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ABSTRACT

We reformulate the thermally assisted-occupation density functional theory (TAO-DFT) into the Kohn-Sham single-determinant framework
and construct two new post-self-consistent field (post-SCF) static correlation correction schemes, named rTAO and rTAO-1. In contrast to
the original TAO-DFT with the density in an ensemble form, in which each orbital density is weighted with a fractional occupation number,
the ground-state density is given by a single-determinant wavefunction, a regular Kohn-Sham (KS) density, and total ground state energy
is expressed in the normal KS form with a static correlation energy formulated in terms of the KS orbitals. In post-SCF calculations with
rTAO functionals, an efficient energy scanning to quantitatively determine 6 is also proposed. The rTAOs provide a promising method to
simulate systems with strong static correlation as original TAO, but simpler and more efficient. We show that both rTAO and rTAO-1 is
capable of reproducing most results from TAO-DFT without the additional functional Ey used in TAO-DFT. Furthermore, our numerical
results support that, without the functional Ep, both rTAO and rTAO-1 can capture correct static correlation profiles in various systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0087012

I. INTRODUCTION

The electronic structure computation has been a powerful tool
for quantitative prediction of physical and chemical properties of
isolated molecules and extended systems, which transformed the
modern research paradigm as it boosts the exploration and predic-
tion of both known and uncharted systems and reactions. Among
the vast selection of methodologies, the density functional theory
(DFT)" " plays a dominant role in many applications due to its
relatively good performance and mild computational complexity." °

Despite a formally exact theory, DFT with currently devel-
oped approximate exchange-correlation (XC) functionals is
still prone to many problems.”” Among them, problems for
systems with nearly degenerate frontier orbitals, a common
feature in bond-dissociation and transition state of a chemical
reaction, have been well-characterized, which is very similar to

the static or nondynamical correlation problem for wavefunction
theories.'” While the dynamic correlation for wavefunction theories
is provided by post-self-consistent-field (SCF) treatments, such as
configuration interaction (CI) methods and coupled-cluster (CC)
methods, multi-reference approaches, complete-active-space (CAS)
SCE,' "2 restricted-active-space (RAS) SCF,'*"* are useful schemes
for static correlations, where energetically similar orbitals and
their corresponding configurations are treated equivalently. For
DFT, the correlation component of XC potential is often regarded
as an inclusion of the dynamical correlation. The problems of
nearly degenerate frontier orbitals still exist in most DFT with
common XC functionals, and generalizations of multi-reference
method for DFT have been suggested.” '~ However, in those
methods, problems remain in the choice of active space and
convergence, such as the strong dependence of initial guess, and
the steep increase of computational complexity to the size of active
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space.”’  Alternatively, modeling static correlation through
XC-functional has been developed and implemented.'””' >

Treatment of static correlation with a mild computa-
tional complexity has been an important direction of modern
computational quantum chemistry. The necessary condition for
correctly treating static correlation in DFT has been established with
the exact degeneracy requirement in terms of fractional spins.”® **
Novel approaches, including fractional-spin localized orbital
scaling correction (FSLOSC),” have been developed. On the other
hand, schemes based on linear response theory, such as spin—flip
time-dependent DFT (SE-TDDFT)*” ™ and particle-particle
random phase approximation,' ™" are useful solutions for some,
but not general problems with static correlation. The thermally
assisted-occupation density functional theory (TAO-DFT) is an
interesting approach for static correlation with much potential,”**
which is the basis of the present work.

Instead of the density of a single determinant in the
Kohn-Sham density functional theory (KS-DFT), in TAO-DFT,***
the electron density is expressed as

pr(r) = 2 fr ¢ () p (1), )
P

where the orbital electron density ¢, ¢, is weighted by a Fermi-Dirac
function of orbital ¢, energy,

fr= |:1+exp(spgy):|_l. )

Here, 4 and 0 are the chemical potential and the fictitious
temperature, respectively. We note that 6 can be viewed as a measure
for the strength of static correlation, which is a system-dependent
parameter, while ¢ is determined by keeping the total particle num-
ber a constant. With this modification on the density expression, the
total energy functional was recast accordingly as

