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Abstract

We analyze a finite element approximation to a viscoelastic Euler±Bernoulli beam with internal damping that undergoes

vibrations under external excitation. We prove the wellposedness of the problem and regularity estimates of the exact solution

to the model. We then utilize these results to prove an optimal-order error estimate of the numerical approximation assuming

only the regularity of the data of the model but not that of the exact solution. Because the model exhibits its salient features

that are different from those of conventional elastic Euler±Bernoulli beams, a new estimate technique is used in the analysis.

We finally carry out numerical experiments to substantiate the error estimate and to investigate the dynamic response of the

viscoelastic Euler±Bernoulli beam, in comparison with the conventional Euler±Bernoulli beam.

© 2023 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

reserved.
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1. Introduction

Various materials widely applied in mechanical and biological systems are viscoelastic, which exhibit viscous

behavior of newtonian fluid as well as elastic characteristics of solids through simultaneous dissipation and storage

of mechanical energy [2,4,6,11,18]. Power-law rheology is a constitutive behavior widely observed in a diverse

range of viscoelastic materials which demonstrate hereditary phenomenon with long memory effects, e.g., anomalous

power-law relaxation/creep [2,4,6,9,30]. Conventional rheological viscoelastic models progressively combine several

Hookean springs and Newtonian dashpots to characterize elastic and viscous properties of the viscoelastic materials

and to catch the complex hereditary behavior of the viscoelastic materials. Nevertheless, these well-known integer-

order models, which are fundamentally multi-exponential decaying functions, merely describe a truncated power-law

relaxation and do not provide a satisfactory quantitative behavior of real materials [2,4,9,11].

Motivated by the power-law behavior of viscoelastic materials, fractional calculus is considered as a natural

candidate to mathematically model the experimentally observed power-law dynamics of the viscoelastic materials.
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A Scott-Blair element with the power-law relaxation modulus and the assumptions that the material is quiescent for

t < 0 and ε(0) = 0

σ (t) = Eα ∂α
t ε(t) =

Eα

Γ (1 − α)

∫ t

0

ε′(s)

(t − s)α
ds, 0 < α < 1,

∂α
t v(t) := 0 I 1−α

t v′(t), 0 I α
t v(t) :=

1

Γ (α)

∫ t

0

v(s)

(t − s)1−α
ds

(1.1)

provides a constitutive interpolation between Hookean springs as α → 0 and Newtonian dashpots as α → 1, and

has been widely used to model strain±stress relation for viscoelastic material as it correctly catches the power-law

behavior of viscoelastic materials [4,18,23,26,31]. Here σ and ε represent the stress and strain of the material,

respectively, the fractional operator ∂α
t is the Caputo fractional differential operator defined in (1.1) [10,31] and Eα

is a material dependent constant.

Despite the extensive applications of the fractional viscoelastic models, various experiments show that many

viscoelastic materials demonstrate variable-order power-law behaviors [4,32]. For instance, as viscoelastic systems

vibrate due to long-term cyclic loads, they endure micro-structures changes which may lead to the change of material

properties. These processes may in turn cause mechanical structural damages, which further propagate to macro

scales that eventually result in material failure. Such multi-scale physics change the characteristic fractal dimensions

of the microstructure, which in turn causes the change of the fractional order in the strain±stress relation [29].

A variable-order stress±strain relation better describes the heterogeneous multi-scale material properties of the

viscoelastic materials, leading to variable-order fractional PDEs [13,38,39,47,52].

In comparison with the comprehensive studies for the fractional diffusion PDEs [19,20,22,37,43,46,48], numerical

approximations for the model (2.6)±(2.7) (cf. Section 2) are rare in the literature due to, e.g., lack of high-order

regularity estimates of the solution. To compensate for this gap, we firstly follow the modeling procedure to present

the derivation of this problem and prove the well-posedness and the solution regularity of the proposed model. We

then accordingly prove an optimal-order error estimates of the finite element scheme to the problem assuming only

the regularity of the data of the model but not that of the exact solution. Because the model exhibits its salient

features that are different from those of conventional elastic Euler±Bernoulli models, a new estimate technique

is used in the analysis. The rest of the paper is organized as follows. In Section 2, we develop the governing

PDE for the viscoelastic Euler±Bernoulli beam and introduce notations and preliminaries. In Section 3, we prove

the well-posedness of the problem and the regularity of its solutions. In Section 4, we develop a fully-discretized

finite element scheme to the model and then prove its optimal convergence rate. In Section 5, we perform some

numerical experiments to verify the numerical analysis and to investigate the dynamic response of the viscoelastic

Euler±Bernoulli beam, in comparison with the conventional Euler±Bernoulli beam.

2. Model and preliminaries

2.1. A viscoelastic Euler±Bernoulli beam

We consider the small transverse vibrations of a viscoelastic beam under the hypotheses: (i) The beam has a

straight centroidal axis, length l, cross sectional area A, and mass density ρ (see Fig. 1). (ii) All the loadings and

supports are symmetric about the xz plane. (iii) Cross sectional planes that are perpendicular to the centroidal axis of

the undeformed beam remain planar after deformation and are perpendicular to the deflection curve of the deformed

beam. The strains acting in the cross section are only due to the bending kinematics and the beam undergoes purely

planar flexural vibrations. This reduces the problem of beam vibration to the study of the motion of the deflection

curve and reduces the problem to one space dimension.

Given the distributed transverse excitation q(x, t), let w(x, t) be the deflection of the centroidal beam axis, Let

M(x, t) and V (x, t) be the internal bending moment and shear force, respectively. We demonstrate the Euler±

Bernoulli beam model in Fig. 1 which is simply supported by the edges. A standard balance equation is as

follows [5,17,33,34,41]

ρ A∂2
t w + ∂2

x M = q(x, t). (2.1)

139



Y. Li and H. Wang Mathematics and Computers in Simulation 212 (2023) 138±158

Fig. 1. Transverse vibration of a viscoelastic simply-supported Euler±Bernoulli beam with length l and thickness h under a distributed

transverse load q(x, t).

Put the variable-order constitutive relation [32,38] and the kinetic equation εxx = −z∂2
x w obtained under the

Euler±Bernoulli beam assumptions [5,17,33,34] to express the stress in terms of the variable-order time-fractional

derivative of the beam deflection to describe the variable power-law behavior of the viscoelastic material as follows

σxx (x, z, t) = Eα ∂
α(t)
t εxx (x, z, t) = −Eαz ∂

α(t)
t ∂2

x w(x, t), (2.2)

where the variable-order fractional differential operator ∂
α(t)
t is defined by [25,36]

∂
α(t)
t g(t) := 0 I

1−α(t)
t ġ(t), 0 I

α(t)
t g(t) :=

∫ t

0

g(s)

Γ (α(s))(t − s)1−α(s)
ds. (2.3)

The net bending moment M(x, t) is evaluated as

M(x, t) = −

∫

A

zσxx (x, z, t)d A = Eα I∂
α(t)
t ∂2

x w, (2.4)

where I =
∫

A
z2d A is the cross-sectional moment of inertial about the y axis.

We follow [3,7,15] to account for the internal damping effect of the energy dissipated by the inter-particle friction

internal to the structure during vibrations, by the time rate of change of the (elastic component) of the normal strain.

