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Abstract

We prove the well-posedness of a variable-order fractional viscoelastic Euler-Bernoulli
beam and regularity estimates of its solution with low regularity assumption of its
variable order. We further prove the unique identification of its variable order from
the nonlinear manifold of piecewise continuous free-knot polynomials such that each
function in the manifold may have different degrees on different pieces and may also
vary with each individual function, with the time history of the responses measured on
a space-time rectangular domain. Numerical experiments are carried out to identify
the variable fractional order.
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1 Introduction

Many modern materials are viscoelastic that exhibit anomalous power-law behavior
in contrast to normal elastic exponential behavior [3, 5, 8, 13, 20, 33, 35, 36, 50]. Con-
ventional elastic rheological relation based integer-order models, which are expressed
as a combination of exponentially decaying functions [37, 40], do not yield accu-
rate predictions of vibrations of viscoelastic materials especially over a wide range
of parameters. A Scott-Blair element with a power-law relaxation modulus accurately
describes the power-law behavior of viscoelastic material [11, 27, 34, 36, 59]. Further-
more, vibration of viscoelastic systems under long term external (cyclic) excitation
could cause structural damage from micro scale and propagate to macro scale and
eventually leads to material failure. The change of the material structure results in the
change of its fractal dimension and so the fractional order, leading to variable-order
fractional PDEs [14, 31, 43, 46, 47, 51, 55, 62].

In contrast to such material parameters as elastic modulus that can usually be mea-
sured a priori at least for undamaged structures, the variable order of a viscoelastic
structure undergoing vibrations cannot be measured a priori and so needs to be esti-
mated from the measurements, e.g, time history of responses that is measured at certain
spatial locations. Extensive investigation has been conducted on the unique identifi-
cation of fractional order (and possibly along with other parameters, e.g. diffusivity
coefficient) in the context of time-fractional diffusion PDE [2, 7, 21-23, 25, 28, 29,
44, 48, 57]. The corresponding analysis on variable-order fractional PDEs is very
challenging, e.g., due to the lack of closed-form solution representation in this con-
text [31, 43, 46, 47, 54, 56]. It was proved that the fractional order of variable-order
time-fractional PDEs can be uniquely identified from the admissible class of analytical
functions [58, 60].

Unfortunately, in applications the fractional order is often not analytical but exhibits
piecewise pattern [5, 31, 43, 46, 47], which motivates this work. In this paper we prove
the well-posedness of a variable-order fractional viscoelastic Euler-Bernoulli beam
and regularity estimates of its solution with low regularity assumption of its variable
order. In particular, we prove that the variable order of the fractional viscoelastic Euler-
Bernoulli beam can be uniquely identified from the nonlinear manifold of piecewise
continuous free-knot polynomials, with the time history of the responses measured on
a space-time rectangular domain. Finally, we use an adaptive Levenberg-Marquardt
method to numerically invert the variable fractional order.

The rest of the paper is organized as follows: In §2 we recall the fractional vis-
coelastic Euler-Bernoulli beam and introduce notations and preliminary lemmas. In
§3 we prove the well-posedness of the problem and the regularity of its solutions. In §4
we prove the unique identification of the variable fractional order from the nonlinear
manifold of piecewise continuous free-knot polynomials such that each function in the
manifold may have different degrees on different pieces and may also vary with each
individual function, with the time history of the responses measured on a space-time
rectangular domain. In §5 we carry out numerical experiments to invert the variable
order by the Levenberg-Marquardt method. We address concluding remarks in the last
section.
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A fractional viscoelastic Euler-Bernoulli beam...

w(x,t)

Fig.1 A viscoelastic Euler-Bernoulli beam model with length / and thickness / that undergoes a transverse
vibration under a distributed transverse load ¢ (x, 1)

2 Problem formulation and preliminaries
2.1 Model problem

We consider the small transverse vibrations of a straight isotropic viscoelastic beam
under the following assumptions: (i) The beam has a straight centroidal axis (cf. Figure
1), with length /, cross sectional area A, and mass density p; (ii) the loading and support
are symmetric about the x-z plane; (iii) cross sectional planes that are perpendicular
to the centroidal axis of the undeformed beam remain planar after deformation and
are perpendicular to the deflection curve of the deformed beam.

Given the distributed transverse load g (x, t), let w(x, t) be the transverse displace-
ment of the centroidal beam axis and let M (x, t) be the internal bending moment. The
combination of Newton’s second law and moment balance yields [6, 19, 26, 39]

pAPw +32M =gq. (2.1

The Euler-Bernoulli assumptions lead to the following expressions for the infinitesimal
strains [6, 19, 39, 40]

2
Exx = axux(xs ya Z»t) = _Zaxw(-x»t)a (22)
ex; = (Ozux(x,y,2,t) + 0xuz(x,y,2,1)/2=0,

and all other strains vanish. Putting the fractional viscoelastic rheological relation [38,
46] with the infinitesimal strain (2.2)

O, 2, 1) = Eq 9 Vee(x, 2,1) = —Eqz 87V 02w(x, 1) (2.3)
into the expression of the net bending moment M (x, ¢) to obtain

M(x,t) = —/ 205 (x, 2. A A = Eq 10%" 9w, (2.4)
A

@ Springer



Y.Lietal.

alt) .

