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Elastic fingering in a rotating Hele-Shaw cell
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We consider the steady-state fingering instability of an elastic membrane separating two fluids of
different density under external pressure in a rotating Hele-Shaw cell. Both inextensible and highly
extensible membranes are considered, and the role of membrane tension is detailed in each case.
Both systems exhibit a centrifugally-driven Rayleigh-Taylor—like instability when the density of the
inner fluid exceeds that of the outer one, and this instability competes with the restoring forces
arising from curvature and tension, thereby setting the finger scale. Numerical continuation is used
to compute not only strongly nonlinear primary finger states up to the point of self-contact but
also secondary branches of mixed modes and circumferentially localized folds as a function of the
rotation rate and the externally imposed pressure. Both reflection-symmetric and symmetry-broken
chiral states are computed. The results are presented in the form of bifurcation diagrams. The
ratio of system scale to the natural length scale is found to determine the ordering of the primary
bifurcations from the unperturbed circle state as well as the solution profiles and onset of secondary

Rayleigh-Taylor instability; nonlinear elas-

bifurcations.

I. Introduction

The Saffman-Taylor instability, also known as the vis-
cous fingering instability, occurs at the interface of two
fluids in a Hele-Shaw cell when a lower viscosity fluid is
injected into a more viscous fluid, leading to a dynamic
process of finger-like pattern formation at the fluid-fluid
interface [1-5]. In contrast, when a higher (or equal) vis-
cosity fluid invades a lower viscosity fluid, the interface is
stable and forms a uniformly spreading front. Many vari-
ations of this instability have been constructed such as
those which destabilize conventionally stable Hele-Shaw
flows through the implementation of variable geometry of
the Hele-Shaw cell [6-8], the introduction of surfactants
[9-15], or the presence of A + B — C—type chemical re-
actions at the fluid interface [16-18]. One variation of
interest is the introduction of a global rotation of the
Hele-Shaw cell about a perpendicular axis through the
center at a prescribed frequency [19-23]. If the density
of the inner fluid exceeds that of the outer, the system
is susceptible to a centrifugal instability resembling the
well-known Rayleigh-Taylor instablity of superposed flu-
ids as the denser fluid in the center is now unstable to
outward displacement. In general the two fluids may have
different viscosities such that the instability is mediated
by competing centrifugal and viscous effects, or the vis-
cosities may be taken to be the same so that only inertial
effects drive the instability. More recently, this instabil-
ity has been considered in systems where the interface
has additional properties such as a curvature-dependent
bending modulus due to a chemical reaction between the
two fluids or constrained length [20, 24-27]. If the in-
terface is taken to have nonzero bending modulus, the
length scale of the emerging fingering patterns is set
by the competition between the bending of the elastica
and the centrifugal driving [28]. The fingering structures
which emerge can take the form of a periodic finger pat-

tern commonly referred to as wrinkles, or isolated sin-
gle or multiple localized structure(s) called folds. These
states represent steady states of the system character-
ized by force and torque balance. Similar pattern forma-
tion occurs in many other systems beyond the Hele-Shaw
geometry, for example, during the dynamic buckling of
a membrane bounding a popped soap film [29], the dy-
namic wrinkling of a sheet due to drop impact [30], or the
dynamic buckling of pressurized circular rings [31]. Sim-
ilar pattern formation may also occur quasistatically, for
example, in the buckling of a ring due to a geometrically
simple confinement [32], compression or contact-induced
wrinkling and folding of a floating elastic sheet [33-37],
three-dimensional deformations of water droplets under
rotation [38], the wrinkling and puckering of supported
growing elastic struts [39, 40], or the folding in biological
systems such as airways [41, 42], ocular surfaces [43, 44]
or arteries [27, 28].

In this article, we examine the deformation of an elas-
tic interface between two fluids in a rotating Hele-Shaw
cell. This system has been studied in a series of papers
by Carvalho et al [20, 25, 26] on the assumption that
the pressures in the interior and exterior fluids are iden-
tical and that the interface cannot support tension. The
second assumption is consequential: it implies there is no
force that resists changes in the interface length. As a re-
sult, Carvalho et al report a series of steady state profiles
with different interface lengths without organizing these
states into a bifurcation scenario that describes how the
steady states of the system vary with system parameters.

