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Abstract

With about one hundred mergers of binary black holes (BBHs) detected via gravitational waves by the LIGO-
Virgo-KAGRA (LVK) Collaboration, our understanding of the darkest objects in the universe has taken
unparalleled steps forward. While most of the events are expected to consist of black holes (BHs) directly formed
from the collapse of massive stars, some may contain the remnants of previous BBH mergers. In the most massive
globular clusters and in nuclear star clusters, successive mergers can produce second- (2G) or higher-generation
BHs, and even form intermediate-mass BHs (IMBHs). Overall, we predict that up to ~10%, ~1%, or ~0.1% of the
BBH mergers have one component being a 2G, 3G, or 4G BH, respectively. Assuming that ~500 BBH mergers
will be detected in O4 by LVK, this means that ~50, ~5, or ~0.5 events, respectively, will involve a 2G, 3G, or
4G BH, if most sources are produced dynamically in dense star clusters. With their distinctive signatures of higher
masses and spins, such hierarchical mergers offer an unprecedented opportunity to learn about the BH populations
in the densest stellar systems and to shed light on the elusive IMBHs that may form therein.

Unified Astronomy Thesaurus concepts: Astrophysical black holes (98); Black holes (162); Stellar mass black
holes (1611); Intermediate-mass black holes (816); Gravitational wave astronomy (675); Gravitational wave
detectors (676); Gravitational wave sources (677); Gravitational waves (678)

1. Introduction

The LIGO-Virgo-KAGRA (LVK) Collaboration has
recently released the third Gravitational Wave Transient
Catalog (GWTC-3, The LIGO Scientific Collaboration et al.
2021a), which lists about 80 confident detections of merging
binary black holes (BBHs) detected via gravitational wave
(GW) emission. These events are revolutionizing our under-
standing of compact objects and have made it possible to
constrain their masses, spin, and merger rates (The LIGO
Scientific Collaboration et al. 2021b).

The origin of these binary mergers is still highly debated.
Possible scenarios that could potentially explain BBH mergers
include isolated binary star evolution (e.g., Belczynski et al.
2016; de Mink & Mandel 2016; Spera et al. 2019; Bavera et al.
2021), dynamical formation in globular clusters (GCs; e.g.,
Portegies Zwart & McMillan 2000; Askar et al. 2017;
Banerjee 2018; Fragione & Kocsis 2018; Rodriguez et al.
2018; Samsing et al. 2018; Kremer et al. 2019), mergers in
triple and quadruple systems (e.g., Antonini & Perets 2012;
Arca-Sedda et al. 2021; Grishin et al. 2018; Liu & Lai 2018;
Fragione & Kocsis 2019), and mergers of compact binaries in
galactic nuclei (e.g., O’Leary et al. 2009; Bartos et al. 2017;
Hoang et al. 2018; Liu et al. 2019; Tagawa et al. 2020).

Some of the detected events (such as GW190521,
GW190929, and GW190426) are particularly intriguing since
one or both components of the merging binary have masses
above about 50 M. In contrast, stellar evolutionary models
predict no black holes (BHs) with masses larger than about
50 M., depending on the progenitor metallicity (Woosley 2017;
Limongi & Chieffi 2018; Belczynski et al. 2020; Vink et al.
2021), because of the pair-instability process (Heger et al. 2003;
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Woosley 2017). Since these higher-mass BHs are nevertheless
observed, there should exist some astrophysical process that
catalyzes their formation. A natural explanation is that BHs more
massive than about 50 M, are second-generation (2G) BHs, the
merger remnants of a previous BBH merger in the core of a
dense star cluster (e.g., Giiltekin et al. 2004; Antonini et al. 2019;
Fragione & Silk 2020; Mapelli et al. 2021; Fragione et al. 2022;
Kritos et al. 2022). A fundamental limit for such hierarchical
mergers is imposed by the GW recoil kick imparted to merger
remnants, which may result in the ejection of the merger remnant
if it exceeds the local escape speed (e.g., Lousto et al. 2010;
Lousto & Zlochower 2011). However, the most massive GCs
and nuclear star clusters (NSCs) have escape speeds high enough
to retain some merger remnants, which can then dynamically
assemble into new binaries and merge again via GW emission.
In some cases, repeated mergers could even produce
intermediate-mass BHs (IMBHs). IMBHs, with masses
between 100 M., and 10° M., represent fundamental building
blocks in the cosmological paradigm, but have not been
detected beyond any reasonable doubt through either dynami-
cal or accretion signatures (for a review, see Greene et al.
2020). GW detection provides an unparalleled opportunity to
survey the sky and detect mergers of IMBHs, making it
possible for the first time to constrain their formation, growth,
and merger history across cosmic time (e.g., Jani et al. 2020;
Fragione & Loeb 2023). While the current network of GW
observatories is still rather limited for BHs with such high
masses, the next generation of ground-based observatories and
space-based missions promises to detect mergers of IMBH
binaries throughout most of the observable universe.
Simulating hierarchical BH mergers is computationally
expensive, and direct N-body or Monte Carlo codes cannot
currently model the most massive and densest clusters where
these events are most frequent (e.g., Aarseth 2003; Giersz et al.
2019; Rodriguez et al. 2022). A common approach to tackle the
problem has been to use simple order-of-magnitude estimates
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to assess the rates of 2G or higher-generation BH mergers,
which have even led to claims that dense star clusters may
produce too many BBH mergers compared to what has been
observed by LVK (e.g., Zevin & Holz 2022). In this paper, we
use a more realistic semi-analytic framework to model
hierarchical mergers in dense star clusters. Our method
captures all the essential features of N-body and Monte Carlo
results for BBH mergers, while allowing us to rapidly sample
and access broad regions of the parameter space for even the
most massive and densest star clusters. Our results provide for
the first time a physically motivated estimate of the relative
fractions of higher-generation mergers as a function of cluster
mass and density across cosmic time. We can also then show
that some of the specific GW events detected by LVK are
consistent with one or both components being a higher-
generation BH.