Hence, Eq. (2.4) is augmented to be

M(x, t) = Eα I∂
α(t)
t ∂2

x w + Ed I∂t∂
2
x w, (2.5)

where Ed > 0 is the internal damping coefficient. We incorporate Eq. (2.5) into Eq. (2.1) to derive a viscoelastic

Euler±Bernoulli beam model including internal damping effect

∂2
t w + K∂t∂

4
x w + Kα∂

α(t)
t ∂4

x w = q/(ρ A), (x, t) ∈ (0, l) × (0, T ]. (2.6)

Here K := Ed I/(ρ A), Kα := Eα I/(ρ A). We assume the beam to be simply supported, leading to the initial and

boundary conditions

w(x, 0) = w0(x), ∂tw(x, 0) = w̌0(x), x ∈ [0, l],

w(0, t) = w(l, t) = 0, M(0, t) = M(l, t) = 0, t ∈ [0, T ].
(2.7)

We express Eq. (2.6) in terms of u = ∂tw as follows

∂t u + K∂4
x u + Kα 0 I

1−α(t)
t ∂4

x u = q/(ρ A), (x, t) ∈ (0, l) × (0, T ]. (2.8)

Utilize the uniqueness of the solution to the homogeneous second-kind Volterra integral equation to express the

boundary conditions (2.7) as boundary conditions in terms of u as follows

u(x, 0) = w̌0(x), x ∈ [0, l],

u(0, t) = u(l, t) = ∂2
x u(0, t) = ∂2

x u(l, t) = 0, t ∈ [0, T ].
(2.9)

2.2. Preliminaries

Let L p(I), with 1 ≤ p ≤ ∞ and I be a bounded interval, be the Banach space of pth power Lebesgue integrable

functions on I. Let W m,p(I), with m ∈ N, be the sobolev space of m time weakly differentiable functions in L p(I),
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and let H m(I) = W m,2(I). Let Cm(Ī) be the Banach space of m time continuously differentiable functions on the

closed interval Ī and H m
0 (I) be the completion of C∞

0 (I), the space of infinitely differentiable functions with

compact support functions in I, with respect to the norm in H m(I). For a non-integer s, the fractional Sobolev

space H s(I) is defined by interpolation. All the spaces are equipped with standard norms [1].

For a Banach space X equipped with the norm ∥·∥X , let Cm([0, T ];X ) be the space of functions with continuous

derivatives up to order m on [0, T ] belonging to X equipped with the norm

Cm([0, T ],X ) :=
{

g : [0, T ] → X : ∥∂ l
t g(·, t)∥X ∈ C l[0, T ], l = 0, 1, . . . , m

}

,

∥g∥Cm ([0,T ],X ) := max
0≤l≤m

max
t∈[0,T ]

∥∂ l
t g(·, t)∥X .

The eigenfunctions {φi }
∞
i=1 of −∂2

x on x ∈ (0, l) form an orthonormal basis in L2(0, l) and the corresponding

eigenvalues {λi }
∞
i=1 form a positive nondecreasing sequence which tend to infinity [12]. For s ≥ 0 we use the theory

of sectorial operators to define the fractional Sobolev spaces [24,35,42]

Ȟ s(0, l) :=
{

v ∈ L2(0, l) : |v|2
Ȟ s =

∞
∑

i=1

λs
i (v, φi )

2 < ∞
}

equipped with the norm ∥v∥Ȟ s = (∥v∥2

L2 + |v|2
Ȟ s )1/2. Ȟ s(0, l) is the subspace of the fractional sobolev space

H s(0, l) and the seminorms |v|
Ȟ s and |v|H s are equivalent on Ȟ s(0, l). In particular, Ȟ 0(0, l) = L2(0, l) and

Ȟ 2(0, l) = H 2(0, l) ∩ H 1
0 (0, l).

In the remaining paper, we use Q, Qi , Mi to denote positive constants and Q may assume different values at

different occurrences. We drop the subscript L2 in (·, ·)L2 and ∥ · ∥L2 and the domain (0, l) in the Sobolev spaces

and norms when no confusion occurs.

3. Regularity estimates of the exact solution

3.1. Analysis of a variable-order ordinary differential equation

We consider the wellposedness and solution regularity of the following variable-order fractional ordinary

differential equation motivated by (3.3)

y′(t) + Kλ2 y(t) + Kαλ2
0 I

1−α(t)
t y(t) = g(t), t ∈ (0, T ], y(0) = ŷ0. (3.1)

Here λ, g(t) and ŷ0 are given data.

Theorem 3.1. If g ∈ L2(0, T ) and 0 ≤ α(t) < α∗ < 1 for some upper bound α∗, then the variable-order fractional

ordinary differential equation (3.1) has a unique solution y ∈ H 1(0, T ) and

∥y∥L2(0,T ) ≤ Q(λ−2∥g∥L2(0,T ) + λ−1
⏐

⏐ŷ0

⏐

⏐), ∥y′∥L2(0,T ) ≤ Q(∥g∥L2(0,T ) + λ
⏐

⏐ŷ0

⏐

⏐). (3.2)

Here the positive constant Q = Q(K , Kα, α∗, T ).

Proof. We integrate (3.1) multiplied by eKλ2t to obtain a Volterra integral equation of the second kind in terms of

y(t)

y(t) = −Kαλ2

∫ t

0

e−Kλ2(t−s)
0 I 1−α(s)

s y(s) ds +

∫ t

0

e−Kλ2(t−s)g(s)ds + e−Kλ2t ŷ0

= −Kαλ2e−Kλ2t ∗ 0 I
1−α(t)
t y(t) + e−Kλ2t ∗ g(t) + e−Kλ2t ŷ0.

(3.3)

Here ∗ represents the symbol of convolution on [0, t] as follows

g1(t) ∗ g2(t) :=

∫ t

0

g1(s)g2(t − s)ds.

To prove the wellposedness of the problem (3.3), let X := L2(0, T ) equipped with the norm ∥g∥X ,γ :=

∥e−γ t g∥L2(0,T ) for some fixed γ ≥ 0. For each y ∈ X , let z := My be the solution of

z(t) = −Kαλ2e−Kλ2t ∗ 0 I
1−α(t)
t y(t) + e−Kλ2t ∗ g(t) + e−Kλ2t ŷ0, (3.4)
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and the last two terms on its right hand side can be bounded by employing Young’s inequality


e−Kλ2t ∗ g(t)




L2(0,T )
≤



e−Kλ2t




L1(0,T )
∥g∥L2(0,T ) ≤ Qλ−2∥g∥L2(0,T ),



e−Kλ2t ŷ0





L2(0,T ) ≤ Qλ−1
⏐

⏐ŷ0

⏐

⏐ .
(3.5)

We utilize the following estimates

(t − s)−α(s) = (t − s)−α∗
(t − s)α

∗−α(s) ≤ max{1, T }(t − s)−α∗
,

∫ T

0

e−γ t t−α∗
dt ≤ γ α∗−1

∫ ∞

0

e−ss−α∗
ds = γ α∗−1

Γ (1 − α∗),
(3.6)

the definition (2.3) and Young’s inequality to bound the first term on the right hand side of (3.4) by


Kαλ2e−Kλ2t ∗ 0 I
1−α(t)
t y





X ,γ
=



Kαλ2e−(Kλ2+γ )t ∗
(

e−γ t
0 I

1−α(t)
t y

)




L2(0,T )

≤ Qλ2


e−(Kλ2+γ )t




L1(0,T )



e−γ t
0 I

1−α(t)
t y





L2(0,T )

≤ Q









∫ t

0

e−γ (t−s)

Γ (1 − α(s))(t − s)α(s)
e−γ s y(s)ds








L2(0,T )

≤ Q









∫ t

0

e−γ (t−s)

(t − s)α
∗ e−γ s |y(s)|ds








L2(0,T )

≤ Q∥e−γ t t−α∗
∥L1(0,T )



e−γ t y




L2(0,T )

≤ Qγ α∗−1


e−γ t y




L2(0,T )
,

(3.7)

which, together with the estimates (3.5), implies that the operator M : X → X is well-defined and

∥z∥X ,γ ≤ Q(λ−2∥g∥L2(0,T ) + λ−1
⏐

⏐ŷ0

⏐

⏐) + Qγ α∗−1


y




X ,γ
. (3.8)

Furthermore, for yi ∈ X and zi := Myi for i = 1, 2, we have

∥z1 − z2∥X ,γ ≤ Qγ α∗−1


y1 − y2





X ,γ
. (3.9)

Thus, M is a contraction mapping from X → X provided that γ is chosen such that Qγ α∗−1 < 1, which implies the

integral equation (3.3) (and thus the differential equation (3.1)) admits a unique solution in L2(0, T ). Let y = My

be the fixed point, then (3.8) becomes

∥y∥X ,γ ≤ Q(λ−2∥g∥L2(0,T ) + λ−1
⏐

⏐ŷ0

⏐

⏐) + Qγ α∗−1


y




X ,γ
, (3.10)

choosing sufficiently large γ in (3.10) yields that

∥e−γ t y∥L2(0,T ) ≤ Q(λ−2∥g∥L2(0,T ) + λ−1
⏐

⏐ŷ0

⏐

⏐). (3.11)

Thus we prove the first estimate in (3.2) by (3.11).