We adopt here a different approach. We include an in-
terface tension comprised of a curvature-dependent term
and a Lagrange multiplier T' required by the assumed
inextensibility of the interface, and refer to T, for sim-
plicity, as the tension. This quantity is determined by
solving a nonlinear eigenvalue problem and quantifies the
response of the system to changes in the system param-



eters, at fixed interface length. It is therefore possible
to plot the solutions in a (P,T) plane, measuring the re-
sponse of the system (the tension T') to changes in the
pressure difference P between the inner and outer fluids.
If P is held fixed and the rotation rate {2 is varied, one
may instead show the (£2,7T) plane. Such diagrams are
examples of bifurcation diagrams and they allow one to
track changes in the solution profile as a parameter is
varied since the profile is determined in the process of
solving the eigenvalue problem for 7'. Numerical contin-
uation techniques are ideally suited to this purpose and
we use them here. In the case where T' = 0, i.e. the
length is unconstrained, we use the length L of the inter-
face as a new parameter and track how L changes as a
function of P or, equivalently, of the rotation rate €.

The steady states of the rotating two-fluid Hele-Shaw
system are described by a model equation derived from
force and torque balance using the simplest nonlinear
bending energy possible for an interface with constant
bending modulus. In previous work, we studied an equiv-
alent equation describing the wrinkling of an elastic lining
of an artery under compression and provided an explana-
tion via weakly nonlinear analysis and numerical contin-
uation for how primary and secondary solutions emerge
and the forms they take [27]. We also noted that the fin-
ger profiles of this system map onto the buckled states of
an elastic ring under pure compression, albeit at different
locations in parameter space [45]. Since the latter prob-
lem is integrable in terms of elliptic functions, this is also
the case for the present problem [45-48]. It is not, how-
ever, the case for the secondary states comprising mixed
modes and spatially localized folds whose properties we
also investigate. The net result is a rather complete pic-
ture of the steady states of this interesting system.

This paper is organized as follows. In Sec. II we for-
mulate the problem. Section IIT introduces the length-
constrained problem and summarizes the linear stability
properties of a circular interface. Section IV summarizes
parallel results for the case T' = 0. Section V describes
the formulation of our numerical continuation approach,
and the numerical tests carried out to validate it. This
is followed in Secs. VI-VIII by the results tracking the
properties of fingers, mixed modes and folds as a function
of the parameters in the length-constrained case, followed
by a summary of our results in the unconstrained case in
Secs. IX—XI. Finally, in Sec. XII we consider asymmetric
or chiral states and investigate their origin in parame-
ter space. The paper concludes with a brief summary in
Sec. XIII.

II. The system

We consider a Hele-Shaw cell with a fluid of density p;
surrounded by a fluid of density p, and separated from
it by a closed, elastic membrane of length L = 27 R and
bending modulus B, assumed to be independent of the
curvature (Figure 1). The system rotates with constant

FIG. 1. Top view of a rotating Hele-Shaw cell containing two
fluids of densities p; and p, separated by an elastic mem-
brane wrinkled with wave number m = 5. The interface
is parametrized by arclength s, with (z(s),y(s)) providing
a parametric representation of the interface profile.

angular velocity  about an axis perpendicular to the
cell at r = 0. In equilibrium, the inner liquid occupies
a circular region with the axis of rotation at its center.
We are interested in understanding the properties of this
equilibrium state as either the rotation rate increases for
a given pressure difference P between the fluids, or as P
varies for a given rotation rate €.

We parametrize the perturbed interface with the ar-
clength s such that the curvature of the interface at lo-
cation s or equivalently at r(s) = (z(s),y(s)) relative
to the origin is given by k = 0s¢, where ¢(s) is the
angle between the tangent to the interface at point s
and the z axis (Fig. 1). We define the density difference
Ap = p; — po between the interior and exterior fluids
and impose a pressure difference P = P; — P, between
them. A tension T in the elastica is required to main-
tain its inextensibility. We call the resulting problem the
constrained length problem. In contrast, when T is set
to zero the length of the interface is unconstrained, and
we call the resulting problem the wunconstrained length
problem. Both forms of the problem exhibit steady-state
solutions, and it is solely these solutions we consider in
this paper.

ITI. Constrained Length

With the system thus defined, we can derive an equa-
tion for the interface by balancing the normal forces and
the torque on an element of length ds of the interface.
The normal force includes contributions from the elastica
bending modulus, tension and centrifugal force together
with the force from the imposed pressure difference. The
resulting Kirchhoff equations for the interfacial elastica
are given in the Supplementary Material [49], and can be
manipulated to yield the governing equation

B <852/< + ;H?’) —Tk—P— %ApQ%ﬂ? =0. (1)



Here r(s) is defined implicitly via the geometrical con-
straints Jsx = cos¢ and dsy = sin¢. In the uncon-
strained case the resulting equation is identical to that
used in previous work on centrifugally driven instabilities
in a Hele-Shaw cell [20, 21, 26, 50].

