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Quadrupole instability of static scalarized black holes
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The addition of a Ricci coupling to Einstein-scalar-Gauss-Bonnet theories makes general relativity a
cosmological attractor. Previous work considered a quadratic coupling function with two independent
coupling constants in such theories and showed that static, spherically symmetric, spontaneously scalarized
black holes are radially stable beyond a critical value of the Ricci coupling constant. Here we demonstrate
that these black holes are affected by a quadrupole instability which leads to two new branches of static,
axially symmetric scalarized black holes. We discuss the properties of these solutions and provide

embedding diagrams.
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I. INTRODUCTION

In general relativity (GR), the no-hair theorems highly
restrict the allowed black hole (BH) solutions and their
properties [1,2]. Real scalar fields, for instance, cannot lead
to scalar hair. The situation is different in generalized
theories of gravity intended to amend various shortcomings
of GR (see, e.g., [3.,4]).

A particularly attractive and well-studied class of theo-
ries contains a Gauss-Bonnet (GB) quadratic term coupled
to a real scalar field. Such Einstein-scalar-Gauss-Bonnet
(ESGB) theories lead to second order equations of motion
and do not feature ghosts. In the low-energy limit of string
theory, the scalar field corresponds to a dilaton [5,6]. In
these Einstein-dilaton-Gauss-Bonnet theories BHs always
carry scalar hair [7,8], and the vacuum BHs of GR are no
longer solutions.

However, ESGB theories allowing for different (non-
dilatonic) coupling functions f(¢) of the scalar field to the
GB term admit GR BHs as special solutions of the field
equations. For example, theories with coupling functions
quadratic in ¢ feature BH solutions with scalar hair that
reduce to GR solutions for small couplings. These “sponta-
neously scalarized” BH solutions arise from a tachyonic
instability of the GR BHs, due either to strong curvatures or
to large spins [9-18].

Static, spherically symmetric, spontaneously scalarized
BHs “branch off” the Schwarzschild BH solutions below a
critical value of the mass (for fixed coupling constant),
where the tachyonic instability produces a zero mode of the
Schwarzschild BHs. For masses lower than this critical
value, the Schwarzschild BHs possess an unstable radial
mode [19-21], and a new branch of scalarized BHs (the
“fundamental branch”) emerges. The stability of scalarized
BHs under radial perturbations depends on the specific
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choice of the coupling function and of the scalar field
potential [19-21].

As shown in Refs. [19,22,23], linear mode stability
applies to (most of) the fundamental scalarized branch of
the extended scalar-tensor GB theories considered in
Ref. [9]. In contrast, for a purely quadratic coupling
function, f(¢) = ¢*/2, the fundamental scalarized branch
is radially unstable everywhere [19]. The fundamental
branch can be made partially (radially) stable by including
higher order terms or a potential. Then the radial instability
sets in at a minimum of the scalarized BH mass [20,21].

Recently, a partially radially stable fundamental branch
of scalarized BHs was found in another interesting scenario
[24-26]: Einstein-scalar-Gauss-Bonnet-Ricci (ESGBR)
theories, which also include a term coupling the scalar
field with the Ricci scalar via a quadratic coupling function
(but with a different coupling constant). ESGBR theories
are well motivated from a cosmological point of view, since
they allow GR to be a cosmological attractor [24]: no fine-
tuning of the scalar field in the early Universe is needed in
order to have a vanishing scalar field at late times.

Here we revisit scalarized BH solutions for the ESGBR
action [24-26]
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with a real scalar field ¢, coupling constants «a and f, and
GB invariant R%, = R,,,,R**° — 4R, R* + R*. We show
that scalarized BHs in ESGBR theories have an intriguing
new feature: radially stable, static, spherically symmetric
BHs on the fundamental scalarized branch develop a
quadrupole instability below a critical value of the BH
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mass. At this critical value of the mass the spherically
symmetric solutions possess a zero mode from where two
branches of static, but only axially symmetric, BH solutions
arise. Therefore, stability under radial perturbations may
not necessarily imply linear mode stability. We present the
domain of existence of the new branches of BH solutions
and study their physical properties.

II. GENERAL FRAMEWORK

Variation of the action (1) with respect to the metric
yields the generalized Einstein equations

I (et
Elw =G, — ET}(Ii ) =0, (2)

7%

where the effective stress-energy tensor

T = 1) - 2aT "

)+ pTiy) (3)
has contributions from the scalar, GB and Ricci terms,
respectively. Variation with respect to the scalar field yields
the generalized Klein-Gordon equation

p
Vi - <2R —aR%y | = 0. (4)
The latter features the effective mass
p
msz = ER - aRéB’ (5)

which allows for spontaneous scalarization and for the
attractive cosmological features of the model.

We find solutions corresponding to static, axially sym-
metric spacetimes by imposing the ansatz [27,28]

ds*=—befodt* +ef1 (dr? + r*do*) + e r*sin*0dg?, (6)

with “quasi-isotropic” radial coordinate r; auxiliary func-
tion b = (1 —")? (here ry is the isotropic horizon radius);
and three unknown metric functions F,, F;, F,. These
metric functions F; (i =0, 1, 2) and the scalar field ¢
depend only on the coordinates r and 6.

