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Abstract
We consider theoretical and practical issues for innovatively using a large num-
ber of covariates in clinical trials to achieve various design objectives without
model misspecification. Specifically, we propose a new family of semiparametric
covariate-adjusted response-adaptive randomization (CARA) designs andweuse
the targetmaximum likelihood estimation (TMLE) to analyze the correlated data
from CARA designs. Our approach can flexibly achieve multiple objectives and
correctly incorporate the effect of a large number of covariates on the responses
without model misspecification. We also obtain the consistency and asymptotic
normality of the target parameters, allocation probabilities, and allocation pro-
portions. Numerical studies demonstrate that our approach has advantages over
existing approaches, even when the data-generating distribution is complicated.
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1 INTRODUCTION

With the rapidly increasing ability to collect and store large
quantities of data, such as the Electronic Health Record
(EHR) dataset, it is of great importance to study how to
incorporate a large number of covariates into both the
design and the analysis of clinical trials without compro-
mising the integrity and validity of the process. Both the
U.S. Food andDrugAdministration (FDA) (FDA, 2021) and
the European Medicines Agency (EMA, 2015) have paid
lots of attention to this problem and issued guidelines on
using covariates in clinical trials. The covariate-adjusted
response-adaptive randomization (CARA) design (Hu &
Rosenberger, 2006; Rosenberger et al., 2001; Villar &
Rosenberger, 2018) provides an innovative way to use
covariates in clinical trials, but it suffers from several
theoretical and practical problems that have hindered its
development and application. We propose a new family
of CARA designs with innovative semiparametric data
analytical approaches to provide a unified solution to

these issues and satisfy the new demands of the data-rich
world.
Hu and Rosenberger (2006) classified adaptive random-

ization procedures into four categories: restricted random-
ization (RR), covariate adaptive randomization (CAR),
response adaptive randomization (RAR), and CARA.
CARA can combine the advantages of the other three types
of adaptive randomization designs by adjusting the allo-
cation probability for each new patient based on his or
her baseline covariates and the full history of the previous
patients’ treatment assignments, responses, and baseline
covariates. Conceptually, CARA designs have at least the
following four advantages, but each comes with theoreti-
cal or practical difficulties. First, CARA designs can use all
the observed data for randomization, but deriving theoret-
ical results is challenging because the observed treatment
assignments, covariates, and responses are related to each
other in a complicatedmanner. Second, CARAdesigns can
seize opportunities in the big-data era by making use of a
large number of available covariates, but it is hard to avoid
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model misspecification. Third, compared to traditional
designs such as complete randomization (CR), RR, and
CAR, CARA designs can pursue different objectives, but
developing a family of CARAdesigns that can achievemul-
tiple and often competing objectives in a single clinical trial
is a delicate task that often further complicates the theo-
retical investigation. Finally, CARA designs can adjust the
allocation probability for each patient because more data
are available, but it is challenging to make the design easy
to implement. These problems have prevented the rapid
development of CARA despite its numerous advantages.
Existing work on CARA has tried to solve some of the

above problems, but there is no unified solution addressing
all the issues. Atkinson and Biswas (2005a, 2005b) con-
sidered different objectives, but they did not derive the
asymptotic properties, which makes it difficult to assess
the validity of statistical inference based on their designs.
Hu et al. (2015) also considered multiple objectives with
theoretical results, but their asymptotic results are valid
only when two covariates are involved in a highly restric-
tive parameter model. Zhang et al. (2007) and Zhu (2015)
focused on asymptotic results, but they established the
validity of statistical inference following CARA designs
only under correctly specified models. Chambaz and
van der Laan (2014) solved the problem of model misspec-
ification, but their designs only considered one allocation
proportion. Moreover, they used TMLE (van der Laan &
Rubin, 2006; van der Laan & Rose, 2011) to update the allo-
cation probability; this is not easy for clinical trialists to
implement and may have an excessive computational bur-
den. In addition, Zheng (2014) and Chambaz et al. (2014)
greatly advanced this field by using Least Absolute Shrink-
age and SelectionOperator (LASSO) regression to estimate
the conditional outcome given treatment assignments and
baseline covariates, and updating the allocation probabil-
ity after each block of patients, but again, they also focused
only on Neyman allocation. In short, no approach in the
literature can solve all the above problems and take full
advantage of CARA.
In this article, we propose a new semiparametric fam-

ily of CARA designs flexibly addressing both efficiency
and ethics to meet various research needs. In particu-
lar, we develop sequential parameter estimators based on
martingale estimating equations to update the allocation
probability for the next patient when implementing the
design. Then we use the TMLE to estimate the target
parameters of the clinical trial to incorporate a large num-
ber of covariates and avoid model misspecification. TMLE
is a semiparametric approach that obtains an unbiased
double-robust substitution estimator for a target parameter
of interest instead of the whole distribution. We over-
come the theoretical difficulties caused by the mechanism
of CARA designs and the advanced TMLE technique to
provide rigorous proofs of the asymptotic properties of

the proposed design and analysis approaches in the semi-
parametric setting. We also present numerical studies to
demonstrate the advantages of our CARA design over
other commonly used randomizations. In summary, the
main contributions of this article are the following:

(1) Our design offers flexibility in combining different
(optimal) design objectives and meeting different
research needs.

(2) We update the allocation probability via sequential
parameter estimators based on martingale estimating
equations instead of other semiparametric estimators
such as TMLE. This significantly reduces the compu-
tational intensity, simplifies the theoretical investiga-
tion, ensures theoretical validity, andmakes the design
relatively easier to be implemented.

(3) We use TMLE to analyze the correlated data from
CARA designs in order to correctly incorporate the
effect of a large number of covariates on the responses
without model misspecification and to tackle the issue
of restrictive modeling assumptions.

(4) We carefully select the working model and fluctuation
model in TMLE to achieve good interpretability.

(5) Our design combines all the above advantages and
addresses the four problems mentioned above in a
single clinical trial. More importantly, we overcome
the theoretical difficulties caused by each of these ele-
ments and their combinations and provide a sound
theoretical foundation for the proposed design.

The rest of the article is organized as follows. In Sec-
tion 2, we present our new family of CARA designs with
the semiparametric sequential parameter estimators based
on martingale estimating equations. We then discuss the
asymptotic properties of the design in terms of parameter
estimators, allocation probabilities, and allocation propor-
tions. In Section 3, we define the target parameter in
clinical trials and provide the asymptotic properties of the
TMLE for statistical inference. In Section 4, we present
numerical studies for three scenarios to demonstrate that
our methodology is preferable to existing methods. In
Section 5, we study the performance of our design by
redesigning a clinical trial using real data. Section 6 pro-
vides concluding remarks. We provide detailed steps to
calculate the TMLE based on our design and its proof, as
well as proofs of all the other theorems in the Appendix.