We expect a centrifugal instability to set in when Ap >
0, i.e., when the density of the inner fluid exceeds that of
the outer one, and use this fact to introduce the natural
length scale of the instability

()

We use this scale to construct a dimensionless parameter
¢ = R/\ that measures the radius R of the elastica in
units of the natural length .

Rescaling Eq. (1) according to s ~ R, k ~ R~ r ~ R,
T ~ B/R?, P ~ B/R3, we obtain

il

0o+ 5(0.0) ~T6— P~ 107 =0, (3)

Instability of the circular membrane arises when the
denser interior fluid is displaced outwards, thereby in-
creasing the outward force upon it. When this force
exceeds the restraint arising from the curvature of the
interface, the tension 7', and the imposed pressure dif-
ference P, instability sets in and it is this balance which
gives rise to the wavelength selection.

In the unperturbed problem, the interface is circular
and of length L = 2r, with T = 1(1 — ¢°) — P. A linear
stability analysis of this state yields the dispersion rela-
tion for the mode number m of the fingering instability
27]

5
m4—(2+P+é>m2+<1+P+3€5> =0. (4)

From this relation, we can determine the wave number
m* of the first unstable mode that sets in as P increases
and the critical value P = P* at which it does so:

mt = (L 022 Pt = (= 4?))2, (5)

all for a fixed rotation rate Q. Alternatively, we may fix
P and increase the rotation rate leading to the critical
rotation rate Q(m, P),

o= [l (v e

for the appearance of a mode with wave number m; min-
imizing this expression over m for fixed P recovers the
results in Eq. (5). Figure 2 shows several examples of the
marginally stable wave number m as P and £° vary and
shows that, as ¢° increases, instability sets in at lower
and lower values of P and with larger and larger values
of m*, i.e., larger finger wave numbers. This is the fin-
gering instability whose nonlinear development is key to
understanding the constrained system. When m* is not
an integer, the figure shows that the primary instability
corresponds to the integer m nearest to the m* given by

Eq. (5).
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FIG. 2. The perturbation wave number m as a function of
P across a range of £° values corresponding to onset wave
numbers m* = 2,3,4 (red dots). As ¢° increases, instability
sets in at lower values of P and with larger values of m*, i.e.,
larger finger wave numbers. Since L = 27 the £° values have
been chosen to yield integer wave numbers at onset.

IV. Unconstrained Length

When the interface cannot support any tension, the
instability may lead to interface growth. In this case
T = 0 and the length L of the interface becomes a
free parameter. We are interested in this case because
earlier work by Carvalho et al. [26] presented a num-
ber of solutions to Eq. (3) with T = 0 with inter-
faces of different (and unspecified) lengths. With L as
a free parameter, nondimensionalization requires rescal-
ing Eq. (1) using the natural length scale A\. We take
s~ ANk~ A1 r~)\P~ B/)\ such that the rescaled
governing equation is now given by

0%k + %HB ol %rz =0. (7)

In the case of a circular solution, this yields the (mono-

tonic) relation between the pressure and interface length:

P = ((L/27)=3 — (L/2m)?)/2, so in equilibrium there is
only one L for a given P.

A linear stability analysis of this state, similar to that

leading to (4), yields
3 (L)'
2+<%>1—0* ®

after dividing out the marginally stable mode m = 0.
This relation has no real roots for L > 7, indicating that
solutions of wave number m do not emerge as primary
bifurcations from the circle state as P varies.
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V. Method

Both versions of the problem, Eqgs. (3) and (7), are
implemented in AUTO [51] as a 5-dimensional bound-
ary value problem encompassing the third order ODE
for ¢ and the two first order ODEs for (z,y). For the
constrained length sections of this paper, we construct



the problem on the domain s € [0, 7], representing half
of a closed elastic interface of length 27, subject to the
boundary conditions

¢(0) =m/2, ¢(m)=3m/2, (9a)
z(0) =xz¢, x(r)=ux1, (9b)
y(0) =y(m) =0, (9¢)
8¢(0) = 2p(m) = 0. (9d)

The final two conditions represent force-free conditions
following previous work [27, 52] and allow us to generate
the full circle solution via reflection in the x axis. For
the unconstrained length sections, s € [0, L/2] where L
is free to vary. Since the system is 5-dimensional with
8 boundary conditions, numerical continuation is per-
formed in the four parameters (P, T, xg,x1) for the con-
strained length problem and (P, L, 2o, z1) for the uncon-
strained length problem [53], i.e., for a given change in
P, the new tension T is found as a nonlinear eigenvalue
of the problem, while z(,x; are adjusted to satisfy the
force-free boundary conditions.

