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Bauxite and silica particles have gained increasing attention for applications in the field of 

concentrated solar power. In this work, a Monte Carlo ray-tracing simulation is performed to 

predict the radiative properties (absorptance, reflectance, and transmittance) of packed beds with 

mixed bauxite and silica spherical particles at wavelengths of 0.5, 2.6, 9.0, and 9.35 µm. These 

wavelengths are representative for the visible, near-infrared, and the mid-infrared regions that are 

important for solar and thermal radiation, respectively. A repeating unit-column approach is used 

to mathematically represent the particle bed. The effects of particle mixing ratio, volume fraction, 

and wavelength on the predicted radiative properties are examined. The obtained radiative 

properties are inputted to an inverse method to retrieve the effective absorption and scattering 

coefficients as well as the scattering albedo, which may be later used in a continuous-scale 

radiative heat transfer analysis. Furthermore, the independent scattering model is used to obtain 

the absorption coefficient and scattering albedo based on the absorption and scattering cross 

sections predicted by a Monte Carlo algorithm for a single particle. It is shown that the independent 

scattering model underpredicts the scattering coefficient for opaque particles but overpredicts the 

scattering coefficient for semitransparent particles for sufficiently high particle volume fractions. 

The radiative properties calculated from the independent scattering model are compared to the full 

Monte Carlo simulation of the particle bed to examine the influence of particle mixing on 

dependent scattering. 
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1. Introduction 

 The absorption and scattering mechanisms associated with the radiative heat transfer 

process in particulate or dispersed media differ from those in continuous or homogeneous media 

[1−5]. Due to the difference in refractive indices of the solid particles and the liquid/gaseous 

hosting medium, propagating lights or rays experience scattering at the phase boundaries [6−8]. 

The collective interactions promote additional attenuation, absorption, and scattering by the whole 

media, or the particle bed [9,10]. Recent experimental developments in the field of concentrated 

solar power (CSP) have motivated further investigation on the radiative heat transfer in particulate 

media [11−20]. Particles of hundreds of micrometers are used as the solar thermal energy storage 

(TES) media that forms granular flows for the absorption and storage of radiative energy and 

electricity production [21−29]. Due to computational complexity, multi-physics models 

incorporating conduction, convection, and radiation limit the modeling domain of the radiation as 

homogeneous media with simple geometries [30−35]. It is preferred to capture the radiative 

behaviors with simple parameters such as particle absorptance, and absorption and scattering 

coefficients in a gray-band or wide-band approximation. Nevertheless, it remains difficult to 

deduce these parameters given the complex configurations that particulate media may have, which 

include particle volume fraction, particle size, and mixing condition for dissimilar particles 

[36−40]. 

 A number of studies have experimentally determined the radiative properties of individual 

particles and particulate media. Jeong et al. [41] obtained the average absorption and scattering 

cross sections of single particles by measuring the directional-hemispherical transmittance and 

reflectance of a layer of particles on a transparent tape. The scattering phase function is often 

obtained from angle-resolved light scattering measurements [41,42]. In the regime of independent 
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scattering, these properties have been used to estimate the effective absorption and scattering 

coefficients of the particulate media and consequently solve the representative radiative transfer 

equation on a continuous scale [43−46]. Without the information of angular scattering distribution, 

the effective absorption and scattering coefficients have been retrieved from the measured 

directional-hemispherical reflectance and transmittance [15]. In this case, the scattering is often 

assumed to be isotropic or based on an equivalent (i.e., reduced) scattering coefficient. The 

continuous-scale modeling thus relies on the information of the effective absorption and scattering 

coefficients, and the phase function. However, once obtained, existing forward modeling methods 

including two-flux, three-flux, adding-doubling, discrete-ordinate, and continuous-scale Monte 

Carlo methods may be used to calculate the radiative properties [7−9,47]. The discrete-scale 

modeling for relatively large particles is usually associated with ray tracing based on geometric 

optics [48−50]. It directly models the radiative energy transport in the particulate media by 

numerically reconstructing the particle beds using representative spheres and model reflection and 

refraction at the interfaces [51−60]. The discrete-scale Monte Carlo simulation offers a relatively 

more robust method for exploring underling mechanisms of radiative heat transfer in particulate 

media with complex configurations, though challenges exist to account for realistic situations such 

as particle surface morphology and optical properties. 

 For complex configurations, such as polydispersion and particle mixing (different types), 

the radiative and other thermophysical properties could change from that of a monodispersed (i.e., 

single type) particle bed. Christen et al. [61] showed that the effective thermal conductivity 

increases in a binomial particle system of bauxite ceramic particles, where the insertion of smaller 

sized particles in a particle bed results in the decrease of porosity. Chen et al. [40] developed a 

numerical model that incorporates polydispersion effects in modeling the spatial temperature 
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distribution of granular flows. Lipiński et al. [62] measured the transmittance of SiO2-ZnO-C 

mixture at various mass ratios and thicknesses. By adding a small amount of the absorbing ZnO 

and C particles, the measured transmittance significantly decreases. Jäger et al. [63] used a 

continuous-scale Monte Carlo method to model the radiative properties of particle mixtures based 

on superposition of the individual contributions to the absorption and scattering coefficients. In 

atmospheric science, Petzold et al. [64] demonstrated that mixing of soot (carbon black) particles 

with mineral dust increases the aerosol optical thickness. Mishchenko and coworkers solved 

Maxwell’s equation using the T-matrix method to study the effects of particle aggregation formed 

by mixing soot, dust, and sulfate particles on optical cross sections [65,66]. The full wave approach 

is computationally intensive, and the results are strongly affected by submicron particle sizes or 

separation distances. For relatively large sized particles, geometric optics approximation is the 

preferred choice for computational effectiveness [3,7,48]. There is a need for examining the 

spectral-dependent optical properties (e.g., complex refractive index) and the mixing effect on the 

absorption and scattering mechanisms for particle beds [59,67].  

