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Abstract—Via transitions in high-speed channels critically influ-
ence the signal integrity and power integrity of high-speed systems.
In this article, a mode-decomposition-based equivalent model of a
high-speed via that can be applied at frequencies up to 100 GHz
is proposed for the first time. The equivalent model for modeling
the via transition consists of upper and lower via-to-plate capac-
itances and equivalent parallel-plate impedances, owing to the
fundamental mode and higher order modes for parallel-plate, all
of which can be calculated from physical geometrical parameters.
The via-to-plate capacitances are calculated by using the domain
decomposition method in the antipad domain and via domain. The
parallel-plate impedances representing via and parallel-plate cou-
pling are calculated with the mode decomposition method for dif-
ferent parallel-plate modes (fundamental and higher order modes)
in the parallel-plate domain. The proposed equivalent via model
provides more accurate results in the high-frequency range than
previously proposed methods. Because the impact of higher order
modes on parallel-plate impedance is considered in the proposed
mode-decomposition-based via model, and the effects of higher
order modes are prominent at high frequencies for printed circuit
board (PCB) vias with typical dimensions. The proposed model is
validated with numerical examples, which show good correlation
at frequencies as high as 100 GHz. The proposed model can be
applied to high-speed via transitions in PCBs and packages.

Index Terms—Higher order mode, high-speed channel, mode-
decomposition equivalent model, parallel plate, via.

I. INTRODUCTION

V ERTICAL interconnectors, more commonly known as
vias, play essential roles in modern high-speed digital

systems for connecting signals in multiplayer printed circuit
boards (PCBs) and packages [1]. With increases in the number of
integrated devices and the requirement for higher densities, vias
have become ubiquitous in multilayer PCBs. Vias are used to
route signals on different layers for different channels, which are
typical discontinuous components in high-speed channels and
can lead to severe signal integrity and power integrity problems.
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Therefore, accurate modeling of these interconnect components
is necessary for high-speed channel design and optimization.

Various methods of via modeling have been developed in
recent decades, including full-wave solvers based on the finite-
difference time-domain method, finite-element method [2], [3],
multiple scattering methods [4], [8], analytical and semian-
alytical approaches [9], [10], and equivalent circuit methods
[16]. Full-wave solvers can provide accurate simulation results,
but they require substantial computational power and time to
simulate a multilayer board with many vias. Multiple scattering
methods based on the Foldy–Lax approach have been used
to model dense vias with rectangular ground plates [5], [6].
Improved multiple methods have been introduced for dense bias
modeling with arbitrarily or irregularly shaped ground plates [7],
[8]. In one study [8], the general multiple scattering method was
proposed to model dense vias with axially anisotropic modes in
an arbitrarily shaped plate pair. But it was only validated up to
50 GHz. In addition, the separation between vias and the distance
of vias to plate edges should be sufficiently large to neglect
the coupling of them by the higher order evanescent modes
for saving the computational time. Analytical or semianalytical
approaches can also be used to model dense vias with arbitrarily
shaped plate pairs [9], [10], [12]; however, their upper frequency
is limited, and these approaches do not provide sufficient phys-
ical insight for channel designers at higher bandwidths. Equiv-
alent modeling methods of differential vias based on the PEEC
method have been introduced [13], [14], [15]. In the equivalent
circuit method, a via with parallel plates is first modeled by a
π-type circuit with lumped elements [16], [17]. The associated
models enable highly efficient simulation because the circuit ele-
ments can be calculated from analytical formulas. The topology
of an equivalent circuit model provides physics-based insight
for guidance in designing vias. To improve the accuracy of
equivalent circuits, physics-based equivalent models have been
proposed [18], [19], which use the parallel-plate impedance,
Zpp, to model the interconnection between the via and plates,
on the basis of the fundamental mode (propagating mode) in
parallel plates. The physics-based via model has been verified
with measurements [20], [21]. In [22], and the capacitance
coupling between the via and the parallel plate is represented
by the transmission model. The closed-form expression of the
parallel-plate impedance, Zpp, due to the fundamental mode,
has been analyzed in multiple studies [23], [24]. The funda-
mental parallel-plate mode is considered only for parallel-plate
impedance calculation [25], [26], [27], [28]. On the basis of the
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parallel-plate impedance, the inductance interaction of the via
to the parallel plate can be extracted for power-ground plane
design [29], [30]. Via modeling with the lossy material in real
applications has been analyzed in [31] and [32]. To extend the
physics-based via model for high-frequency applications, the
higher order modes of the parallel plate have been introduced
in [23], [24], and [33]. However, the physics-based via models
still cannot work in the high-frequency range above 20 GHz
for arbitrary types of vias, because an accurate consideration of
higher order modes (nonpropagating/evanescent modes) in the
vicinity of the via becomes critical with increasing cavity height
and frequency [35], [37]. Williamson [24] and Zhang and Fan
[23] have proposed more complex equivalent circuits for via
structures by considering higher order modes in the vicinity
of the via domain. However, extracting the circuit elements
for the two models is complex, and the circuit models are
not accurate beyond 40 GHz for typical PCB via dimensions
[36]. Hybrid two-dimensional/three-dimensional finite-element
methods have also been proposed to model vias with differently
shaped antipads, to maintain accuracy while improving compu-
tational efficiency [38], [39], [40]. However, these approaches
remain more time-consuming than equivalent circuit methods.