The results of this procedure have been carefully com-
pared to those from a high order weakly nonlinear anal-
ysis and are found to be in excellent agreement [27]. The
nonlinear results have also been confirmed to match exact
analytical solutions to within numerical tolerance [45].
Self-contact forces can be included in order to continue
solutions beyond our current range [54, 55|, but we do
not do so in this paper. Self-intersecting solutions are
not shown.

The boundary conditions (9) impose a reflection sym-
metry on all the solutions generated by the above pro-
cedure and so prevent the computation of states that
break this symmetry. Since such states are also expected
to be present [26], we discuss in the penultimate section,
Sec. XII, an alternative formulation of the above problem
that permits the computation of such solutions.

VI. Constrained length: fingers

The order with which primary finger states bifurcate
from the circle state is determined by the parameter ¢°
as it sets the critical wave number m* via Eq. (5). Sub-
sequent bifurcations as P increases lead to modes with
wave numbers m alternately above and below m*. Once
m = 2 is reached only modes with large wave numbers
m remain and these continue to be destabilized as P in-
creases as seen in Fig. 3. The figure shows the response
of the system, as indicated by the tension T, to changes
in the imposed pressure difference P for three values of £°
obtained using numerical continuation starting from the
neutral modes of the circle state (black line). The corre-
sponding solution profiles at the point of first self-contact
are shown alongside. We see that for large enough ¢°
the primary finger states bifurcate to secondary branches
of mixed-mode states connecting a primary branch with
m < m* to a primary branch with m > m* (Fig. 3(b),
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shown in green), as well as to circumferentially localized
states we call folds (Fig. 3(a,b), shown in yellow) which
do not connect to another branch. The mixed modes do
not set in prior to self-contact when ¢° is small but begin
to proliferate with increasing ¢°; for this reason they are
omitted from panel (c¢). The primary mode with m = 2
is called here a buckling mode (labeled B) because of
its radically different behavior at large £°, with negative
modulus dP/dT, behavior typical of buckling processes
[27]. In the absence of a natural wavelength A or as A
becomes large relative to the domain, the m = 2 mode is
the first to become unstable [54].
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FIG. 3. Bifurcation diagrams in the (7, P) plane for (a)

£° =64 (m* = 3), (b) £> = 576 (m* = 5) with some states be-
yond self-contact shown with dashed lines, and (c) £° = 14400
(m* = 11), showing the succession of color-coded primary
branches of finger states as P increases: primary fingers with
m =m”" (purple), m > m™ (blue), and m < m* (red). Mixed-
mode states are shown in (a) and (b) (green), together with
branches of folds (yellow). In (c¢) only the primary finger
modes are shown. Primary bifurcation points are labeled by
the corresponding wave number, while points of self-contact
are indicated with crosses (for m < 7 in panel (b)); in panel (c)
points of self-contact fall outside the parameter range shown.
Selected solution profiles at the point of self-contact are shown
on the right.

Single folds bifurcate from the first primary branch
(m = m*) and do so prior to self-contact whenever
m* > 3. Figure 3(a) shows the case m* = 3 (£° = 64)



and shows that these states emerge in pairs, here a single
protrusion fold F,+ and a single intrusion fold F,- (for
profiles see Figs. 7 and 8). The resulting branches track
closely but do not self-contact at the same point; mixed-
mode branches are absent. In panel (b), for ° = 576,
fingering, buckling and mixed modes are all present, as
well as additional folds. In (c), for £° = 14400, the num-
ber of mixed modes and folds becomes large, and these
states are omitted.

The finger profiles are ¢°-independent [45, 47, 48, 56],
so the displayed self-contact solutions hold for any of
the bifurcation diagrams, although their location in the
(T, P) plane does vary with ¢5 [45].

A. Constrained length: P =0 fingers

Finger solutions when the applied pressure P = 0 are
of physical interest as they dictate solutions which may
be observed in ambient conditions, emerging solely from
the competition between inertial and elastic energies. Of
course, these solutions have the same shape as before, but
the length and tension at which they arise are not known
a priori. Figure 4 shows their location in the (T, L)
plane. Solutions bifurcate with m increasing monoton-
ically from m* = 2 as L increases. We note that the
size of the marginally stable circle state may be smaller
than in Fig. 3 for finger solutions with m values close to
m™* since these typically bifurcate from the circle state
already at more negative P, i.e. for these states L < 2.
Moreover, for the value of > used in Fig. 4, /> = 576,
the states with m = 2,3 reach self-contact at L < 2w
and at negative values of T, i.e., under compression. In
contrast, for larger values of m, the circle at threshold is
generally larger than L = 27 and self-contact generally

occurs at small or slightly positive values of the tension
T.