To bound y′, we differentiate (3.3) with respect to t to obtain

y′(t) = −Kαλ2
0 I

1−α(t)
t y(t) + Kα Kλ4e−Kλ2t ∗ 0 I

1−α(t)
t y(t)

−Kλ2e−Kλ2t ∗ g(t) + g(t) − Kλ2e−Kλ2t ŷ0.

(3.12)

We apply the preceding estimates (3.6)±(3.7) and Young’s convolution inequality to bound



Kαλ2
0 I

1−α(t)
t y(t)





L2(0,T )
≤ Qλ2









∫ t

0

|y(s)| (t − s)−α∗
ds








L2(0,T )

≤ Qλ2∥t−α∗
∥L1(0,T )∥y∥L2(0,T ) ≤ Qλ2∥y∥L2(0,T ),



Kα Kλ4e−Kλ2t ∗ 0 I
1−α(t)
t y(t)





L2(0,T )
≤ Qλ4



e−Kλ2t




L1(0,T )





0 I
1−α(t)
t y





L2(0,T )

≤ Qλ2∥t−α∗
∥L1(0,T )∥y∥L2(0,T ) ≤ Qλ2∥y∥L2(0,T ),

(3.13)
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and then we combine (3.12) with the above estimates, the estimates in (3.5) as well as the first estimate in (3.2) to

arrive at

∥y′∥L2(0,T ) ≤ Q(λ2∥y∥L2(0,T ) + ∥g∥L2(0,T ) + λ
⏐

⏐ŷ0

⏐

⏐) ≤ Q(∥g∥L2(0,T ) + λ
⏐

⏐ŷ0

⏐

⏐), (3.14)

which completes the proof.

Remark 3.1. In the proof of Theorem 3.1, we require the variable order α is bounded above by α∗ which is strictly

away from 1. This constraint is crucial to ensure that the mapping (3.8) is a contraction, which in turn guarantees

the uniqueness of the solution to the problem (3.1). The resulting positive constant Q for both estimates in (3.2)

depends on α∗, T , Kα and K by the estimates (3.5)±(3.7) and (3.13)±(3.14).

Theorem 3.2. Suppose 0 ≤ α(t) < α∗ < 1 for some upper bound α∗, α ∈ C1[0, T ] and g ∈ H 1(0, T ), then the

following weighted stability estimate holds


t
α(0)

2 y′′




L2(0,T ) ≤ Q(λ2∥g∥L2(0,T ) + ∥g∥H1(0,T ) + λ3
⏐

⏐ŷ0

⏐

⏐) (3.15)

with Q = Q(K , Kα, α∗, ∥α∥C1[0,T ], T ).

Proof. To derive an stability estimate for y′′, we differentiate (3.3) twice with respect to t to obtain

y′′(t) = −Kαλ2
(

0 I
1−α(t)
t y

)

t
+ Kα Kλ4

0 I
1−α(t)
t y(t)

−Kα K 2λ6e−Kλ2t ∗ 0 I
1−α(t)
t y(t) − Kλ2g(t)

+K 2λ4e−Kλ2t ∗ g(t) + g′(t) + K 2λ4e−Kλ2t ŷ0.

(3.16)

To evaluate the first term on the right hand side of (3.16), we first integrate y by parts to get

0 I
1−α(t)
t y = −

1

1 − α(t)

∫ t

0

y(s)d(t − s)1−α(t)

Γ (1 − α(s))(t − s)α(s)−α(t)
:=

G y(t)

1 − α(t)
,

G y(t) :=
ŷ0t1−α(0)

Γ (1 − α(0))
+

∫ t

0

(t − s)1−α(s)

[

Γ
′(1 − α(s))α′(s)y(s)

Γ (1 − α(s))2

+
y′(s)

Γ (1 − α(s))
−

y(s)

Γ (1 − α(s))

(

α′(s) ln(t − s) +
α(t) − α(s)

t − s

)]

ds.

(3.17)

Thus we get

(

0 I
1−α(t)
t y

)

t
=

G ′
y(t)

1 − α(t)
+

G y(t)α′(t)

(1 − α(t))2
(3.18)

with

G ′
y(t) =

ŷ0t−α(0)

Γ (−α(0))
+ 0 I

1−α(t)
t

(

(1 − α(s))y′(s) − (1 − α(s))α′(s)y(s)

×

[

ln(t − s) −
Γ

′(1 − α(s))

Γ (1 − α(s))

]

−y(s)

[

α′(s) + α′(t) −
α(s)(α(t) − α(s))

t − s

])

.

We combine the estimate

|ln(t − s)|

(t − s)α(s)
≤ Q

|ln(t − s)|

(t − s)α
∗ = Q

|ln(t − s)| (t − s)(1−α∗)/2

(t − s)(1+α∗)/2
≤

Q

(t − s)(1+α∗)/2
(3.19)

with the preceding estimates (3.2) to bound





0 I
1−α(t)
t y(s) ln(t − s)





L2(0,T )
≤ Q









∫ t

0

|y(s) ln(t − s)|

(t − s)α(s)
ds








L2(0,T )

≤ Q∥y∥L2(0,T )



t−(1+α∗)/2




L1(0,T ) ≤ Q∥y∥L2(0,T ),




0 I
1−α(t)
t y′(s)





L2(0,T ) ≤ Q∥y′∥L2(0,T )



t−α∗




L1(0,T ) ≤ Q∥y′∥L2(0,T ).

(3.20)
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We combine (3.17)±(3.18) with the estimates in (3.20) to bound the first term on the right hand side of (3.16)



Kαλ2t
α(0)

2
(

0 I
1−α(t)
t y

)

t





L2(0,T ) ≤ Q(λ2
⏐

⏐ŷ0

⏐

⏐ + λ2∥y∥L2(0,T ) + λ2∥y′∥L2(0,T ))

≤ Q(λ2∥g∥L2 + λ3
⏐

⏐ŷ0

⏐

⏐).
(3.21)

We apply the estimates in (3.5) and Theorem 3.1 to bound the remaining terms in (3.16)



K 2λ4e−Kλ2t ∗ g(t)




L2(0,T ) ≤ Qλ4


e−Kλ2t




L1(0,T )∥g∥L2(0,T )

≤ Qλ2∥g∥L2(0,T ),


Kα K 2λ6e−Kλ2t ∗ 0 I
1−α(t)
t y





L2(0,T ) ≤ Qλ6


e−Kλ2t




L1





0 I
1−α(t)
t y





L2

≤ Qλ4∥t−α∗
∥L1(0,T )∥y∥L2(0,T )

≤ Qλ4∥y∥L2(0,T ).

(3.22)

We insert the estimates (3.21)±(3.22) into (3.16) to bound


t
α(0)

2 y′′




L2(0,T ) by



t
α(0)

2 y′′




L2(0,T ) ≤ Q(λ2∥g∥L2(0,T ) + ∥g∥H1(0,T ) + λ3
⏐

⏐ŷ0

⏐

⏐), (3.23)

thus we complete the proof of the theorem.

3.2. Regularity analysis

We prove the wellposedness and regularity estimates of models (2.6)±(2.7) and (2.8)±(2.9) based on the previous

theorems.