 A numerical study is carried out here to investigate the radiative properties of packed bed 

of mixed spherical solid particles at several discrete wavelengths from the visible to the mid-

infrared. Bauxite and silica particles are chosen due to the increasing interest on their application 

in CSP applications. A discrete-scale Monte Carlo ray-tracing simulation is performed using 

repeating unit-column approach, which has been validated with previous works and with the full 

particle bed generation method. Absorption and scattering coefficients as well as scattering albedo 

for equivalent continuous media are retrieved from the simulated reflectance and transmittance 

using an inverse method. By performing ray-tracing calculation on a single particle and 

incorporating the superposition method, this work also develops an independent scattering model 
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for calculating the radiative properties based on the continuous-scale approach. Comparisons of 

the Monte Carlo simulation results with the independent scattering model shed light on the 

dependent scattering phenomenon with the presence of a particle mixture. 

 

2. Numerical methods 

This section briefly introduces the discrete-scale Monte Carlo method used in the present 

study for particle beds with different particle types of the same diameter. The simulated radiative 

properties (T and R) are used in an inverse method to extract the absorption and scattering 

coefficients of the particulate medium as functions of the volume fraction and mixing ratio. This 

allows a quantitative comparison with those predicted by the independent scattering theory to 

examine the conditions when dependent scattering becomes important. The procedures of 

obtaining the absorption and scattering coefficients using either the inverse method or from the 

independent scattering theory are also described.  

 

2.1.  Monte Carlo ray-tracing simulation 

Modeling radiative transfer in particle beds in the geometric-optics regime based on the 

Monte Carlo method includes a numerical representation of spatial coordinates of the particles and 

tracing the rays or ray-bundles in a three-dimensional environment. The numerical representation 

of particles can be developed either by rigorous formulations based on established understanding 

of particle packing behavior [48,49,51−58] or using dedicated programs (e.g., LIGGGHTS) with 

specific particle-generating schemes [13,20,60,67]. While the latter has become more popular in 

modern studies since it avoids complex mathematical relations for spatially distributed particles, 

it often suffers from inefficient computing power and/or much longer rendering time.  
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In the present study, a numerical representation is implanted to locate the center point of 

the spherical particles with the same size but different types. The number density of the two types 

of particles is denoted by 1 2 and N N , respectively. The particle number density in the bed is then 

1 2N N N= + . The mixing ratio is based on the number of type 1 particles to the total number of 

particles such that 1 /r N N= . In the present study, type 1 refers to silica and type 2 refers to 

bauxite particles.  

The fundamental building block follows the face-centered cubic (FCC) structure, as shown 

in Fig. 1(a). FCC is chosen because it appears to be a more realistic configuration that allows a 

higher packing density without overlapping spheres [15,68]. Each of the six cubic cell corners 

contributes 1/8 of a particle to a given cell, and each of the cell face centers contributes 1/2 of a 

particle, thus amounting to four particles in a unit cell. Hence, the number of particles in each unit 

volume (i.e., number density) is 

3

4
N


=               (1) 

where  is the length of each side of the unit cell. Each unit cell may be considered as two layers 

with a thickness of /2 that contains two spheres within the unit cell. It can be shown that the 

particle volume fraction is  

3
2

3
v

d




 
=  

 
              (2) 

where d is the diameter of the spherical particles for either type. For close-packing FCC spheres, 

v  reaches a maximum value of 0.74. For fixed d, increasing  results in reducing v  and N since 

36 /vN d= . The particle volume fraction for individual types is simply vr  for type 1 particles 

and (1 ) vr −  for type 2 particles. When the particle bed is not close-packing, a random number is 
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used for each layer to shift the particles in that layer laterally to create some randomization of the 

lateral positions for better representing the actual particle bed [15,48]. 

The particle bed may be generated layer by layer with sufficient lateral dimensions and 

specified thickness (or number of layers), as shown in Fig. 1(b). A random number is used to 

specify whether the particle is type 1 or type 2, illustrated by two different colors. Upon the 

incidence by a ray bundle, the corresponding material property (e.g., refractive index) is invoked 

for calculating the reflection and refraction properties. The particle type and location information 

is stored for future calculations. This approach has an advantage that the particle bed only needs 

to be generated once and rays can be traced to determine the transmittance, reflectance, and 

absorptance of the bed. The disadvantage is that the lateral extension is very large and the exact 

location of the rays during the path must be determined. Hence, it requires a large computational 

memory as well as a longer computational time. 

An alternative approach is based on periodic boundary conditions by stacking unit cells to 

form a unit column as shown in Fig. 1(c). Note that the z-direction is elongated in Figs. 1(b,c) for 

clarity. The lateral area of the unit column  ×  defines the side walls. However, the particle center 

may be located outside the cell within a distance of d/2 from the side wall such that a portion of 

the spherical surface is inside the unit column. The particles are not assumed to have any material 

property until the interception of a bundle that triggers the generation of a random number . The 

property of the particle is then determined as either type 1 ( r  ) or type 2 ( r  ). Two horizontal 

planes, one above the top layer and one below the bottom layer of particles, defines the top and 

bottom surfaces of the particle bed virtually. 