Herein, we propose mode-decomposition-based equivalent
model for the via structure, which considers higher order modes
in the parallel-plate domain, on the basis of mode decomposi-
tion. The mode decomposition method used herein differs from
the previous use of modal decomposition [11] to separately
model the parallel-plate mode and the strip-line mode. Our
decomposition method separates the higher order modes from
the fundamental mode of the parallel-plate modes. The equiv-
alent model includes via-plate capacitance and parallel-plate
impedance, owing to different parallel-plate modes, correspond-
ing to different domains of the via structure. In contrast to the
conventional physics-based via model, the higher order modes
in the parallel-plate domain are also modeled by using a higher
order mode impedance, Z ′, herein. All elements of the proposed
equivalent model can be calculated from the physical parameters
of the via structure. The key contributions of this article can be
summarized as follows.

1) A mode-decomposition-based equivalent model for high-
speed via is proposed. The equivalent model for higher
order modes in the parallel-plate domain is analyzed, and
the higher order mode impedance is used to model the
interaction between the via and plates, for the first time.
The higher order mode impedance is calculated with the
mode decomposition method.

2) The field distribution and modes are analyzed. The phys-
ical meaning for all elements of the via equivalent model
is analyzed and explained on the basis of the electric
field distribution, thus greatly facilitating via design and
optimization.

3) Full-wave simulations are presented to verify the proposed
mode-decomposition-based equivalent model of a high-
speed via up to 100 GHz.

The proposed equivalent model can predict S-parameters of
via structures in the high-frequency range, and the results are

compared with those of previous methods [20], [24], [36]. The
remainder of this article is organized as follows. Section II
details the proposed equivalent model and the formulas for
via-plate capacitances and parallel-plate impedances. Fields and
mode analysis are described in Section III to show the physical
meaning of the equivalent model and why higher order modes
should be considered. Higher order modes are shown to exist
in the vicinity of the via between parallel plates and may be
prominent at high frequencies. Section IV presents simulation
examples verifying the accuracy and applicability of the pro-
posed equivalent model, and conclusions are given in Section V.

II. PROPOSED MODELING METHOD

On the basis of the conventional physics-based method, a via
can be modeled by using a π-type equivalent circuit with two
capacitors and the parallel-plate impedance [20], [36]. Fig. 1
shows the proposed equivalent model for the fundamental cell
of a via, which corresponds to via segments crossing a cavity
enclosed by two reference plates. The equivalent model includes
two capacitors and the parallel-plate impedance Zp0 and Z ′.
Zp0 and Z ′ arise from the fundamental mode and higher order
modes in the parallel-plate domain, respectively. Two capacitors
represent the coupling between the via and the top or bottom
plate. Unlike the conventional physics-based model, the pro-
posed equivalent model considers the effects of higher order
modes, thereby allowing for more accurate modeling of the via
at high frequencies.