This paper is organized as follows. In Section 2, we discuss
our semi-analytic method to study hierarchical mergers and the
formation of IMBHs. In Section 3, we present our results and
show that some of the LVK events are consistent with being the
result of repeated BBH mergers. Finally, in Section 4, we
discuss the implications of our results and draw our
conclusions.

2. Method

In what follows, we describe the details of the numerical
method we use to model the evolution of the BH population in
a dense star cluster of mass M. and half-mass—radius r;,.

2.1. Black Holes

We sample stellar masses, m,, from the canonical initial
mass function (Kroupa 2001)

(m*/OS M@)il'3 0.0

8 +/ Mg
(my/0.5 M) 23 0.50

0.50
ey
/Mo < 1

f(m*) X { 50,

sm <
<m <
in the range [20 M., 150 M], which approximately encom-
passes the masses of BH progenitors. Given the above IMF, we
sample a total of

M
Ngn = 3.025 x 10{%) )

BH progenitors.

We evolve the progenitor mass at a metallicity Zc; using the
state-of-the-art version of the stellar evolution code SSE
(Hurley et al. 2000), which includes the most up-to-date
prescriptions for stellar winds and remnant formation (see
Banerjee et al. 2020, and references therein). We do not take
into account primordial binaries. After formation, each BH is
imparted a natal kick. We calculate BH kicks by sampling from
the same Maxwellian distribution adopted for neutron stars and
core-collapse supernovae,

2
P (Vnatal) X Vr%atal e_v"“w'/yz’ 3)

with 1D velocity dispersion v=265kms ' (Hobbs et al.
2005), but with BH kicks reduced by a factor 1.4 M /mgy
assuming momentum conservation (Fryer & Kalogera 2001).
We check that the natal kicks imparted to the system are below
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the 3D cluster escape speed

M 1/2 - —1/2
Ve = 32 km 5| =& h ; 4
10° M, 1 pc

otherwise, we assume the newborn BH to be ejected from the
parent cluster. If not ejected from the cluster, the BH sinks to
the cluster center over a dynamical friction timescale
(Chandrasekhar 1943)

1/2 3/2
T ~ 17 Myr| 22Me || _Mew LI )
NnpBH 10S MQ 1 pc

We assume that BH natal spins are all zero, consistent with the
recent findings of Fuller & Ma (2019).

2.2. Cluster Evolution

To model cluster evolution, we follow the elegant approach
described in Antonini & Gieles (2020a, 2020b). In this scheme,
the cluster is assumed to reach a state of balanced evolution, so
that the heat generated by the BBHs in the core and the cluster
global properties are related (Hénon 1961; Gieles et al. 2011;
Breen & Heggie 2013). The cluster energy evolves as

E= 0.1(£), (6)
Ith
where
2
E = —0.2(%) (7)
’'h
is the total energy of the cluster, and

L0138 (Mar 12
" mem Al G

®)

is the average relaxation time. In the previous equation,
(m) ~0.6 M, is the mean stellar mass in the cluster and
In A = 10 is the Coulomb logarithm. The quantity ¢ depends
on the stellar-mass function within the cluster half-mass—
radius; ¢ =1 for systems with objects of all equal masses, but
it can be between 1.5 and 2 for a realistic mass spectrum
(Spitzer & Hart 1971a, 1971b). To account for the role of BHs,
we parameterize it as (Antonini & Gieles 2020a)

MBH/MCL)

=1+ 147
v ( 0.01

©))

where Mgy is the total mass in BHs. The balanced evolution
starts at a time (Antonini & Gieles 2020a)

tee = 3.21 tth,05 (10)

where #4 ¢ is the initial relaxation time.

The star cluster is considered isolated, thus we neglect the
effect of any galactic tidal fields, and loses mass as a result of
mass loss from stars (M), evaporation (M.,), and BH
ejections (Mgp):

MCL = Msev + Mev + MBH~ (11)
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We parameterize the mass loss from stars as (Antonini &
Gieles 2020a)
t < 2 Myr,

. 0
Mg, = 12
{—8.23 x 1072(My/t) t > 2 Myr, (12)

while cluster evaporation is calculated as (Gnedin et al. 2014)

My, = 1.17 x 10* M, Gyr1; (13)

for mass loss resulting from BH ejections, we refer to the next
subsection. The cluster radius expands adiabatically as a result
of stellar evolution (Antonini & Gieles 2020a)

M
i'h,sev - _ﬂrh, (14)
Mcy
and as a result of balanced evolution and relaxation
. T'h Mcr
Fhox = (— + 2——=rp; (15)
tth CL
therefore,
. ’;h, t < ftec,
= . sev ' cc (16)
T'h,sev + Vh,rlx t 2 Tec.