Both approaches are tested to give the same results and converge with sufficient number 

of ray bundles for either a single type of particles or a particle mixture. Additional validation was 
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done by comparison with the Monte Carlo simulation by González-Portillo et al. [59] for various 

particle bed volume fractions and optical properties of particles. The results show negligible 

differences. Comparison with experiments for densely packed beds of polycrystalline silica 

particles also provides evidence of the two approaches [15].  As expected, the unit-column 

approach is superior in terms of computational efficiency with significantly reduced time for 

convergence. Another advantage of the unit-column approach is that it avoids leakage of rays 

through the side boundaries of the generated layered structure. Due to limited computer memory, 

it is impossible to generate infinitely large number of particles in the lateral direction. The 

calculation of the interception location is also quite cumbersome in the layered generation 

approach. Throughout the rest of this work, only the unit-column approach is used and the ray-

tracing algorithm is illustrated in the flow chart shown in Fig. 2 and explained in the following. 

The starting point is to generate the particle bed with input parameters, including the sphere 

diameter d, volume fraction v , and number of layers K. Note that  is determined by Eq. (2) and 

the thickness of the particle bed is / 2K . The particle mixing ratio r and the properties of each 

type of particles at the given wavelength are also prescribed. A ray bundle is launched from a 

location ( , , )x y zs s s=s  above the unit column that is randomly distributed over the area  ×  with 

a direction unit vector ( , , )x y zv v v=v . For normal incidence, the initial direction unit vector is 

(0,0,1)=v  since the positive z direction is downward as shown in Fig. 1(c). Air is treated as 

nonabsorbing. The ray bundle may intercept with the spherical surfaces within the unit volume or 

boundaries. If it intercepts with the side walls, periodic boundary condition is invoked. If at some 

stage the ray intercepts with the top or bottom boundaries, it will be counted as reflected or 

transmitted, respectively, since there is no reflection at these virtual surfaces.  
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Once the ray intercepts with a spherical surface, the type of particle needs to be determined 

to get the proper properties. While the surface reflection may be treated as diffuse, specular, or 

somewhere in between with a specularity parameter [15], the surfaces are assumed to be specular 

in the present study since the focus is on the effect of particle mixture. Since the code includes a 

secularity parameter, non-specular surfaces may be considered in the future to better represent the 

real situations. For determination of whether the ray is reflected or refracted, a random number is 

generated and compared to the surface reflectance calculated based on Fresnel’s coefficients [68]. 

If reflected, the ray is continuously traced until it intercepts with another sphere or boundary of 

the unit column. If the ray enters the particle by refraction, it is assumed that the particle is made 

of a homogeneous or effectively homogeneous material such that no scattering occurs inside the 

particle. If the particle is highly absorbing, it may be treated as opaque so that the ray bundle is 

either absorbed or reflected. For semitransparent particles, the propagation step size  is calculated 

by 

    ( )ln
4


 


=               (3) 

where   is the wavelength in vacuum,    is the absorption index or imaginary part of the complex 

refractive index in n = + , and  is a random number. If the distance to the next interception 

location greater than  , the ray is considered absorbed. Otherwise, the ray reaches the next 

interception on spherical surface. If refracted, it goes to the air and is further traced. If the ray is 

reflected, it is still inside the particle. Then,   is reduced by the interception distance and traced 

to the next interception. In the case when the incidence angle for a ray from air is close to 90, the 

refraction angle is near the critical angle. If the ray is not absorbed, the reflectivity for incident 

from the medium to air is very close to 1. Since   is very large for the medium with very low 

absorption index, the ray may experience numerous reflections inside the sphere. To circumvent 
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this difficulty, only a limiting number of reflections (say 105) is allowed; afterward, the ray will 

be counted as being absorbed and a new incident ray bundle will be launched. 

 The ratio of the transmitted and reflected ray bundles to the total number of ray bundles 

yields (directional−hemispherical) transmittance and reflectance (T and R), respectively, and the 

absorptance is calculated by 1 T R = − − . The total number of photon bundles used in each run 

is typically 105. It takes 10 runs to obtain the average and standard deviation so that the statistical 

variation can be assessed to ensure the computational accuracy. Hence, the final simulation result 

is based on the average of 106 bundles. In the semitransparent spectral region, it takes a much 

longer time to perform the ray tracing for each ray bundle. Therefore, the total number of bundles 

is reduced to improve the calculation speed without significantly reducing the computational 

accuracy. 

 

2.2.  Forward and inverse adding-doubling methods 

The Monte Carlo ray tracing described previously is a discrete-scale simulation that treats 

the dispersed particle bed as an inhomogeneous medium. It is often desired to model the particle 

bed as a homogeneous medium to perform energy balance on an infinitesimal control volume to 

describe the absorption, scattering, and propagation of a ray pencil or intensity [7,8]. For a 

participating medium, the radiative transfer equation (RTE) is generally applicable using 

wavelength-dependent absorption coefficient a  and scattering coefficient ,true , along with a 

suitable scattering phase function. The actual phase function is very complicated and often not 

known. For anisotropic scattering, the Henyey−Greenstein (HG) phase function allows the 

distinction of the forward and backward scattering with an asymmetric factor (g) [8,9,41]. The 

calculated hemispherical radiative properties based on the HG phase function may be 



 

 11 

approximated using isotropic scattering by replacing the “true” scattering coefficient to a reduced 

scattering coefficient as follows: ,true(1 )g  = − . In reality, the phase function is very 

complicated, especially for semitransparent and irregular particles [41,69]. 