A. Via-Plate Capacitance

In Fig. 1, Ct and Cb are the via-top plate capacitance and
via-bottom plate capacitance, respectively. The via-plate capac-
itance consists of the coaxial capacitance of the antipad and
the via barrel-plate capacitance, according to domain decompo-
sition. Many methods have been developed for calculating the
via-plate capacitance of a via structure [41], [42], [43], [44], [45].
Herein, the antipad capacitance and via barrel-plate capacitance
are calculated as follows.

A transverse electromagnetic coaxial mode can be assumed
in the antipad aperture [41]. The antipad capacitance can be
calculated by

Ca =
2πε0εrt

ln
(

ra
rp

) (1)

where ra and rp are the antipad and pad radii, respectively; ε0
and εr are the free space permittivity and relative permittivity,
respectively; and t is the plate thickness.

The via barrel-plate capacitance can be calculated from the
magnetic frill current [43] as

C ′
b =

j4π2ε0εr(
ln

(
ra
rp

))2

h

∞∑
n=1,3,5

K̃n

k̃n
(2)

where

k̃n = −jnπ

h
(3)
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Fig. 1. Proposed equivalent model of the via (fundamental cell).

Fig. 2. Equivalent mode of parallel plate impedance based on mode decomposition (r0 and ra are the via and antipad radii, respectively, and Z0 and Z ′ are the
parallel-plate impedance due to the fundamental mode and higher order modes in the parallel-plate domain, respectively). (a) Equivalent model for the fundamental
mode. (b) Equivalent model for higher order modes.
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(4)

Here, h and r0 are the dielectric height and via radius, respec-
tively, and H2

0 and J0 are the zero-order Hankel function of the
second kind and the zero-order Bessel function, respectively.

The via-top plate capacitance and via-bottom plate capaci-
tance are represented as

Ct = Cb = Ca + C ′
b (5)

B. Parallel-PLATE IMPEDANCE for the Fundamental Mode

In the conventional via modeling method, the parallel-plate
impedanceZp0 represents coupling between the via and parallel-
plate due to fundamental mode. As shown in Fig. 2(a), the
equivalent model for the fundamental mode consists of a current
source and a parallel plate. The radius of the current source
is the same as the via radius; thus, the fundamental mode is
excited at the via boundary. When the parallel plate is infinitely
large, or the boundary condition of the plate consists of perfectly
matched layers (PMLs), the parallel-plate impedance Zp0 can

be calculated as [30], [31]

Zp0 =
V0

I0
=

−E0
zh

2πr0H0
∅

(6)

where V0 and I0 are the voltage and current at the via-barrel
boundary due to the fundamental mode; h is the dielectric height
in the parallel plate; and E0

z and H0
∅ represent the electric and

magnetic fields at the via-barrel boundary due to the fundamental
mode:

E0
z (r0) = k20a0H

2
0 (k0r0) (7)

H0
∅ (r0) = jωε0εrk0a0H

2
1 (k0r0) . (8)

Here, k0 = k′ − jk′′, which is a complex wavenumber; k′ =
ω
√
μ0ε0εr; k′′ = ω

√
μ0ε0εr(tanδ + ds

h )/2; ω is the angular
frequency; μ0 is the permeability of free space; tanδ is the loss
tangent of the material; ds =

√
2/ωμ0σ is the skin depth of the

conductor with conductivity of σ; a0 is a constant coefficient
that does not need to be determined; and H2

1 is the first-order
Hankel function of the second kind. The derivation of (7) and
(8) is detailed in the appendix.

If the parallel plate is finite, or the boundary condition of the
plate is a perfect electric or magnetic conductor (PEC or PMC)
boundary, the parallel-plate impedance Zp0 can be calculated
with the cavity method [34]. The closed-form expression for the
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parallel-plate impedance of a rectangular plate pair is given as

Zp0 =
jωμ0h

ab

∞∑
m=0

∞∑
n=0

C2
mC2

nfbcfp
k2mn − k20

(9)

where a and b are the dimensions of the rectangular parallel
plate; μ is the permeability of the dielectric material between the

plates; kmn =
√

(mπ/a)2 + (nπ/b)2; and m and n represent
the mode number. In addition, Cm and Cn = 1 when m and n= 0;
otherwise, Cm andCn =

√
2. fp and fbc are terms correlated with

the dimensions and shape of the via and the plate, respectively
[33].