2.3. Binary Black Hole Mergers

Balanced evolution imposes that the required heating rate of
the cluster is balanced with the loss of energy from the BBHs in
its core. Assuming that one BBH (of component masses m; and
m,) dominates the heating at all times, we require that
Epin(t) = —E (1), where Ep, (¢) is the rate of energy loss from
the binary (Antonini et al. 2019).

The initial population of (first-generation) BHs is obtained
directly from the evolution of the massive stars we sample in
the star cluster, as described in Section 2.1. We sample the
masses of the binary (that we assume dominates the heating at
all times) considering that, for three-body binary formation, the
likelihood of forming a BH binary with component masses 1,
and m, is oc(my; + my)® (Morscher et al. 2015). We take its
initial semimajor axis to be at the hard—soft boundary
(Heggie 1975):

Gmymy

(m) viisp

) a7

Apin,ini =

where vgigp = 0.2 Ve, as appropriate for a King model with
initial moderate concentration (King 1962).

We assume that every binary—single interaction in the cluster
core leads to a decrease in the semimajor axis of the binary we
form, until the binary evolution becomes eventually dominated
by GW energy loss. As a consequence, the binary semimajor
axis will decrease after each interaction as

B _ 5, (18)
pin
with §=7/9 for equal masses (Quinlan 1996; Heggie &
Hut 2003; Samsing et al. 2014), which we generalize to

§=10— E(L) (19)
3 my + my + ms

where mj3 is the mass of the single BH that interacts with the
target binary. We sample m3 considering that the interaction
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probability is oums (Antonini et al. 2023). Therefore, the
timescale during which the binary—single interaction occurs can
be estimated as

At; = (l _ 1)% (20)
0 2apin Epin

When repeated over several binary—single interactions, the
overall timescale to transition to the GW-dominated regime is

=3 A Q1)

We assume that, during each binary—single encounter, the
binary receives a large angular momentum kick such that the
phase space is stochastically explored and uniformly covered
by the periapsis values (e.g., Katz & Dong 2012). The
transition to the GW-dominated regime happens whenever the
BBH eccentricity, drawn from a thermal distribution at each
scattering (“in-cluster merger”)

4,2 2 1/7 1/2
€bin > [1 — 1.3(G mim; (m + mz)) ab_~5/7] . (22

5 - 1n
¢’Epin

However, the sequence of binary—single scatterings can be
halted if either the binary mergers in cluster before the
following interaction or if the binary is ejected. In the first case,
we divide each binary—single encounter in a set of 20 resonant
intermediate states and we assume that the binary eccentricity
after each state is sampled from a thermal distribution
(Samsing 2018). A merger (“GW capture”) occurs before the
next state if (Fragione et al. 2020)

Rs1

5/7
) (1 + ¢)'/7, (23)
Abin

epin,int > 1 — 1-6(

where ¢ =my/m; and Rg, is the Schwarzshild radius of the
primary BH. For what concerns ejections, during a binary—
single encounter the binary receives a recoil kick (Antonini &
Rasio 2016)

vo = (l - ) Gruoms (24)
o (my + my + m3)apin

where (11, = mmy/(m; + m,), and the third BH a recoil kick

m + m
v3= 2y, (25)
ms

as a result of energy and momentum conservation. If vi5 > v,
the binary is ejected from the parent cluster and may eventually
merge via GW emission in the field (“ejected merger”). If
V3 > Veg, the third BH of mass my is assumed to be ejected
from the host cluster. We model the mass lost by the cluster in
BHs, Mgy, as the sum of all the BHs ejected (binaries and
singles) during three-body interactions. Note that we self-
consistently keep track of the masses, spins, and generations of
each BH within its host star cluster. After the BBH either
merges or is ejected from the cluster, we form a new BBH
using the updated BH population, as described at the beginning
of this section.
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2.4. Recoil Kicks and Merger Remnants

As a result of the anisotropic emission of GWs at merger, the
merger remnant is imparted a recoil kick that depends on the
asymmetric mass ratio n=¢q/(1 + ¢)* and on the magnitude of
the dimensionless spin parameters, x; and x». In our models,
spin orientations are assumed to be isotropic, as appropriate for
merging binaries assembled dynamically. We model the recoil
kick as (Lousto et al. 2010, 2012)

Vkick = Vm€L,1 + vi(cos€é 1 + sin&éi o) + vié,  (26)
where
v = An*J1 — 4n(1 + Bn), 27
H772
VL= O, — axa s (28)
L1 1+ q 2!“ 1»”
167 5 2 53
V= U Vi1 + Va$)+ VBSH + VCSH]
1+g¢g

X Xo.1 — g9X1.11cos(dp — ¢p. (29)

The L and || refer to the direction perpendicular and parallel to
the orbital angular momentum, respectively, while € ; and &) »
are orthogonal unit vectors in the orbital plane. We have also
defined the vector

§ — 2X2 + CIZXI’
(1 + ¢)*

¢ as the phase angle of the binary, and ¢, as the angle
between the in-plane component of the vector

(30)

A= MZL1 1‘;"1 31)

and the infall direction at merger. Finally, we adopt
A=12x10* km s*', H=69x 10> km s ', B=-0.93,
£ =145° (Gonzidlez et al. 2007; Lousto & Zlochower 2008),
and V;; =3678 km s ', V, =2481 km s, Vz3=1793 km
s~!, Ve=1507 km s~ (Lousto et al. 2012). We adjust the final
total mass and spin of the merger remnant using the results of
Jiménez-Forteza et al. (2017), which we generalized to
precessing spins following the approach in Hofmann et al.
(2016).