The (forward) adding-doubling method is convenient for calculating the 

directional−hemispherical reflectance and transmittance of a layered structure if each layer can be 

treated as a homogeneous medium. Furthermore, the inverse solution allows the extraction of the 

radiative properties from the known values of T and R [47]. The inverse adding-doubling (IAD) 

method was previously applied to extract a  and   based on experimentally measured R and T 

[15]. In the present study, IAD is applied to the simulated radiative properties T and R for the given 

bed thickness to obtain the a  and  , by assuming that the refractive index of the medium is the 

same as air to avoid boundary reflection and the scattering is isotropic (g = 0) so that ,true  = . 

The scattering albedo is defined as /( )a     = + . The absorption coefficient and scattering 

albedo are key input parameters to the radiative heat transfer analysis between the particle bed 

medium and the walls under various irradiation conditions [26,29]. 

 

2.3.  Independent scattering model 

For a plane wave passing through a single particle, the absorption and scattering cross 

sections may be determined based on physical optics (electromagnetic waves) or geometric optics 

[6,7]. When the diameter of the particles or the distance between the particles or particle clusters 

are comparable with the wavelength of interest, interference and evanescent waves may occur to 

introduce dependent scattering effect [2-4,70,71]. In the present study, the considered spherical 

diameter and separation distance are much larger than the wavelength. From the geometric-optics 

point of view, the scattering phenomenon is due to multiple reflections and refractions that change 
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the ray direction. Nevertheless, the independent scattering theory may not be able to accurately 

predict the absorption and scattering coefficients of the particulate medium, due to geometric 

multiple scattering in an elementary volume [5,43,44,48,49,51-53]. In order to make a comparison 

between the inversely obtained absorption and scattering coefficients with those by assuming 

independent scattering as discussed next. 

If the scattering events are assumed independent of each other, the cross sections are 

determined by summing the absorption and (reduced) scattering coefficients as [3,7,15] 

     absa NC =                             (4) 

     sca(1 )g NC = −                         (5) 

where absC  and scaC  are the particle absorption and scattering cross sections at the given 

wavelength, though subscript  is omitted for simplicity. Equations (4) and (5) are for a single type 

of particles in the packed bed. For a particle mixture with two types of particles of the same size, 

the mean absorption coefficient and (reduced) scattering coefficient may be obtained by 

    abs,1 abs,2(1 )a rNC r NC = + −                                       (6) 

    1 sca,1 2 sca,2(1 ) (1 )(1 )g rNC g r NC = − + − −                 (7) 

where subscripts 1 and 2 are used to denote the two types of particles.  

To predict the absorption and scattering coefficient, the scattering cross sections are 

directly calculated using a Monte Carlo algorithm for single particle of each type [15,41]. The 

algorithm also gives the scattering phase function. The procedure is to fit it to the HG function 

with an asymmetry factor g. The absorption and (reduced) scattering coefficient calculated from 

Eqs. (6) and (7) are used with the adding-doubling method to calculate the radiative properties of 

a particle bed with specified thickness. The results from the independent scattering model are 
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compared with the Monte Carlo simulation of the particle bed to investigate when dependent 

scattering may become significant and should be considered. 

 

 

3. Results and discussion 

The refractive index and absorption index of silica and bauxite are plotted in Fig. 3. The 

data for (crystalline) silica (-SiO2) are mainly taken from Refs. [72,73] with some modifications 

done by Chen et al. [15] for the absorption index in the short wavelength region to account for 

impurities. The dielectric function of bauxite is modeled with effective medium theory considering 

the individual dielectric functions and volume fractions of the metal oxides and pore [14]. Then 

the complex refractive index is calculated from the effective dielectric function of bauxite with the 

specified composition for the Carbobead HSP particles [13,14]. It is assumed that the particles are 

homogeneous without internal scattering. The radiative properties of particles are sensitive to the 

spectral dependent optical constants. Four representative wavelengths are selected from the visible 

to the mid-infrared. The radiation penetration depth (or photon mean free path) /(4 )  =  is 

an important parameter as seen in Eq. (3). If d  , the particle may be treated as opaque. In the 

present study, the particle diameter d is set at 200 m, a typical value for CSP applications [13-

15]. The normal reflectivity at air-particle interface is calculated by [68] 

    
2 2

2 2

( 1)

( 1)

n

n







− +
=

+ +
             (8) 

While the actual reflectance depends on the incidence angle,   is a good indication of the 

magnitude of surface reflection. The values of   and   for each material are listed in Table 1 

together with the optical constants (n and  ) at the corresponding wavelength. Note that Fresnel’s 

coefficients are always used in the Monte Carlo calculations. 
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 The wavelength 0.5 μm = corresponds to the visible region and the main portion of the 

solar spectrum ( 0.4 μm 2 μm  ) where silica is highly transparent and bauxite is highly 

absorbing. The normal reflectivity at the interface is less than 0.1 for both materials. In the near 

infrared at 2.6 μm = , the optical properties of silica are similar to those at 0.5 μm = . However, 

the absorption index for bauxite particles is much smaller than at other wavelengths, resulting in  

808 μm =  such that the individual particle is semitransparent. Nevertheless, multiple 

reflections inside the particle and between particles in the bed tend to give rise to stronger 

absorption when the particle bed is compared with a homogeneous plate sample [15].  