2 CARA DESIGNS BASED ON
SEMIPARAMETRIC ESTIMATORS

2.1 Data structure

Consider a clinical trial with 𝐾 experimental arms and
one control arm. Assume that 𝑛 patients sequentially
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enter the trial. Let 𝐴𝑖 ∈ 𝔸 = {0, … , 𝐾}, 𝑖 = 1, … , 𝑛, denote
the treatment assignment of the 𝑖th patient. Let 𝑌𝑖
be the binary (𝑌𝑖 ∈ {0, 1}) or continuous (𝑌𝑖 ∈ ℝ) one-
dimensional primary endpoint of the 𝑖th patient. Let
𝑾𝑖 = (𝑊𝑖,1, … ,𝑊𝑖,𝑛𝑊 ) represent the 𝑖th patient’s base-
line characteristics. Assume we are interested in a
biomarker/subgroup indicator 𝑉𝑖 that is a function of the
baseline characteristics: 𝑉𝑖 = 𝑓𝑉(𝑾𝑖) ∈ 𝕍 = {𝑣1, … , 𝑣𝑞}.
The biomarker 𝑉 might be chosen based on the previ-
ous translational research and represent a comprehensive
understanding of the impact of the baseline characteris-
tics on the treatment effects. Let 𝑋 = (𝑌(𝑎), 𝑎 ∈ 𝔸,𝑾) ∼

𝑃0 be the full data structure, where 𝑌(𝑎) denotes the
realization of 𝑌 under 𝐴 = 𝑎 and 𝑃0 represents the true
data-generating probability distribution. According to the
notation of counterfactuals (van der Laan & Rose, 2011),
the full data structure 𝑋 contains all possible realizations
of 𝑌 under different treatments 𝑎 ∈ 𝔸. The observed data
for the 𝑖th patient are a censored version of 𝑋𝑖 , denoted as
𝑂𝑖 = (𝑌𝑖(𝐴𝑖), 𝐴𝑖,𝑾𝑖).
We use 𝐺𝑖(⋅) to denote the censoring mechanism for

the 𝑖th patient. For CARA designs, 𝐺𝑖(⋅) is the con-
ditional probability of treatment assignment 𝐴𝑖 given
(𝑋1, … , 𝑋𝑖). Based on the coarsening-at-random (Heitjan
& Rubin, 1991) assumption that the censoring mecha-
nism depends only on the observed data, we assume
that 𝐺𝑖 is conditioned on the historical observed data
𝑶𝑖−1 = (𝑂1, … , 𝑂𝑖−1) and the baseline characteristics
𝑾𝑖 through the subgroup indicator 𝑉𝑖 . Mathematically,
𝐺𝑖(𝑎, 𝑣) = pr(𝐴𝑖 = 𝑎 ∣ 𝑉𝑖 = 𝑓𝑉(𝑾𝑖) = 𝑣,𝑶𝑖−1). For con-
venience, we write 𝐺𝑖 for the conditional probability and
omit the 𝑶𝑖−1. The likelihood of the 𝑖th observed data 𝑂𝑖
is factorized as 𝑃0(𝑂𝑖) = 𝑄0(𝑌𝑖, 𝐴𝑖,𝑾𝑖)𝐺𝑖(𝐴𝑖, 𝑉𝑖), where
𝑄0(𝑌𝑖, 𝐴𝑖,𝑾𝑖) = 𝑃0(𝑌𝑖 ∣ 𝐴𝑖,𝑾𝑖)𝑃0(𝑾𝑖) is a parameter
of the full-data distribution 𝑃0. We use the notation
𝑄0𝐺𝑖 as a subscript to denote the data-generating mech-
anism for the 𝑖th observed data. Let 𝑁𝑎,𝑣(𝑛)∕𝑛 be the
proportion of 𝑛 patients assigned to treatment 𝑎 in
subgroup 𝑣.

2.2 A family of CARA designs

Clinical trials may have a variety of design objectives, such
as assigning more patients to the superior treatment group
with a higher efficiency of detecting the treatment effects.
In addition, patients with different baseline characteristics
may respond to the treatments differently. We propose a
new family of CARA designs that takes into account effi-
ciency and ethics simultaneously, acknowledges the het-
erogeneity of the patients, and avoids unnecessary model
assumptions by using semiparametric estimators. We will
now introduce two important elements of the proposed

design: sequential parameter estimators and measure-
ments of efficiency and ethics. We will then present the
new family of designs.
Sequential parameter estimators:We first define our

design parameter vector 𝜽0 = {𝜽𝑎,𝑣0 , 𝑎 ∈ 𝔸, 𝑣 ∈ 𝕍}, where
𝜽𝑎,𝑣
0

= (𝜃𝑎,𝑣
0,1
, 𝜃𝑎,𝑣

0,2
) for all pairs of (𝑎, 𝑣), with

𝜃𝑎,𝑣0,1 = 𝐸𝑃0 (𝑌 ∣ 𝐴 = 𝑎,𝑉 = 𝑣), 𝜃𝑎,𝑣0,2 = 𝐸𝑃0 (𝑌
2 ∣ 𝐴 = 𝑎,𝑉 = 𝑣). (1)

These parameters are the conditional first and second
moments of the observed 𝑌. We define an extra parameter
𝜎
𝑎,𝑣
0 = 𝜃

𝑎,𝑣
0,2 − (𝜃

𝑎,𝑣
0,1 )

2, the conditional variance of 𝑌 given
(𝐴, 𝑉) = (𝑎, 𝑣) under the true probability distribution 𝑃0.
Note that when 𝑌 is binary, 𝜃𝑎,𝑣0,2 is redundant and 𝜎

𝑎,𝑣
0 =

𝜃
𝑎,𝑣
0,1 (1 − 𝜃

𝑎,𝑣
0,1 ). 𝜃

𝑎,𝑣
0,1 can be treated as the ethical parameter

as it usually presents the efficacy or toxicity of the treat-
ment. 𝜃𝑎,𝑣0,2 and 𝜎

𝑎,𝑣
0 are used to optimize the efficiency of

the design such as in Neyman allocation.
Next, we discuss how to obtain an appropriate semi-

parametric estimator 𝜽𝑛 = {𝜽𝑎,𝑣𝑛 , 𝑎 ∈ 𝔸, 𝑣 ∈ 𝕍} based on
the accumulated data 𝑶𝑛, where 𝜽

𝑎,𝑣
𝑛 = (𝜃𝑎,𝑣𝑛1 , 𝜃

𝑎,𝑣
𝑛2 ) and

the subscript 𝑛 refers to the sample size. For an arbitrary
parameter 𝜃 ∈ Θ, we first define two estimating func-
tions𝑀𝑎,𝑣

1 (𝜃)(𝑶𝑖) and𝑀
𝑎,𝑣
2 (𝜃)(𝑶𝑖) for all pairs of (𝑎, 𝑣) as

follows:

𝑀
𝑎,𝑣
1 (𝜃)(𝑶𝑖) =

𝐼𝑖(𝑎, 𝑣)(𝑌𝑖 − 𝜃)

𝐺𝑖(𝑎, 𝑣)(𝑶𝑖−1)
,

𝑀𝑎,𝑣
2 (𝜃)(𝑶𝑖) =

𝐼𝑖(𝑎, 𝑣)
(
𝑌2
𝑖
− 𝜃

)
𝐺𝑖(𝑎, 𝑣)(𝑶𝑖−1)

, (2)

where 𝐼𝑖(𝑎, 𝑣) is shorthand for the indicator func-
tion 𝐼(𝐴𝑖 = 𝑎, 𝑉𝑖 = 𝑣). We can redefine 𝜃𝑎,𝑣0,1 and 𝜃𝑎,𝑣0,2
as the true parameters of the martingale estimating
functions (2) such that 𝐸𝑄0𝐺𝑖 {𝑀