Whenever vyek > Vese, the remnant is ejected from the host
cluster; otherwise, it sinks back to the cluster core on the
dynamical friction timescale (see Equation (5)). In our
simulations, we keep track of the masses, spins, and
generations of each BH that is retained within its host cluster.

2.5. Growth of Intermediate-mass Black Holes

If successfully retained, a remnant BH may eventually keep
merging and grow into an IMBH. Whenever its mass is
sufficiently large, the interaction between a binary composed of
a stellar-mass BH and IMBH with a third stellar-mass BH may
change characteristics compared to what was previously
described, to eventually transition to a behavior similar to the
case of supermassive BH binaries in galactic nuclei. While the
amount of energy subtracted per encounter is still small and
likely approximately described by Equation (19), the binary is
not going to explore uniformly the eccentricity space; rather,
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the eccentricity increases as a function of time
Aepin = K—22, (32)

with x =0.01 (e.g., Quinlan 1996; Sesana et al. 2006). Note
that, however, Bonetti et al. (2020) showed that, for mass ratios
<107?, the eccentricity growth rate may become negative on
average, due to a subset of interacting stars captured in meta-
stable counter-rotating orbits, which tend to inject angular
momentum from the binary. We switch our eccentricity
prescription whenever the primary mass in the merging binary
is larger than 1000 M.,

3. Hierarchical Mergers

In this section, we study how different generations of BHs
contribute to the overall population of detected mergers and we
compare their properties with those of LVK-detected BBHs.
For a comparison of our models with results from Monte Carlo
simulations using the CMC code, see the Appendix.

We start by discussing the likelihood of retaining the
remnant of a BBH merger in a dense star cluster as it is
imparted a recoil kick through anisotropic emission of GWs.
We first consider the case where both BHs in the merging
binary are from the first generation, which we assume to be
non-spinning BHs (as expected based on recent models of
stellar evolution; see Fuller & Ma 2019). Figure 1 shows the
probability to retain the merger remnant as a function of
the host cluster mass and density and for different values of the
mass ratio. We also plot the mass and half-mass density of the
Milky Way’s GCs from Baumgardt & Hilker (2018) and of
NSCs from Georgiev et al. (2016). In case of non-spinning
BHs, the recoil kick is always very low in the case of very low
mass ratios, or even vanishes for equal masses. Therefore, the
remnant 2G BH is always retained within its parent cluster. For
intermediate mass ratios, however, the retention likelihood
significantly decreases. In Figure 2, we show the retention
probability in the case one of the two BHs in the binary is of a
second generation. In this case, the 2G BH has a spin of about
0.7, considering that its progenitors were not spinning (e.g.,
Buonanno et al. 2008). Since introducing a spin adds
asymmetry in the emission of GWs, the likelihood of retaining
the remnant decreases with respect to the previous case. The
retention probability decreases further in the case both BHs are
of a second generation, as illustrated in Figure 3. It is clear that
only the most massive and dense clusters could form, and
eventually produce mergers of, BHs beyond the second
generation, with 3G BHs more likely to come from the 2G
+1G merger channel, rather than the 2G+2G channel.

Figure 4 shows the fractional number of events for different
generations as a function of the host cluster mass and
metallicity, in the case of r,=1 pc (left) and n,=3 pc
(right). First, note that the overall trends mainly depend on the
initial cluster mass and half-mass-radius, and not on its
metallicity. Second, as expected, the denser the system is, the
more likely it is to produce mergers of BBH of a higher
generation. For r,=1 pc, we find that 1G+1G mergers
represent most of the population of BBH mergers for clusters
masses ~10° M.. The contribution of 1G+1G mergers
decreases at higher masses, with 2G+1G mergers becoming
~10% of the population for clusters masses ~10° M., up to
about 30% for clusters of ~5 x 10° M, before decreasing in
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Figure 1. Probability to retain the merger remnant of a BBH as a function of the host cluster mass and density for different values of the binary mass ratio, from
g = 0.01 (top left panel) to equal masses (bottom right panel). Both BHs in the binary are assumed to be from a first generation, with initial spins x; = x> = 0 (see
Figures 2 and 3). Gray hexagons represent the Milky Way’s GCs from Baumgardt & Hilker (2018), while red stars represent NSCs from Georgiev et al. (2016).

importance in favor of higher-generation mergers. Mergers of
3G+1G BBHSs start happening for clusters masses above
~10°M,, and are typically never more than ~1% of the
mergers, while 4G+1G mergers are assembled only for cluster

masses ~3 x 10° M.

This trend is then essentially reproduced by any higher-
generation merger (5G+1G, 6G+1G, and so on). The reason is
that the mass ratio of the merger is now small enough that the
recoil kick imparted to the remnant is not large enough to eject
it from the parent cluster. Moreover, the spin of the remnant
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Figure 2. Same as Figure 1, but here for binaries containing one first-generation BH and one second-generation BH, with spins x; = 0 and x, = 0.7, respectively.

decreases on average (Fragione et al. 2022), further suppressing
the recoil kick. At this point, this growing BH is massive
enough to dominate the BBH mergers and eventually it grows
to form an IMBH. This is clearly shown by the fact that higher-
generation mergers (“>4G+1G” points in Figure 4) represent
essentially most of the events at high cluster masses.