There are phonon resonances for both silica and bauxite in the mid-infrared. The 

wavelengths of 9.0 and 9.35 m are located above and below the resonance wavelength for silica 

as seen from Figs. 3(a) and 3(b).  At 9.0 μm = , 1n   and 2.75 =  for silica, resulting in a high 

surface reflectivity, which is typical metallic behavior [68]. For silica at 9.35 μm = , n reaches a 

peak of 7.21 and 3  ; subsequently, the normal reflectivity is 0.62. At  = 9.0 and 9.35 m, both 

bauxite and silica particles are opaque. However, bauxite particles are highly absorbing with very 

small surface reflection, especially at 9.35 μm = .  

There is a trade-off in terms of the thickness (or number of layers) of the particle bed and 

the particle volume fraction to be used in the simulation. After a large number of testing, it is 

decided to fix the number of layers K = 15 for all runs, while changing v  from 0.01 to 0.7. The 

particle bed thickness L varies between about 2 mm for high packing densities and 8 mm for low 

packing densities. The detailed results at different wavelengths are described in the subsections. 

 

 



 

 15 

3.1 Monte Carlo simulation results for λ = 0.5 µm 

The transmittance, reflectance, and absorptance at  = 0.5 m for various mixing ratio are 

shown in Fig. 4(a-c) as functions of the particle volume fraction. Since bauxite particles are opaque 

and highly absorbing, increasing r or the silica content results in reduced absorptance but increased 

reflectance and transmittance. It appears that the radiative properties are more sensitive when a 

small portion of silica particles are replaced by bauxite particles than the reverse scenario. For 

example, when r changes from 1 to 0.9, the absorptance is nearly doubled and the reflectance 

significantly decreases. Hence, the increment of r is intentionally chosen uneven to ensure that the 

curves are not too crowded for small r values. 

For r = 0 (pure bauxite particles), T < 0.01 at 0.15v   and T < 0.001 at 0.24v = . While 

Fig. 4(a) does not provide sufficient resolution for T < 0.005, calculated results are reliable until 

52 10T −  . For r = 0 and 0.1, the transmittance decreases as v  increases; furthermore, 1 R  −  

for v  > 0.3 since the transmittance is negligibly small. Further increase v  results in a slightly 

increased R and subsequently reduced .  

For large r values, say 0.9 and 1, the radiative properties do not change monotonically with 

v . For v  < 0.3, T decreases and R increases with increasing v  until reaching a valley and 

plateau, respectively. Further increasing of v  leads to a slight increase in T and reduction in R. 

This may be explained by forward scattering (g > 0) due to multiple reflections/refractions for 

lightly absorbed particles [41]. For small values of v , blockage and additional scattering events 

cause an increase in R and a reduction T as v  increases. However, when v  is further increased, 

the forward scattering effect gives rise to a higher T and smaller R. Due to the competing effect 

between T and R,   does not change much when 0.4v  . 
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The absorption coefficient, scattering coefficient, and scattering albedo retrieved using 

IAD based on the radiative properties shown in Fig. 4 are plotted in Fig. 5(a-c). It is seen that a  

decreases by a factor of 25-30 as r changes from 0 to 1. The wavy feature for r = 0 is due to the 

uncertainty in IAD with a very low transmittance (T < 0.001). With respect to the scattering 

coefficient, for 0.4v  ,   increases with both r and v . For 0.4 0.7v  ,   for the bed of 

opaque particles (r = 0) continues to increase with increasing v , while a slightly decreasing trend 

is observed for the bed with semitransparent particles (r = 1). Consequently, several crossovers 

occur in the   curves with different r, suggesting that dependent scattering becomes important. 

Interestingly,   is the largest for r = 0.9 when 0.52v  .  

When  = 0.5, the absorption and scattering coefficients are the same. This roughly 

corresponding to r = 0.8 as shown in Fig. 5(c). When r = 1,    0.9 so that   is an order of 

magnitude higher than a . When r = 0, the   increases from approximately 0.1 to 0.2, when v  

changes from 0.01 to 0.7, suggesting that the scattering coefficient increases with the volume 

fraction of particles faster than the absorption coefficient. 

It is instructive to compare two cases: (i) 0.07v =  and r = 0 and (ii) 0.7v =  and 0.9r = . 

Case (i) corresponds to pure bauxite particles, while case (ii) corresponds to a mixture with the 

same volume fraction of bauxite particles since ,bauxite (1 )v v r = − , but with additional silica 

particles. The radiative properties are 0.9 =  and 0.02R = for case (i), and 0.7 =  and 0.2R =  

for case (ii). The comparison of the two cases shows that for the same volume fraction of bauxite 

particles, a dense particle bed with mixing ( 0.9r = , 0.7v = ) produces lower absorptance and 

much higher reflectance than the dilute particle bed of pure bauxite particles (r = 0, 0.07v = ). 

When comparing the absorption and scattering coefficients of these two cases using Fig. 5(a,b), it 
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can be seen that a  is slightly lower (by 15%) while   is much higher (by 16 times) for case (ii) 

the particle mixture than for case (i) the bauxite bed. Adding silica particles to the bauxite particle 

bed results in increased scattering coefficient but does not change the absorption coefficient very 

much. One may also compare case (ii) with the situation of pure silica (r = 1) at 0.63v = . Adding 

10% bauxite particles to the pure silica bed yields a rapid increase in  (from 0.38 to 0.70) and 

decrease in R (from 0.35 to 0.20). Furthermore, a  increases by a factor of 3.4 while   does not 

change significantly. 