𝑎,𝑣
1
(𝜃𝑎,𝑣
0,1
)(𝑶𝑖)} = 0 and

𝐸𝑄0𝐺𝑖 {𝑀
𝑎,𝑣
2 (𝜃

𝑎,𝑣
0,2 )(𝑶𝑖)} = 0 for all (𝑎, 𝑣). The estimators

𝜽𝑛 are the solutions of
∑𝑛

𝑖=1
{𝑀𝑎,𝑣

1
(𝜃𝑎,𝑣
𝑛,𝑙
)(𝑶𝑖)} = 0, 𝑙 = 1, 2,

with the closed form

𝜃
𝑎,𝑣
𝑛,1

=

∑𝑛

𝑖=1

𝐼𝑖(𝑎,𝑣)

𝐺𝑖(𝑎,𝑣)
𝑌𝑖∑𝑛

𝑖=1

𝐼𝑖(𝑎,𝑣)

𝐺𝑖(𝑎,𝑣)

, 𝜃𝑎,𝑣
𝑛,2

=

∑𝑛

𝑖=1

𝐼𝑖(𝑎,𝑣)

𝐺𝑖(𝑎,𝑣)
𝑌2
𝑖∑𝑛

𝑖=1

𝐼𝑖(𝑎,𝑣)

𝐺𝑖(𝑎,𝑣)

. (3)

The solutions are the weighted sum of corresponding
responses. The responses are weighted by the reciprocal of
the probability of receiving the treatment that they actu-
ally received based on their covariates, which is the same
concept of the inverse probability of treatment weighting
(IPTW). As a result, the practical meaning can also be
understood similarly to IPTW.
Compared to other methods such as directly using

TMLE (van der Laan & Rose, 2011; van der Laan &
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Rubin, 2006) for the sequential parameter estimators, the
proposed estimators (3) have theoretical and practical
advantages. First, our estimators are easy for practitioners
to understand and calculate, which will help to promote
the proposed design. Second, the martingale estimating
equations defined by the estimating functions𝑀𝑎,𝑣

1
(𝜃)(𝑶𝑖)

and 𝑀𝑎,𝑣
2
(𝜃)(𝑶𝑖) become independent of the CARA allo-

cation probability 𝐺𝑖 . Finally, these estimators obtained
from martingale estimating equations will simplify the
theoretical investigation.
Measurements of efficiency and ethics: We define

𝑑(𝑎, 𝑣, 𝜽0) and 𝑒(𝑎, 𝑣, 𝜽0), 𝑎 ∈ 𝔸, 𝑣 ∈ 𝕍, as finite one-
dimensional measurements of efficiency and ethics for
treatment 𝑎 in subgroup 𝑣, respectively, where 𝑑(⋅, ⋅, ⋅)
and 𝑒(⋅, ⋅, ⋅) are given positive functions such that for
𝑎 ∈ 𝔸, 𝑣 ∈ 𝕍, 𝑑(𝑎, 𝑣, ⋅) ∶ ℝ2(𝐾+1)𝑞+2 → ℝ+ and 𝑒(𝑎, 𝑣, ⋅) ∶
ℝ2(𝐾+1)𝑞+2 → ℝ+. Efficiency means the power of detect-
ing treatment differences. Ethics means fewer patients
assigned to inferior treatments. In this paper, we focus on
the individual patient’s clinical response performance in
a trial, not the so-called population ethics (Rosenberger
& Lachin, 2015). For example, we can use the reciprocal
of the failure rate as an ethics measurement and the vari-
ance of the response as an efficiency measurement. The
choice of these measurements is determined by the design
objectives and will lead to different target allocation pro-
portions. It is natural that these two measurements are
functions of the unknown parameters 𝜽0 and depend on
the treatment assignments. We also allow these measure-
ments to vary with the subgroups 𝑉, which is consistent
with the idea of precision medicine. Specific examples of
the measurements of efficiency and ethics are given in
Section 4.
New family of CARA designs: We propose a new

general family of CARA designs that assign the 𝑖th
subject in subgroup 𝑉𝑖 = 𝑣 to treatment 𝐴 = 𝑎, 𝑎 =

0,… , 𝐾, with probability 𝐺𝑖(𝑎, 𝑣) = pr(𝐴𝑖 = 𝑎 ∣ 𝑉𝑖 = 𝑣) =

ℎ𝑎𝑣(𝜽𝑖−1, 𝑒(𝑙, 𝑣, 𝜽𝑖−1), 𝑑(𝑙, 𝑣, 𝜽𝑖−1), 𝑙 = 0, … , 𝐾), where the
ℎ𝑎𝑣(⋅) are ℝ2(𝐾+1)(𝑞+1) → ℝ(0, 1) functions. For each new
patient, we sequentially update the parameter estimators
𝜽𝑖−1, the values of the measurements of efficiency and
ethics, and the allocation probability functions to achieve
different aims. Logistically, there is no difficulty in sequen-
tially updating these values after each group of patients.We
emphasize that the sequential parameter estimators 𝜽𝑖−1
must be obtained without parameter model assumptions,
and the final data analysis is performed in the semipara-
metric setting to correctly incorporate the effect of a large
number of covariates on the responses without model mis-
specification. There are some points to emphasize about
the proposed design.

(1) Compared to Hu et al. (2015), our design sequentially
estimates the parameters and updates the alloca-
tion probability based on semiparametric approaches,
avoiding unnecessary model assumptions. Our anal-
ysis approaches to be discussed below are also semi-
parametric, addressing the difficulty of dealing with
many covariates and complex parametric models in
Hu et al. (2015).

(2) It is well known that the objectives relating to effi-
ciency and ethics often conflict with each other in a
clinical trial. Therefore, it is of importance to balance
these two objectives, which necessitate the proposed
design. Such design may not always target certain
mathematically optimal objective, but offer clinical tri-
alists the flexibility to adjust the weight of the two
objectives. For example, one can ignore the ethics and
consider only the measurement of efficiency, similar
to the 𝐷-optimality and 𝐷𝐴-optimality proposed by
Atkinson (1982).

(3) Under certain conditions, our design can also tar-
get the optimal allocation proportion such as Ney-
man allocation (see Chambaz & van der Laan, 2014
as a special case of our general framework). Some
other 𝐴-optimality and 𝐷-optimality designs such as
Fackle-Fornius and Nyquist (2015) can also be directly
implemented in our framework.

(4) As a general framework, in addition to the estimated
measurements of efficiency and ethics, we added 𝜽𝑖−1
in the allocation probability function to increase the
flexibility of future specific designs.

2.3 Asymptotic results for the CARA
designs

We have proposed a general family of CARA designs
based on semiparametric approaches. We now derive the
asymptotic results for a specific family of designs in the
above general family. Our design assigns the 𝑖th subject in
subgroup 𝑉𝑖 = 𝑣 to treatment 𝑎 with probability

𝐺𝑖(𝑎, 𝑣) = 𝑝𝑟(𝐴𝑖 = 𝑎 ∣ 𝑉𝑖 = 𝑣, 𝜽𝑖−1)

=
𝑒(𝑎, 𝑣, 𝜽𝑖−1)

𝛾1𝑑(𝑎, 𝑣, 𝜽𝑖−1)
𝛾2∑

𝑘∈𝔸
𝑒(𝑘, 𝑣, 𝜽𝑖−1)𝛾1𝑑(𝑘, 𝑣, 𝜽𝑖−1)𝛾2

, (4)

where (𝛾1, 𝛾2) ∈ [0, +∞)2 are tuning parameters that
determine the balance between ethics and efficiency. The
ratio formmakes the allocation function a legitimate prob-
ability and guarantees the scale-invariant property of the
efficiency and ethics measurements. This family of CARA
designs has very few restrictions on the efficiency and
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ethics component, so it can satisfy diverse practical needs
in clinical trials.
We introduce the following conditions for the asymp-

totic results:

Condition 1. sup
𝑎∈𝔸,𝑣∈𝕍

𝐸0(𝑌
2 ∣ 𝐴 = 𝑎,𝑉 = 𝑣) < ∞.