This is also illustrated in Figure 5, where we plot the maximum
BH mass produced via hierarchical mergers as a function of the
cluster mass, assuming r,=1 pc. It is clear that there is a
transition around 4 x 10° M., after which a single BH dominates
the mergers and can grow up to the IMBH regime, 21000 M.
This trend does not depend on the metallicity of the cluster, with
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Figure 3. Same as Figure 1, but here for binaries containing two second-generation BHs, with spins x; = x» = 0.7.

higher metallicities simply translating into a lower mass of the
final IMBH, as a result of the lower initial stellar BH masses.
Indeed, a cluster born with solar metallicity can produce BHs with
masses just up to about 15 M, unlike clusters born at low
metallicities, whose BHs at birth can be as massive as about
50 M., BHs (e.g., Banerjee et al. 2020). It is important to note that

including 2G+2G and 3G+2G is crucial to characterize the
transition to dense star clusters that can eventually form an IMBH.
Indeed, the recoil kick imparted to the remnants of 2G+2G and
3G+2G mergers could be significantly larger than the case of 2G
+1G and 3G+1G mergers, respectively, where the secondary BH
is of a first generation. Therefore, accounting for 2G+2G and 3G
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+2G mergers is critical in determining if an IMBH could be
formed through hierarchical mergers, and even the most massive
and dense star clusters in the universe have only a small likelihood

Cluster mass ( Mg, )

of the host cluster mass and for r, =1 pc (left) and r, =3 pc (right). Top panel:

to succeed in this process (see also Figures 2-3). For models with
a half-mass-radius of 3 pc, a similar transition occurs around
10" M.,



THE ASTROPHYSICAL JOURNAL, 951:129 (16pp), 2023 July 10

10% | Z2=0.02
FZ = 0.0002
"= lpc

103

Maximum mass ( M )

i

Cluster mass ( Mg )

Figure 5. Maximum BH mass formed via repeated mergers as a function of the
cluster mass. A transition to IMBH formation is seen at around 4 x 10° M.
The half-mass—radius of all clusters here is fixed at 1 pc. For models with a
half-mass—radius of 3 pc, a similar transition occurs around 107 M.

Among mergers where both components are of a second or
higher generation, we find that 2G+2G mergers never
represent more than ~0.1% and ~1% of the merging BBH
population in star clusters with masses ~10° M, and ~10° M..,,
while 3G+2G mergers can only account for <0.1% of the
overall population and are assembled only in star clusters with
masses >5 x 10° M.

We find similar overall trends in the case star clusters have
half-mass—radius of r,, = 3 pc, but shifted toward higher cluster
masses. Indeed, these clusters are less dense than the case of
r, = 1 pc, thus a higher cluster mass is needed in order to retain
and catalyze the mergers of BBH of a higher generation.

We report in Figure 6 the mass ratio distribution for different
generations. The peak of the 1G+1G and 2G+2G mergers is
around unity, as result of the fact that the dynamical encounters
in the core of dense star clusters tend to process and catalyze
the merger of BHs of comparable masses. Each generation has
a distinctive distribution, with a peak that depends on which
generation the two merging BHs belong to. For example, the
mass ratio distribution of a merger of a 3G BH and 2G BH is
going to be peaked around 2/3, and so no. Therefore, we find
that the mass ratio distribution of 2G+1G, 3G+1G, 3G+2G,
4G+1G, 5G+1G mergers is peaked at about 0.5, 0.33, 0.75,
0.25, 0.2, respectively.

Figure 7 shows the cumulative distribution function of the
spin of the remnant BHs after a a BBH merger, the spin of the
remnant BHs that are retained within their parent cluster, and
the spin of the primary masses of the BBHs that merge. These
plots show a quite general picture, with the first merger
producing a remnant with a spin parameter of about 0.7 starting
from two slowly spinning BHs, which then tends to decrease
with subsequent mergers, eventually producing a negative
correlation between mass and spin (e.g., Antonini et al. 2019;
Fragione et al. 2022). The reason is that the final inspiral and
deposition of angular momentum happen at random angles
with respect to the spin of the more massive BH, assuming an
isotropic geometry of BBH mergers as appropriate to a
dynamical environment. The growing BH undergoes a damped
random walk in the evolution of its spin because retrograde
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Figure 6. Probability distribution function of mass ratios for merging BBHs of
different generations.

orbits become unstable at a larger specific angular momentum
than do prograde orbits, so it is easier to decrease than to
increase the spin magnitude, ending up having a spin of about
0.3 by the time it reaches ~1000 M. It is interesting noting
that, while the spin of a 3G BH is around 0.6, the ones that are
retained (coming mostly from a 2G+1G merger) have an
average spin of about 0.3.

We now proceed with computing the merger rates for
different generations of BBH mergers. We compute the rates as

d dt
R@) = K—— [[[[dMcy dry dZ dzx =
dn dzg
ONevents U(McL, rh, Z, 26), (33)