On the basis of the assumption that the via is circular, and the
plate is rectangular, fp and fbc are expressed as follows:

fp = J0(kmnr0)
2 (10)

fbc =

{
cos2

(
mπx
a

)
cos2

(
nπy
b

)
PMC boundary

sin2
(
mπx
a

)
sin2

(
nπy
b

)
PEC boundary

(11)

where x = a/2, y = b/2, and fbc differs when the boundary of the
parallel plate is either a PMC or PEC boundary.

C. Parallel-Plate Impedance for Higher Order Modes

The parallel-plate impedance due to higher order modes can
be calculated with mode decomposition. When the waves enter
the domain of the parallel plate, the higher order modes can be
excited at the antipad boundary, which is discontinuous. The
equivalent model for higher order modes is shown in Fig. 2(b).
The model contains an equivalent current source and a parallel
plate, similarly to the equivalent model for the fundamental
mode. The radius of this equivalent source is the same as the
antipad radius; thus, the higher order modes are excited at the
antipad boundary. Similarly to the parallel-plate impedance of
the fundamental mode, the higher order mode impedance can
also be calculated by using the voltage and current at the antipad
boundary due to the higher order modes

Z ′ =
Va

Ia
. (12)

Here, Va and Ia are the voltage and current at the antipad
boundary due to the higher order modes in the parallel-plate
domain. These terms can be calculated according to the electric
fields and magnetic fields at the antipad boundary. For the higher
order modes, only TM0n modes are considered herein. Because
the via structure considered is a circle, which is symmetric, and
only TM0n modes (higher order modes/axially isotropic modes)
are excited [7], [8]. The total electric and magnetic fieldsEN

z and
HN

∅ from TM0n modes at the antipad boundary are expressed
as

EN
z (ra, z) =

N∑
n=1

k2n
(
a0H

2
0 (knra)

)
cos

nπz

h
(13)

HN
∅ (ra, z) =

N∑
n=1

jωε0εrkn
(
a0H

2
1 (knra)

)
cos

nπz

h
(14)

Fig. 3. Current source of the equivalent model for high-order modes is
discretized.

where kn =
√

k20 − (nπ/h)2; n represents the mode number;
N is the total number of higher order modes considered for the
via modeling; and z is the coordinate in the vertical direction.
The derivation of (13) and (14) is detailed in the appendix.

According to (13) and (14), electric fields and magnetic fields
from higher order modes vary along the z-axis. To accurately
calculate the Z ′ at antipad boundary from higher order modes,
the discretization method is used herein. The current source is
discretized into small parts, as shown in Fig. 3. For any small
discretized current source, the corresponding impedance can be
calculated as

ΔZ ′ =
ΔV

ΔI
=

∫Δz
0 EN

z (ra, z) dz

∫2π0 HN
∅ (ra, z) d∅ =

EN
z (ra, z)×Δz

2πraHN
∅ (ra, z)

.

(15a)

When Δz is sufficiently small, e.g., Δz is less than 5% of the
wavelength pertinent to the maximum frequency, the electric
fields and the magnetic fields can be considered constant in the
length of Δz. Thus, the integration (15a) can be rewritten as

ΔZ ′ =
EN

z (ra, z)×Δz

2πraHN
∅ (ra, z)

=

∑N
n=1 k

2
n

(
a0H

2
0 (knra)

)×Δz

2πra
∑N

n=1 jωε0εrkn (a0H
2
1 (knra))

. (15b)

The variable of cosnπz
h in the field expression of higher order

modes is eliminated in (15b). Then, for the total current source,
the serialized impedance is calculated by integration as

Z ′ =
h
∑N

n=1 knH
2
0 (knra)

j2πraωε0εr
∑N

n=1 H
2
1 (knra)