E™ =T [{ep, p}] + Bex[py] + Enalpy] + B [pr] + Eolpy]
+03 [ fp Infp + (1= f)In(1 = fp)], 3)
p

where the terms on the right-hand side are noninteracting kinetic
energy, external potential energy, Hartree (classical Coulomb),
exchange-correlation (XC) energy evaluated from a density-
functional approximation (DFA), and 6 energy and entropic energy
term. Ep is defined and evaluated approximately as the difference
between the noninteracting free energy at zero temperature and that
at temperature 6,

Ep = T.[p] - Al[p] (4)

We note that

Allp] = T{epdp}] + 03[ fp Inf, + (1= f)In(1 - £;,)]  (5)
)

and A%°[p] = T.[p]. In numerical calculation for Eg, Eqgs. (4) and
(5) were not used, instead a local density approximation was used
for both Ti[p] and A’[p]."* We note that even though many
terminologies in TAO-DFT are borrowed from statistical mechanics
and thermodynamics, TAO-DFT is still an ground-state electronic
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theory for a pure state. Similar to conventional DFT, a variational
principle with respect to orbitals can be applied on the total energy,
and the resulting eigenvalue equation is

[*%Vf + Ve (1) + vnpr](r) + vee [pr](r) + U@[Pf](')]‘PP(V)
= gpp(r), (6)

which can be considered as a finite-temperature Kohn-Sham (KS)
equation with an extra potential term vg (from the functional
derivative of Eg) and ensemble density expression of Eq. (1).

With a similar formulation to KS-DFT, TAO-DFT method can
be implemented with SCF machinery, which allows a similarly low
computational cost as a conventional KS-DFT calculation. Excited-
state extension can be derived through incorporating TAO-SCF into
linear-response time-dependent (TD) DFT framework.’® Within the
SCF implementation, the capability of TAO-DFT to capture the
static correlation energy has been demonstrated in various systems,
including dissociated diatomic molecules, polyacenes, and several
carbon-based nonostructures.”*">”"** With these numerical exami-
nations, TAO-DFT appears to be a promising and efficient solution
for static correlation.

Despite those successes, there are still two challenging issues.
First, a systematic approach to determine the parameter 6 is needed,
which has been attempted previously,”” but it is still not perfect as
the dissociation potential for H, with this approach is still incorrect.
Second, the low-lying spurious single excitations were observed in
the time-dependent TAO-DFT,*® similar to those reported with
time-dependent density matrix functional theory (TD-DMFT)."""
This is a direct consequence of fractional occupation numbers, and
it limits the capability of directly generalization of many useful
directions for TAODFT.

In the present work, we reformulated TAO-DFT into the
ground state KS-DFT framework and constructed two new static
correlation correction schemes, named revised TAO (rTAO) and
rTAO-1, and implemented these methods in post-SCF calcula-
tions. In contrast to the original TAO-DFT, which depends on
the ensemble density matrix, the reformulated TAO-DFT can
be viewed as a regular Kohn-Sham density functional with an
orbital-dependent approximation for the exchange-correlation
energy. We also developed an efficient optimization method to
quantitatively determine the optimal parameter 6. In addition, the
usage of single-determinant KS wavefunction as the basic vari-
able in the current approach opens the possibility of an excited-
state extension without spurious excitations as in an ensemble
approach.

Il. THEORY
A. Recasting TAO-DFT in Kohn-Sham formulation

The original form of TAO energy [Eq. (3)] is a functional
of the ensemble density matrix at a given fictitious temperature 0
(in the units of energy). This is a major difference from the
Kohn-Sham approach. Here, we aim to reformulate the TAO
approach into a regular Kohn-Sham formalism at zero physical
temperature using a single-determinant wavefunction for the refer-
ence system. In this way, the terms giving rise to the static correlation
can be taken as an orbital-dependent exchange-correlation energy
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functional, with which a novel density functional capable of treating
static correlation can be formulated.