Theorem 3.3. Suppose 0 ≤ α(t) < α∗ < 1 for some upper bound α∗, q ∈ L2(0, T ; L2) and w̌0 ∈ Ȟ 2, then the

reduced-order problem (2.8)±(2.9) admits a unique solution u ∈ L2(0, T ; Ȟ 4) ∩ H 1(0, T ; L2) and

∥u∥L2(0,T ;Ȟ4) + ∥u∥H1(0,T ;L2) ≤ Q
(

∥q∥L2(0,T ;L2) + ∥w̌0∥Ȟ2

)

. (3.24)

Here Q = Q(ρ, A, K , Kα, α∗, T ). Furthermore, if w0 ∈ Ȟ 4, the original problem (2.6)±(2.7) admits a unique

solution w ∈ H 1(0, T ; Ȟ 4) ∩ H 2(0, T ; L2) and

∥w∥H1(0,T ;Ȟ4) + ∥w∥H2(0,T ;L2) ≤ Q
(

∥q∥L2(0,T ;L2) + ∥w̌0∥Ȟ2 + ∥w0∥Ȟ4

)

. (3.25)

Proof. We express u and q in (2.8)±(2.9) in terms of {φi }
∞
i=1 [35,37,49±51]

u(x, t) =

∞
∑

i=1

ui (t)φi (x), ui (t) := (u(·, t), φi ), t ∈ [0, T ],

q(x, t) =

∞
∑

i=1

qi (t)φi (x), qi (t) := (q(·, t), φi ), t ∈ [0, T ],

(3.26)

and plug the expansions into (2.8)±(2.9) to obtain that for ∀(x, t) ∈ (0, l) × (0, T ]

∞
∑

i=1

[

u′
i (t) + Kλ2

i ui (t) + Kαλ2
i 0 I

1−α(t)
t ui (t)

]

φi (x) =

∞
∑

i=1

qi (t)φi (x)/(ρ A), (3.27)

then ui is the solution to the problem (2.8)±(2.9) if and only if {ui }
∞
i=1 solve

u′
i (t) + Kλ2

i ui (t) + Kαλ2
i 0 I

1−α(t)
t ui (t) = qi/(ρ A),

ui (0) = w̌0,i := (w̌0, φi ), i ≥ 1.
(3.28)

We apply Theorem 3.1 with y = ui , ŷ0 = w̌0,i , g = qi/(ρ A) and λ = λi to conclude that the problem (3.28) has a

unique solution ui ∈ H 1(0, T ) and the estimate (3.2) holds.
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We then combine the estimate (3.2) to bound ū :=
∫ t

0

[
∑∞

i=1 u′
i (s)φi (x)

]

ds + w̌0 by

∥∂t ū∥2

L2(0,T ;L2)
≤

∞
∑

i=1

∥u′
i∥

2

L2(0,T )
≤ Q

∞
∑

i=1

(

∥qi∥
2

L2(0,T )
+ λ2

i

⏐

⏐w̌0,i

⏐

⏐

2)

= Q
(

∥q∥2

L2(0,T ;L2)
+ ∥w̌0∥

2

Ȟ2

)

.

(3.29)

We note that ui (t) :=
∫ t

0
u′

i (s)ds + w̌0,i solves the ordinary differential equation (3.28) for i ≥ 1. Thus, ū is the

solution to the problem (2.8)±(2.9). For some fixed γ ≥ 0, we then combine (2.8)±(2.9) with the estimates (3.6)

and (3.29) to bound

∥e−γ t ū∥L2(0,T ;Ȟ4) =


e−γ t
(

q/(ρ A) − ∂t ū − 0 I
1−α(t)
t ∂4

x ū
)



L2(0,T ;L2)

≤ Q
(

∥q∥2

L2(0,T ;L2)
+ ∥w̌0∥

2

Ȟ2

)

+ Q


(e−γ t t−α∗
) ∗ (e−γ t∥∂4

x ū(·, t)∥L2 )




L2(0,T )

≤ Q
(

∥q∥2

L2(0,T ;L2)
+ ∥w̌0∥

2

Ȟ2

)

+ Qγ α∗−1∥e−γ t ū∥L2(0,T ;Ȟ4),

(3.30)

choosing sufficiently large γ in (3.30) yields

∥ū∥L2(0,T ;Ȟ4) ≤ Q
(

∥q∥2

L2(0,T ;L2)
+ ∥w̌0∥

2

Ȟ2

)

,

which, together with the estimate (3.29), completes the proof of the first estimate of the theorem. The uniqueness of

the solution to the model (2.8)±(2.9) follows from that for the corresponding ordinary differential equation (3.28).

We further conclude that the problem (2.6)±(2.7) has a unique solution w ∈ H 1(0, T ; Ȟ 4) ∩ H 2(0, T ; L2) with the

stability estimate (3.25) obtained from (3.24), which completes the proof of the theorem.

We analyze high-order spatial and temporal regularity of the solutions to be used in the derivation and analysis

of numerical schemes in Section 4.

Theorem 3.4. Suppose 0 ≤ α(t) < α∗ < 1 for some upper bound α∗, α ∈ C1[0, T ], q ∈ L2(0, T ; Ȟ 4) ∩

H 1(0, T ; L2) and w̌0 ∈ Ȟ 6, the following stability estimate holds for the solution u to the reduced-order problem

(2.8)±(2.9)

∥u∥H1(0,T ;Ȟ4) +


t
α(0)

2 ∂2
t u





L2(0,T ;L2)

≤ Q
(

∥q∥L2(0,T ;Ȟ4) + ∥q∥H1(0,T ;L2) + ∥w̌0∥Ȟ6

)

.
(3.31)

Here Q = Q(ρ, A, K , Kα, α∗, ∥α∥C1[0,T ], T ). If w0 ∈ Ȟ 4, the solution w to the original problem (2.6)±(2.7) has

the stability estimate

∥w∥H2(0,T ;Ȟ4) + ∥t
α(0)

2 ∂3
t w∥L2(0,T ;L2)

≤ Q
(

∥q∥L2(0,T ;Ȟ4) + ∥q∥H1(0,T ;L2) + ∥w̌0∥Ȟ6 + ∥w0∥Ȟ4

)

.
(3.32)

Proof. The following estimates could be performed similarly as (3.29) via the estimates in (3.2) and (3.15)

∥∂t u∥2

L2(0,T ;Ȟ4)
≤

∞
∑

i=1

λ4
i ∥u′

i∥
2

L2(0,T )
≤ Q

∞
∑

i=1

(

λ4
i ∥qi∥

2

L2(0,T )
+ λ6

i

⏐

⏐w̌0,i

⏐

⏐

2)

= Q
(

∥q∥2

L2(0,T ;Ȟ4)
+ ∥w̌0∥

2

Ȟ6

)

,

(3.33)

and



t
α(0)

2 ∂2
t u





2

L2(0,T ;L2)
≤

∞
∑

i=1



t
α(0)

2 u′′
i (t)





2

L2(0,T )

≤ Q

∞
∑

i=1

(

λ4
i ∥qi∥

2

L2(0,T )
+ ∥qi∥

2

H1(0,T )
+ λ6

i

⏐

⏐w̌0,i

⏐

⏐

2)

≤ Q
(

∥q∥2

L2(0,T ;Ȟ4)
+ ∥q∥2

H1(0,T ;L2)
+ ∥w̌0∥

2

Ȟ6

)

,

(3.34)

we then combine the estimates (3.33)±(3.34) with the estimates (3.24)±(3.25) to complete the proof of the theorem.
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4. Discretization and error estimate

4.1. Reference equation and numerical discretization

To develop and study the finite element scheme to the original problem (2.6)±(2.7), we consider the following

reduced-order system [40]

∂t u + K∂4
x u + Kα 0 I

1−α(t)
t ∂4

x u = F := q/(ρ A), (x, t) ∈ (0, l) × (0, T ],

u = ∂tw, u(x, 0) = w̌0,
(4.1)

Let tn := nτ for n = 0, 1, . . . , N with τ := T/N be a uniform partition on [0, T ], un := u(x, tn), αn := α(tn),

Fn := F(tn). Then for 1 ≤ n ≤ N ,

∂t u(x, tn) = δτ un + En :=
un − un−1

τ
+

1

τ

∫ tn

tn−1

∂2
t u(x, t)(t − tn−1)dt,

∂tw(x, tn) = δτwn + Ên :=
wn − wn−1

τ
+

1

τ

∫ tn

tn−1

∂2
t w(x, t)(t − tn−1)dt,

0 I
1−α(t)
t ∂4

x u(x, tn) =

n
∑

k=1

∫ tk

tk−1

∂4
x u(x, s)ds

Γ (1 − α(s))(tn − s)α(s)

=

n
∑

k=1

[ ∫ tk

tk−1

∂4
x ukds

Γ (1 − αk)(tn − s)αk

+

∫ tk

tk−1

∂4
x u(x, s)ds

Γ (1 − α(s))(tn − s)α(s)
−

∫ tk

tk−1

∂4
x u(x, s)ds

Γ (1 − αk)(tn − s)αk

+

∫ tk

tk−1

∂4
x u(x, s) − ∂4

x ukds

Γ (1 − αk)(tn − s)αk

]

:= I 1−αn
τ ∂4

x un + Jn + Rn,

(4.2)

where I 1−αn
τ ∂4

x un and the local truncation errors are given below

I 1−αn
τ ∂4

x un :=

n
∑

k=1

bn,k∂
4
x uk, bn,k :=

∫ tk

tk−1

ds

Γ (1 − αk)(tn − s)αk
,

Jn =

n
∑

k=1

∫ tk

tk−1

[

∂4
x u(x, s)

Γ (1 − α(s))(tn − s)α(s)
−

∂4
x u(x, s)

Γ (1 − αk)(tn − s)αk

]

ds,

Rn =

n
∑

k=1

∫ tk

tk−1

∂4
x u(x, s) − ∂4

x ukds

Γ (1 − αk)(tn − s)αk
=

n
∑

k=1

∫ tk

tk−1

∫ s

tk
∂θ∂

4
x u(x, θ)dθds

Γ (1 − αk)(tn − s)αk
.