Based on considerations of symmetry, regularity and
asymptotic flatness of the solutions, we impose the follow-
ing set of boundary conditions at spatial infinity, at the
horizon and on the symmetry axis, respectively:
F,(OO) = 0, (l = 0, 1,2), 45(00) = 0, drFo(rH) = l/rH,
0,F\(ry) = =2/ru, 0,Fy(ru) = =2/ru, 0,p(ry) =0;
and aHFi|6:0.ﬂ =0(@=0,1,2), 69¢|0:0.ﬂ =0.

Assuming the scalar field to be even under parity, a series
expansion at infinity leads to ¢ = Q/r+ ---, where Q
represents the scalar charge. The BH mass M can be found
from the metric function g, = —1 +2M/r + - - -. Since all
functions are even, we can limit calculations to one

quadrant only and impose the boundary conditions
agF,-|0:”/2:O (i=0,1,2), 69(/;|9:ﬂ/2 = 0 on the equatorial
plane.

The horizon metric determines the Hawking temperature
[29]

1
T = — (FO_FI)/2 7
H ZﬂrHe ( )

and the horizon area

Ay = 211, A " 46 sin GelFI+F2)/2 8)

The entropy, however, differs from the GR result, where it
is simply a quarter of the horizon area [29]. For ESGBR
BHs there are additional contributions [30], and the entropy
is found as the following integral over the spatial cross
section of the horizon:

S:;L dlx\/E[l—";(g—zaR)], (9)

Iy

where £ is the determinant of the induced metric on the
horizon and R is the corresponding scalar curvature.

III. NUMERICAL RESULTS

The numerical approach we employed previously for
ESGB BHs [14,18] is based on the finite difference solver
FIDISOL/CADSOL [31,32]. For ESGBR BHs, we sup-
plemented this solver by a spectral solver. In both cases the
unknown functions (Fy, F, F,, ) are obtained for given
values of the coupling constants & and £ and of the horizon
radius 7y by solving the chosen set of partial differential
equations (PDEs) subject to the prescribed boundary
conditions. In particular, we employ the linear combina-
tions of the Einstein equations E!, Ef, E(”,, and E7 + Ez for
the PDEs yielding the metric functions, and we treat the
equations involving E7—E% and EY as constraints.
Introducing a compactified radial variable x = 1 — ry/r,
we map the interval [ry, 00) to the finite interval [0, 1]. We
then discretize the equations on a nonequidistant grid
in the variables x and # whose range is 0 < x <1 and
0 < 0 < 7/2. The resulting estimated numerical error is of
order 1073 or less.

We begin our discussion by recalling the fundamental
scalarized static spherically symmetric BH branches
[25,26]. When f exceeds a critical value of about 1.15,
radially stable BHs arise from the bifurcation point with the
Schwarzschild BHs (see e.g. Fig. 2 of Ref. [26]).
Analogous to ESGB BHs [20,21], for smaller values of
J these branches feature a minimum of the mass, where the
radial instability sets in. For larger values of f the branches
are radially stable, and they terminate with a solution such
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FIG. 1. Branches of scalarized BHs for f =2 and 5: scaled

scalar charge Q/+/a vs scaled mass M/+/a for the fundamental
spherically symmetric fundamental branches (dotted blue) and
the axially symmetric branches (red) in the insets. The critical
bifurcation points P, are shown by black dots.

that a certain radicand in the horizon expansion of the scalar
field vanishes [7]. In Fig. 1 we show the scaled scalar
charge Q/+/a versus the scaled mass M /+/a for two values
of the coupling, f = 2 and f = 5. These results agree with
those of Ref. [26].

However, unlike previously assumed, radial stability
along these branches does not imply general mode stability.
At the locations marked by black dots in Fig. 1 the
scalarized BHs gain a zero mode with respect to quadrupole
deformations, and we find two branches of axially sym-
metric BH solutions (red dashed and red dotted lines in
the insets).
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FIG. 2. Domain of existence of axially symmetric scalarized
BHs: scaled scalar charge Q/+/a vs scaled mass M/+/a for the
endpoints of the two branches together with the critical points of
the fundamental spherically symmetric branch (blue, determined
by the zero mode). The black star indicates the onset of the
quadrupole instability at # = 1.3458. The numbers correspond to
selected values of f. The inset shows an enlargement of the
spherically and axially symmetric branches for f = 2.

Let us denote the bifurcation points of the axial branches
by P,. The blue line in Fig. 2 shows these bifurcation
points, starting from the critical value f., = 1.3458 where
they first appear. We note that for ., < < 1.52 the onset
of instability occurs on the radially unstable part of the
corresponding spherically symmetric branch, whereas for
f 2 1.52 it occurs on the radially stable part. We also show
the endpoints of the two axial branches. These are denoted
by “dis =0,” since in the horizon expansion for the
solutions a discriminant vanishes, and the existence of
real BH solutions requires a positive sign [18]. Therefore
the region between the blue line and the two black lines
represents the domain of existence of the two axial
branches for M/\/a > 0.95.