 

3.2 Prediction by the independent scattering model for λ = 0.5 µm 

As discussed in Section 2.3, the absorption and scattering coefficients may be directly 

calculated by superposing the contributions by individual particles. The absorption and scattering 

efficiency factors are the normalized absorption and scattering cross sections such that  

   2
abs abs /( / 4)Q C d=                  (9) 

and    2
sca sca /( / 4)Q C d=             (10) 

They are calculated with a Monte Carlo algorithm for a single particle of each type using the known 

optical constants, along with the asymmetry factor g that is fitted to the numerically obtained phase 

function [15,41]. Table 2 lists the calculated absQ , scaQ , and g at all four wavelengths. These 

values are plugged into Eqs. (6) and (7) to obtain the absorption and scattering coefficients. Then 

the forward adding-doubling method is used to calculate the radiative properties. Note that 

abs sca 1Q Q+ =  since the incident photons are either absorbed or scattered by the particle. 

At  = 0.5 m, both bauxite and silica particles are forward scattering (g > 0) even though 

the bauxite particle is opaque and the silica particle is semitransparent or slightly absorbing. The 
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results for a  and   calculated from the independent scattering model (indicated in the figure as 

“Ind. Scat. Model” and represented by the circles) are compared with those obtained from Monte 

Carlo simulation (curves) as shown in Fig. 6. When the diameter of the particle is fixed, the number 

density is proportional to the particle volume fraction. Hence, for a given r, both a  and   are 

proportional to v ; consequently,   versus v  relations are flat lines. The r values in Fig. 6 are 

chosen to be 0, 0.4, 0.8, and 1 for clarity and simplicity.  

The absorption coefficient calculated from both methods agrees well, with a deviation 

typically less than 30%. Relatively large difference by a factor of 2-3 exists in the predicted 

scattering coefficient. Although   is not shown in the figure, the difference between the two 

models is manifested by the difference in  . When r = 0,   predicted by the Monte Carlo 

simulation increases with v  due to dependent scattering. This is consistent with the previous 

scaling model suggested by Singh and Kaviany [49] for opaque particles. When r = 0.8 and 1.0, 

the Monte Carlo simulation yields a smaller   and therefore a smaller   than the independent 

scattering model. A crossover is observed at 0.35v =  in   obtained by the two methods for a 

mixing ratio r = 0.4. Overall, the deviation between the independent scattering model and the 

Monte Carlo simulation is less than 30%. The independent scattering model tends to overpredict 

the scattering coefficient for large r and underpredict the scattering coefficient for smaller r. 

As shown in Fig. 7(a), the independent scattering model overpredicts R for r = 1 and failed 

to capture the trend of R when v  > 0.4. When r = 0.4, it overpredicts R for v  < 0.28 and then 

underpredicts R for v  > 0.28, though the deviation is relatively small. When r = 0, the independent 

scattering model underpredicts R, especially for large v , suggesting a stronger dependent 

scattering behavior as the interparticle distances become smaller. The absorptance comparison is 
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shown in Fig. 7(b). Again, the deviation is getting larger for large v  when r = 0 and 1. Due to the 

opposite trends in the deviation for opaque and semitransparent particles, the predicted  becomes 

closer when v  is larger for r = 0.4 and 0.8. As discussed in the work of Singh and Kaviany [49], 

it is not feasible to find a general scaling factor when dealing with semitransparent particles. The 

geometric multiple scattering becomes more complex with semitransparent particles. 

 

3.3 Results for λ = 2.6 µm 

At 2.6 μm = , both bauxite and silica particles are semitransparent with internal 

absorption. As shown in Table 1, the penetration depths are 808 µm and 29,600 µm for bauxite 

and silica, respectively. Both bauxite and silica particles are forward scattering, and it is interesting 

to note that sca (1 )Q g−  happen to be the same for the two types of particles according to Table 2.   

In Fig. 8, the results obtained from the two methods for R, , a  and   are plotted against 

v  for r = 0, 0.4, 0.8, and 1. The bauxite particles are more absorbing, resulting in a reduction in 

R and increase in  as r decreases as shown in Fig. 8(a,b). Because both types of particles are 

semitransparent, the independent scattering model tends to over predict R and gives a 

monotonically increasing trend for R as v  increases that deviates from the Monte Carlo 

simulation especially for large r and v  . The independent scattering model predicts  well for v  

< 0.45 and start to overpredict  as v  further increases. For r = 0 and 0.4, the independent 

scattering model predicts  well when v  is either small or large, but underpredicts  for 

0.06 0.6v  . Compared with 0.5 μm =  the maximum absorptance (r = 0) is approximately 

0.8. While not shown in Fig. 8, the transmittance is generally higher than that at 0.5 μm = for 
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the same r value. When r = 0, T > 0.02 from the Monte Carlo simulation even when 0.7v = , 

suggesting that the bed with 15 layers of bauxite particle is semitransparent.  

As shown in Fig. 8(c), the agreement in a  between the two methods is reasonable though 

deviations start at 0.55v  , the values of a  at 2.6 μm =  are much smaller than those for the 

corresponding r at 0.5 μm =  as shown in Fig. 6(a). The independent scattering model 

overpredicts the scattering albedo as shown in Fig. 8(d), in which the ordinate axis starts at 0.5 

since even r = 0, a    at 2.6 μm = . This suggests that for semitransparent particles, 

dependent scattering causes a reduction in the scattering coefficient for all r values. The relative 

difference in   is typically 10% for r = 0 and 0.4, 5% for r = 0.8, and about 1% for r = 1, 

suggesting that in this case, the independent scattering model gives reasonable predictions of the 

absorption and scattering properties. Note that all the deviation from independent scattering model 

is due to geometric multiple scattering. 