(4.3)

Define a(z, χ) := (∂2
x z, ∂2

x χ )L2(0,l) for z, χ ∈ Ȟ 2. We integrate the terms ∂4
x un and I 1−αn

τ ∂4
x un for n = 1, 2, . . . , N

multiplied by any χ ∈ Ȟ 2 on (0, l) by parts twice in which the last two boundary conditions in (2.9) and the relations

in (4.3) are employed to obtain

(∂4
x un, χ) = ∂3

x un(x)χ (x)
⏐

⏐

l

x=0
− (∂3

x un, ∂xχ ) = −(∂3
x un, ∂xχ )

= −∂2
x un(x)∂xχ (x)

⏐

⏐

l

x=0
+ (∂2

x un, ∂
2
x χ ) = (∂2

x un, ∂
2
x χ ) = a(un, χ),

(

0 I 1−αn
τ ∂4

x un, χ
)

=
(

∂4
x [0 I 1−αn

τ un], χ
)

= −(∂3
x [0 I 1−αn

τ un], ∂xχ )

= −∂2
x [0 I 1−αn

τ un]∂xχ (x)
⏐

⏐

l

x=0
+ (∂2

x [0 I 1−αn
τ un], ∂2

x χ )

(4.4)
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= −0 I 1−αn
τ ∂2

x un(x)∂xχ (x)
⏐

⏐

l

x=0
+ (∂2

x [0 I 1−αn
τ un], ∂2

x χ )

= (∂2
x [0 I 1−αn

τ un], ∂2
x χ ) = a(I 1−αn

τ un, χ).

We plug the discretizations (4.2)±(4.3) into (4.1), and integrate the resulting equation multiplied by any χ ∈ Ȟ 2

on (0, l) by parts twice to get the following equation for any χ ∈ Ȟ 2 and n = 1, 2, . . . , N by (4.4):
(

δτ un, χ
)

+ K a(un, χ) + Kαa(I 1−αn
τ un, χ)

=
(

Fn, χ
)

− (En + Kα(Jn + Rn), χ),

un = δτwn + Ên.

(4.5)

Let Sh ⊂ Ȟ 2 be the continuously differentiable piecewise cubic Hermite finite element space on a quasi-uniform

partition on [0, l] with the partition diameter h. It is well known that the Ritz projection Πh : Ȟ 2 → Sh [42]

a(Πh g, χ) = a(g, χ), ∀g ∈ Sh (4.6)

has the approximation property [42]

∥Πh g − g∥Ȟm ≤ Qh4−m∥g∥Ȟ4 , ∀g ∈ Ȟ 4, m = 0, 1, 2. (4.7)

We drop the local truncation errors and then obtain a finite element scheme for (4.1): Find Un, Wn ∈ Sh for

n = 1, 2, . . . , N with U0 := Πhw̌0 and W0 := w0 such that for any χ ∈ Sh
(

δτUn, χ
)

+ K a
(

Un, χ
)

+ Kαa(I 1−αn
τ Un, χ) =

(

Fn, χ
)

,

Un = δτ Wn,
(4.8)

4.2. Estimates of local truncation error

We bound the temporal truncation error En , Ên , Jn , Rn , and spatial truncation error with respect to η(x, t) :=

u(x, t) − Πhu(x, t) and η̂(x, t) := w(x, t) − Πhw(x, t).

Theorem 4.1. Suppose 0 ≤ α(t) < α∗ < 1 for some upper bound α∗, α ∈ C1[0, T ], q ∈ L2(0, T ; Ȟ 4) ∩

H 1(0, T ; L2), w̌0 ∈ Ȟ 6 and w0 ∈ Ȟ 4, then the following estimates hold

∥E∥L̂1(L2) + ∥Ê∥L̂1(L2) + ∥R∥L̂1(L2) ≤ QMτ, ∥E∥L̂1(L2) := τ

N
∑

n=1

∥En∥,

∥η∥L̂∞(L2) + ∥η̂∥L̂∞(L2) + ∥J∥L̂∞(L2) ≤ QM(τ + h4),

∥δτη∥L̂1(L2) + ∥δτ η̂∥L̂1(L2) ≤ QMh4, ∥J∥L̂∞(L2) := max
1≤n≤N

∥Jn∥,

(4.9)

where M := ∥q∥L2(0,T ;Ȟ4) + ∥q∥H1(0,T ;L2) + ∥w̌0∥Ȟ6 + ∥w0∥Ȟ4 and the constant Q is independent of h, τ , N .

Proof. We use Theorems 3.3 and 3.4, Cauchy’s inequality and the fact that 0 ≤ α(0) ≤ α∗ < 1 to bound En and

Ên in (4.2) by

∥E∥L̂1(L2) ≤ τ

N
∑

n=1

∫ tn

tn−1



∂2
t u(·, t)





L2 dt = τ

∫ T

0



∂2
t u(·, t)





L2dt

= τ

∫ T

0

t−
α(0)

2



t
α(0)

2 ∂2
t u(·, t)





L2 dt

≤ τ

( ∫ T

0

t−α(0)dt

)

1
2 ×

( ∫ T

0



t
α(0)

2 ∂2
t u(·, t)





2

L2dt

)

1
2

≤ Qτ


t
α(0)

2 ∂2
t u





L2(0,T ;L2)
≤ QMτ,

∥Ê∥L̂1(L2) ≤ τ

N
∑

n=1

∫ tn

tn−1



∂2
t w(·, t)





L2dt = τ

∫ T

0



∂2
t w(·, t)





L2 dt ≤ QMτ,

(4.10)
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We combine Theorem 3.4 with the estimate ∥u∥C([0,T ];Ȟ4) ≤ Q∥u∥H1(0,T ;Ȟ4), the estimate

|ln(t − s)|

(tn − s)α(z)
≤ Q

|ln(t − s)|

(tn − s)α
∗ = Q

|ln(t − s)| (t − s)(1−α∗)/2

(tn − s)(1+α∗)/2
≤

Q

(tn − s)(1+α∗)/2
, (4.11)

(3.6) as well as mean value theorem to obtain

∥J∥L̂∞(L2) ≤ Q∥u∥C([0,T ];Ȟ4) max
1≤n≤N

n
∑

k=1

∫ tk

tk−1

⏐

⏐

⏐

⏐

(tn − s)−α(s)

Γ (1 − α(s))
−

(tn − s)−αk

Γ (1 − αk)

⏐

⏐

⏐

⏐

ds

≤ Qτ∥u∥H1(0,T ;Ȟ4) max
1≤n≤N

n
∑

k=1

∫ tk

tk−1

⏐

⏐

⏐

⏐

Γ
′(1 − α(z))α′(z)

(tn − s)α(z)Γ 2(1 − α(z))

−
ln(tn − s)α′(z)

Γ (1 − α(z))(tn − s)α(z)

⏐

⏐

⏐

⏐

ds

≤ Qτ∥u∥H1(0,T ;Ȟ4) max
1≤n≤N

n
∑

k=1

∫ tk

tk−1

1

(tn − s)(1+α∗)/2
ds ≤ QMτ,

(4.12)

We utilize the estimates in Theorem 3.4 and consider the estimate of Rn for 1 ≤ n ≤ N

∥R∥L̂1(L2) ≤ Qτ

N
∑

n=1

n
∑

k=1

∫ tk

tk−1

∫ s

tk
∥∂θu(·, θ)∥Ȟ4

(tn − s)αk
dθds

≤ Qτ

n
∑

k=1

∫ tk

tk−1

∥∂θu(·, θ)∥Ȟ4

N
∑

n=k

∫ tk

tk−1

(tn − s)−αk dsdθ

≤ Qτ

n
∑

k=1

(T − tk−1)1−α∗

∫ tk

tk−1

∥∂θu(·, θ)∥Ȟ4 dθ ≤ Qτ∥u∥W 1,1(0,T ;Ȟ4) ≤ QMτ.