-150 -100 -50 0 T
FIG. 4. The P = 0 steady state solutions in the (T, L) plane
for £° = 576 (m* = 5 in purple), where L is the interface
perimeter. All profiles are plotted on the same scale. The
horizontal dashed line indicates L = 27, the length used in
all other constrained problem computations.
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FIG. 5. A partial bifurcation diagram for £> = 6400 (m* = 9)
with all complete mixed-mode connections between the m = 3
finger state and other primary branches. The profiles above
the bifurcation diagram correspond to the black points pro-
ceeding from left to right, while the profiles on the right cor-
respond to the blue points on the mixed-mode branch M3 19,
proceeding downwards.
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FIG. 6. A partial bifurcation diagram for £> = 14400 (m* =
11) with four mixed-mode connections between m = 23 and
the primary branches m = 2 (B), 3,4, 5. Solutions beyond the
point of self-contact are shown with broken lines. The lower
panels show profiles at the locations indicated by black dots
(two on the Mgz 2 branch).

VII. Constrained length: Mixed modes

In Figure 5, we show an example of the richness of
the mixed-mode connections at higher values of £°, here
05 = 6400 (m* = 9), where more states with m < m* be-
come closely interspersed with states with m > m*. The
profiles above the diagram provide examples of mixed-
mode states with comparable contributions from both
wave numbers (black dots). In contrast, the profiles along
the side correspond to profiles along a single mixed-mode
branch, here the branch M3 ;9 connecting the m = 3 and
m = 19 primary finger branches.

In Fig. 6, we show another example of mixed-mode
connections. The figure shows the connections along a
primary branch with m = 23, i.e., m > m*, as opposed to
Figure 5 where we showed all the secondary connections
for a m = 3 primary branch, m < m*. The solutions



in Figs. 5 and 6 match closely those previously identified
via a different computational procedure (see Figure 4 of
Ref. [26]).

VIII. Constrained length: Folds

Additional secondary branches which do not connect
to any other branches bifurcate from the finger branches
at or near the critical branch with m = m* (Fig. 3(a,b),
yellow curves). These correspond to localized solutions
and typically come in pairs. The first pair always has a
single intrusion or protrusion (Fy+) and bifurcates from
the critical finger branch (Fig. 3, yellow curves). Intrud-
ing and protruding states follow the same path in the
bifurcation diagram and reach self-contact at almost the
same point in the (T, P) plane (Fig. 3(a)).

Figure 7 explores the ¢°-dependence of the simplest
fold states F,+ at self-contact and shows that the width
of the localized structure decreases in the expected way
relative to the perimeter length as £ = R/ or equiva-
lently the rotation rate increases.

Changes in £° also have an effect on the localized state
branches in parameter space. Figure 8(a) shows that
for moderate values of ¢° the branches of F,+ fold on
themselves, each exhibiting a saddle-node bifurcation.
These bifurcation points can be followed numerically and
Fig. 8(b) shows the result of such a computation for F +
starting from the saddle-node bifurcation at > = 225 and

J

As 05 increases, the variety of localized fold states in-
creases dramatically since fold states now bifurcate not
only from the critical finger state with m = m™*, but
also from the subsequent primary finger branches. In
Fig. 9, we show all localized fold states for a given ¢°
(¢> = 6400). The critical primary branch supports the
most secondary bifurcations to fold solutions. Although
subsequent branches have a similar overall number of
secondary bifurcations, the number of bifurcations to
fold states decreases while the number of bifurcations to
mixed-mode states increases. The details depend on the
number of factors of each integer m and hence the sym-
metry of the branch. For example, Fig. 9 shows several
localized states with a 27” rotational symmetry emerging
from the m = 9 finger branch which shares this symme-
try. Similarly, we see a %’T rotational symmetry in one
of the localized states emerging from m = 10 and a §
rotational symmetry in one that emerges from m = 8.

both increasing and decreasing £°. Evidently, as ¢° varies,
so does the wave number m* of the branch from which
the F,+ bifurcate. This is in fact a continuous process:
as £° increases, for example, the secondary bifurcation to
F,+ moves down along the m* = 4 branch to the primary
bifurcation point. As this happens, the m = 5 primary
bifurcation passes through the m* = 4 primary bifur-
cation point, so that for larger ¢° the circle state loses
stability first to m* = 5, followed by m = 4, i.e., the
m = 4 and m = 5 branches exchange positions. Beyond
this point the secondary bifurcation to F,+ moves up the
new m* branch, and the whole process repeats [37, 57].
However, despite the jumps in m* the movement of the
saddle-node of the fold states F,+ as ¢° varies is continu-
ous. With increasing £°, the saddle-node moves past the
point of self-contact, and we terminate the continuation
when this first happens (¢° ~ 570).