 

3.4 Results for λ = 9.0 µm and 9.35 µm 

At  = 9.0 and 9.35 m, both silica and bauxite particles are essentially opaque since 

d   according to Table 1. The silica particle possesses a very high reflectivity at  = 9.0 m, 

resulting in a large scaQ  and small absQ . At  = 9.35 m for the silica particle, scaQ  is 50% greater 

than absQ . The bauxite particles are highly absorbing with a low reflectivity, resulting in a large 

absQ  and small scaQ , as shown in Table 2. Note that the bauxite particles are forward scattering, 

while the scattering by the silica particle is nearly isotropic according to the fitting to the HG phase 

function with g = 0 at  = 9.0 m and g = −0.02 at  = 9.35 m. 
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The reflectance, absorptance, absorption coefficient, and scattering coefficient obtained by 

both the independent scattering model and the Monte Carlo simulation are shown Fig. 9. It should 

be noted that for r = 0, T quickly reduces below 0.01 for 0.15v =  and 0.001 for 0.24v = . Even 

with r = 1, T < 0.01 when 0.32v  . The small transmittance makes the IAD solution unreliable 

when 0.55v  . Hence, only results for 0.5v   are shown. 

Dependent scattering starts to play a role even for very low v  values and becomes stronger 

as v  increases. This results in an increasing R in the Monte Carlo simulation that is not captured 

by the independent scattering model toward large v . Note that  increases with increasing v , 

reaches a peak, and then decreases, especially for r > 0. Again,  is relatively high for r = 0. 

Comparing the independent scattering model with the Monte Carlo simulation, it can be seen that 

the predicted trend in the absorption coefficient agrees well; however, the trend in the scattering 

albedo (or scattering coefficient) is very different. The Monte Carlo simulation reveals an 

increasing   as v  increases. Furthermore, for the same v , when the bed contains more and 

more silica particles, a  decreases and   increases significantly as shown in Fig. 9(c,d). While 

not shown,   also increases with r as expected due to the large scaQ  of the silica particle. The 

relative difference in   for v  = 0.5 between the independent scattering model and Monte Carlo 

simulation is 56%, 35%, 16% and 6% for r = 0, 0.4, 0.8, and 1, respectively. 

The calculated results for  = 9.35 m are plotted in Fig. 10. The general trend in R and  

are similar to the corresponding cases for  = 9.0 m. Due to the reduction of   and scaQ  of 

silica at 9.35 μm =  as compared with those at 9.0 μm = , R also reduces when comparing the 

corresponding cases in Fig. 10(a) to Fig. 9(a) for large  r. Similarly,  at 9.35 μm =  as shown 

in Fig. 10(b) is higher than that at 9.0 μm =  for large r. As seen from Fig. 10(c), the independent 
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scattering model underpredicts a  for 0.2v  . As v  increases, the independent scattering 

model starts to overpredict a  at some v  values when r > 0. These results contradict to the 

previous scaling factor [48,49]. The present study shows an increasing scattering coefficient and 

albedo with increasing v  for opaque particles. The maximum relative deviation is when r = 0 and 

v  = 0.5, the value of   calculated from the Monte Carlo simulation is 0.063, which is more than 

twice that predicted by the independent scattering model (0.030). One of the reasons is that the 

previous works [48,49] were based on the attenuation only without considering the effect of 

reflectance. Earlier, Kamiuto et al. [44] developed a correlation to model the extinction coefficient 

( a + ) as a function v , while assuming that the absorption coefficient is not affected by 

dependent scattering. From the cases studied in this work, especially at 9.0 and 9.35 μm =  with 

r = 0 or 1 (pure bauxite or silica particle bed), it is clear that surface reflection has a significant 

effect on dependent scattering. The effects on both the absorption and scattering coefficients need 

to be separately considered. It is noted that the spatial correlation or clustering may further enhance 

dependent scattering as recently demonstrated by Li and Chandran [60] using Monte Carlo 

simulations. 

   

4. Conclusions 

Packed beds with a mixture of bauxite and silica particles are numerically modeled to 

investigate the radiative properties as a function of particle bed configurations such as the particle 

volume fraction and mixing ratio. Four representative wavelengths are chosen to represent the 

solar and thermal emission spectra. The Monte Carlo simulation demonstrates that the addition of 

bauxite particles into the silica particle bed significantly increases the absorptance while 

decreasing the transmittance. The radiative properties depend on the mixing ratio nonlinearly. As 
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the particle volume fraction increases, there often exists a maximum in the absorptance due to the 

competing effect of changes in the transmittance and reflectance and the location of the maximum 

depends on the mixing ratio. Comparison with the independent scattering model has revealed some 

unexpected features in the radiative properties that either have not been observed previously or 

contradict with the previous observations based on the attenuation method. In general, the 

absorption coefficient is less affected by dependent scattering. As the particle volume fraction 

increases, the independent scattering model underpredicts the scattering coefficient for opaque 

particles but overpredicts the scattering coefficient for semitransparent particles. Even for opaque 

particles of the same type, the impact of dependent scattering on the radiative properties varies 

with the surface reflectivity. This work helps understand the radiative properties of particle beds 

with a mixture of large particles for concentrated solar power and other relevant applications.  
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Nomenclature 

a   = absorption coefficient, m−1 

absC   = (spectral) absorption cross section, m2 

scaC  = (spectral) scattering cross section, m2 

d  = particle diameter, m 

g  = asymmetry factor 

K = number of layers 

L = particle bed thickness, m 

  = radiation penetration depth, m 

N  = particle number density, 1/m3 

n  = complex refractive index 

 n = real part of the refractive index 

 R = directional−hemispherical reflectance 

 s =  location vector of a photon bundle 

 T = directional−hemispherical transmittance 

 v = direction vector of a photon bundle 

 

Greek symbols 

 = absorptance (1 – R – T) 

  = step size of a photon bundle, m 

  = imaginary part of the refractive index or absorption index 

  = wavelength, m 

 = side length of a unit cell, m 

  = normal reflectivity  

  = (isotropic or reduced) scattering coefficient, m−1 

,true  = (true) scattering coefficient, m−1 

v  = particle volume fraction 

  = uniformly distributed random number between 0 and 1 

  = scattering albedo 
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Table 1: Complex refractive indices, radiation penetration depth, and normal reflectivity of 

silica and bauxite at the selected wavelengths. 