For a given 0, external potential and particle number,
the ground-state energy of TAO-DFT was originally determined
with a minimization process over the noninteracting density
matrix ps(r, ') = ¥, fp¢; (r)¢p(r'), as in a finite-temperature KS
calculation. However, the TAO functional is not entirely a func-
tional of the density matrix pf(r, r') because Ey depends on two

density matrices pf(r, r'): one at temperature 6 and one at tempera-
ture zero. We take an alternative view of the energy optimization and
formulate it in terms of the minimization of an orbital functional
under the constraints of orthogonal orbitals

Erao[Vex, N, 0] = I;r;sir}l Erao[{¢p}]- 7)

The reformulation can be derived from the following revised
occupation number expression:

. [1 +exp(<¢pmo[gf]|¢p> y)] , ©)

where 7™ is the one-electron Hamiltonian as given in Eq. (6)
and py represents ensemble density, which is in the form of Eq. (1).
This revised expression shows that fractional occupation numbers
and the corresponding entropy functional are functionals of orbitals.
Under the self-consistency condition, the expression in Eq. (8)
simply reproduces that in Eq. (2), where the occupation numbers
and the subsequent entropy are expressed as functions of orbital
energies.

With Eq. (8), a useful identity relation for any given orbital set
can be obtained as follows:

pr (9ol [pr110p) Gpr 1n[ fpf”]+N% ©)

with N being the total number of electrons. By employing Eq. (9) in
Eq. (3), the total energy of TAO-DFT can be reformulated into an
orbital functional as

Erao[{¢p}] = —%pr(ﬁbp\vzlsbp) + Eex[pr] + Eulps] + B py]
P

+Eglpr] + 0 fp In fp + 6> (1 - fp) In(1 - fp)
» »

(10)
1
= =3 2 AKIV180) + Eexlpr] + Enlog] + B [pr]
+E()[Pf]+ez ln_ﬂ+02 In(1 - fa)

- [ droalp () [pr(r) - ()] (1

in which p denotes the KS density, p = ¥ co0c $; ¢i» and v is the
TAO effective potential employed in Eq. (6). Specifically,
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veir  [py] = vexe(r) + vnlpr ] (r) + v “[pr] (x) + welps1(r).  (12)

Here, a modified entropy-like functional, 03 ;. Inf;
+ 0 4evir. In(1 = fa), is obtained from the combination of original
TAO entropy functional, 0% ,fpIn f, +0%,(1~ fp)In(1-f,),
and the difference between two orbital energy sums
oo (@pll""016p) = Ticoce (¢ "Ig:). We note that both the
TAO entropy and this new entropy functional inherits the orbital
functional nature from the reformulated occupation numbers { f},
which are well-defined for arbitrary input orbitals. Further details in
the derivation of Eq. (11) is included in the supplementary material
accompanying this work. One can further recast the energy of TAO
into a KS energy expression with a TAO-based exchange-correlation
energy functional ETA0,

Erao[{¢p}] = —= S (i]V2I) + Eewlp] + Eup] +

2 ieocc.

COL{gp}):
(13)

Here, Eo2°[{¢,}] represents the modified exchange-correlation
functional in the reformulated TAO method,

EOHp ] =B o] + 0> Infi+0 In(1 - fa)

ieocc. aevir.

- Eulp] + Enlpy] = [ drvasclps)(0)lps () - p(0)]

+Eolpy] - [ droolp )l -p@)  (14)

This EL2© functional is defined entirely based on rearranging the
terms in the original TAO-DFT. However, this reformulation of
Eq. (13) offers a new perspective: it is the static correlation missing
in the regular DFA that we want to include in XC-functional. This
can be expressed as follows:

EZO{ép}] = B “[p] + AEsaic[ {95} (15)

With this TAO exchange-correlation functional reformulated,
new and simpler functionals that share similar performance with
TAODEFT can be developed, which is outlined in Sec. IT B.

B. Revised TAO energy functionals

From Eq. (10) of TAO-DFT, one can observe that the entropy
term 0%, fpIn fp + 0%, (1 - fp)In(1 - f,) is the crucial component
that provides the static correlation, AEatic, by lowing the overesti-
mated energy when the frontier orbitals become nearly degenerate.
However, this entropy term tends to overcorrect and underestimate
energy of systems with medium HOMO-LUMO gap, e.g., H, with
bond length around 1.5 to 3.5 A.