X
aMCL 8rh 8Z 8Zf

where Ngyenis 18 the number of events, #;, is the look-back time
at redshift z3, and Y(Mcy, m, Z, z¢) is a weighting function that
accounts for the cosmic distribution of cluster masses, sizes,
metallicities, and formation times. Cluster masses are
weighted proportionally to Mg® up to ME™ = 10" M.,
while their formation times are assumed proportional to
exp[—(z — zf)z/(ZU%)], with zz=3.2 and o;=1.5 (Mapelli
et al. 2021) and normalized such that the cluster density is
2.5Mpc in the local universe (e.g., Portegies Zwart et al.
2010). Metallicities are sampled from a log-normal distribution
with mean given by (Madau & Fragos 2017)

log(Z/Z:) = 0.153-0.074 z'3* (34)

and a standard deviation of 0.5 dex. Finally, K in Equation (33)
is a correction factor that accounts for the evolution of the
cluster density from cluster formation times to the present day.
We take K = 32.573% as found in the analysis of Antonini &
Gieles (2020a), which is also consistent with the inferred value
needed to reproduce the LVK rate of dynamical mergers
(Fishbach & Fragione 2023). For initial cluster sizes, we simply
consider the two cases where all star clusters are born with half-
mass—radius r, =1 pc, or all star clusters are born with

3 For our calculations, we assume the cosmological parameters from Planck
2015 (Planck Collaboration et al. 2016).
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Figure 8. Predicted merger rates for various generations of BBH mergers,
assuming a cluster mass distribution ccMc up to a maximum mass of 10" M.
Here the half-mass-radius of all clusters is fixed at 1 pc. The black area
represents the 90% credible bounds on the BBH merger rate in the LVK
analysis (The LIGO Scientific Collaboration et al. 2021b).

half-mass—radius r, =3 pc; these represent the typical spread
of observed values for young clusters in the local universe (e.g.,
Portegies Zwart et al. 2010).

Figure 8 shows the merger rates of various generations of
BBH mergers, assuming a cluster mass distribution ocMg up
to a maximum mass of 10’ M. The half-mass—radius of all
clusters is fixed at 1 pc. In this case, our models predict a mean
merger rate of about 30Gpc yr ' at z=0 for 1G+1G
mergers, while this becomes about 8Gpc yr ', 1 x
107" Gpe P yr !, 1 x 102Gpe Pyr ', 7x 10 Gpec ? yr !,
7% 1072Gpecyr !, and 3 x 10*Gpc > yr! for 2G+1G,
3G+1G, 4G+1G, 5G+1G, 2G+2G, and 3G+2G mergers,
respectively. For reference, the LVK rate for BBH mergers is
between 17.9Gpc >yr! and 44Gpc >yr ' (The LIGO
Scientific Collaboration et al. 2021b). When the star cluster
mass distribution is truncated to a maximum mass of 10° M.,
(see Figure 9), we find that the mean rate of 1G+1G mergers
slightly decreases, to about 25 Gpc > yr~ ' at z=0, while the
merger of higher generations decreases more significantly. In
particular, we find that 2G+1G, 2G+2G, and 3G+1G mergers
have a merger rate of 3Gpc > yr ', 5 x 10> Gpc > yr !, and
5% 107*Gpc 2 yr !, respectively, with no merger seen on our
models with fourth- or higher-generation BHs. This reflects the
fact that, in this case, there are no massive star clusters
(>3 x 10° M, see Figure 4) that can retain a 4G BH. Finally,
we plot the merger rates of BBH mergers, assuming a cluster
mass distribution ocM> up to a maximum mass of 10’ M, and
half-mass—radius of all clusters fixed at the larger value of 3 pc
in Figure 10. It is clear that the rate of 1G+1G, 2G+1G, 2G
+2G, and 3G+1G mergers at z=0 does not significantly
change with respect to the case of star clusters with smaller
half-mass radii, while the merger rates for higher generations
are smaller. Also the peak and the shape of the rate
distributions as a function of redshift are affected by the initial
choice of half-mass—radius. This illustrates how detecting
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Figure 10. Same as Figure 8, but with the half-mass—radius of all clusters set
to 3 pc.

hierarchical mergers could constrain the overall distributions of
cluster masses and densities, which have an imprint on the rates
of BBH mergers, and their evolution across cosmic time.

We note that our model predicts a 1G+1G merger rate that
matches the LVK observed rate, given our particular choice of
cluster parameters and mass distribution. Clearly, there is more
than one astrophysical scenario that contributes to the overall
observed population (e.g., Mandel & Broekgaarden 2022).
Indeed, the main goal of our study is not to reproduce exactly
the observed LVK rates, which we leave to a further study,
rather we want to show general trends in the BBH merger rate
for first and higher generations and how the uncertain
parameters of the distributions that describe star clusters across
cosmic time affect them. For example, we have shown that
bigger clusters tend to assemble more merging binaries and that
less-dense clusters produce fewer mergers, hence fewer
repeated mergers. Moreover, we want to note that if star
clusters are relatively dense, the runaway merger of main-
sequence stars could happen, producing a very massive star that
can possibly collapse to form an IMBH (e.g., Portegies Zwart
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& McMillan 2002; Giersz et al. 2015; Gonzalez et al. 2021).
This would affect the number of repeated mergers and the
evolutionary pathways that shape the growth of an IMBH (e.g.,
Fragione et al. 2018a, 2018b).