where I = [, z2dA is the second-order moments about the y axis and 9;"" is the
variable-order fractional differential operator defined by [31, 42]
a(l) ) = 11 “Ory. 01" g(r) /t g(s) ds. (2.5
= , = s. .
SO S 0 ST ] Tl — 9w

Incorporating the internal damping effect of the beam vibration E;1 9, 8§w with E; >
0 being the internal damping coefficient [4, 9, 18] yields a variable-order fractional
model to describe the vibration of a viscoelastic Euler-Bernoulli beam under external
excitation [19, 39]

2w + K3,90w + K08 V0% = q/(pA), (x.1) € (0,1) x (0,T].  (2.6)

Here K := E 1/(pA) and Ky := E4I/(pA). We assume the beam to be simply
supported, leading to the initial and boundary conditions

w(x,0) = wo(x), dw(x,0) =wy(x), x €][O0,I],

2 5 2.7
w(,1) =w(, 1) =0, ;w(0,1) =0d;w(,1)=0, t<[0,T].
Problem (2.6)-(2.7) can be reformulated in terms of u = 9, w as follows
du + Ko*u+ Ko oI V0% = q/(pA), (x.1) € (0,1) x (0, T],
u(x,0) = wo(x), x €[0,1], (2.8)

w(0,1) = u(l, 1) = 0%u(0,1) = %u(l,1) =0, €0, T].

2.2 Preliminaries

Let C"™(Z) and C*(Z), withm € No,0 < u < 1 and Z = [0, T] or [0, [], be the
spaces of continuous functions with continuous derivatives up to order m and Holder
continuous functions of index u, respectively. Let L?(0,1), 1 < p < oo, be the
Banach space of pth power Lebesgue integrable functions on (0, /) and let W7 (0, I)
be the Sobolev space of L? functions with mth weakly derivatives in L (0, ). Let
H™(0,1) = W™2(0, [). For anon-integer s > 0, the fractional Sobolev space H* (0, [)
is defined by interpolation. All the spaces are equipped with standard norms [1, 12].
For a Banach space X equipped with the norm || - || x, let C™* ([0, T']; X') be the space of
functions with continuous derivatives up to order m on [0, 7'] belonging to X equipped
with the norm

C™([0, T, X) == {g:[0,T] - X : [|9/g(, Hlly € Co, T], 1=0,1,....m},

m = max max ot t
llgllcmo,1,x) - = gmax  max 10, g(-, Dl x.

Let {A;, ¢:}72, be the eigenvalues and eigenfunctions of — 82 onx € (0,7). Here
{¢i}72, form an orthonormal basis in L%(0,1) and the corresponding eigenvalues
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{A;}72, form a positive nondecreasing sequence which tend to infinity [12]. Fors > 0
we define the fractional Sobolev space [30, 41, 49]

H0,1) := {v € L20.0) < [y, = Y 2. 0) < oo]

i=1

equipped with the norm v ;s = (IIUIIi2 + |U|§;x)l/2' H* (0, 1) is the subspace of the
fractional Sobolev space H* (0, [) with H°(0, 1) = L%(0, ) and H2(0, 1) = H(0, )N
Hy (0,1).

Throughout this paper, we use Q, Q; to denote positive constants and Q may assume
different values at different occurrences. We finally refer the following lemmas for
future use.

Lemma1 [53] Let 0 < Do(t) € Lioc[0,b) be nondecreasing and D1 > 0 be a
constant. If 0 < g(t) € Ljoc[0, b) satisfies g(t) < Do(t) + D oltﬂg(t) fort € (0, b)
and 0 < B < 1, then g(t) < Do(t)Eﬁ,l(Dll"(ﬁ)tﬁ)fort € (0, b), where Ej, 4(2)
represents the Mittag-Leffler function [15].

Lemma 2 [24] The following equations hold

1Fi(1;v;1) = ﬂz‘_l(l + O(t_l)), t— —o0, v>1,
T(w—1) 29)

t
/ sV — ) e B ds = B(u, TN (v 4 v; —Bi)
0

for B, u, v € RT, where B is the Beta function and | F| represents the Kummer
function.

3 Well-posedness and solution regularity

We prove well-posedness and solution regularity of models (2.6)—(2.7) and (2.8).

3.1 An auxiliary equation

We prove the well-posedness and solution regularity of the following variable-order
fractional ordinary differential equation motivated by (3.23)

Y (0) + KA2y(0) + Ka22 o1 D y(t) = (1), 1€ (0, T], y(0) =3 3.

Here A, g(¢) and 3 are given data.

Lemma3 Ify € C[0,T] and 0 < a(t) < «* < 1 for some upper bound a*, then

ol 7*My e c1="[0, T].
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Proof Suppose first h <t <t + h < T, then the definition (2.5) gives that

1—a()

o, 1—a()

y(E +h) —ol; ()

_/'H'h y(s)ds _/’ y(s)ds
Jo TU—a@)@+h—90  Jo T —als) —s)*®)

_ [ V(s)ds
_/x Fd—a(s)(t +h—s5)2®

N /’ (t+h—s5)") — (1 —5)7*O
i~ I —als))

y(s)ds

t—h —a(s) —a(s) 3
(t+h=5)"" —(t—s) -,
+/0 rd—a() y(s)ds = ;Il,

where 11 could be bounded by the estimate (3.11)
t+h
1| < Qf ()| +h—s5)"*ds
t

t+h
< QllyIIC[o,T]/ (t+h—s)"ds < Qlyllcorh ™.
t

A similar argument yields

t
|I2| < Q/ hly(S)I(t — )" ds < Qliylcro.mh' ™.
t_

To bound 73 in (3.2), we employ the fact that

(3.2)

(3.3)

(34)

|t + =)0 — (1 —5)7*O| < |a(s) At — 5)"*O 7 < Qh(r —5)7* !

to obtain

t—h
13| < Qh/o vt — )" 'ds < Qllyle.nh' ™.