To compensate the overcorrection of TAO entropy and treat
static correlation accurately, we construct two modified total energy
functionals. The first one can be considered as a revision of the
TAO-DFT functional in Eq. (11),
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Eerol{p}] = = 5 S0l T199) + Belps] + Bulpr] + B2 [oy]
p

+0) fp Infp + 03 (1~ f,) In(1 - fp) (16)
3 »

== 2 SNV + Eenlpr] + Bulpy] + B[]

ieocc.

+0 Infi+6% In(1-f.)

i€occ. aevir.

- [ drvale )]s () - ()] (17)

Note that the fractional orbital occupation number f, is now

a functional of the DFA one-electron Hamiltonian szFA,
fo = f({¢alhDralpr]l¢a); 0:4). The explicit functional forms

of hppa and EPFA follow the Hamiltonian chosen in the SCF
calculation, and the corresponding effective potential functional

DFA
Veit[pr] = vext(r) + vn[pr](r) +vxe [pr](x). (18)

We can see that the static correlation, missing in common DFA,
is now captured as

AEsatic[{$p}] = Eext[ps] + En " [p] + Ext " ps]

— Eealp] - EX [p] - Exe "[p]
O Infi+03 In(1-fa)

ieocc. aevir.

- [ drvalp d@lps 0 - p0] (19)

which can be used in regular KS-DFT calculations in addition to the
common functionals.

In contrast to the original TAO-DFT where a modified
exchange-correlation functional EPFA 4 Ey is used, here we propose
to use only a regular DFA for the exchange-correlation functional
EPFA with the additional static correlation correction. We do not
include the term Ey because it is not necessary and the role of Eg in
the original TAO-DFT is contradictory. If we follow the definition in
Eq. (4) and do not employ the local density approximation (LDA)**
or gradient expansion approximation (GEA),”” Eg would cancel out
the entropy term 6%, fpIn f, + 0%,(1 - f,)In(1 - f,) in the total
energy [Eq. (10)] and the entropic or the static correlation effect
for energetically similar orbitals would be completely missing. Thus,
the LDA/GEA approximation in Ey is needed to keep this entropy
term in the total energy. Furthermore, it has also been demon-
strated in several numerical examples,”"” especially in those cases
with 0 values below 50 mHartree, that the contributions of Ey in the
LDA/GEA approximation are much smaller than the conventional
XC components.

With the new total energy functional, the next step in a stan-
dard procedure is to carry out a total energy minimization of
Ertao[{¢p}]. However, the static correlation functional [Eq. (19)]
as well as the total energy functional [Eq. (17)] are not invariant
under a unitary rotation of occupied or virtual orbitals, and thus,
the conventional SCF framework cannot be applied directly. As an
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alternative, we adopt a post-SCF approach using the orbital set from
a conventional DFA calculation,

Ertao = Errao [{¢EFA}]. (20)

Moreover, although the effective Hamiltonian in SCF is evalu-
ated with the KS density expression p in the revised minimization,
all density functionals in rTAO total energy [Eq. (17)], including
the occupation numbers {f,} as an implicit functionals of py via

Hamiltonian fipga [pf], are evaluated with the ensemble density p,
as the functionals in Eq. (11). As a consequence, the expression of f,
forms an iterative relation

j (] -
f [Hexp(wgmhmA[{fq écp?“}m?“w)] )

1)
where [n] denotes the nth iteration. Accordingly,an additional
self-consistent treatment is required to determine {f,} and
corresponding ensemble density p;.

In order to decompose the iterative expression and reduce the
computational complexity, we proposed an alternative approach for
evaluating total energy. In this approach, we employ an additional
linearization with respect to density difference p, — p, with Eq. (13).
With details provided in the supplementary material, we show that
the energy functional becomes

1
2

> ($ilV[¢:) + Eexe[p] + Enlp] + E " [p]

ieocc.

+60> In f((¢i|]:lDFA[P]|¢i)§9n“)

ieocc.