Condition 2. 𝐺𝑖 is bounded in [𝑔𝐿, 𝑔𝑈], where 0 < 𝑔𝐿 <

𝑔𝑈 < 1.

Condition 3. For any fixed pair (𝑎, 𝑣) ∈ 𝔸 × 𝕍, 𝑑(𝑎, 𝑣, 𝜽)
and 𝑒(𝑎, 𝑣, 𝜽) are both continuous in terms of 𝜽.

Condition 2 indicates that the CARA designs should
avoid assigning a probability of zero or one to any treat-
ment when allocating patients.

Theorem 1. Under Conditions (1)–(3)

𝜽𝑛
𝑎.𝑠.
⟶ 𝜽0 , 𝐺𝑛(𝑎, 𝑣)

𝑎.𝑠.
⟶ 𝐺0(𝑎, 𝑣)

𝑁𝑎,𝑣(𝑛)∕𝑛
𝑎.𝑠.
⟶ 𝑝0(𝑣)𝐺0(𝑎, 𝑣), (5)

for all (𝑎, 𝑣) as 𝑛 → ∞, where 𝑝0(𝑣) = 𝑃0(𝑉 = 𝑣) is the
marginal probability of 𝑉 = 𝑣, and

𝐺0(𝑎, 𝑣) = 𝑝𝑟(𝐴 = 𝑎 ∣ 𝑉 = 𝑣) =
𝑒(𝑎, 𝑣, 𝜽0)

𝛾1 𝑑(𝑎, 𝑣, 𝜽0)
𝛾2∑

𝑘∈𝔸
𝑒(𝑘, 𝑣, 𝜽0)𝛾1𝑑(𝑘, 𝑣, 𝜽0)𝛾2

.

Theorem 1 shows the consistency of 𝜽𝑛, 𝐺𝑛, and
𝑁𝑎,𝑣(𝑛)∕𝑛. To study the asymptotic normality of the semi-
parametric estimator and the allocation proportions of the
CARA design, we introduce the following conditions:

Condition 4. sup
𝑎∈𝔸,𝑣∈𝕍

𝐸0(𝑌
4 ∣ 𝐴 = 𝑎,𝑉 = 𝑣) < ∞.

Condition 5. For any fixed pair (𝑎, 𝑣) ∈ 𝔸 × 𝕍, 𝑑(𝑎, 𝑣, 𝜽)
and 𝑒(𝑎, 𝑣, 𝜽) are both differentiable in terms of 𝜽.

Theorem 2. Under Conditions (1)–(5)√
𝑛(𝜽𝑛 − 𝜽0)

𝐷
⟶ 𝑁(0, 𝚺𝐶𝐴𝑅𝐴0 ), (6)

√
𝑛

(
𝑁𝑎,𝑣(𝑛)

𝑛
− 𝑝0(𝑣)𝐺0(𝑎, 𝑣)

)
𝐷
⟶ 𝑁(

0, 𝑝0(𝑣)𝐺0(𝑎, 𝑣) − 𝑝0(𝑣)
2𝐺0(𝑎, 𝑣)

2
)
, (7)

where 𝚺𝐶𝐴𝑅𝐴0 = diag{Σ
𝑎,𝑣
0 , (𝑎, 𝑣) ∈ 𝔸 × 𝕍} is a block diago-

nal matrix. Each element matrix of 𝚺𝐶𝐴𝑅𝐴0 has the form

Σ
𝑎,𝑣
0 =

1

𝑝0(𝑣)𝐺0(𝑎, 𝑣)

(
𝜃𝑎,𝑣
0,2

− (𝜃𝑎,𝑣
0,1
)2 𝜃𝑎,𝑣

0,3
− (𝜃𝑎,𝑣

0,1
)𝜃𝑎,𝑣
0,2

𝜃𝑎,𝑣0,3 − (𝜃𝑎,𝑣0,1 )𝜃
𝑎,𝑣
0,2 𝜃𝑎,𝑣0,3 − (𝜃𝑎,𝑣0,2 )

2

)
,

where 𝜃𝑎,𝑣0,3 and 𝜃
𝑎,𝑣
0,4 are defined as the third and fourth

conditional moments of 𝑌 given (𝐴, 𝑉) = (𝑎, 𝑣) under 𝑃0.

Theorems 1 and 2 reveal characteristics of the random-
ization procedure. Next, we discuss the data analysis at the
end of the clinical trial with well-defined target parame-
ters.

3 ANALYSIS OF CARA DESIGNS
BASED ON SEMIPARAMETRIC
APPROACHES

3.1 Target parameters of TMLE

Suppose that the response 𝑌 is rescaled into [0,1], and
it can be either binary or continuous. The rescaling can
be implemented through any continuous one-to-one map-
ping. This rescaled response can be easily transformed
back and has no impact on our calculations and inference.
By doing this, one can adopt the quasi-log-likelihood loss
function that is valid not only for binary 𝑌 but also for𝑌 ∈

[0, 1] (Gruber & van der Laan, 2010). This widely applied
TMLE technique is robust and retains global constraints
(van der Laan &Rubin, 2006). The target parameter can be
defined as a (𝐾 + 1)-dimensional parameter 𝝍0 = Ψ(𝑃0) =

(𝜓0,0, … , 𝜓0,𝐾), where Ψ is the target mapping Ψ ∶→

ℝ𝑘+1, and

𝜓0,𝑗 = 𝐸𝑃0 (𝑌 ∣ 𝐴 = 𝑗) = 𝐸𝑃0
{
𝐸𝑃0 (𝑌 ∣ 𝐴 = 𝑗,𝑾)

}
, 𝑗 = 0, … , 𝐾.

(8)
We emphasize here that our approaches consider the effect
of the covariates on the responses without unnecessary
model assumptions. At the end of the trial, we perform the
following hypothesis test:

𝐻0 ∶ 𝐶𝝍0 = 𝟎 versus𝐻1 ∶ 𝐶𝝍0 ≠ 𝟎, (9)

where 𝐶 is a 𝐾 × (𝐾 + 1) contrast matrix representing the
additive treatment differences between the𝐾 experimental
arms and the control arm:

𝐶𝐾×(𝐾+1) =

⎡⎢⎢⎢⎢⎣
−1 1 …

−1 1

⋮ ⋱

−1 1

⎤⎥⎥⎥⎥⎦
.

Other target parameters such as the relative risk and the
odds ratio in scenarios with binary outcomes can also be
studied. To save space and keep a coherent main text, we
leave the detailed calculation of TMLE (𝝍𝑇𝑀𝐿𝐸

𝑛 ), a detailed
and lengthy theoretical derivation and explanation for the
calculation procedure with additional important theorems
in the Appendix.
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3.2 Statistical inference for the TMLE

In the following theorem, we construct the normality of
𝝍𝑇𝑀𝐿𝐸
𝑛 = (𝜓𝑇𝑀𝐿𝐸

𝑛,0 , … , 𝜓𝑇𝑀𝐿𝐸
𝑛,𝐾 ) directly through the martin-

gale estimating equation (S2.6) in the Appendix. We need
another condition.