2 225 576 1225 6400 14400

FIG. 7. F,+ solutions at self-contact for increasing values of
Wl corresponding to m* = 3,4,5,6,9,11.
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FIG. 8. Numerical continuation in the (7, P) plane of the
maxima along the branch of F_+ localized fold states starting
at £° = 64 (m* = 3) as £° increases as indicated in the la-
bels. Since T measures the response of the system to changes
in the pressure difference P, these maxima represent saddle-
node bifurcations. The continuation is terminated when the
saddle-node reaches the point of self-contact (crosses) or the
bifurcation point from the primary branch (squares). The
corresponding solution profiles at the labeled saddle-nodes are
shown alongside.
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FIG. 9. Bifurcation diagram for £* = 6400 depicting the first few finger modes (m* = 9, and m = 10,8, 11, color-coded) and
the multitude of remarkable fold states that bifurcate from them (yellow). Solutions at the point of self-contact, arranged in
ascending order and labeled with dots of the corresponding color, are shown at the top. Branches of intrusions and protrusions
are almost degenerate leading to overlapping dots.
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IX. TUnconstrained length: Fingers

We now consider the same system but this time take
T to be zero and the interface length L to be a free pa-
rameter, resulting in Eq. (7). Numerical continuation for
steady-state symmetric finger states may be performed
in the same way as before. Figure 10 shows the result of
continuing several finger states in the (L, P) plane. We
observe that as the interior pressure drops, the area and
perimeter of the steady-state finger profile grow dramati-
cally. With a smaller contribution from internal pressure,
a larger contribution from the centrifugal force is needed
to support a steady state, requiring larger L. In contrast
to the results with nonzero tension, in this case the finger
states no longer bifurcate from the circle state. Moreover,
although secondary bifurcations do set in as L increases,
for these small values of m they do so far beyond the
point of first self-contact. Figure 11 shows that this is no
longer so for larger values of m.

P

1007 . 3 ‘+ 2% ]
80" .
60" ]
o |\ o5
20+ ]

\
8T IJ

0 27 47 6™

FIG. 10. Numerical continuation of m = 2, 3,4, 5 finger states
(orange, pink, dark and light blue, respectively) in the (L, P)
plane. The branch of circle states is shown in black, and self-
contact is indicated by crosses. The finger states no longer
bifurcate from the circle state.

X. Unconstrained length: Mixed modes

Mixed-mode states connecting two primary branches
with different numbers of fingers can also be found. Fig-
ure 11 shows three mixed-mode branches (light green
lines) originating on the m = 2 finger branch (grey line),
shown in the (P, L) plane. The branches terminate on
the m = 12 (red), m = 13 (dark green) and m = 14
(blue) finger states, respectively. In each case the solu-
tions are realizable near the high m end of the branch
(solid light green lines) but as P becomes more and more
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negative they make self-contact beyond which the solu-
tions are no longer realizable. The top panel in the fig-
ure shows the pure finger state at the right end of each
branch (lowest profile), a physical solution before self-
contact (second profile from the bottom), the solution at
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FIG. 11. Bottom: mixed-mode connections (light green) be-
tween m = 2 (grey) and m = 12 (red), m = 13 (dark green)
and m = 14 (blue) finger states shown in the (P, L) plane.
Dashed lines indicate solutions beyond first self-contact. Top:
sample solutions at the color-coded locations indicated in the
bottom panel proceeding from the m = 2 start of the mixed-
mode branch to its endpoint at the other end. In each case
the top profile corresponds to an unphysical, self-intersecting
solution on the m = 2 branch while the profile below corre-
sponds to last self-contact (lower panel zoom). Beyond this
point the solutions are realizable; the final profile corresponds
to a pure finger state at the right end of the branch.
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first self-contact (third profile from bottom) and finally
an unphysical, self-intersecting profile very close to the
termination of the mixed-mode branch on the m = 2
branch (top profile).

XI. TUnconstrained length: Folds

Fold states arise through bifurcations from the primary
finger states, although this time almost exclusively from
states far beyond self-contact. Figure 12 shows a number
of examples in the (P, L) plane.