Errao1[{¢p}] =

+0° > In[1= f({galloralpliga)s 0.))  (22)

aevir.

Here, we denote this energy functional with rTAO-1 to separate it
from rTAO, the one described by Eq. (17).

The energy expression can be further reduced when a conven-
tional KS-DFA reference is considered, where the first four terms
yield the energy of conventional KS-DFA energy

Erraoa[{$p}] = Epra[{$:}] + AEsc ' [{¢p}] (23)
= Epra[{¢i}] + O Z lnf;[{(b;;}]

i€occ.

+0 > In(1 - fa[{¢p}]). (24)

aevir.

This total energy can be considered as KS-DFA ground-state
energy combined with an entropy-like static correlation correction.
A similar entropy-like form of static correlation correction was
derived from an adiabatic connection formalism.*” However, the
total energy functional is defined differently in Ref. 42. A com-
parison to our work [Eq. (22)] with Fig. 4 is also provided in
Sec. 111 B.

Similar to the original TAO-DFT, the orbitals in Eq. (22)
are eigenfunctions of a one-electron Hamiltonian fipga[p]; there-
fore, the entropy-like correction (second term) in Eq. (24) can be
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evaluated with DFA orbital energies. Thus, the static correlation for
arbitrary 6 can be obtained without any additional numerical inte-
gration once the SCF is converged, which provides a rapid scheme
to scan over 6.

Ill. RESULTS
A. Numerical implementation

We implemented two numerical approaches corresponding
to rTAO total energy expressions in Eq. (17) and rTAO-1 in
Eq. (22) in a development version of Q-Chem 5.3.** Both rTAO and
rTAO-1 calculations are performed based on results from a con-
ventional DFA SCF calculation or modified SCF that includes
Ey[p] in the total energy functional and vg[p] in the KS equation.
An additional self-consistent iteration is attached to the end of SCF
to calculate the rTAO occupation numbers and total energy.

All numerical results of TAO-DFT are by default calculated
with gradient-expansion approximation (GEA) version of Ep; for
rTAO and rTAO-1, the results calculated without Eg are considered
unless specified Fig. 1. The two-electron integrals in SCF calculation
are evaluated with the standard quadrature grid EML(50 194),"' con-
sisting of 50 Euler-Maclaurin® radial grid points and 194 Lebedev
angular grid points per nucleus.

B. Homolytic bond dissociation

The occurrence of static correlation is highly related to nearly
degenerate orbitals, which is seen in covalent bond dissociation
process, especially in homolytic bond cleavage. Even in the dis-
sociation of Hj, the simplest molecular system, potential energy
curve, is still severely affected by static correlation. In this section,
we examine the performances of rTAO and rTAO-1 with bond
dissociation reaction.

TAO
(1)
hlps] — hlp]
rTAO + Ey
(o2}
Elps] = Elp]
consider ERA only
rTAO-1 + Ey
rTAO {¢EFA9
consider EPFA only
Elpsl = Elp
los] = Elp] e
{8}

FIG. 1. Schematic illustration for the relationship between TAO-DFT, rTAO, and
rTAO-1. Here, {¢0%} denote the set of eigenfunctions of Hamiltonian hpea[p]

+vg[p].
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1. Hydrogen dissociation

Here, we report the potential energy curve for H, bond
dissociation, a simple o-bond cleavage. Due to the lack of static
correlation, conventional KS-DFT overestimates the energy at the
dissociation limit, which, in principle, should be equal to the energy
of two isolated hydrogen atoms. It has been shown in the original
TAO-DFT that the H, can be properly set with 8 = 40 mHartree.
Figure 2 demonstrates the potential energy curves of TAO-DFT,
together with those of rTAO and rTAO-1. For the sake of com-
pleteness in comparison, results simulated with rTAO and rTAO-1
combined with Eg are also included.

It is seen that both rTAO and rTAO-1 reproduce the
dissociation curves calculated with TAO-DFT in low 6, but rTAOs
deviate from TAO-DFT and estimate lower dissociation energies in
the high 0 cases. This deviation is originated from the increased
values of Eg and vg in TAO-DFT as 0 is increased, and, therefore,
incorporating rTAOs with Ey and vy eliminates the difference in
high 0 regime.