Condition 6. 𝐸0(𝑊2
𝑗
) < ∞ for all 𝑗 ∈ {1, … , 𝑛𝑊}.

Theorem 3. Under Conditions (1)–(6), we have√
𝑛
(
𝝍𝑇𝑀𝐿𝐸
𝑛 − 𝝍0

) 𝐷
⟶ 𝑁(0, Σ𝑇𝑀𝐿𝐸

0 ) as 𝑛 → ∞, (10)

where Σ𝑇𝑀𝐿𝐸
0 = [𝜎𝑇𝑀𝐿𝐸

0 (𝑗, 𝑘)], 𝑗, 𝑘 = 0,… , 𝐾, is a (𝐾 + 1) ×

(𝐾 + 1) covariance matrix with

𝜎𝑇𝑀𝐿𝐸
0 (𝑗, 𝑘) = 𝐸𝑄0𝐺0

{
IC𝑗(𝑄𝐺0(𝜽0, 𝜷0, 𝝐0), 𝐺0)

IC𝑘(𝑄𝐺0(𝜽0, 𝜷0, 𝝐0), 𝐺0)
}
,

and the influence curve IC𝑗(𝑄𝐺0(𝜽0, 𝜷0, 𝝐0), 𝐺0), 𝑗 = 0,… , 𝐾,
is defined in (S2.4) in the Supporting Information.

Then 𝜎𝑇𝑀𝐿𝐸
0 (𝑗, 𝑘) can be consistently estimated by

𝜎𝑇𝑀𝐿𝐸
𝑛 (𝑗, 𝑘) =

1

𝑛

𝑛∑
𝑖=1

{
𝐺⋆𝑛 (𝐴𝑖, 𝑉𝑖)

𝐺𝑖(𝐴𝑖, 𝑉𝑖)

}2

{
IC𝑗(𝑄

⋆
𝑛 , 𝐺

⋆
𝑛 )(𝑂𝑖) IC𝑘(𝑄

⋆
𝑛 , 𝐺

⋆
𝑛 )(𝑂𝑖)

}
, (11)

and the hypothesis (9) can be tested using the statistic

𝑇⋆ =
(
𝐶𝝍𝑇𝑀𝐿𝐸

𝑛

)𝑇( 1

𝑛
𝐶𝚺̂𝑇𝑀𝐿𝐸

𝑛 𝐶𝑇
)−1(

𝐶𝝍𝑇𝑀𝐿𝐸
𝑛

)
. (12)

The null hypothesis is rejected at level𝛼 if𝑇⋆ > 𝜒2𝐾(1 − 𝛼).
We have shown that, without additional model assump-
tions, our approach leads to consistent estimators with
asymptotic normality, so the hypothesis testing can eas-
ily be performed. In addition, the double robust nature
of TMLE ensures its asymptotic efficiency in the light of
semiparametric statisticalmodel efficiency theory (van der
Laan & Rose, 2011).

4 NUMERICAL STUDIES

Having obtained the asymptotic properties of the proposed
family of CARA designs, in this section, we numerically
evaluate its finite-sample operating characteristics regard-
ing the type I error, power, and ethics properties. We study
four designs representing different ethics measurements:

∙ CARA1: 𝑒(𝑎, 𝑣, 𝜽𝑖−1) = 𝜃
𝑎,𝑣
𝑖−1,1

,

𝑑(𝑎, 𝑣, 𝜽𝑖−1) =
√
𝜃𝑎,𝑣
𝑖−1,2

− (𝜃𝑎,𝑣
𝑖−1,1

)2,
∙ CARA2: 𝑒(𝑎, 𝑣, 𝜽𝑖−1) = (1 − 𝜃𝑎,𝑣

𝑖−1,1
)−1,

𝑑(𝑎, 𝑣, 𝜽𝑖−1) =
√
𝜃
𝑎,𝑣
𝑖−1,2

− (𝜃
𝑎,𝑣
𝑖−1,1

)2,
∙ CARA3: 𝑒(𝑎, 𝑣, 𝜽𝑖−1) = 𝜃

𝑎,𝑣
𝑖−1,1

∗ (1 − 𝜃
𝑎,𝑣
𝑖−1,1

)−1,

𝑑(𝑎, 𝑣, 𝜽𝑖−1) =
√
𝜃
𝑎,𝑣
𝑖−1,2

− (𝜃
𝑎,𝑣
𝑖−1,1

)2,
∙ CARA4: 𝑒(𝑎, 𝑣, 𝜽𝑖−1) = Φ(𝜃𝑎,𝑣

𝑖−1,1
−

∑𝑛𝐴
𝑘=1

𝜃𝑘,𝑣
𝑖−1,1

∕𝑛𝐴),

𝑑(𝑎, 𝑣, 𝜽𝑖−1) =
√
𝜃
𝑎,𝑣
𝑖−1,2

− (𝜃
𝑎,𝑣
𝑖−1,1

)2,

where 𝑛𝐴 denotes the number of treatment arms, and
Φ(⋅) denotes the cumulative distribution function (CDF)
of a standard normal distribution. All four ethics mea-
surements return a larger value for the superior treatment
arm in terms of additive treatment effect. The efficiency
measurement was chosen based on the idea of Neyman
allocation. These ethical and efficient measures are either
intuitive or have attracted much attention in the field of
RAR. In the tables, we use CARA𝑘(𝛾1, 𝛾2) to represent the
𝑘th design above with tuning parameters 𝛾1 and 𝛾2. We
report results for three scenarios: (1) two treatment arms
with continuous endpoints, (2) three treatment arms with
continuous endpoints, and (3) three treatment arms with
binary endpoints. The advantages of our methods can also
be seen in other scenarios, but we omit these results to
save space.
Our simulations compare the operating characteristics

of the proposed CARA design with TMLE and the tra-
ditional CR with the t-test (the chi-square test for the
three-treatment scenario). When implementing CARA
designs, we assign the first 10–20% of the patients to the
treatments with stratified permuted block (SPB) random-
ization. We prespecify the nominal level at 𝛼 = 0.05, and
all the results are based on 10,000 simulation replications.
Scenario 1: Two treatmentswith a continuous end-

point. Consider a clinical trial with two arms and a
bounded continuous endpoint 𝑌 ∈ ℝ, and the sample
size is 𝑛 = 600. Suppose we have a covariate vector 𝑾 =

(𝑊1,… ,𝑊10) and a binary subgroup indicator 𝑉(𝑾) =

𝐼(
∑10

𝑝=1
𝑊𝑝 > 3.38), where 𝐼(⋅) is the indicator function,

𝑊1,𝑊2,𝑊3 all follow a uniform distribution in [0,1],
𝑊4,𝑊5,𝑊6 all follow a Bernoulli distribution with 𝑝 =

0.5, 𝑊7,𝑊8,𝑊9,𝑊10 all follow a standard normal distri-
bution, and all these covariates are independent. 𝑾 and
𝑉(𝑾) will be generated in the same manner in Scenarios
2 and 3. To study the robustness of CARA, we propose the
following two distributionmodels to generate the endpoint
Y:
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TABLE 1 Type I error under CR and CARA procedures for
Scenario 1: two arms and continuous endpoint.