(3.5)

Thus, the assertion follows from the estimates (3.3)—(3.5). Whent < h, (3.2) becomes

1—a(r) I—a(t)

ol y(t+h) —ol; y(t)
_ / e y(s)ds
U (1 —as)(t +h—s5)2®

Ct4h—5) T =t —5)7O® N
+/O T =) y(s)ds = l;l,,

@ Springer
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where |f1| < Q||y||c[0,T]h1’°‘* from (3.3) and fz could be estimated by

t
|| < Q/O )|t — )" ds < Qlylco.rt' ™ < Qlylicio.rh' ™, 3.7)

which completes the proof of the lemma. O

Theorem 1 Ifg € C[0, T]and0 < a(t) < o™ < 1 for some upper bound o™, then the
variable-order fractional ordinary differential equation (3.1) has a unique solution
y € C'0, T] and

Iylcio.r < Q02lglcro.r1 + [5ol), Iyllcipo.r; < QUgllcro. +2%130)
3.8)

with O = Q(K, Ko, o*, T).

Proof We integrate (3.1) multiplied by R(—¢) := K 22 to obtain a Volterra integral
equation of the second kind in terms of y(r)

V() = —Ka22R(0) % of, ~*y(1) + R(1) * g(1) + R(1)Fo. (3.9)

Here * represents the symbol of convolution. Define an approximation sequence
1- .
o by 3 (0) := =KW R(@) oL, yu_1(0)4y0(t) with yo (1) := R(D)*g(0)+

R(t)Fo. We bound yo by |yol < Qlliglicio,r1IR(®) * 1| + [$ol < QA7 2lIglico,r1 +
[Yo|) =: QoM. Let A, := y, — y,—1 such that

Ang1 = =K 2R o1 DAy, n> 1. (3.10)

We interchange the order of integration on the right-hand side of (3.10) and utilize
Lemma 2 and the estimate

(t—5)"9 =t — )" (t — ) O < max{l, T}t —s)"*  (3.11)

to bound (3.10) for n

IV
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tops K2 —KAZ(I—S)A 0
|An+l(t)| = / al € n( 9) dods
0o Jo Tl —a(@)(s—6)*®
t K2lA (0 t ,—KA2(t—s)
5/ o ’ n( )| e dsdo
o TA—a@@) Jy (s—6)*®
/t Kad2|8n@)] 170 e K¥y i
") Ta—a@) Jy G—0—ype®@

) /r Kar2|0n®)| (3.12)
0

r(1—a®)
x 1Fi(1;2 — a(0); —KA*(t — 0))]do

[B(1, 1 —a@)( — )@

t () oo
|2 ()|t — ) <0 Lan)|@ —s)
o T —a@®) o Id—a%

= 0107 |2n(0)

=0

, tel0,T].
We utilize the estimate |yg| < QoM and the same estimate as (3.12) to obtain
1— o %
|210)] = 1Kad?R(0) %01 Dyl < 0101 |30l < Qo Q1MoL ™1,

and we assume that the generalized form of this equation holds for 1 < n < n* for
some n* > 1

|2, (0)] < QO MoI! ™1, 1 e0, T]. (3.13)

We combine (3.13) with (3.12) and the semigroup property of the fractional integral
operator to arrive at

|Aes1 (0] < Q00 Mo11 =" (o1 1) = 000"+ Mor" 1=,

By mathematical induction, (3.13) holds for n € N by mathematical induction. The
series defined by the right-hand side of (3.13) could be bounded as

o
Y (Qiol ) =01 = Qiol ™) ol T < o0 (3.14)

n=1

due to boundedness of (I — QO 01,1_0‘*)_1 [10, 15-17]. As each y, € C[0, T'], the
series on the left-hand side of (3.13) converge uniformly to its limiting function

n
y() = lim y,(t) = lim Y Ay + yo(t) € C[0, T1. (3.15)
n—0o0 n—oo

m=1
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We pass the limit on both sides of y,(#) := —K A2 R(@) * oltl_a(’)y,,_l(t) + yo(2)
to conclude that y is a continuous solution of equation (3.9) with its estimate in (3.8)
following from (3.13)—(3.15). Let y € C[0, T] be another solution to (3.9), then we
apply similar techniques in (3.12) to bound e(¢) := y(t) — y(¢) by

le(t)] = Ko A2RAt) % 01 *De(r)] < Q101 = |e(@)]. (3.16)

We apply the Gronwall’s inequality in Lemma 1 to conclude e(t) = O such that
the integral equation (3.9) (and thus the differential equation (3.1)) admits a unique
solution y € C[0, T].