(4.13)

We finally use (4.7) and Theorem 3.4 to bound ηn := un − Πhun by

∥η∥L̂∞(L2) ≤ Qh4∥u∥C([0,T ];Ȟ4) ≤ QMh4,

∥δτη∥L̂1(L2) =

N
∑

n=1









∫ tn

tn−1

(I − Πh)∂t udt









≤ Qh4∥u∥W 1,1(0,T ;Ȟ4) ≤ QMh4,
(4.14)

and we can similarly bound η̂ and δτ η̂ and thus finish the proof of (4.9).

4.3. Error estimate for the finite element scheme

Theorem 4.2. Suppose 0 ≤ α(t) < α∗ < 1 for some upper bound α∗, α ∈ C1[0, T ], q ∈ L2(0, T ; Ȟ 4) ∩

H 1(0, T ; L2), w̌0 ∈ Ȟ 6 and w0 ∈ Ȟ 4, the optimal-order error estimate holds for the finite element scheme (4.8)

defined on the uniform temporal mesh

∥w − W∥L̂∞(L2) + ∥∂tw − U∥L̂∞(L2) ≤ QM(τ + h4), (4.15)

where Q = Q(ρ, A, K , Kα, α∗, ∥α∥C1[0,T ], T ) and M = ∥q∥L2(0,T ;Ȟ4) + ∥q∥H1(0,T ;L2) + ∥w̌0∥Ȟ6 + ∥w0∥Ȟ4 .

Proof. We decompose the global truncation error un − Un = ξn + ηn with ξn := Πhun − Un ∈ Sh and

wn − Wn = ξ̂n + η̂n with ξ̂n := Πhwn − Wn ∈ Sh . We subtract (4.8) from (4.5) and employ (4.6) to obtain

that for χ ∈ Sh and 1 ≤ n ≤ N ,
(

δτ ξn, χ
)

+ K a
(

ξn, χ
)

+ Kαa
(

I 1−αn
τ ξn, χ

)

= −(Gn, χ),

ξ̂n = ξ̂n−1 + τ
(

ξn + ηn − Ên − δτ η̂n

)

,
(4.16)
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where Gn = Kα(Jn + Rn) + δτηn + En for 1 ≤ n ≤ N . For a fixed µ > 0, let ξ̆n = e−µtn ξn for 1 ≤ n ≤ N . We

incorporate the following relations

e−µtn δτ ξn = τ−1
[

e−µtn ξn − e−µtn−1ξn−1 + e−µtn−1ξn−1 − e−µtn ξn−1

]

= δτ ξ̆n + τ−1(1 − e−µτ )ξ̆n−1,

e−µtn a
(

I 1−αn
τ ξn, χ

)

= e−µtn

n
∑

k=1

bn,ka(ξk, χ)

=

n
∑

k=1

∫ tk

tk−1

e−µ(tn−tk )e−µtk a(ξk, χ)ds

Γ (1 − αk)(tn − s)αk
=

n
∑

k=1

b̆n,ka(ξ̆k, χ),

b̆n,k =

∫ tk

tk−1

e−µ(tn−tk )ds

Γ (1 − αk)(tn − s)αk
, 1 ≤ k ≤ n ≤ N

(4.17)

with the first equation multiplied by e−µtn in (4.16) and χ = ξ̆n to obtain

(

δτ ξ̆n, ξ̆n

)

+
(1 − e−µτ )

τ
(ξ̆n−1, ξ̆n) + K a

(

ξ̆n, ξ̆n

)

+Kα

n
∑

k=1

b̆n,ka(ξ̆k, ξ̆n) = −e−µtn (Gn, ξ̆n),

ξ̂n = ξ̂n−1 + τ
(

ξn + ηn − Ên − δτ η̂n

)

.

(4.18)

We employ the fact

τ
(

δτ ξ̆n, ξ̆n

)

+ (1 − e−µτ )(ξ̆n−1, ξ̆n) = ∥ξn∥
2 − e−µτ (ξ̆n−1, ξ̆n),

and multiply the first equation in (4.18) by 2τ and then use geometric±arithmetic inequality to cancel ∥ξ̆n∥
2 on both

sides to obtain

∥ξ̆n∥
2 + 2K τ∥∂2

x ξ̆n∥
2 ≤ ∥ξ̆n−1∥

2 + Kατ

n
∑

k=1

b̆n,k

(

∥∂2
x ξ̆k∥

2 + ∥∂2
x ξ̆n∥

2
)

+ 2τ∥Gn∥∥ξ̆n∥.

We then sum the above inequality from n = 1 to n0 for 1 ≤ n0 ≤ N and cancel the like terms on both sides to

obtain

∥ξ̆n0
∥2 + 2K τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2 ≤ Kατ

n0
∑

n=1

n
∑

k=1

b̆n,k(∥∂2
x ξ̆k∥

2 + ∥∂2
x ξ̆n∥

2)

+2τ

n0
∑

n=1

∥Gn∥∥ξ̆n∥.

(4.19)

To estimate the first two terms on the right hand side of (4.19), we define the sequences ζ = {ζn}
N
n=1 =

{

∥∂2
x ξ̆n∥

2
}N

n=1
,

B = {Bn}
N
n=1 with Bn =

∫ 0

−τ
e−µ(tn−s)ds

(tn−s)α
∗ for 1 ≤ n ≤ N and

∥ζ∥l1 :=

N
∑

n=1

∥∂2
x ξ̆n∥

2,

∥B∥l1 =

N
∑

n=1

|Bn| =

N
∑

n=1

∫ 0

−τ

e−µ(tn−s)ds

(tn − s)α
∗ =

N
∑

n=1

∫ tn+1

tn

e−µss−α∗
ds

≤

∫ ∞

0

e−µss−α∗
ds ≤ Qµα∗−1.

(4.20)
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The estimate (4.20) together with (4.17) and discrete Young’s convolution formula yields

τ

n0
∑

n=1

n
∑

k=1

b̆n,k∥∂
2
x ξ̆k∥

2 = τ

n0
∑

n=1

n
∑

k=1

∫ tk

tk−1

e−µ(tn−tk )ds

Γ (1 − αk)(tn − s)αk
∥∂2

x ξ̆k∥
2

≤ Qeµτ τ

n0
∑

n=1

n
∑

k=1

∫ tk

tk−1

e−µ(tn−s)ds

(tn − s)α
∗ ζk

≤ Qeµτ τ

n0
∑

n=1

n
∑

k=1

∫ 0

−τ

e−µ(tn−tk−s)ds

(tn − tk − s)α
∗ ζk

= Qeµτ τ

n0
∑

n=1

(

B ∗ ζ
)

n
≤ Qeµτ τ



B ∗ ζ




l1

≤ Qeµτ τ∥B∥l1∥ζ∥l1 ≤ Qeµτµα∗−1τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2,

(4.21)

and

τ

n0
∑

n=1

n
∑

k=1

b̆n,k∥∂
2
x ξ̆n∥

2 = τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2

n
∑

k=1

b̆n,k

≤ eµτ τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2

n
∑

k=1

∫ tk

tk−1

e−µ(tn−s)ds

Γ (1 − αk)(tn − s)αk

≤ Qeµτ τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2

∫ tn

0

e−µ(tn−s)ds

(tn − s)α
∗ ≤ Qeµτµα∗−1τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2.