We now compare the masses of the merging BBHs of
different generations that we find in our simulations with the
detected population by the LVK Collaboration (The LIGO
Scientific Collaboration et al. 2021a). In order to do that, we
start by accounting for the observational weights by advanced
GW observatories, considering the increased sensitivity of the
detectors to BBHs of higher masses and the larger amount of
co-moving volume surveyed at higher redshifts. In addition to
the weights accounting for the distribution of masses, formation
times, and metallicity of the parent dense star cluster, we assign
each BBH a detectability weight defined as (see, e.g., Fragione
& Banerjee 2021)

_ Pae (M1, ma, 2) dV
Wdet = — >
1+z dz

where dV,/dz is the amount of co-moving volume in a slice of
the universe at redshift z, 1/(1 4 z) is the difference in co-
moving time between the merger redshift and the observer at
z=20, and p, (my, m,, z) is the detection probability of sources
with masses m; and m, merging at redshift z. To compute the
GW detectability signal-to-noise (S/N) ratio, we use the
IMRPHENOMD GW approximant (Santamaria et al. 2010) and
assume a single LIGO instrument at design sensitivity,
following the procedure outlined by Dominik et al. (2013).
We define the detection probability p,. (my, m», z) as the
fraction of sources of a given mass located at the given redshift
that exceed the detectability threshold in S/N, assuming that
sources are uniformly and isotropically distributed in sky
location and orbital orientation:

DPdet (ml’ my, Z) = P(p[hr/pop[)’

(35)

(36)

where pop is the S/N ratio for an optimally located and
oriented (face-on and directly overhead) binary and pg,, = 8 is
the S/N ratio threshold, and

P(W) = 612(] — W)2 + 614(] — W)4 + ag(l — W)S
+ (I —ay —ag — ag)(1 = W), (37
where a, =0.374222, a4, =2.04216, and ag = — 2.63948.
Figure 11 shows a comparison of component masses for
merging BBHs detected by the LVK Collaboration (The LIGO
Scientific Collaboration et al. 2021a) and in our models,
assuming a cluster mass distribution ocMc® up to a maximum
mass of 10’ M, and half-mass—radius r, =1 pc, for various
generations of mergers.® This plot shows that, within our
models, some events can only be explained by higher BH
generations. In particular, GW190521, GW190426_190642,
and GW200220_061928 are consistent with coming from 3G
+2G mergers. Besides the agreement in component masses, a
full analysis of these signals, and the determination of which
formation channel is most likely for each one, would also
require careful consideration of the BH spins (see Figure 7),
which we leave to a future work.

4 This choice of the value of the initial half-mass—radius is consistent with the
mean value of r, needed to reproduce the LVK rate for dynamical mergers
(Fishbach & Fragione 2023).
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4. Discussion and Conclusions

Although the LVK collaboration has detected more than 80
merging BBHs, the exact shape of the BH mass spectrum
remains poorly known. Current stellar evolution models predict
a dearth of BHs with masses 250 M., as a result of pair-
instability physics, but the detection of GW190521 and other
events with one or both component masses above this limit has
challenged theoretical models.

BHs with higher masses could be produced through repeated
mergers of smaller BHs in the center of a dense star cluster.
Here, the high stellar density in the core leads to efficient
formation of merging BBHs, and provides a deep potential well
that could retain merger remnants even when they receive a
relativistic recoil kick of hundreds of kilometers per second.
The merger remnant could then undergo the same dynamical
processes and eventually merge with another BH via GW
emission. The likelihood of this hierarchical merger process is
very sensitive to the cluster mass and density: the higher the
mass and density are, the more likely it is. Unfortunately, the
most interesting star clusters cannot be simulated numerically
with direct (Aarseth-type) N-body codes, and even parallel
Monte Carlo codes remain limited in this regime of very large
cluster masses with high densities.

In this paper, we have used a semi-analytic framework to
investigate hierarchical mergers in dense star clusters, based on
a method first developed by Antonini & Gieles (2020a). Our
method allows us to rapidly study the outcomes of hierarchical
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mergers as a function of the cluster masses, densities, and
metallicities. We have discussed the characteristics of the
population of higher-generation BHs and their GW signatures.

We have shown in some detail how the likelihood of higher-
generation mergers increases with cluster mass and density.
Assuming a half-mass-radius of 1 pc, we have found that 1G
+1G mergers represent most of the population of BBH mergers
for clusters masses of ~10°M., with 2G+1G mergers
becoming ~10% of the population for clusters masses of
~10°M_, and up to about 30% for cluster masses around
5 x 10° M,,. Mergers of 3G+1G BBHs start happening for
clusters masses of ~10° M, and are typically never more than
~1% of all mergers, while 4G+1G mergers are assembled only
for cluster masses ~3 x 10° M. This trend is then essentially
reproduced by any higher-generation merger (5G+1G, 6G
+1G, and so). The reason for this is that the mass ratio of the
merger starts becoming quite small and the recoil kick imparted
to the remnant is no longer large enough to eject it from the
parent cluster. Around 4 x 10°M_, a single BH starts to
dominate the mergers and can grow all the way to the IMBH
regime, 21000 M. We have also shown that the overall trends
mainly depend on the initial cluster mass and radius, and not on
its metallicity.

Assuming a cluster mass distribution ocMg® up to a
maximum mass of 10’ M, and half-mass—radius of the clusters
fixed to 1 pc, our models predict a mean merger rate of about
30Gpc yr ! at z=0 for 1G+1G mergers, and about
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8Gpc Pyr !, 1x10'Gpc yr!, 1x102Gpc yr ',
7x10°Gpe?yr!,  7x102Gpcyr!, and 3x
107*Gpe > yr! for 2G+1G, 3G+1G, 4G+1G, 5G+1G, 2G
+2G, and 3G+2G mergers, respectively. If the star cluster
mass distribution is instead truncated at a maximum mass of
10°M,, or if we assume a larger initial half-mass—radius of
3 pc, we have found that the rate of 1G+1G mergers slightly
decreases, to about 25 Gpc > yr~ ! at z=0, while for higher
generations, the rates decrease more significantly. The location
of the peak and the overall shape of the rates as a function of
redshift are also affected by the initial choice of half-mass—
radius.