To bound y’, we differentiate (3.9) with respect to ¢ and apply R/ (1) = —KA>R(1)
to obtain

Y (6) = =Ko 2201 Oy (t) + Ko KA*R(1) % o1~y (1) 3.17)
CKAPR@) * (1) + g(t) — KA2R()o. '

We note from Lemma 3 that the first term on the right hand side of (3.17) belongs to
C'=%"[0, T]. In addition, it is clear that the remaining terms on the right hand side
of (3.17) belong to C[0, T] and thus y’ € C[0, T]. We apply (3.11)—(3.12) and the
Young’s convolution inequality to get

1— e
|Ka2201 " Py@)| < 02201 ly)] < 022yl cro.rs

|KWPR(t) * g(0)] < QA%lIgllcro.rIR() * 1] < Qlglcro.ry, (3.18)

1— P
|Ko KA*R() 5 o1, "D y(0)] < Q1 KA o1~ 1y < QA2 llcro.71-

We incorporate (3.17) with the estimates in (3.18) and the first estimate in (3.8) to
conclude that

1y llcio.r1 < QA2 Iylicro.ry + llgllcro.ry + #2150l) < Qlglicro.r1 + A2 130D,
(3.19)

which completes the proof.

3.2 Analysis of problems (2.6)-(2.7) and (2.8)

We prove the well-posedness and regularity estimates of models (2.6)—(2.7) and (2.8)
based on the previous theorem.

Theorem2 If0 < a(f) < o* < 1, ¢ € H*(0,T; HY(0,1)) and wy € H*7 (0, 1)
for k, v > 1/2, then the reduced problem (2.8) has a unique solution u €
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C([0, T1; H*7 (0, 1)) N C'([0, T1; H? (0, 1)) and

el 0.1 4oy 116 e go e s
([0,T]; H*5(0,0)) C'([0,T]; H5(0,]))
(3.20)

=< Q(”q”HK(O’T;gS(O’l)) + ||II)0||I:I4+S(0J))7

for0 < s < yand Q = Q(p, A, K, Ky, a™, T, «). If further wg € Ivvl4+7(0, D),
the original groblem (2.6)—(2.7) has a unique solution w € clqo, 71; H*v 0, D)) n
C2([0, T1; H?(0,1)) for0 < s < y and

lwllcro,71; 4+ 0.0y T 1Wlle20,71: 5 0.1
T 0.0) (0,T]; D) 3.21)

= Q(||Q||HK(O,T;1;5(OJ))+ ||II)O||[_V14+S(0J)+ ||w0||[f14+s(0’[))~

Proof We express u and g in (2.8) in terms of {¢;}7° with the corresponding Fourier

coefficients for 1 < i < oo [32, 41, 45, 52]

ul(t) = (u(7t)’ ¢i)7 %(t) = (q(7t)7 ¢i)7 re [0’ T]’ (322)
which, according to the spectral expansion of (2.8), satisfy
Wi(t) + KA Jui(6) + Koafol,*ui(6) = g /(0 A),

u; (0) = wo,; := (Wo, ¢;), > 1

(3.23)

The (3.23) corresponds to the problem (3.1) with y(¢) = u;(t), yo = wo,i, A = A
and g = ¢;/(pA) such that by Theorem 1, the problem (3.23) has a unique solution
u; € CY0, T with the stability estimates as (3.8).

For any k, n € N and S, (x, 1) := Y_7_, u;i(t)$i(x), we use Sobolev embedding
theorem and the estimates in (3.8) to conclude that for n — oo

2 P
ISk = Sn “C([O,T];C[O,l]) < 0[Sy —Sn “C([O,T];I-VIV((),Z))

n+k n+k
soo=0| YN <0 Y Aluilig g
i=nt1 Clo.7] Nl (3.24)
n+k
<0 > Wil + AT w03, — 0,
i=n+1

namely, S,’l converges in C ([0, T']; C[O0, /]) such that the interchange of the differentia-
tion with the summation (i.e. the Fourier expansions of u) is justified. Consequently, u
defined by u := Z?il u; (t)¢; (x) is the solution to the problem (2.8) with the stability
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estimate

o0 o0
2 K 2 2 Qs v 2
”atu”C([O,T];ﬁS(O,l))S E )Lf”ui”C][O’T]EQ E ()Lf||9i||c[0,7"]+)hi é|w0,i| )
i=1 i=1

_ 2 v o2
= 0191 7oy T 18015000 0)) OS5 =7

The estimate of u could be performed similarly via the estimates in (3.8)

(0.¢]
4 4 v
[ A ,))_ZA P uill 0,0 < Z (%5 i Nego,r+21 ™+ 1abo,i 1)

+ llboll%, O<s=y.

< Q013 0,7 100, i+ 0)" =
We incorporate the above two estimates to obtain (3.20), and the uniqueness of the
solutions follows from that for the ordinary differential equations (3.23). Finally,
we conclude that (2.6)—(2.7) has a unique solution w € C Lo, 171; PVI4+V(0, )N
C 2([0, T, HY (0, 1)) with the stability estimate (3.21) obtained directly from (3.20),
which completes the proof.