. (16)

The fundamental cell of the via model, as illustrated in
Fig. 1, is modeled by using the capacitance and parallel-plate
impedance due to different parallel-plate modes, according to the
domain decomposition method. From the mode decomposition
method, the impedance due to different parallel-plate modes is
modeled with different equivalent models. The proposed new
mode-decomposition-based equivalent model is more accurate
at high frequencies than the conventional physics-based circuit
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Fig. 4. Simulated electric field distribution at 100 GHz in a via structure by HFSS and corresponding electrical elements, according to the domain decomposition
method and mode decomposition method (r0 = 4 mil, ra = 15 mil, h = 15.3 mil, and PML boundary for the parallel plate).

Fig. 5. Cut-off frequencies of TM00, TM01, TM02, and TM03 mode for a
fundamental cell of a via with dielectric material of εr = 3.68, tanδ = 0.02,
r0 = 4 mil, ra = 15 mil, h = 15.3 mil, PML boundary for the parallel plate.

model, because it considers the effects of higher order modes,
which may be prominent in the high-frequency range.

III. FIELD AND MODE ANALYSIS

An electric field distribution simulated by high-frequency
simulation software (HFSS) at 100 GHz is shown in Fig. 4. As
shown, a transverse electromagnetic mode arises in the antipad
domains of the top and bottom parts, which can be represented
by the via-to-plate capacitance Ca [41]. In the via-hole domain,
the fields should be modeled by using the capacitance C ′

b of the
via barrel to the top and bottom plates [23], [41]. In the parallel-
plate domain, the fundamental mode and higher order modes
of parallel-plate exist. The fundamental mode is a propagating
mode, whereas the higher order modes are evanescent modes that
quickly vanish with propagating distance, thereby explaining
why higher order modes are observed only in the vicinity of
the via domain. The parallel-plate impedance Z0 represents the

Fig. 6. Comparison of admittance from different parallel-plate modes for the
via model of case 1 (Y0 = 1/Z0 and Y ′ = 1/Z ′): magnitude of Y0 and Y ′ for
different parallel-plate modes (r0 = 4 mil, ra = 15 mil, h= 15.3 mil, εr = 3.68,
tanδ = 0.02, PML boundary for the parallel plate).

fundamental mode. Meanwhile, the parallel-plate impedance Z ′

is used to model higher order modes. In Fig. 4, the fields are mod-
eled with corresponding electrical elements. In the conventional
physics-based equivalent model, only the fundamental mode is
considered for low-frequency modeling. However, higher order
modes may be dominant in the high-frequency range. Therefore,
the proposed model is more accurate at high frequencies.

Fig. 5 shows the propagation constant in the ρ direction for
some primary transverse magnetic (TM) modes. The cut-OFF

frequency for higher order modes (TM01, TM02, and TM03) is
very high. Even for the TM01 mode, the cut-OFF frequency is
beyond 200 GHz. This result indicates that those higher order
modes are evanescent and cannot propagate in the ρ direction.
This finding also explains why these modes are observed only
in the vicinity of the via domain.
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Fig. 7. Case 1: via model with two plates. (a) Cross-sectional view of the via model. (b) Insertion loss comparison for a PML boundary. Case 1: via model with
two plates. (c) Insertion loss comparison for a PEC boundary. (d) Insertion loss comparison for a PMC boundary.

Fig. 8. Case 2: S-parameter comparison for different antipad radii (PML boundary). (a) Insertion loss comparison. (b) Return loss comparison.
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Fig. 9. Case 3: via model with six layers (PMC boundary). (a) Cross-sectional view of the via model. (b) Insertion loss comparison. (c) Return loss comparison.
(d) Phase comparison of insertion loss. (e) Phase comparison of return loss.