Allocation Model 1 (𝜷𝑨 = 𝟎) Model 2 (𝜷𝑨 = 𝟎)
(n = 600) TMLE t-test TMLE t-test
CR 5.58 5.18 5.57 5.01
CARA1(0,1) 5.28 5.15 5.73 5.47
CARA1(0.5,1) 5.27 4.87 5.83 5.65
CARA1(1,1) 5.19 4.78 5.70 5.89
CARA2(0.5,1) 5.20 4.99 5.80 5.53
CARA2(1,1) 5.24 4.86 5.82 5.63
CARA3(0.5,1) 5.17 4.77 5.80 5.74
CARA3(1,1) 5.24 4.95 5.85 6.09
CARA4(0.5,1) 5.15 5.06 5.76 5.43
CARA4(1,1) 5.19 5.04 5.74 5.57

M1: 𝑌 ∼ N(𝜇, 𝜎2), 𝑌 is truncated if 𝑌 < 0 or 𝑌 > 12,

𝜇 = 𝜇0 + (1 + 𝛽𝐴𝐴)(1 + 𝛽𝑉𝑉 +

10∑
𝑝=1

𝛽𝑊,𝑝 ∗ 𝑊𝑝),

𝜎 =
1 + 𝛽𝐴𝐴

1 + 𝛽𝑉𝑉
.

M2: 𝑌 ∼ Gamma(𝑎, 𝑏), 𝑌 is truncated if

𝑌 > 10, 𝑎 = 1 + (1 + 𝛽𝐴𝐴)(1 + 𝛽𝑉𝑉) +

10∑
𝑝=1

𝛽𝑊,𝑝 ∗ 𝑊𝑝, 𝑏 =
1 + 𝛽𝐴𝐴

1 + 𝛽𝑉𝑉
.

For a given 𝐴 and 𝑉, M1 generates a symmetric distribu-
tion of 𝑌, whereas M2 generates a skewed distribution
of 𝑌. The complexity in the models acknowledges not
only the treatment effect and the difference between sub-
groups but also their interaction effect and within-group
heterogeneity due to unmeasured factors. Such models
represent the possible complexity of the real world, and
our simulation will show that the proposedmethods could
capture the complexity without model misspecification.
We vary the values of 𝛽𝐴 to study the properties of the
proposed CARA design while fixing 𝛽𝑉 = −0.3, 𝛽𝑊 =

(−0.52, 0.48, −1.51, −0.39, −0.35, −0.81, 0.16, −0.20, 0.25,

−0.32) in model M1 and 𝛽𝑉 = −0.2, 𝛽𝑊 =

(0.015, 0.63, −0.6, 0.012, 0.37, −0.34, 0.084, −0.1, 0.13,

−0.17) in model M2.
We show results under 𝐻0 in Table 1, and we can

see that our CARA design with derived TMLE can con-
trol the type I error very well. In addition, in Table 2,
we study a revised version of our design: we sequen-
tially update the allocation probability using our proposed
design after each group of 10% of the sample size. We
can see from Table 2 that we can still control the type I

TABLE 2 Type I error under CR and CARA procedures with
group-sequential updating of allocation probability for Scenario 1:
two arms and continuous endpoint.

Allocation Model 1 (𝜷𝑨 = 𝟎) Model 2 (𝜷𝑨 = 𝟎)
(n = 600) TMLE t-test TMLE t-test
CR 5.58 5.18 5.57 5.01
CARA1(0,1) 5.35 4.93 5.55 5.10
CARA1(0.5,1) 5.34 4.93 5.69 5.14
CARA1(1,1) 5.32 4.95 5.73 5.05
CARA2(0.5,1) 5.22 4.93 5.56 4.98
CARA2(1,1) 5.24 4.83 5.51 5.04
CARA3(0.5,1) 5.23 4.91 5.70 5.24
CARA3(1,1) 5.43 4.87 5.64 5.67
CARA4(0.5,1) 5.42 4.84 5.54 5.06
CARA4(1,1) 5.20 4.88 5.47 4.93

error ratewhen group-sequentially updating the allocation
probability using our design.We report the operating char-
acteristics of our designwithout andwith group-sequential
updating of the allocation probability under H1 in Tables 3
and 4. Both versions of our design lead to a higher power
and more patients in the better arm. In particular, when
using CARA3(1,1), we assign around 17% more patients
to the superior arm, and we have a higher power than
traditional design.
In Table 5, we studied the sequential monitoring of our

proposed designwith one interim look at information time
0.75. The O’Brien–Fleming-like spending function will be
used to control the type I error rate. We compare our
design with sequential monitoring of CR with TMLE and
t-test as data analysis approaches. The type I error rate,
power, average sample size (Avg N), and treatment pro-
portions are reported in Table 5, and the comparisons are
visualized using a radar plot in Figure 1. We can see that
group sequential monitoring can reduce the sample size,
TMLE can help incorporate multiple covariates without
model specification and increase the power compared to
t-test, and CARA can achieve ethical objectives by assign-
ing more patients to the better treatment. The ethical
effect of CARA can be clearly seen in Table 5. Both TMLE
and CARA in our proposed design and group sequential
monitoring help achieve different aims.
Scenario 2: Three treatmentswith continuous end-

point. Consider a clinical trial with three arms (𝐴 =

{0, 1, 2}) and a bounded continuous endpoint 𝑌 ∈ ℝ. We
propose the following two models to generate 𝑌:

M3: 𝑌 ∼ N(𝜇, 𝜎2), 𝑌 is truncated if 𝑌 < 0 or 𝑌 > 8,

𝜇 = 𝜇0 + {1 + 𝛽𝐴1𝐼(𝐴 = 1) + 𝛽𝐴2𝐼(𝐴 = 2)}(1 + 𝛽𝑉𝑉)
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TABLE 3 Power and allocation proportion under CR and CARA procedures for Scenario 1: two arms and continuous endpoint.

Allocation Model 1 (𝜷𝑨 = 𝟎.𝟒𝟐) Model 2 (𝜷𝑨 = 𝟎.𝟏𝟐𝟓)
(n = 600) Power (%) Trt Prop (%) Power (%) Trt Prop (%)
CR 74.2 50.0, 50.0 82.2 50.0, 50.0
CARA1(0.5,1) 85.1 43.5, 56.5 85.5 44.9, 55.1
CARA1(1,1) 85.0 42.8, 57.2 84.9 43.0, 57.0
CARA2(0.5,1) 85.1 43.6, 56.4 85.5 46.3, 53.7
CARA2(1,1) 85.0 43.0, 57.0 85.4 45.7, 54.3
CARA3(0.5,1) 85.1 42.9, 57.1 85.4 44.3, 55.7
CARA3(1,1) 85.0 41.6, 58.4 84.7 41.9, 58.1
CARA4(0.5,1) 84.8 44.0, 56.0 85.4 46.5, 53.5
CARA4(1,1) 85.1 43.7, 56.3 85.6 46.1, 53.9

TABLE 4 Power and allocation proportion under CR and CARA procedures with group-sequential updating of allocation probability for
Scenario 1: two arms and continuous endpoint.