(]

4 Global unique determination of variable fractional order

We prove the global uniqueness of the inverse problem of determining the variable
fractional order in the variable-order time-fractional viscoelastic Euler-Bernoulli beam
model

2w+ Kd,0%w + K02 P*w =0, (x,1) € (0,1) x (0, T],
w(x,0) = wo(x), dhw(x,0) =1wp(x), xe€l[0,1], (41)

sw(0,0) =w(l, 1) =0, 82w(0,1) = w(l, 1) =0, re[0,T],
based on the observation data w(x, ) measured on a space-time rectangular domain.
Based on several experimental results [31, 43, 46, 47], which demonstrate that it
usually suffices to consider a (piecewise) constant or linear variable fractional order

in practical applications, we choose the following admissible set while studying the
inverse problem

= {a(?) : a(r) is a piecewise polynomial function on [0, T']}. “4.2)
At possible discontinuous points {td}l | C [0,T] of a(t), the values of a(t) are
chosen as its left limits. The requirement of this admissible set is much weaker than
those in the literature, which constrain the variable order in, e.g., the space of analytic

functions that may not be practical in real problems [58, 60].
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Lemma4 Suppose 0 < a(t) < a* < 1, wy, Wy € H*Y (0, 1) for y > 1/2 and
orw(x,t9) # 0 on [0,1] for each ty € [0, T). Then for each ty € [0, T), there
exists an open spatial interval Ay, C (0,1) and a positive constant oy, such that
18, 03w(x, 10)| > oy, for x € Ay

Proof By Theorem 2, the given assumptions imply that w € C'([0, T1; H*Y) N
C2([0, T]; H”). We apply the Sobolev embedding H"+1/2+¢(0,1) — C’[0, ] for
any ¢ > 0and 0 < r € N[1] and I—VIX(O, I) c H*(0,1) for s > 0 to conclude that
w e C*([0, T1; C[0, 1) N C'([0, T1; C*[0,1]).

Then we intend to prove by contradiction that for each 7y € [0, T'), there exists
an x,, € (0,/) such that 8t8;‘w(xt0,to) # 0. If not, we have B,B;‘w(x,to) =
83[8,8311)()@ t9)] = 0 on (0,/) (and thus on [0, /] by the continuity of 8t8;‘w) for
some ty € [0, T), which, together with the smoothness of w, implies

B,Bfw(x, to) = ai1x + by for some a1, b; € R, x € [0,!]. “4.3)

The boundary conditions in (2.8) lead to a[a)%w(o, th) = 8314(0, tp) = 0 and
332w, to) = d2u(l, to) = 0, which gives 3d?w(x, 1) = 0 on [0, ]. We then
incorporate d;w(0, r9) = u(0, ) = 0 and d,w(l, to) = u(l, t9) = 0 from (2.8) to
further prove d;w(x, f9) = 0 on [0, /], which contradicts to the assumption of this
lemma and thus proves the existence of x;, € (0,/) such that 9; Bﬁw(xto, to) # 0.
Based on this result and the continuity of 9, Bfw, the conclusion of this lemma could
be reached by choosing A;, as a sufficiently small open neighborhood of x;,.

O

Remark 1 Lemma 4 ensures the existence of an open set A € (0,1), e.g. A =
Uspel0,7)Arg» such that for each 79 € [0, T'), there exists an open subset A;y C A
on which 0; 8;‘ w(x, to) is strictly bounded away from O.

We next prove the main result of this section in the following theorem.

Theorem 3 Suppose the assumptions in Lemma 4 hold. Then the variable order o (t) in
the time-fractional viscoelastic Euler-Bernoulli beam model (4.1) could be determined
uniquely in the admissible set A on [0, T, given the observation data on a space-time
rectangular domain A x [0, T] where A is such a set as described in Remark 1.

More precisely, let W (t) be the solution to model (4.1) with a(t) € A replaced by
some variable order &(t) € A. Then w(x,t) = w(x, t) for (x,t) € A x [0, T] implies
a(t) =a(t) fort €0, T).
Proof Let {td’“}Ng {td";‘}N‘(‘i C (0, T) be the sets of discontinuous poi

PR PO | e M , points of «(z)

and & () on [0, T], respectively. Under the assumptions, we have proved in Lemma 4
that w, w € Cz([O, T1; C[0, 1) NnCLqo, T1; co, [1). Since w(x, ) = w(x, t) for
(x,1) € A x [0, T], the difference of their equations leads to

@D — 9%V aMw(x, 1) =0, (x,1) e A x [0, T]. (4.4)
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By the properties of A, there exists an open subset A9 C A and a positive constant
op such that |9, B;‘w(x, 0)| = op on Ag. Without loss of generality, we may assume
that o; 8;‘ w(x, 0) > o9 on Ag. By the continuity of 9; B;‘w in time, there exists a small

time interval [0, 7] with T < min{tf’a, tf’“} such that

y0tw(x, 1) > % >0, Y(x,1) € Ao x [0, 7. 4.5)

We intend to prove «(0) = «(0) by contradiction. If not, we assume «(0) > «(0)
without loss of generality, and the continuity of «(7) and &(¢) over [0, T] implies that
there exists a positive 0 < gy < t such that a(s) — @(s) > v on [0, &] for some
v > 0. We then use (2.5) to reformulate (4.4) as follows

(of 7@ — o1 7% D)3,0%w(x, 1)

t oa—als) o) —als)
:/ |:(t 5) — @ S)V i|858;‘w(x,s)ds
o LI'A—=wal(s)) Td—als)

(4.6)

t _ o)) —als)
= / - s)"‘(”[ : Gkl j|853;‘w(x, s)ds =0,
0 (1 —a(s)) ' —af(s)

V(x,t) € Ag x (0, &].