The admittance Y = 1/Z from different parallel-plate modes
for the via model of case 1 in the numerical examples section is
compared in Fig. 6. The admittanceY is detailed in the appendix.
The higher order mode admittance is very small with respect to
the fundamental mode admittance at frequencies below 20 GHz.
However, the higher order mode admittance can reach the same
level as the fundamental mode admittance at high frequencies.
This finding supports our analysis result showing that higher
order modes can be prominent in the high-frequency range.
As shown in Fig. 6(b), the contribution to the parallel-plate

admittance from the higher order modes decreases as the mode
order increases, in agreement with the properties of higher order
modes. Thus, (15) and (16) can converge very rapidly. For the
via model considered in this article, the impedance due to the
TM01 mode is dominant, and a parallel-plate mode coefficient
N of 3 is chosen, which is sufficient.

IV. NUMERICAL EXAMPLES

In this section, the proposed equivalent model of a via is
verified with numerical simulations. A simple case for a via with
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two plates is first examined. Subsequently, models with different
antipad radii are shown to present the applicable range of the
proposed model. Finally, a model with multiple plates is shown
to present the efficiency of the proposed model. Comparisons of
S-parameter results from different methods and simulations for
different models indicate the accuracy of the proposed method,
particularly at frequencies above 40 GHz.

Case 1 is a fundamental case consisting of a via with two
layers. This model represents a fundamental cell for a via model
with multiple plates. The insertion loss of the via for different
boundary conditions is compared in Fig. 7. Fig. 7(a) shows the
cross-section of the via model for a rectangular plate with di-
mensions of 1600 mil by 1600 mil. The via radius r0 is 4 mil, the
antipad radius ra is 15 mil, the plate thickness t is 1.3 mil, and the
parallel-plate cavity height h is 15.3 mil. The relative permittivity
εr and the loss tangent of material are 3.68 and 0.02 at 1 GHz
with Djordjevic model. The conductivity of the copper plate
is 5.8 × 107. Fig. 6(b)–(d) shows insertion loss comparisons
for a via with PML, PEC, and PMC boundaries, respectively,
according to different methods and HFSS. A large difference
is observed between the conventional physics-based model [20]
and HFSS for all boundary cases at frequencies above 20 GHz.
Williamson’s model [24], as compared with the conventional
physics-based model, improves the results, but still cannot work
in a high frequency range above 40 GHz. However, the results
from the proposed model match the simulation results very well
throughout the entire frequency range as high as 100 GHz for
all three boundary cases. For the PEC and PMC boundary cases,
the resonance of insertion loss due to a finite plate size is also
accurately predicted throughout the entire frequency range.

To further verify the applicable range of the proposed equiv-
alent model, the antipad radius was swept from 7 to 15 mil in
case 2, which is based on the model in case 1. Fig. 8(a) shows
insertion loss comparisons for HFSS and the proposed circuit
model for different antipad radii. An excellent correlation is
shown for all cases. For the return loss comparison shown in
Fig. 8(b), the results of the proposed circuit match well with
the simulation results when the antipad radius is 7 or 10 mil.
However, when the antipad radius increases to 15 mil, the return
loss does not match well at frequencies above 70 GHz. However,
the results from the proposed model remain better than the results
from a conventional physics-based model. When the antipad
radius is very large, mode conversion at the antipad boundary
is more complex, and via self-inductance should be considered.
We will focus on this situation in a future publication.

Case 3 is a via model with six layers. The geometry and
dimensions of the via and plate in this model are the same as
those in case 1. Thus, case 3 is a layered extension of case 1. On
layers 1 and 6, there are pads of radius with radius of 8 mil. The
insertion loss and return loss of the via for the PMC boundary
condition are compared in Fig. 9. A cross-sectional view of the
via with six layers is shown in Fig. 9(a). Fig. 9(b) and (c) compare
the insertion loss and return loss, respectively. The conventional
physics-based circuit method is accurate only up to 30 GHz,
but the results from the proposed model match the full-wave
simulation results throughout the entire frequency range, up to
100 GHz. The computational memory and time cost of case 3 are
compared between the proposed model and the HFSS, run on a

server with 3.45 GHz CPU speed and 512 GB memory. HFSS
simulated the model of case 3 with 29.5 GB memory in 11.5 h,
whereas the proposed method required only 256 MB memory
and 10.5 s. It validates that the proposed method is more efficient
than full wave simulation.

