€9y ,LL2
<4820 (57 + 54/a1K)L2F + (104 + 900/ a2 K) L% B (1—N)2L% .
= 2%y p2(1 — \2)2 2

By letting this upper bound non-positive, we can get
1-)\)?2L
By < U -NLr (130)

" 20, /(57 + 54/ay K) L2 + (104 + 900/as K) L2,

By setting the coefficient of E[||i]|?] to be non-positive, we can get

612 256713 1
B2 682 4

Dueton; < land £, /;u > 1, we can get

9L 20202 ALZ  4LA2  (6/anK)LA02  (100/ankK) L2302
A B2 F 9y Fgy F 9y Frgy F 9y F*gy <0.
" nﬁl( w2 T T Ty T N2 " N ) z131)

612 256212 1
Bapr 6B2p 4

L 2LR02 2202 ALR2 AL3A2 (6/onK)LA2  (100/anK)L302,
tanp(— L T B Sy - + -
1 1 ule ure ure e

2 2
- 6L% 2507L; 1 g (6+6/a1K)L% + 56 + 100/ K) L3 .
Pap 6Bop 4 v 1% 132)
2r2
By setting 3; < 156‘327;%’ we can get %ﬁ% 256%;9 - % < fé. Then, we have
6L2% 255%L§ 1 vy (6 + 6/a1K)L2F + (6 + 100/ K) L%
T p? (133)
5 5 (6+6/a1K)L% + (6 +100/asK)LE 1
<4630 = - =.
Gy /1’2 8
By letting this upper bound non-positive, we can get
B < Z S (134)
80, \/(3 +3/a1K) L2 + (3 +50/ax ) L3,

By setting the coefficient of E[||7;|?] to be non-positive, we can get

(6/ar K)L2%03 . (100/a2K)L2F€3y> 66113 353 <0

2 g2 2 2 2 g2 2 92
2G6, | 2iG, ARG, LR,

LA 5 +

p? nu? nu? nu? nu? Pop 4
(135)
Dueton < land ¢, /1 > 1, we can get
2 p2 2 p2 2 g2 2 p2 2 92 2 92
425, (2LF~,£gy . 2L%02, . ALZ 02, . AL%2, . (6/ar K)LA02, . (100/a2K)LF£gy> 66113353
p? I np np np? np? Bap (136)

(6+6/a1K)L% + (6 +100/a2K) L} 65,L% 353

< 4828, 0?
< AB3 614, 2 Gon 4
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By letting this upper bound non-positive, we can get

9uL

< . 137
= B (65 6/ KL% + (6 + 100/as K)12) (137)
Therefore, by combining all these conditions, we can get
1—))?
5lgmin{ Bt p ’ p(l=A) }
15LrL, 84y, \/(3 + 3/a1K)L% + (3+50/a2K)L% 20, \/(57 + 54/041K)L% + (104 + 900/ a2 K) L%,
) (1—-M)2Lp L2
ﬂQSmm{ "82 (6 + 6/a1 K)LZ + (6 + 100 KLQ}'
2y, /(57 + 54/ a1 K) L2 + (104 + 900/azK) L3 86, ((6+ 6/ K) LG + (64 100/a2K) L)
(138)
As aresult, we can get
Liv1— Ly
2 12
7751 51LF g2y, OGO, Ko\2g
< = - Jwy w7
[HVF( )H ] E[Hyt (xt)ll }"" 12 ( Lgy) (139)
2 272 2,3 272 68104m3 02 100 3522
24 2 Biadnto’LE 2 3 o | 4Pragn oLy 1 0p Pragn’o” Ly,
- —= T 14 - .
+ prainios + 2 +4f1ain o + 2 + % + 2K
By summing over ¢ from 0 to 7' — 1, we can get
=
T Y EIIVE@)P + Lilge — v @)|]
t=0
2 (12
2(Lo — Lr) | 6C5,,CF, (1 Hyp (140)
npr T pw by,
2030302 L2 8a2n?0?L2  1201m°0%  200a9m202L2
2021302 2 F 2.2 2 2 F I3 F
+ 209070 + 2 +8ain o + 2 + 76 2K
In terms of the initialisation, we can get
6/81L * (=
Lo = E[F(z0)] + ——FE[[I7o — 5" (Z0) ]
Bap
1 .- Br(l—N)L% 1 _
+ 611 = N ZElIZ5 = 25 7] + =5 ZElIZ] - Z81I%)
H (141)
1 2 2511?
+ 261 = E[|AT - UollE] + EUIAS — Vol7]
5OB1LF

+ 2P A — U017+ 2O E g (ag - o) 1))

0417]
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As for %E[HZ{ — ZF||2], we have

1 - =

fE[IIZoF - Zj |I%)

Fe L Fe
El180% = 8¢ 7]
1 K

~ ~(k ~ / Nk/

E[[VE® (0, 50:6") = = D VE® (w0, y0: &) I17)
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I
x| = N
M=
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E[HVFUC)(xm Yo, g(()k)) - VF(k)(CUm yo) + Vﬁ(k)(ﬂco, yo)

I
=] =
] >

=
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L

K K
o 1 = (1 1 (k' F(k'
VF(k)(xo,yo)—i—E E VF(k)(xmyo)—E E VF(k)(fUan0§§(() ))”%]

k=1 k=1 k=1
1 X | K
-~ ~(k'
e > E[|IVF ®) (20,903 £5”) = VE® (20, o) + = Z VE®) (o, y0) — I > vE® (20,40 €5 ) 13)
k::l Kz k=1
<20 p
(142)
F
Similarly, we can get % E[|| 2§ — Z§||3] < 207, [llAF Uol%] = %E(IAF —20% [1}] < 0%, £E[AF-Vol}] <o
Py
E[|(AF — Uo) 1)) = E[||(Af - Aogﬂ)%lH | < %,E[H(Ag — Vo) &1||?] < % . When the mini-batch size is set to
B, we can get
681L% . _
Lo < E[F(z0)] + 2 LEllgo - y* (20)]
2 2
n 2p10% N 261 L%.0? N 25101; N 261 L%.0? 351 % 5081 L% o2 (143)
B Bu? B Bu? a1n BK  agnu? BK
_B{F (o)) + PR -y (ao) 7)1 P10, AR | 3B O | S0BLE of
T T e 0 B B2 o BE " agn? BK
Then, we can get
Tl
T D EIVE@)IP + LEllg: — v* (@)]])
t=0
2 2
(F T ) ( *)) 12L%" T o 2 6cgmycfy o L 2J
< Elllgo — y* (Zo)["] + —5—=(1 )
ntT nBaTp 0 Ly, (144)
80%  8L%0> 602 100L2.02
nT'B  nTBp?> @n?TBK  «an?TBKp?
203302 L2 8a2n?0?L2  1201m°0%  200asm202L2
2,3 2 2 F 2,2 2 2 I P P
+ 2a9n 0F+T+8a1n or+ 2 + K 2K )
which completes the proof.
O
A.4.6 Proof of Corollary 3
Corollary 3 can be proved by following the proof of Corollary 1.
A.5 Additional Lemmas
Lemma 34. For any matrices X € R™*", Y € R"™*" the following inequality hold
1
IX + Y17 < A+ a)lIX |7+ 1+ DIYIE (145)

forany a > Q.