Since o (¢) is bounded away from 1, there exists an 0 < €1 < gp and a positive constant
Qo such that

1
T —al) >2Q00, YO<s<t, te(0,e] 4.7

As —In(t —s) - oo ast — 07 and a(s) — &(s) > v on [0, g9], we conclude that
(t — §)%8)=006) = pla®)=a()Int=s) _ (a5 — 0. Therefore, for the Qg given in
(4.7), there exists an 0 < gy < g such that

(t — 5)*®)—als)

I —a0) < Qp, YO<s<t, te(0,e] 4.8)

We incorporate the preceding estimates (4.7)—(4.8) to give a lower bound for the terms
in the bracket of (4.6) by

1 G — 5)) =)
(1 —a(s)) (1 —a(s))

> Qp, YO<s<t, te(0,e], 4.9

which, together with (4.5), yields
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1 B (t — S)a(S)—&(S)
'l —a(s)) ' —a(s))

(t — s)—“@)[ :|8S3?w(x, 5)

(4.10)
1
> 500Q0(r — )T V0 <s <1, (x,1) € Ag x (0, &2].

We invoke this estimate in (4.6) to find the contradiction, which implies «(0) = &(0).

Define the set z, := sup{t : a(s) = d(s), Vs € [0,7]} € [0, T] such that
a(s) = a(s) on [0, z.]. Such closed interval exists due to @(0) = «(0) and the
assumption that both variable orders takes their values as their left limits at possible
discontinuous points. As «, & € A, a(s) — a(s) is a piecewise polynomial function

with possible discontinuous points {td}l 1 S {td ”‘} U{td O‘} "1 on [0, T] To prove
t. = T by contradiction, we suppose t, < T. We con51der the case 1, = t;* for some

1 <i* < Ng, and the case that 7, ¢ {tid }fv:" | could be proved in a similar manner and
is thus omitted.

Since a(s) — a(s) is a piecewise polynomial function, there exists an 0 < & <
mm{t 11 tl”i, T — tl‘{,d} such that a(s) — &(s) has finite zero points on (¢, t, + €]
and there exists an 0 < &, 1 < & such that a(s) —c(s) 7# 0on (¢4, t + &,.1]. Without
loss of generality, we may assume that «(s) — a(s) > 0 on (f, t, + &, 1]. By the
properties of A, there exists an open subset A,, C A and a positive constant o, such
that |8,8;‘w(x, ty)| > oz, on A,,. Without loss of generality, we may assume that
0r 8;‘ w(x, ty) > oy, on Ay,. By the continuity of 0, B;‘w in time, there exists a small
time interval [, . + 7;,] with 0 < 7;, < &1 such that Bta;‘w(x, t) > o4, /2 on
Ay, X [t ts + 11, ]

Since a(¢) = a(t) fort € [0, t,], we apply the mean value theorem to reformulate
equation (4.4) to obtain

0= (of; ™" = o1 "*N3,0%w(x, 1)

t _ —als) _ ¢)—a(s)
:/ |:(t 5) — e s)v i|838;‘w(x,s)ds
o LT —als)) T —a(s))

t o —als) _ ) —als)
:/ |:(t s) — @ s)v :|838;‘w(x,s)ds (4.11)
o LA —a(s)) T —als)
t (l _ S)—Et(s)

5 m(lﬁ(l —a(s)) —In(r — s))(a(s) — &(s))asa;lw(x, s)ds,

V(xa Z‘) € AI* X (t*a t* + Tt*]7

where ¥ (x) := % InT"(x) is the polygamma function and & (s) lies in between «(s)
and a(s) fort, < s <t +7,.Since 0 < @(s) < o¢* < land —In(r — s) — oo as
t— tj , there exists some positive Q1 and 0 < €3 < 1, such that

Yl —a(s)—In(t—s) > Q1, Vie<s<t, te(t, ty+e3], 4.12)
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which, together with the preceding estimates yields that for (x, 1) € A, X (t, tx + €3]

_—als)
%(Wl —a(s)) — In(t — ) (a(s) — &(s))d; Iy w(x, 5)
% (4.13)
- 01, 01t — 5)~%9 (a(s) — &(s)) S0 Vi <s <1

= 2 (1 — a(s))

Thus we apply this with (4.11) to similarly claim «(¢#) = &(¢) on (¢, tx + €3], and
thus on [0, ¢, + e3]. This contradicts the definition of z,, which implies ¢, = T and
thus completes the proof.

O

Remark2 To explain the motivation of imposing the assumption on d;w in Lemma
4 and Theorem 3, we note that the condition “d;w(x, ) # 0 on [0, /] x ® for each
non-empty open sub-interval ® of [0, T")” is necessary for unique determination of the
variable fractional order «(¢) in (4.1). This is due to the fact in the fractional operators
(2.5), both the function g(s) and the variable fractional order «(s) have the same
variable s such that if g(#) = 0 on ® for some ® mentioned above, then we could
slightly change « inside ® without affecting anything since the variable order o (s)
for s € ® has impacts only for the sub-integral over ® that is always 0. Therefore, it
is impossible to determine the variable fractional order uniquely over & in this case.
We apply this argument to the fractional operator in (4.1) and use 9, w(x, t) = 0 over
[0, [] implies o; 8;‘ w(x, t) = 0 to reach the aforementioned necessary condition.

5 Numerical inversion of variable fractional order
We incorporate the Levenberg-Marquardt method with the fully-discrete finite element

method to numerically infer the variable order in model (4.1), which are implemented
in several experiments for illustration.