We see that each primary finger branch (thick solid
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FIG. 12. Bifurcation diagram depicting the m = 2,3,4,5,6 finger states in thick lines (red, orange, green, blue, and purple,
respectively), and the many fold states bifurcating from them (thin lines, corresponding color). Self-contact for primary states
is marked with a cross, and states beyond this point are dashed. Sample solutions (all rescaled to equal size for clarity) are
arranged in ascending order according to the number of localized intrusions and protrusions on the 27 domain (profile labels
correspond to branch labels in the bifurcation diagram). The number of distinct states created in each bifurcation grows in
successive bifurcations as P decreases (L increases) and depends on the wave number m of the underlying finger state. At
large negative P (large L) branches with the same number of intrusions and protrusions are almost degenerate since both
contribute only slightly to the length, despite originating in general from different primary finger states as indicated by the
color-coded profiles at the top panels. For example, there are four branches labeled 2, two of which originate from the m = 2
finger branch (red) and two of which originate from the m = 3 finger branch (orange). The branches originating in the same
branch are strictly degenerate in this projection, although they reach self-contact at slighly different locations (not shown).
Profiles originating in subsequent primary bifurcations are arranged vertically and correspond to P =~ —20.
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lines) yields a multitude of secondary branches of fold
states with varying numbers of intrusions and protru-
sions, collectively referred to as folds. The first fold state
to emerge from a primary finger state with wave number
m generates a state with m—1 folds, and each subsequent
secondary bifurcation adds one additional fold. These
folds can be intruding, protruding, or come in antisym-
metric pairs (due to the symmetry constraint imposed by
our boundary conditions). There is always a special pair
of intruding and protruding fold states which respect the
symmetry of the finger state they bifurcate from.

As P becomes more negative and the length of the do-
main increases, the profiles gradually deform from the
self-intersecting, nonphysical states they bifurcate from
into non-self-intersecting, physically realizable states.
Beyond the point of last self-contact, the profiles remain
physical even as their length continues to increase. Si-
multaneously, the details of the shape of the folds be-
come less important, and the branches collapse to evenly
spaced curves, each corresponding to a particular num-
ber of folds, as indicated on the left of the bifurcation
diagram. Each of these asymptotic lines consists of mul-
tiple branches originating from different primary states.
For example, there are four distinct 2-fold states, two
of which are symmetric states with either two intrusions
or two protrusions originating from the second primary
bifurcation on the m = 2 finger branch, and two addi-
tional states, one with one intrusion and one protrusion,
and one with a pair of antisymmetric folds, originating
from the first primary bifurcation on the m = 3 finger
branch. In the present projection, these pairs of branches
lie on top of one another and one therefore sees only two
branches, labeled 2. Likewise there are three branches la-
beled 3, originating in the third bifurcation on the m = 2
branch, the second bifurcation on the m = 3 branch and
the first bifurcation on the m = 4 branch, each with ap-
propriate multiplicity (see profiles in row labeled 3). As
in the case of the fold states for the constrained length
(Fig. 9), many fold states respect the symmetry of the
primary branch they bifurcate from. For example, the
second pair of states bifurcating from m = 3 features a
solution with three intruding folds and a solution with
three protruding folds, while m = 6 bifurcates to a state
with three pairs of antisymmetric folds and a solution
with six alternating intrusions and protrusions with over-
all symmetry under rotations through 27 /3. The differ-
ent states of alternating symmetric intrusions and protru-
sions as well as antisymmetric folds resemble the folded
states of a floating planar elastic sheet under compression
[37], particularly when L is large [58].

XII. Asymmetric states

In the unconstrained case, many interesting steady-
state finger profiles have been reported in the literature
[26], but the continuation scheme summarized in Egs. (9)
rules out many of them since it can only generate solu-
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tions that are symmetric about the x axis. However,
using an explicit Runge-Kutta method and numerical
shooting, we are able to construct a variety of full-domain
solutions which do not obey the previous symmetry re-
striction imposed by our continuation procedure. Fig-
ure 13 shows examples that are similar in nature to those
discovered in previous work [26]. In the top row, we show
mixed-mode solutions with no reflection symmetry, while
the bottom row shows chiral versions of the localized
states shown in Fig. 9. Owing to the symmetry of Eq. (3)
under reflection (¢,s) — —(&,s), each left-handed so-
lution is accompanied by an identical but right-handed

solution.

FIG. 13. Asymmetric states computed on the full domain.
Top left: L = 15.714, £> = 8232.56; top right: L = 15.714,
% = 6257.5; bottom left: L = 6.283, £° = 650; bottom center:
L = 25.649, ¢° = 0.916; bottom right: L = 15.707, £> = 295,
all computed for P = 0.

To determine the origin of these states in parameter
space we implemented a full-circle extension of our nu-
merical continuation in AUTO using periodic boundary
conditions for (950, 0?¢, 03¢, x,y) with Dirichlet bound-
ary conditions for ¢ at s = 0,27 to pin the phase on the
full domain. The continuation of the first few primary
and secondary branches of symmetric and asymmetric
states is shown in Fig. 14.