(4.22)

Then the left hand side terms in (4.19) can be estimated by

∥ξ̆n0
∥2 + K τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2 ≤ Q1 Kαeµτµα∗−1τ

n0
∑

n=1

∥∂2
x ξ̆n∥

2 + 2τ

n0
∑

n=1

∥Gn∥∥ξ̆n∥, (4.23)

we choose µ sufficiently large to ensure Q1 Kαµα∗−1eµτ < K to arrive at

∥ξ̆n0
∥2 ≤ Qτ

n0
∑

n=1

∥Gn∥∥ξ̆n∥. (4.24)

Let ∥ξ̆n∗∥ := max1≤n≤N ∥ξ̆n∥ (assumed positive without loss of generality). Set n0 = n∗ in (4.24), divide the resulting

inequality by ∥ξ̆n∗∥ and utilize the estimates in (4.9) as well as ∥ξn∥ ≤ Q∥ξ̆n∥ for 1 ≤ n ≤ N to arrive at

∥ξn∥ ≤ QM(τ + h4), 1 ≤ n ≤ N . (4.25)

To estimate ξ̂n , we sum the second equation in (4.16) from n = 1 to n0 to obtain

∥ξ̂n0
∥ ≤ Qτ

n0
∑

n=1

(

∥ξn∥ + ∥ηn∥ + ∥Ên∥ + ∥δτ η̂n∥
)

, 1 ≤ n0 ≤ N . (4.26)

We then combine the estimates (4.9), (4.25) with (4.26) to bound

∥ξ̂n0
∥ ≤ Q(τ + h4), 1 ≤ n0 ≤ N , (4.27)

and we finally incorporate (4.25) and (4.27) with preceding estimates (4.9) to complete the proof of the theorem.

5. Numerical experiments

We perform numerical experiments to investigate the convergence behavior of the proposed numerical scheme

(4.8) to the model (2.6)±(2.7) and the dynamic response of the viscoelastic Euler±Bernoulli beam (2.6)±(2.7) in the

context of real isotropic material, in comparison with the classical Euler±Bernoulli beam model [17]

ρ A∂2
t w + ςρ A∂tw + E I∂4

x w = q(x, t), (5.1)
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Fig. 2. Left to right: Representative plots of the numerical solutions and reference solutions in Example 1 with (α0, αT ) = (0, 0.6). First

row: Space±time surface of W . Second row: Space±time surface of U .

where ς is the external damped ratio and E is the elastic modulus. The initial and boundary conditions are specified

in (2.7).

5.1. Convergence of the finite element scheme

We numerically investigate the temporal and spatial convergence behavior of the finite element scheme (4.8) for

the model (2.6)±(2.7) under uniform temporal and spatial partitions with the mesh size τ and h.

Example 1. Let [0, T ] = [0, 0.5]s, l = 1, E = Ed = I = ρ = A = 1 for simplicity, w0(x) = x3(1 − x)3, w̌0 = 0

and q ≡ 1 within the beam. The variable-order α(t) in the model (2.6)±(2.7) is defined by

α(t) = αT + (α0 − αT )

(

1 −
t

T
−

sin(2π (1 − t/T ))

2π

)

(5.2)

with (i) (α0, αT ) = (0, 0.6), (ii) (α0, αT ) = (0.2, 0.8), and (iii) (α0, αT ) = (0.7, 0.3).

Since the analytic solution to the model (2.6)±(2.7) is not in the closed form, we accept the numerical

solution computed with fine mesh size (h f , τ f ) = (1/72, 1/1440) as a reference solution to measure the temporal

convergence order and fine mesh size (h f , τ f ) = (1/60, 1/8192) as a reference solution for the spatial convergence

order. In Fig. 2, we show the representative plots of the numerical solutions and reference solutions for (α0, αT ) =

(0, 0.6) in (5.2), computed with (h, τ ) = (1/24, 1/48) and a fine mesh size (h f , τ f ) = (1/72, 1/1440), respectively.

In the numerical experiments, we investigate the temporal convergence order ι and spatial convergence order ϑ

such that,

∥U − ∂tw∥L̂∞(L2) + ∥w − W∥L̂∞(L2) ≤ Q(τ ι + hϑ ). (5.3)

When we measure ι, we adopt the same mesh size h as used for the reference solution and vice versa. We present

the numerical results in Tables 1±2, and we observe first order accuracy in time and fourth order accuracy in space,

which are in a good agreement with theoretical results.
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Table 1

Numerical results of ∥w − W∥
L̂∞(L2)

for the finite element scheme (4.8) of cases (i)±(iii) in

Example 1.

τ (i) ι (i i) ι (i i i) ι

1/16 7.75E − 05 ± 6.66E − 05 ± 1.48E − 05 ±

1/24 5.20E − 05 0.98 4.50E − 05 0.97 9.68E − 06 1.04

1/32 3.89E − 05 1.01 3.39E − 05 0.99 7.15E − 06 1.05

1/48 2.56E − 05 1.03 2.24E − 05 1.02 4.63E − 06 1.07

h (i) ϑ (i i) ϑ (i i i) ϑ

1/2 2.32E − 07 ± 2.05E − 07 ± 2.49E − 07 ±

1/3 4.46E − 08 4.06 3.95E − 08 4.06 4.79E − 08 4.06

1/4 1.40E − 08 4.04 1.24E − 08 4.04 1.50E − 08 4.04

1/5 5.70E − 09 4.02 5.04E − 09 4.02 6.11E − 09 4.02

Table 2

Numerical results of ∥∂tw − U∥
L̂∞(L2)

for the finite element scheme (4.8) of cases (i)±(iii) in

Example 1.

τ (i) ι (i i) ι (i i i) ι

1/16 7.50E − 05 ± 7.84E − 05 ± 5.61E − 06 ±

1/24 5.04E − 05 0.98 5.23E − 05 1.00 3.81E − 06 0.96

1/32 3.78E − 05 1.00 3.89E − 05 1.03 2.90E − 06 0.95

1/48 2.50E − 05 1.02 2.55E − 05 1.04 1.97E − 06 0.95

h (i) ϑ (i i) ϑ (i i i) ϑ

1/2 2.87E − 07 ± 8.57E − 08 ± 3.58E − 07 ±

1/3 5.54E − 08 4.06 1.65E − 08 4.06 6.88E − 08 4.06

1/4 1.74E − 08 4.03 5.17E − 09 4.04 2.15E − 08 4.04

1/5 7.07E − 09 4.02 2.11E − 09 4.02 8.78E − 09 4.02

Table 3

Numerical results of ∥w − W∥
L̂∞(L2)

for the finite element scheme (4.8) of cases (iv)±(vi) in

Example 2.

τ (iv) ι (v) ι (vi) ι

1/16 2.22E − 05 ± 6.45E − 05 ± 4.16E − 06 ±

1/24 1.46E − 05 1.03 4.31E − 05 1.00 2.75E − 06 1.02

1/32 1.08E − 05 1.04 3.22E − 05 1.01 2.04E − 06 1.04

1/48 7.06E − 06 1.06 2.12E − 05 1.04 1.32E − 06 1.06

h (iv) ϑ (v) ϑ (vi) ϑ

1/2 3.28E − 05 ± 3.11E − 05 ± 2.97E − 05 ±

1/3 6.78E − 06 3.88 6.44E − 06 3.88 6.15E − 06 3.88

1/4 2.18E − 06 3.95 2.07E − 06 3.95 1.97E − 06 3.95

1/5 8.98E − 07 3.97 8.52E − 07 3.97 8.14E − 07 3.97

Example 2. Let [0, T ] = [0, 0.5]s, E = Ed = I = ρ = A = 1 for simplicity, w0(x) = sin(πx), w̌0 = sin(πx) and

q ≡ 1 within the beam. The variable-order α(t) in the model (2.6)±(2.7) is chosen as (iv) α(t) = 0.2 + 0.2t , (v)

α(t) = 0.5 + 0.3 sin(π t), (vi) α(t) = 0.4 + 0.1e−t . We use the numerical solution computed with fine mesh size

(h f , τ f ) = (1/48, 1/1440) as a reference solution to measure the temporal convergence order of the scheme (4.8)

and fine mesh size (h f , τ f ) = (1/60, 1/8192) as a reference solution for the spatial convergence order. In Fig. 3,

we similarly show the representative plots of the numerical solutions and reference solutions for α(t) = 0.2 + 0.2t ,

computed with (h, τ ) = (1/24, 1/48) and a fine mesh size (h f , τ f ) = (1/72, 1/1440), respectively. Numerical

results ∥w− W∥L̂∞(L2) and ∥∂tw−U∥L̂∞(L2) are presented in Tables 3±4, which again show first order convergence

in time and fourth order accuracy in space as proved in Theorem 4.2.
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Fig. 3. Left to right: Representative plots of the numerical solutions and reference solutions in Example 2 with α(t) = 0.2 + 0.2t . First row:

Space±time surface of W . Second row: Space±time surface of U .

Table 4

Numerical results of ∥∂tw − U∥
L̂∞(L2)

for the finite element scheme (4.8) of cases (iv)±(vi) in

Example 2.