5.1 Fully-discrete finite element method for (4.1)

We reformulate the problem (4.1) as a first-order system (2.8) as follows

du+ Kdtu + Ky 01,‘*“(”8;*14 =0, u=odw. (5.1
Lett, :=nt forn =0,1,..., N with t := T /N be a uniform partition on [0, T],
Uy = u(x,ty), wy, := w(x,1t,) and o, := «(t,). Then we discretize d;u, d;w and
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oD%y att =1, for 1 <n < N by

du(x, ty) ~ % =Sy, w(x, ty) A w = Sz wy,
34u(x s)ds
1 —a(t) o4
0 t
u(x, n)|,_ n Z/ T(1— a(s)(ty — $)*6) (5.2)
" Tk 84ukds "
x 4 I—ay o4
= = bp 0 ug = 1_"""0 uy,
/;/lkl L1 — o) (1 — )% ; T ! A
with
1 i d ty — ti—) "% — (1, — 1) %
bn,k — s — = (tn k—1) (tn ©) (5.3)
Dl —ap) Jyy (B — $)% Q2 —ag)

forl <k <n.

Let S, C H2(0,1) be the continuously differentiable piecewise cubic Hermite
finite element space on a quasi-uniform partition on [0, /] with the partition diameter
h. Define the Ritz projection ITj, : H? - Sn [49] by

(92T0yg, 32x) = (32g,82%), VX € Sh. (5.4)

We incorporate the preceding discretizations into (5.1) multiplied by x € Sj, and then
integrate the resulting equation on (0, /) to derive the finite element scheme for (5.1):
Find U,, W,, € Sj, forn =1, ..., N such that for any x € S

(8:Un, x) + K (82U, 32x) + Ko (I 702Uy, 92 %) = 0,

5.5
Uy, =6W,, Up:=Twy, Wp:= wp.

5.2 A free-knot partitioned Levenberg-Marquardt method

Given some observation data {wp;; (x;, t,,)} 1 on the time interval [0, 7] measured
at certain spatial locations 0 < x; < x3 < --- < x; < [ where J denotes the number
of sensors, we intend to develop a algorithm to numerically invert «(¢). Concerning
the possible discontinuities of variable order (cf. the definition of the admissible set
A), we split the temporal interval [0, T'] into / subintervals with possible discontinuity
nodes P = {Py,---,P;j_1}suchthat0 =: Pp < P < P, < --- < Py :=T. The
approximation o (¢) to «(#) is selected as a piecewise linear function as follows

1
ar(t) ==Y Lam®Lp, .51 o=l B il e R, (56)

m=1

where Ly, (f) refers to the linear function on the subinterval [Py, —1, Pyl with
Lom(Pn—1) = ayy and L 1y (Py) = B for 1 <m < I. Let {wpred(xu In, P)}

znl
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be the numerical solution of the fully-discrete finite element scheme (5.5) with the
variable order «(t) replaced by oy (#), we aim at finding the optimal parameters p,
over p = [P, a] € R¥~! to minimize the cost functional defined as

J N
F@)i= 2 303 (wpreaie o p) = whise (i, 1))’

i=1n=l1

by the Levenberg-Marquardt algorithm in the iterative procedure
-1
Pivii=p;—(J]Jj+BiIs1-1) J]rj. (5.7)

Here B; is the regularization parameter, the residual vector r ; € R’ is evaluated by

J.N
rji= [wpred(xis Ins P) — Whist (i, tn):li net’ (5.8)
and the Jacobian matrix J ; of order JN x (31 — 1) is evaluated by
Jj = |:w[7red(xiv In; P+ 53(1;) — Wpred (Xi» In; P):|J’N'311’ (5.9)
i,n,k

where 8 > 0 the numerical differentiation step size and e; € R3/~! is the unit vector
in the k-th coordinate direction for k = 1,2, ---, 31 — 1. We summarize the above
parameter identification method in Algorithm 1.

Algorithm 1: A Levenberg-Marquardt Algorithm

1. Given the observation data {wp;¢; (x;, tn)}ij,},[il for model (4.1), the parameters y, v € (0, 1),
Bo>0,0<8 K1, py, TOL> 0, and j :=0.

Solve the scheme (5.5) with «a(¢) replaced by « (¢) given in (5.6).

Use formula (5.8)-(5.9) to numerically evaluate Jacobian J j and J ]Tr i

It I\JjTer <TOL, then stop and let p,, := pj.

Compute the search direction d j := —(J}—Jj + B 131_1)*1J}—rj.

m

IS

Determine the search step y”" by the Armijo rule: find the smallest nonnegative integer m such that
f(pj + )/mdj) <F (pj) + l)ymde;»rl‘j.

7. Update pj, 1 :=p; +ymdj, Bj+1:=Bj/2.Let j ;= j+ 1 and go to Step 2.

5.3 Numerical investigation

We carry out numerical experiments to investigate the performance of the proposed
Levenberg-Marquardt method to numerically evaluate the variable fractional order
in the model (4.1) for a Euler-Bernoulli beam of length / = 1m, width 0.1m and
height 0.01m, given observation data on [0, T'] = [0, 0.5]s measured at certain spatial
locations {x; = (5 — i)/ 8}1.J=1. The Euler-Bernoulli beam is made of a widely used
superalloy, i.e., Inconel alloy 718 material [63] with p = 8192 kg/m?, E,, = 200 GPa
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Table 1 Errors @ — «; in Example 1