In Fig. 3, we included a detailed comparison of rTAO and
rTAO-1 with or without Ey for 8 set at 30 or 40 mHartrees, with
the latter being suggested as a proper setting for diatomic dissoci-
ation in the original TAO-DFT works (Refs. 34 and 35). In Fig. 3,
it is seen that that both rTAO-1 and rTAO are able to yield a
dissociation profile close to TAO-DFT with a similar 6. In partic-
ular, for rTAOs without Eg in Fig. 3(a), the rTAO and rTAO-1 with
0 = 30 mHartree yielded potential energy curves that are very close
that of coupled-cluster singles and doubles (CCSD). This implies
that although rTAOs without the addition of Ey and vy, which can-
not perfectly reproduce the original TAO-DFT, it is still able to
precisely describe static correlation with a different 6. In fact, the
differences between rTAOs and original TAO due to Ey are nega-
tive; thus, the optimal 6 for rTAOs evaluated with KS-SCF outputs
would be lower than the one for TAO-DFT, in particular, to medium
0 regime.

Moreover, we further compare the rTAO-1 to one of the
static correlation functionals proposed in Ref. 42, which has a
similar expression in entropy-like functional but is defined dif-
ferently in total energy functional. As shown in Fig. 4, although
both methods predict close dissociation limits due to the sim-
ilar entropy-like correction terms, the functional from Ref. 42
incorrectly described the potential energy in the intermediate region.

2. Ethane C-C bond dissociation

We further tested the C-C bond dissociation in an ethane
molecule. Similar to H, dissociation, a single o-bond breaking is
considered in the bond dissociation, where the dissociation energy
is also overestimated with KS-DFT. The results from rTAO and
rTAO-1 are included in Figs. 5(a) and 5(b), in which both rTAO
and rTAO-1 does not only reproduce TAO-DFT dissociation curve
in low to medium 6 without Ep, but also provide a good descrip-
tion in 6 = 20 mHartree compared to the multi-reference method,
MRCISD + Q.*° Accordingly, a 6 slightly below 20 mHartree would
be suggested for this dissociation curve.

3. Nitrogen molecular dissociation

In the dissociation of N,, where a triple bond is broken, it
is poorly described even with advanced methods, such as CCSD.
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FIG. 2. Comparison between rTAOs and TAO-DFT in ground-state potential energy curves of H, molecule with different 6 values, calculated with Perdew—Burke—Ernzerhof
(PBE) functional and cc-pVDZ basis set. (a) and (b) Potential energy curves for rTAO-1 and rTAO, respectively. (c) and (d) Potential energy curves for modified rTAO-1 and

rTAO with extra E, functionals, respectively.

As shown in Figs. 5(c) and 5(d), the N, dissociation curves of
r'TAOs have excellent agreements with TAO-DFT, when 0 is set as
30-40 mHartree, similar to the H, case. Similar to H, and ethane
dissociation, it is not necessary to include Eg, with 0 set below
40 mHartree. In addition, although rTAO and rTAO-1 results
(as well as TAO-DFT) do not match to the MRCISD + Q curves
perfectly, they can still improve the overestimated KS dissocia-
tion limit and provide a reasonable binding energy. In the case of
0 = 30 mHartree, the N-N binding energy is reduced from 16.12 eV
in KS-DFT to 9.44 eV with rTAO/rTAO-1 correction, which is prox-
imate to the 8.68 eV binding energy in the multireference configura-
tion interaction with singles and doubles with Davidson correction
(MRCISD+Q).*® However, with the aim of correcting the disso-
ciation limit, a @ slightly below 30 mHartree would be suggested,
which is in a close range of the value determined by the algorithm in
Ref. 39.

C. Torsional potential of double bonds

The potential energy for the torsion of a double bond is another
standard case for static correlation. In twisting one end of the dou-
ble bond, the two p-orbital associated with a 7-bond are separated

angularly. In the maxima of the torsional energy curves, two
p-orbitals would be degenerate as a pair of degenerate orbitals. Thus,
the torsional potential is one important class of problems for study-
ing the static correlation. Here, torsional potentials in the C-C
double bond(s) for ethane and allene (1,2-propadiene) are simulated
with both rTAO:s.