τ (iv) ι (v) ι (vi) ι

1/16 1.93E − 05 ± 9.44E − 05 ± 8.26E − 05 ±

1/24 1.22E − 05 1.12 6.23E − 05 1.02 5.41E − 05 1.04

1/32 8.92E − 06 1.10 4.61E − 05 1.05 4.00E − 05 1.05

1/48 5.72E − 06 1.10 3.00E − 05 1.06 2.60E − 05 1.06

h (iv) ϑ (v) ϑ (vi) ϑ

1/2 2.72E − 05 ± 1.50E − 05 ± 1.65E − 05 ±

1/3 5.63E − 06 3.88 3.10E − 06 3.88 3.42E − 06 3.88

1/4 1.81E − 06 3.95 9.96E − 07 3.95 1.10E − 06 3.95

1/5 7.46E − 07 3.97 4.11E − 07 3.97 4.53E − 07 3.97

Remark 5.1. We note that there are some existing numerical methods for the constant-order fractional Euler±

Bernoulli beam (5.4), e.g., compact difference method [21], quasi-Legendre polynomial method [45], shifted

Chebyshev polynomials algorithm [44], and spectral Galerkin method [41]. In particular, compared with the

work [21], we specifically focus on the first-order temporal discretization scheme based on the regularity results in

Theorems 3.3 and 3.4. High order discretization scheme [27,28] can definitely produce the solution with higher-order

accuracy, provided that the exact solution has required high-order regularity estimates that will be investigated in

the near future.
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Table 5

The simulation parameters of HDPE and PEEK in model (5.4)

[44].

Material ρ(kg/m3) α Eα

HDPE 960 0.1603 3.341 × 105

PEEK 1290 0.2341 5.50 × 106

5.2. Validation and comparison

The constant-order fractional Euler±Bernoulli beam

ρ A∂2
t w + Eα I∂α

t ∂4
x w = q(x, t), (x, t) ∈ (0, l) × (0, T ] (5.4)

has been widely investigated in the literature [8,21,44,45] to describe the vibration behavior of the viscoelastic beam

under external excitations. To validate the efficiency and accuracy of our developed numerical scheme (4.8), we

are now in the position to compare the numerical results obtained from (4.8) by choosing Ed = 0 and a constant

fractional order α with those existing in the literature [44,45].

In the numerical experiments, we consider two kinds of viscoelastic polymeric materials: High density polyethy-

lene (HDPE) and Poly (ether ether ketone) (PEEK). The material parameters are listed in Table 5.

We also assume the beam to be clamped±clamped at both ends with homogeneous initial conditions in (2.7),

leading to

w(0, t) = w(l, t) = ∂xw(0, t) = ∂xw(l, t) = 0, t ∈ [0, T ],

w(x, 0) = ∂tw(x, 0) = 0, x ∈ [0, l].
(5.5)

The beams are set to have length l = 5m, width 0.2 m and height 0.2 m. The moment of inertia of the beam is thus

I = 0.24

12
m4. Let T = 2s, the fractional Euler±Bernoulli beam model (5.4)±(5.5) is simulated via the developed finite

element scheme (4.8) with the uniform spatial partition h = 1/20 and the uniform temporal mesh τ = 1/1024.

We plot the transverse deflection of the HDPE and PEEK beam under different external excitations in Fig. 4.

The simulation results in Fig. 4 are quantitatively consistent with those obtained by shifted Chebyshev polynomial

algorithm [44, Figure 10], which further indicates the efficiency and reliability of the proposed finite element scheme

(4.8).

5.3. Model investigation

Resonance phenomenon is a critical factor determining the durability and reliability of the mechanical and

biological systems, and thus it is of fundamental significance to precisely model and characterize the resonance

behavior for the elongation of the durability and reliability of those systems. Since the free vibration of the beam

structures with non-vanishing initial deflection or velocity will die off in the long run and we are mainly interested

in mechanical and biological durability and reliability, we assume the homogeneous initial conditions and thus focus

on the steady state response of the system.

We investigate the performance and behavior of the aforementioned Euler±Bernoulli beams made of Inconel alloy

718 material [16], which can work in a diverse temperature environment to provide superior tensile, creep-rupture

strength, fatigue and oxidation resistance. The beams are set to have length l = 1m, width 0.1 m and height

0.01 m and the material data is as follows: ρ = 8192 kg/m3 and E = 200 GPa, which give the primary frequency

of the classical Euler±Bernoulli beam (5.1) as ω1 = 141 rad/s [17]. In the numerical examples, a harmonic force

q = cos(ω1t)δ(x −l/2) is applied at the center of the simply-supported Euler±Bernoulli beams over the time interval

[0, T ] = [0, 2]s.

The Euler±Bernoulli beam models are simulated via the proposed finite element scheme (4.8) with the uniform

spatial partition h = 1/64. We investigate the resonance behaviors of the midpoint of neutral beam axis of the

classical Euler±Bernoulli beam (5.1) without external damping in Fig. 5, from which we notice that insufficient

temporal partitions cannot properly present the resonance behavior as described by the physical model and often

result in nonphysical and spurious phenomena ªbeatº, i.e., the vibration oscillates rapidly with slowly varying
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Fig. 4. Comparison of the deflection of the HDPE and PEEK beams under different external excitations. First row: q = 10, and q = 30.

Second row: q = 10π sin(t), and q = 10 + 2x .

Fig. 5. Left to right: Deflection of the classical Euler±Bernoulli beam (5.1) on [0, T ] for T = 2s with τ = π
4ω1

, τ = π
8ω1

, and τ = π
16ω1

,

respectively.

amplitude [17]. Hence, a fine temporal step size τ = π
32ω1

is chosen to ensure the temporal resolution to catch

physical behaviors.

We investigate the time evolution of the transverse deflection of the Euler±Bernoulli beams at the midpoint of the

neural axis in Figs. 6±8. When the natural frequency of the Euler Bernoulli beam equals the driving frequency of
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Fig. 6. Left to right: Deflection of the damped classical Euler±Bernoulli beam (5.1) on [0, T ] with T = 2s, ς = 0.01, ς = 0.05, and

ς = 0.1, respectively.

Fig. 7. Left to right: Deflection of the viscoelastic Euler±Bernoulli beam (2.6)±(2.7) on [0, T ] with T = 2s, α(t) = 0.1, α(t) = 0.15,

α(t) = 0.1 + 0.05t , and α(t) = 0.2 − 0.05t , respectively. Row 1 : Ed = 0. Row 2: Ed = 0.001E .

the periodic external force applied to the beam system, (i) Fig. 6 shows that the damped classical Euler±Bernoulli

beam model (5.1) predicts vibration that grows linearly in time which is in sharp contrast with the single-degree

mass±spring±dashpot system [17]. In addition, we observe from Fig. 7 that viscoelastic Euler±Bernoulli beam

model (2.6)±(2.7) with the inherent damping mechanism generates stable predictions of vibrations that do not grow

unboundedly; (ii) we also observe from Fig. 7 that the maximal amplitude of the viscoelastic Euler±Bernoulli beam

model (2.6)±(2.7) for the case Ed = 0 ranges from 1.2E − 3 to 6E − 4 with the constant α increasing from

0.1 to 0.15, and similar conclusions can be drawn for the case Ed = 0.001E . These observations are consistent

with the discussions in Section 1; (iii) we observe from Fig. 8 that the maximal amplitude of the viscoelastic

Euler±Bernoulli beam model (2.6)±(2.7) ranges from 1E − 3 to 4E − 4 with the internal damping coefficient Ed

growing from Ed = 0.001E to Ed = 0.01E , which decreases further to 3E − 5 for Ed = 0.2E . These findings are

consistent with preceding discussions in Section 2; (iv) the viscoelastic Euler±Bernoulli beam model (2.6)±(2.7),

which provides more modeling compatibility and flexibility via different choices of the variable-order α(t), brings
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Fig. 8. Left to right: Deflection of the viscoelastic Euler±Bernoulli beam (2.6)±(2.7) on [0, T ] with T = 2s and α(t) = 0.2 − 0.05t ,

Ed = 0.001E , Ed = 0.01E , and Ed = 0.2E , respectively.

about predictions that do not grow linearly in time and generates predictions of vibrations that may agree more

with experimental observations [14].
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