 

  (m) 0.50 2.60 9.00 9.35 

Silica 

(Type 1) 

n 1.55 1.51 0.19 7.21 

 7.67×10−6 7.00×10−6 2.75×100 3.05×100 

 (μm)  5.19×10 2.96×10 2.60×10−1 2.44×10−1 

,n  0.05 0.04 0.92 0.62 

Bauxite 

(Type 2) 

n 1.82 1.71 1.46 1.37 

 2.17×10−2 2.56×10−4 4.28×10−1 5.43×10−2 

 (μm)  1.83×10 8.08×10 1.67×10 1.37×101 

 ,n  0.08 0.07 0.06 0.02 
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Table 2: Monte Carlo simulation results for a single particle (d = 200 m): absorption 

efficiency factor, scattering efficiency factor, and asymmetry factor. 

 

  (m) 0.50 2.60 9.00 9.35 

Silica 

(Type 1) 

absQ  0.03 0.01 0.09 0.40 

scaQ  0.97 0.99 0.91 0.60 

g 0.57 0.59 0 −0.02 

Bauxite 

(Type 2) 

 absQ  0.86 0.20 0.88 0.93 

scaQ  0.14 0.80 0.12 0.07 

g 0.46 0.50 0.50 0.61 
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Figure captions: 

Fig. 1.  Schematics of (a) a unit cell of a face-centered cubic (FCC) structure, (b) layers that 

form a particle bed, and (c) the unit-column representation. In the lower figures, the z-

direction is elongated for illustration purpose. 

Fig. 2. Flow chart of the Monte Carlo ray-tracing simulation in a particle bed with the unit-

column representation (periodic boundary condition). 

Fig. 3. Complex refractive index of silica (type 1) and bauxite (type 2): (a) real part; (b) 

imaginary part. The vertical lines indicate the four representative wavelengths chosen 

for the present study, i.e.,  = 0.5, 2.6, 9.0, and 9.35 m. 

Fig. 4. Radiative properties of packed bed with bauxite and silica particles at  = 0.5 m 

obtained using the Monte Carlo simulation: (a) transmittance; (b) reflectance; (c) 

absorptance. The number of layers (K) is set as 15 for all simulations. 

Fig. 5. IAD results for particle bed mixture at  = 0.5 m: (a) absorption coefficient; (b) 

scattering coefficient; (c) scattering albedo. 

Fig. 6. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 0.5 m: (a) absorption coefficient; (b) scattering albedo. 

Fig. 7. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 0.5 m: (a) reflectance; (b) absorptance. 

Fig. 8. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 2.6 m: (a) reflectance; (b) absorptance; (c) absorption coefficient; (d) scattering 

albedo. 

Fig. 9. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 9.0 m: (a) reflectance; (b) absorptance; (c) absorption coefficient; (d) scattering 

albedo. 

Fig. 10. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 9.35 m: (a) reflectance; (b) absorptance; (c) absorption coefficient; (d) scattering 

albedo. 
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Fig. 1.  Schematics of (a) a unit cell of a face-centered cubic (FCC) structure, (b) layers that 

form a particle bed, and (c) the unit-column representation. In the lower figures, the z-

direction is elongated for illustration purpose. 
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Fig. 2. Flow chart of the Monte Carlo ray-tracing simulation in a particle bed with the unit-

column representation (periodic boundary condition). 
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Fig. 3. Complex refractive index of silica (type 1) and bauxite (type 2): (a) real part; (b) 

imaginary part. The vertical lines indicate the four representative wavelengths chosen 

for the present study, i.e.,  = 0.5, 2.6, 9.0, and 9.35 m. 
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Fig. 4. Radiative properties of packed bed with bauxite and silica particles at  = 0.5 m 

obtained using the Monte Carlo simulation: (a) transmittance; (b) reflectance; (c) 

absorptance. The number of layers (K) is set as 15 for all simulations. 
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Fig. 5. IAD results for particle bed mixture at  = 0.5 m: (a) absorption coefficient; (b) 

scattering coefficient; (c) scattering albedo. 
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Fig. 6. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 0.5 m: (a) absorption coefficient; (b) scattering albedo. 
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Fig. 7. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 0.5 m: (a) reflectance; (b) absorptance. 
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Fig. 8. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 2.6 m: (a) reflectance; (b) absorptance; (c) absorption coefficient; (d) scattering 

albedo. 
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Fig. 9. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 9.0 m: (a) reflectance; (b) absorptance; (c) absorption coefficient; (d) scattering 

albedo. 
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Fig. 10. Comparison of the independent scattering model with the Monte Carlo simulation for 

 = 9.35 m: (a) reflectance; (b) absorptance; (c) absorption coefficient; (d) scattering 

albedo. 

 

 