Finally, we have discussed the few detected GW sources that
can only be explained by higher BH generations. In particular,
GW190521, GW190426_190642, and GW200220_061928 are
consistent with being 3G+2G mergers. Our results can be used
to inform detailed Bayesian inference to assess the likelihood
of detected events of being consistent with higher-generation
mergers, based on their masses, mass ratios, and effective spins
(e.g., Kimball et al. 2021). We leave such a detailed study to
future work.

While we refer the reader to Antonini & Gieles (2020a) for a
full discussion of the uncertainties in our simplified cluster models,
we want to point out that we do not model the effect of external
tidal fields. For example, clusters with stronger tidal fields would
be typically more compact, which might favor BBH mergers, but
are also more susceptible to tidal disruption. We also do not
account for primordial binary stars. Some fraction of them could
become BBHs, which would then be an essential ingredient in the
early dynamical evolution of the star cluster. After the segregation
of BHs, the central energy generation will be shared by
dynamically assembled binaries and primordial binaries, poten-
tially affecting the relevant encounter rates and BH mergers.
However, we do not expect primordial binaries to have a
significant effect on the overall rates at lower redshift once they
have been dynamically processed, eventually merging or exchan-
ging one of their components.

We also want to stress that one of the main sources of
uncertainty in predicted merger rates for BBHs is the poorly
known distributions of cluster properties (masses, radii, metalli-
cities, and formation times) across the universe. While most of
these distributions are difficult to determine observationally (for a
review, see Portegies Zwart et al. 2010), some of them may soon
be constrained directly by JWST observations (e.g., Mowla et al.
2022; Vanzella et al. 2023). On the other hand, the current and
upcoming detections of GW sources can be used to constrain them
indirectly, assuming that some fraction of the population is indeed
assembled dynamically in dense star clusters (Fishbach &
Fragione 2023). Importantly, when all these considerations are
taken carefully into account, dense star clusters may be found to
produce a majority of detectable BBH mergers.

With the start of the next LVK run, hundreds of additional
BBH mergers are expected to be detected over the next few
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years. Assuming ~500 BBH mergers detected in O4 by LVK,
we predict that ~50 and ~5 of these events will contain a 2G
and 3G BH, respectively, and up to one event could involve a
4G BH. With their distinctive signatures of higher masses and
spins, hierarchical mergers offer an unprecedented opportunity
to learn about dense star clusters throughout the universe and to
shed light on the elusive population of IMBHs.
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Appendix
Comparison between Semi-analytical Framework and
Cluster Monte Carlo

Here, we compare the results of our semi-analytical method to
the results obtained in detailed Monte Carlo simulations of GCs.
In particular, we compare the number of GW-capture, in-cluster,
and ejected BBH mergers from our models to the CMC Cluster
Catalog (Kremer et al. 2020). This catalog of models was
obtained using the publicly available code CMC (Rodriguez et al.

2022), which incorporates all the relevant physics for the
evolution of dense star clusters, including two-body relaxation,
three-body binary formation, strong three- and four-body
interactions, some post-Newtonian effects, stellar evolution of
single stars and binary stars, respectively. The catalog spans a
wide range of initial conditions, including different initial
numbers of stars (N=2 x 10°, 4 x 10°, 8 x 10°, 1.6 x 10%),
corresponding to stellar masses (M/ M, = 1.2 x 10%, 2.4 x 10°,
48 x10°, 9.6 x 10%, virial radii (r,/pc=0.5, 1, 2, 4),
metallicities (Z=0.0002, 0.002, 0.02), and Galactocentric
distances (R,/kpc =2, 8, 20).

Figure A1 shows the number of GW-capture, in-cluster, and
ejected mergers in the CMC Cluster Catalog and using our
semi-analytical method (avereged over 10 realizations for each
combination of initial number of stars, virial radius, and
metallicity) for different initial number of stars, metallicities,
and virial radii; Figure A2 shows the same comparison for the
fractional number of 1G+1G, 2G+1G, and 2G+2G mergers.
Note that, for our adopted models, ry, = (3/4)r,. We just use the
models in the CMC Cluster Catalog that have Galactocentric
distance of 20 kpc since our semi-analytical treatment does not
include prescriptions for tidal stripping of stars. We find that
the branching ratios for different BBH mergers and their
overall normalization are quite fairly reproduced, given the
approximate nature of our semi-analytical treatment of cluster
and BHs evolution (see also Antonini & Gieles 2020a). The
agreement is a result of the balanced evolution between the host
star cluster and its BH population, which dictates the properties
of BBH mergers.
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Figure Al. Number of GW-capture, in-cluster, and ejected mergers in the models with Galactocentric distance 20 kpc in the CMC Cluster Catalog (triangles; Kremer
et al. 2020) and using our semi-analytical method (circles; see Section 2) as a function of the initial number of stars. Different panels show different metallicities (left,
Z = 0.0002; center, Z = 0.002; right, Z = 0.02) and virial radii (top, r, = 0.5 pc; center, r, = 1.0 pc; bottom, r, = 2.0 pc). Note that there is no CMC model with initial
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Figure A2. Same as Figure Al, but for the fractional number of 1G+1G, 2G+1G, and 2G+2G mergers.
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