Allocation Model 1 (𝜷𝑨 = 𝟎.𝟒𝟐) Model 2 (𝜷𝑨 = 𝟎.𝟏𝟐𝟓)
(n = 600) Power (%) Trt Prop (%) Power (%) Trt Prop (%)
CR 74.2 50.0, 50.0 82.2 50.0, 50.0
CARA1(0.5,1) 84.8 43.6, 56.4 85.5 44.9, 55.1
CARA1(1,1) 84.8 42.8, 57.2 85.4 43.1, 56.9
CARA2(0.5,1) 84.8 43.6, 56.4 85.4 46.3, 53.7
CARA2(1,1) 84.8 43.0, 57.0 85.4 45.7, 54.3
CARA3(0.5,1) 84.7 42.9, 57.1 85.4 44.4, 55.6
CARA3(1,1) 84.7 41.6, 58.4 84.7 42.0, 58.0
CARA4(0.5,1) 85.0 44.0, 56.0 85.5 46.5, 53.5
CARA4(1,1) 85.0 43.7, 56.3 85.5 46.2, 53.8

TABLE 5 Type I error, power, average sample size (Avg N), and allocation proportion for group-sequential monitoring of CR and CARA
for Model M1 in Scenario 1: two arms and continuous endpoint.

Type I error (%) Power (%)
Allocation (𝜷𝑨 = 𝟎) (𝜷𝑨 = 𝟎.𝟒𝟐) Avg N
(n = 600) TMLE t-test TMLE t-test TMLE t-test Trt Prop (%)
CR 5.23 4.90 84.09 73.25 506.0 526.5 50.0, 50.0
CARA1(0.5,1) 5.48 5.19 84.43 72.15 505.3 526.9 43.7, 56.3
CARA1(1,1) 5.46 4.92 84.52 72.82 504.6 526.5 53.0, 57.0
CARA2(0.5,1) 5.37 5.12 84.47 72.26 505.1 526.7 43.8, 56.2
CARA2(1,1) 5.51 5.14 84.49 73.11 504.9 525.9 43.2, 56.8
CARA3(0.5,1) 5.43 4.96 84.64 72.87 504.7 526.2 43.1, 56.9
CARA3(1,1) 5.39 5.00 84.42 73.80 505.2 525.4 41.8, 58.2
CARA4(0.5,1) 5.35 5.10 84.36 71.86 505.2 527.4 44.2, 55.8
CARA4(1,1) 5.41 5.10 84.43 72.19 505.3 526.8 43.9, 56.1

+

10∑
𝑝=1

𝛽𝑊,𝑝 ∗ 𝑊𝑝, 𝜎 =
1 + 𝛽𝐴1𝐼(𝐴 = 1) + 𝛽𝐴2𝐼(𝐴 = 2)

1 + 𝛽𝑉𝑉
.

M4: 𝑌 ∼ Gamma(𝑎, 𝑏), 𝑌 is truncated if 𝑌 > 12,

𝑎 = 1 + {1 + 𝛽𝐴1𝐼(𝐴 = 1) + 𝛽𝐴2𝐼(𝐴 = 2)}(1 + 𝛽𝑉𝑉)

+

10∑
𝑝=1

𝛽𝑊,𝑝 ∗ 𝑊𝑝, 𝑏 =
1 + 𝛽𝐴1𝐼(𝐴 = 1) + 𝛽𝐴2𝐼(𝐴 = 2)

1 + 𝛽𝑉𝑉
.

We vary the values of 𝛽𝐴1 and 𝛽𝐴2 in the two models
to study the properties of the proposed CARA design
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F IGURE 1 Radar plot for the comparison of type I error, power, and allocation proportion difference among group-sequential
monitoring designs using CR and CARA for Model M1 in Scenario 1: two arms and continuous endpoint.

TABLE 6 Type I error under CR and CARA procedures for Scenario 2: three arms and continuous endpoint.

Model 3 Model 4
Allocation (𝜷𝑨𝟏 = 𝜷𝑨𝟐 = 𝟎) (𝜷𝑨𝟏 = 𝜷𝑨𝟐 = 𝟎)
(n = 1200) TMLE Chi-sq TMLE Chi-sq
CR 5.42 4.89 5.28 4.50
CARA1(0,1) 5.55 5.47 5.66 7.04
CARA1(1,0) 5.13 4.46 5.56 6.69
CARA1(1,1) 5.34 4.86 5.79 10.07
CARA2(1,0) 5.17 4.57 5.72 5.52
CARA2(1,1) 5.41 5.16 5.59 7.89
CARA3(1,0) 5.01 4.36 5.58 7.49
CARA3(1,1) 5.27 4.66 5.86 11.58
CARA4(1,0) 5.16 4.86 5.76 5.32
CARA4(1,1) 5.28 5.36 5.15 7.42

while fixing 𝛽𝑉 = 0.5, 𝛽𝑊 = (−0.15, 0.05, −0.39, −0.12,

−0.17, −0.22, 0.02, −0.04, 0.05, −0.06) in model M3,
and 𝛽𝑉 = −0.4, 𝛽𝑊 = (0.055, 0.3, −0.19, 0.04, 0.19, −0.07,

0.035, −0.04, 0.055, −0.08) in model M4.
In Table 6, we report the type I error. FormodelM3, both

TMLE and the chi-square test demonstrate well-controlled
type I error under CR and the CARA designs. However,
for the complicatedM4, TMLE outperforms the chi-square

test in terms of type I error. In Table 7, the power and pro-
portion of treatment are compared under CR and CARA
procedures for the sample size 𝑛 = 1200. Our method
can assign more patients to the better arm and lead to a
higher power.
Scenario 3: Three treatments with binary end-

points. Consider a clinical trial with three arms
(𝐴 = {0, 1, 2}) with binary endpoints, and the sample



10 ZHU and ZHU

TABLE 7 Power and allocation proportion under CR and CARA procedures for Scenario 2: three arms and continuous endpoint.

Model 3 Model 4
Allocation (𝜷𝑨𝟏 = 𝟎, 𝜷𝑨𝟐 = 𝟎.𝟏𝟔) (𝜷𝑨𝟏 = 𝟎.𝟎𝟑, 𝜷𝑨𝟐 = 𝟎.𝟏𝟐)
(n = 1200) Power (%) Trt Prop (%) Power (%) Trt Prop (%)
CR 81.2 33.3, 33.3, 33.3 81.4 33.3, 33.3, 33.3
CARA1(0,1) 86.3 31.9, 31.9, 36.2 84.3 31.7, 32.7, 35.6
CARA1(1,0) 84.9 32.8, 32.8, 34.4 84.4 31.3, 32.5, 36.2
CARA1(1,1) 86.2 31.3, 31.4, 37.3 84.4 29.7, 31.8, 38.5
CARA2(1,0) 84.9 32.9, 32.9, 34.3 84.5 32.8, 33.1, 34.2
CARA2(1,1) 86.3 31.4, 31.4, 37.2 84.4 31.1, 32.4, 36.5
CARA3(1,0) 84.9 32.3, 32.3, 35.3 85.1 30.8, 32.2, 37.0
CARA3(1,1) 86.4 30.8, 30.9, 38.3 84.2 29.1, 31.5, 39.4
CARA4(1,0) 84.4 33.1, 33.1, 33.7 84.6 33.0, 33.2, 33.8
CARA4(1,1) 86.3 31.7, 31.7, 36.6 84.4 31.3, 32.5, 36.1

TABLE 8 Type I error, power, and allocation proportion under CR and CARA procedures for Scenario 3: three arms and binary endpoint.