Figure 14 shows that asymmetric states appear via sec-
ondary bifurcations from the symmmetric finger states,
a result consistent with the fact that all primary states
in O(2)-symmetric steady state bifurcation problems are
necessarily reflection-symmetric [59]. It has previously
been observed that the branches of symmetric intruding
and protruding folds emerging from a common bifurca-
tion point coincide in the (T, P) plane [27]. Figure 14
shows that in fact all secondary branches (intruding, pro-
truding, symmetric, or chiral) emerging from a common
bifurcation point coincide in the (T, P) plane although
they do not reach self-contact at the same location. We
believe, but have been unable to check, that the multi-
fold chiral states shown in Fig. 13 likewise originate in
secondary bifurcations from symmetric finger states.
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FIG. 14. Full-domain numerical continuation for £° = 576 in
the (T, P) plane showing the first three symmetric and asym-
metric fold states emerging simultaneously from secondary
bifurcations of the m = 5 and m = 6 symmetric finger states
(blue lines) which in turn bifurcate from the circle states (grey
line). The branches of symmetric and asymmetric states co-
incide in this projection. Color-coded solution profiles corre-
sponding to the locations indicated in the top panel are shown
along the bottom.

XIII. Conclusion

We have studied the bifurcation properties of equilib-
rium states arising from a Rayleigh-Taylor-like instability
of a higher density fluid confined within a lower density
fluid in a rotating Hele-Shaw cell. The interface sepa-
rating the two fluids is modeled as a thin elastic mem-
brane, with the centrifugal force playing the role of effec-
tive outward gravity. The bending modulus of the inter-
face introduces an intrinsic length scale into the problem
that defines the scale of the resulting fingering instability.
We examined two cases, one in which the interface was
taken to be inextensible (the constrained case) and one
in which the interface was permitted to proliferate freely
(the unconstrained case). In both cases, we used numeri-
cal continuation to follow strongly nonlinear equilibrium
finger states in parameter space through to the point of
self-contact. We showed that, depending on parameters,
these states may undergo secondary bifurcations leading
to two types of secondary states, mixed modes and folds.
The former form secondary connections between fingers
with distinct wave numbers, while the latter form pro-
gressively more localized intrusions or protrusions as one
follows each fold branch away from the secondary bifur-
cation that generates it.

The unconstrained or tension-free case is of particular
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interest. Here the primary finger states were found to
be disconnected from the circle states, in contrast to the
constrained case. However, as in the constrained case,
the finger states exhibit instabilities to both mixed-mode
states and to fold states. The latter take the form of sym-
metric intrusions or protrusions or antisymmetric folds
that come in pairs to maintain the overall reflection sym-
metry imposed by our numerical continuation scheme. In
particular, we demonstrated that the first bifurcation of
a finger state with wave number m generates a fold state
with m — 1 folds of various types. States with the same
number of folds but different orientation or shape are
created in bifurcations from other finger states with dif-
ferent but smaller wave number but these bifurcations
are necessarily subsequent bifurcations and not the first.
For example, the first bifurcation of the m = 3 finger
states creates a state with two folds, and so does the sec-
ond bifurcation of the m = 2 finger state (Fig. 12). The
folds localize away from these bifurcations as P becomes
more and more negative and the interface length grows,
resulting in asymptotic degeneracy of all branches with
the same number of folds, regardless of type and origin.
This is a consequence of the fact that in this regime the
folds take up an increasingly small fraction of the overall
length L. The unconstrained system thus recapitulates
similar behavior found earlier in a floating elastic sheet
under compression [34, 37], a system described by an
equation similar to Eq. (3).

Moreover, the finger states can be either symmetric
m-finger states, or break this symmetry, forming an m-
finger chiral state of definite handedness. However, these
chiral states appear via secondary bifurcations from an
already existing finger state, at the same bifurcation as
the symmetric folds, and cannot form in a primary bi-
furcation of the circle state. Together these results shed
light on the origin and organization of the states reported
previously in the unconstrained case with zero pressure
difference across the interface [26].

Similar progressive localization of folds takes place in
the constrained case as well, as the parameter ¢ or equiv-
alently the rotation rate increases (Fig. 7). In both cases
this is a consequence of the fact that the folds bifurcate
subcritically, much as in the Swift-Hohenberg equation
with a bistable nonlinearity [60].

This work was supported in part by the National Sci-
ence Foundation under grant DMS-1908891. We thank
L. Gordillo and N. Verschueren for valuable discussions.
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