The inset in Fig. 2 is an enlargement of the axial
branches for f = 2. Starting at the bifurcation with the
spherical branch, the upper branch (oblate, red dashed line)
curiously features a small portion where the BH mass
decreases, but then it bends toward larger BH masses. On
the contrary, the lower branch (prolate, red dotted line)
immediately moves in the direction of larger BH masses.
This curious feature is lost for larger values of /.

At the endpoints of the axial branches, their deformation
becomes maximal. The deformation of the two axial
branches is illustrated in Fig. 3, where we show embed-
dings of the BH horizons at the endpoints of the two axial
branches for f# =5 and compare them with the spherical
horizon. Clearly, along the lower (dotted) axial branch
the deformation becomes prolate, while along the upper
(dashed) axial branch it becomes oblate.
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FIG. 3. Embedding of the horizon of scalarized BHs for # = 5:
critical spherical BH (a = 13.79), endpoints of upper
(a = 14.05) and lower (a = 13.45) axial branch for fixed circum-
ferential radius of the horizon.
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FIG. 4. Scaled entropy S/(4xa) (left panel) and scaled Hawking temperature 1677 z+/a (right panel) versus the scaled mass M //a for
the spherically symmetric fundamental branches (dotted blue) of scalarized BHs with # = 2 and = 5. Black dots mark the critical
bifurcation points. The prolate and oblate axially symmetric branches (red dotted and red dashed lines, respectively) are shown in the insets.

In Fig. 4 we turn to thermodynamic properties, plotting
the scaled entropy S/(4za) (left panel) and the scaled
Hawking temperature 1677/ (right panel) versus the
scaled mass M/\/a for the spherical branches with f =2
and f =5.

Let us focus first on the left panel. The entropy of the
axial branches for # = 5 (shown in the insets) is very close
to the entropy along the spherical solutions, but a high
magnification (bottom right inset) uncovers small devia-
tions: the prolate lower branch (dotted) has slightly higher
entropy than the spherical branch, while the oblate upper
branch (dashed) has slightly smaller entropy. Therefore the
BHs on the prolate branch are, if only slightly, entropically
favored. The closeness of the entropy of the spherical and
axial branches is somewhat surprising, because the scaled
horizon area Ay/a of the spherical branch is considerably
larger than the area of the axial branches away from the
bifurcation for BHs with the same scaled mass M/ /a.

The right panel of Fig. 4 shows that the temperature
Tyy/a of the scalarized BHs is a decreasing function of
M/+\/a, as in the case of Schwarzschild BHs. Both axial
branches possess larger Ty+/a than the spherical branch.
The temperature of the axially symmetric BHs is larger than
the temperature of spherically symmetric BHs on the
radially stable branch, while it is smaller than the temper-
ature of spherically symmetric BHs on the radially unstable
branch (not shown in the figure). For large enough values of
f (including the value 2, shown in the top right inset), there
is still a part of the branch of oblate BHs (dashed red line)
where the temperature increases with mass. This feature
seems to disappear for f 2 3.

IV. CONCLUSIONS

We have investigated spontaneously scalarized, static BH
solutions in ESGBR theories with quadratic coupling

functions. These cosmologically motivated theories allow
for branches of static spherically symmetric BHs that are (in
part) stable with respect to radial perturbations [24-26]. We
have found that radial stability does not, in general, imply
perturbative mode stability. In particular, we have demon-
strated the occurrence of a quadrupole instability along the
spherical branches for a wide range of coupling constants.

Two distinct, axially deformed branches of BHs arise
starting from a zero mode of the spherical BHs with respect
to quadrupole deformations. The lower branch is prolate
and entropically favored, while the upper branch is oblate
and entropically disfavored relative to the spherical branch,
although the difference in entropy is very small (the
differences in horizon area and temperature are larger).
These static axial branches of BHs represent new counter-
examples to Israel’s theorem [33].

The occurrence of a quadrupole instability might be
attributed to the presence of the Ricci coupling. However,
we cannot exclude the possibility that such an instability
may occur in simpler ESGB theories with higher order
terms in the coupling function or with a nonzero potential
[20,21]. This is an interesting topic for further study.

We have considered the possibility of a dipole instability
of ESGBR BHs, because Schwarzschild BH instabilities in
ESGB theories involve first the monopole (i.e., the radial
instability) and then the dipole, before the quadrupole
instability occurs [14]. However, our numerical investiga-
tions did not reveal any dipole instability.

A perturbative study of the mode stability of the new
axial branches will be technically challenging, and their
nonlinear evolution is particularly interesting. Before tack-
ling these difficult questions, it should be possible to
understand various other physical properties of these
solutions, such as their shadow. The axial symmetry of
the static spacetimes should lead to deformations of the
shadow, but without distinction with respect to corotation
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and counterrotation. A comparison with observations could
set constraints on the coupling constants of the theory [34].

The static axially symmetric branches can be set into
rotation, just like the spherically symmetric branches. This
implies interesting overlapping domains of existence for
rotating BHs in ESGBR theories, which will be presented
elsewhere [35].
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