Type I error (%)
Allocation (𝜷𝑨𝟏 = 𝜷𝑨𝟐 = 𝜷𝑨𝑽 = 𝟎) (𝜷𝑨𝟏 = 𝟎, 𝜷𝑨𝟐 = 𝟎.𝟐𝟓, 𝜷𝑨𝑽 = 𝟎.𝟐𝟎)

(n = 1200) TMLE Chi-sq Power (%) Trt Prop (%)
CR 5.66 5.36 81.9 33.3, 33.3, 33.3
CARA1(0,1) 5.61 5.01 83.8 34.0, 33.6, 32.4
CARA1(1,0) 5.57 5.34 83.8 31.3, 32.6, 36.0
CARA1(1,1) 5.54 5.22 83.9 32.0, 33.0, 35.0
CARA2(1,0) 5.72 5.54 84.0 30.1, 31.9, 38.1
CARA2(1,1) 5.58 5.41 83.8 30.7, 32.3, 37.0
CARA3(1,0) 5.42 5.57 83.9 28.4, 30.9, 40.7
CARA3(1,1) 5.57 5.44 83.1 28.9, 31.4, 39.8
CARA4(1,0) 5.61 5.30 84.0 32.4, 33.0, 34.6
CARA4(1,1) 5.52 5.05 84.1 33.0, 33.3, 33.6

size is 𝑛 = 1200. Assume that the success rate of the
binary endpoint 𝑌 is M5: 𝑝 = Φ(𝛽𝐴1𝐼(𝐴 = 1) + 𝛽𝐴2𝐼(𝐴 =

2) + 𝛽𝑉𝑉 + 𝛽𝐴𝑉𝐴𝑉 +
∑10

𝑝=1
𝛽𝑊,𝑝 ∗ 𝑊𝑝), where

(𝛽𝐴1, 𝛽𝐴2, 𝛽𝑉, 𝛽𝐴𝑉, 𝛽𝑊,𝑝) are unknown parameters.
We vary the values of (𝛽𝐴1, 𝛽𝐴2, 𝛽𝐴𝑉) to study the
type I error, power, and other properties of our
design while fixing 𝛽𝑉 = 0.2, 𝛽𝑊 = (−0.01, 0.11,

−0.125, −0.006, 0.06, −0.08, 0.016, −0.02, 0.026, −0.033).
In Table 8, we report the type I error with

(𝛽𝐴1, 𝛽𝐴2, 𝛽𝐴𝑉) = (0, 0, 0) and the operating charac-
teristics under H1. Both TMLE and the chi-square test
lead to a well-controlled type I error rate for both CARA
and CR, whereas CARA is better than CR in terms of
power. In terms of treatment allocation proportion, CARA
can assign more patients to the superior arm, especially
when the choice of 𝛾1 and 𝛾2 emphasizes the ethics
properties.

5 REDESIGN OF A CLINICAL TRIAL

In this section, we study the performance of our design
by redesigning a clinical trial (ACTG-320 study) where a
three-drug treatment (indinavir, zidovudine, and lamivu-
dine) was compared to a two-drug treatment (zidovudine
and lamivudine) in HIV patients (Hammer et al. (1997)).
The endpoint 𝑌 is CD4 count and the covariates are the
stratified CD4 count at screening (𝑊1), the Karnofsky per-
formance score (𝑊2), and the months of prior Zidovudine
(ZDV) use (𝑊3). We denote 𝐴 = 1 as the three-drug treat-
ment and 𝐴 = 0 as the two-drug treatment. All covariates
are generated based on the empirical distribution from the
trial samples with nonzero CD4 count in the study:

𝑊1 ∼ Bern(0.63),𝑊2 ∼ Bern(0.185),𝑊3 ∼ 0.8 ∗ Unif

(1.5, 4.5) + 0.2 ∗ Unif(1, 5).
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TABLE 9 Power and allocation proportion under CR and
CARA procedures for redesiging the ACTG-320 study.

Allocation Power (%)
(n = 600) TMLE t-test Trt prop (%)
CR 85.6 69.1 50.0, 50.0
CARA1(0,1) 85.6 68.9 47.9, 52.1
CARA1(0.5,1) 85.3 68.5 46.2, 53.8
CARA1(1,1) 85.0 68.7 44.5, 55.5
CARA2(0.5,1) 85.5 68.7 47.6, 52.4
CARA2(1,1) 85.5 68.8 47.3, 52.7
CARA3(0.5,1) 85.3 68.8 45.9, 54.1
CARA3(1,1) 84.7 68.8 43.9, 56.1
CARA4(0.5,1) 85.7 69.0 47.7, 52.3
CARA4(1,1) 85.3 68.8 47.5, 52.5

The 𝑉 used in CARA randomization approach is the
dichotomized 𝑊3, where 𝑉 = 1 if 𝑊3 ≥ 24 and 𝑉 = 2

if 𝑊3 < 24. We fitted the model using original clin-
ical trial data and adjusted the treatment effects to
make the power around 0.85 with sample size 600.
Then the following model will be used to generate the
response 𝑌: 𝑌 = (3.65 + 0.838𝐴 + 6.443𝑊1 − 0.199𝑊2 −

0.388𝐴𝑊2 + 0.006𝑊3 + 𝜖)2, where 𝜖 ∼ 𝑁(0, 2.4192). In
Table 9, we can see that TMLE returns considerably higher
power than the t-test when the data-generating function is
nonlinear and complex, and CARA help assigns more sub-
jects to the better treatment armwithout sacrificing power.
In particular, theCARA3(1, 1) assigns 12%more patients to
the better treatment.

6 DISCUSSION

CARA designs have been proposed to make use of all
the observed information in a clinical trial to update the
allocation probabilities and achieve different objectives.
Different types of CARA designs have been studied in
the literature, including target-based approaches (Zhang
et al., 2007; Zhu, 2015), utility-based approaches (Atkin-
son & Biswas, 2005a, 2005b; Hu et al., 2015), Bayesian
approach (Thall & Wathen, 2005), and treatment-effect
mappings (Bandyopadhyay & Biswas, 2001; Rosenberger
et al., 2001). It is worth mentioning that Villar and Rosen-
berger (2018) innovatively made use of future sequences
of allocations and covariate values under the Gittins rule
to introduce the covariates and randomization to the Git-
tins index and achieved a nonmyopic near optimal mean
total rewards criterion in a computationally tractable way,
significantly advancing CARA’s development. Note that
the current paper differs from Villar and Rosenberger
(2018) and will promote the development and application

of CARA designs by focusing on using many covariates
without model misspecification and incorporating both
ethics and efficiency measures.
In this article, we have proposed a novel unified solu-

tion to the challenges of CARA designs. We have achieved
several theoretical and practical objectives in a single clin-
ical trial. Our approach can help clinical trialists to pursue
various design objectives and make use of a large number
of covariates in the design and analysis without unnec-
essary model assumptions. Moreover, we have offered a
theoretical foundation for the proposed methods, which
will help researchers to further investigate the properties of
this approach and help regulation agencies to understand
the fundamental properties of the new design to promote
its application.
Finally, we discuss some limitations and future research

about our proposed method. First, we update the alloca-
tion probability patient by patient while implementing the
CARA design in the numerical studies. In practice, we can
group sequentially update the information and assign the
next group of patients. Second, there is no logical difficulty
in incorporating delayed responses in the procedure. For
RAR, the large sample results are not affected by delayed
responses under widely applicable conditions (Bai et al.,
2002; Hu et al., 2008; Zhang et al., 2007). Explicit theoreti-
cal results about the effect of delayed responses on CARA
designs are worth investigating. Third, an ideal case for
adaptive randomization is that it can target certain opti-
mal allocations for corresponding objectives. This topic is
demanding, especiallywhen the covariates are continuous.
We leave these for future research.
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