V. CONCLUSION

A mode-decomposition-based equivalent model of a high-
speed via is first proposed for the first time in this article
and is shown to provide accurate results up to 100 GHz. In
our model, in contrast to the conventional physics-based via
model [20], higher order modes in the parallel-plate domain
improve the accuracy of the model of the via at high frequencies.
On the basis of the domain decomposition method, the via
structure can be divided into an antipad domain, via domain,
and parallel-plate domain. We use different equivalent electrical
elements to model each domain. The capacitance values between
the via and plates represent the fields in the antipad and via
domain. A fundamental mode (propagating mode TM00) and
higher order modes (evanescent modes TM0n) are considered
in the parallel-plate domain. The parallel-plate impedanceZ and
Z ′ for different parallel-plate modes is used to model the inter-
actions between the via and plates, which are calculated with
the mode decomposition method. From the field distribution
and mode analysis, we find that the higher order modes in the
parallel-plate domain can be dominant at high frequencies. This
finding explains why the proposed equivalent model is more
accurate than the conventional physics-based model, and also
provides a physical meaning that should be useful in via design
and optimization.

Numerical examples were used to verify the proposed model.
Only cases of a single-via model were analyzed and verified to
avoid the effects of other vias and traces. Full-wave simulation
(HFSS) results validated the superior accuracy and applicability
of the proposed equivalent model to those of the conventional
physics-based model and Williamson’s model, particularly at
high frequencies. Meanwhile, the electrical elements in the
proposed circuit can be easily extracted on the basis of the
physical parameters of the via, in contrast to the equivalent
circuits proposed by Williamson [24] and Zhang and Fan [23].
The applicable range of the proposed method was determined by
sweeping of the antipad size. The insertion loss can be accurately
predicted when the ratio of the antipad radius to the via radius is
between 1.75 and 3.75. When the antipad radius is significantly
larger than the via radius, the insertion loss can still be predicted
accurately by the proposed model, whereas the return loss has a
poor correlation above 70 GHz between the proposed model and
HFSS simulation. In addition, the proposed method has better
performance than the conventional physics-based method. We
will investigate this situation in a future publication.

On the basis of the analysis herein, the proposed analytical
model is useful up to 100 GHz, particularly for cases with a
longer via length and smaller antipad radius to the via barrel
radius ratio. The proposed parallel-plate impedance could also
be applied to model an arbitrary number of vias when the dis-
tance between vias is sufficiently large, such that the evanescent
parallel-plate modes from one via do not affect neighboring vias.
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A mode-decomposition-based equivalent model for multiple
vias that considers higher order modes will be introduced in
a future publication.

APPENDIX

The formulas below show general expressions of electric and
magnetic fields in cylindrical coordinates for a radial parallel-
plate waveguide. The details of their derivation have been de-
scribed in the book [46].

For the TEz
mn modes
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2
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Ez = 0. (A6)

For the TMz
mn modes,
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Hz = 0 (A12)

where kρ =
√

k20 − (nπ/h)2 is the wavenumber in the ρ-
direction; kz = nπ/h is the wavenumber in the z-direction; a0
and a1 are constant coefficients; the Hankel functions of the
first kind H1

m represent radial waves propagating in the negative
ρ-direction; and the Hankel functions of the second kind H2

m

describe radial waves propagating in the positive ρ-direction.
On the basis of the assumption that the parallel plate is infinite,

only radial waves propagate in the positive ρ-direction. Thus,
the Hankel functions of the first kind H1

m should be eliminated,

and consequently, a1 = 0. For TMz
0n modes, the expression of

electric and magnetic fields can be simplified from (23) to (28)
as
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Hz = 0. (A18)

For the case of a finite parallel plate, the waves of higher order
modes still propagate only in the positive ρ-direction. Because
the higher order modes are evanescent, they cannot reach the
edge of the parallel plate to produce waves in the negative
ρ-direction.

The equations of admittance for higher order modes (TM01,
TM02, and TM03) are as follows:
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∞∑
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Y ′
0p =

1
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j2πraωε0εr

∑∞
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(
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for TM01 mode (A20)
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for TM02 mode (A21)
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