J 1 Itr CPU time lo —apllro le —arliz, lle —agliz,
1 2 43 Im 18s 9.01E-02 2.86E-02 1.61E-02
4 43 4m 2s 4.55E-02 1.49E-02 8.55E-03
6 43 8m 18s 3.60E-02 1.20E-02 6.89E-03
8 43 14m 9s 2.58E-02 8.53E-03 4.87E-03
2 2 100 10m 42s 8.74E-02 2.60E-02 1.46E-02
4 42 3m 58s 4.55E-02 1.49E-02 8.55E-03
[§ 100 40m 21s 2.33E-02 8.50E-03 4.88E-03
8 100 Om 18s 1.91E-02 6.70E-03 3.84E-03
3 2 100 11m 14s 8.56E-02 2.39E-02 1.32E-02
4 44 4m 9s 4.55E-02 1.49E-02 8.55E-03
6 44 8m 29s 3.60E-02 1.20E-02 6.89E-03
8 100 59m 21s 1.91E-02 6.52E-03 3.81E-03
4 2 100 15m 40s 8.67E-02 2.76E-02 1.56E-02
4 42 3m 58s 4.55E-02 1.49E-02 8.55E-03
6 42 8m 6s 3.60E-02 1.20E-02 6.89E-03
8 100 58m 40s 1.77E-02 6.16E-03 3.54E-03

and E; = 1 x 1077 E. The model (4.1) is simulated via the finite element scheme
(5.5) with N = 256 and the uniform spatial partition 7 = 1/8.

Example 1: Inverting a smooth variable fractional order.

Let wo(x) = 0, wo(x) = x*(1 —x)* and a(r) = 23 + 2(¢t — 1> + 04 in
problem (4.1). In the Levenberg-Marquardt algorithm, we set y = 0.75, v = 0.25,
8§ =107 toL = 107", p, = [T/1,2T/I,...,(I — 1)T/1,0.5,0.5,...,0.5] €
R3~! and maximum iteration number Itry,, = 100. We present the errors o —
oy under Ly, Ly and Lo, norms in Table 1, and plot «(¢) and oy (¢) as well as the
corresponding cost functionals in Fig. 2. From these results we find that the free-
knot partitioned Levenberg-Marquardt method generates an accurate and convergent
numerical inversion a; (1) to «(z).

Example 2 : Inverting a continuous and piecewise smooth variable fractional
order.

We consider a continuous and piecewise smooth variable order

{ 65— 3t 1€l0,7/2],
oo+ @ =3P 1e(T/2,T]
in problem (4.1). Let wo(x) = 0.1 sin(;r x) and the other data are the same as those in

Example 1. We present the numerical inversion results in Fig. 3, which again demon-
strate the effectiveness of the proposed method.
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Fig.3 Plots of «(7) and a (¢) (left) and the cost functionals (right) with different values of [/, J]in Example
2

Example 3: Inverting a discontinuous variable fractional order.
We consider a piecewise smooth variable order

13 3 1.2
a(t)={ﬁ+2f +31%/T, 1€[0,T/4),
T+ ia -1, teT/4 1],

which is discontinuous at t = T /4. Let wo(x) = x3(1 — x)3 and the other data are
the same as those in Example 1. We present the numerical inversion results in Fig. 4,
which demonstrate that the proposed algorithm also works well for the model with

discontinuous variable fractional orders.

Example 4 : Inverting a discontinuous variable fractional order with fixed P.
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4

‘We consider a discontinuous variable fractional order

0.2+ (x — T/2)2, t €0, T/4],

. 0.2+ 13, te(T/4,T)2],
o =
0.22, t € (T)2,3T /4],
0.25 —0.1¢,

te@3T/4,T].

In this example, we fix P = {T/I,2T/I,...,(I — 1)T/I} and then follow the
Algorithm 1 to progressively update p = a € R* with p, = [0.5,0.5, ..., 0.5]. Let

Wo(x) = x3(1 — x)? and the other data are the same as those in Example 1. Numerical

results are presented in Fig. 5, which indicates that the proposed method provides a
satisfactory approximation of «(¢) even in the case that the P is fixed.
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6 Concluding remarks

In this paper, we analyze the forward and inverse problems of a variable-order vis-
coelastic Euler-Bernoulli beam. The well-posedness and the solution regularity of the
proposed model are proved, based on which we further prove the uniqueness of the
inverse problem of determining a piecewise polynomial variable-order contained in
the proposed model, with the measurements of the unknown solutions on a space-
time rectangular domain. Several numerical experiments are conducted to identify the
variable fractional order.

A potential extension of the current work is to consider the corresponding inverse
problem for model (4.1) with other definitions of variable-order fractional derivative
such as [52, 61]

g(s)
C(a()(t — s)!—«®

t
3V = of, Vg0, oIVg(r) = fo ds. (6.1)

We note from the proof of Theorem 3 that the derivation of the third equality in (4.11)
implicitly employs the hidden-memory feature of the variable-order operator (2.5)
such that « = & on [0, z,] yields

14 (t — s)fa(s) (r — S)f&(s) 4 B
/0 |:F(1 —a0) — N &(s))j|858xw(x, s)ds =0, t € (ty, tx + 11,1, (6.2)

which is in general not true for the case of (6.1) since the variable order in (6.1) assumes
its current value ¢ (¢) on the entire interval [0, ¢]. Thus (4.11) and the subsequent proof
may not hold in this case that requires further consideration.
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