1. Ethylene

In the torsional potential of ethylene, an overestimated bar-
rier, together with a cusp, is obtained with a commonly used
approximation in KS-DFT due to the static correlation problem.

We considered two slightly different reaction paths for the
torsional potential in the ethylene molecule. The first one is a pure
torsion, in which the C-C bond length is fixed, and the corre-
sponding potential energy curve is shown in Fig. 6(a). The second
one is shown in Fig. 6(b) in which the torsion is combined with
C-C bond extension, as employed previously.”® The fundamen-
tal difference between these two paths is the HOMO-LUMO gap
at the 90° geometry. The HOMO and LUMO obtained from the
conventional BYLYP/cc-pVTZ calculation are only nearly degen-
erate in the pure torsional case with the bond length close to
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FIG. 3. Ground-state potential energy curves for rTAOs in H, bond dissociation: (a) and (b) for rTAOs in 6 = 30 and 40 mHartree, respectively; (c) and (d) for rTAOs modified
with extra Eg functional in 6 = 30 and 40 mHartree, respectively. The results from CCSD, which is numerically exact for the two electron system, conventional KS-DFT and
the original TAO-DFT are also included as reference. Calculations were performed with PBE functional for all DFT XC-functionals and cc-pVDZ basis set for all simulations.

the equilibrium geometry, with Rcc at 1.339 A, but the HOMO
and LUMO become exact degenerate (with a gap smaller than
1077 eV) when the bond length increased to 1.459 A. This degen-
erate feature is also observed in TAO. As a derivative of TAO,
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FIG. 4. The blue curve is obtained from “option 1” of Ref. 42, which is calculated
with PBE functional, cc-pVTZ basis set, and 6 = 1 eV (x36.75 mHartree). The
red curve is calculated with rTAO-1 in similar condition, but with a slightly different
basis set, cc-pVDZ.

mixing (¢romoln* [y ]|promo) and (grumolh* [pf]l¢rumo) is
implemented in the rTAO to accelerate the post-SCF iteration of
occupation numbers for systems with vanishing KS gap.

As shown in Fig. 6, rTAOs match with the TAO-DFT curves in
both trajectories. Furthermore, both rTAOs produce smooth poten-
tial energy curves without the incorrect cusp at 90° and reduce the
unreasonable barrier height.

According to the original TAO work and the self-consistent
6 determination,””” the suggested 6 value for the fully twisted
(with the dihedral angle of HCCH at 90°) ethylene has been 15’ and
15.5 mHartree.” In Fig. 6(b), the closest curves to the MR-ccCA**
result are those calculated with 6 = 15 mHartree, which shows a good
agreement with previous works.

2. Allene (propadiene)

An allene molecule has two consecutive double bonds linking
three C atoms linearly. Here, we simulate the potential for twist-
ing along the two C-C double bonds. Similar to the ethylene case,
a conventional DFA calculation predicts a sharp and overestimated
transition barrier, but around planner geometry, which deviates
from the prediction from complete active space self-consistent field
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FIG. 5. (a) and (b) Relative potential energy curve of C;Hs C-C bond dissociation with different 6 values, in which the geometries of CH;- fragments are fixed in the
dissociation process and the energy of two isolated doublet CH3- fragments is set to zero. (c) and (d) Relative potential energy curve of N, dissociation with different 6
values, where the energy of two isolated quartet N atoms is set to zero. All MRCISD + Q results are obtained from Ref. 46, and so are the structural parameters of ethane
and CHj3- fragment.““’ The BLYP functional and cc-pVDZ basis set are used in all DFT calculations; the quartet N atom and CHs- fragment are calculated with conventional

unrestricted DFT with the same basis set and functional.

(CASSCF) methods.”””" In Fig. 7, it is seen that both rTAOs cannot
reproduce TAO-DFT energy curves around the edge (0° and 180°)
with the same 6. In the case of rTAO-1, the potential curves drops
unphysically near maxima, with all s tested. Fortunately, although
rTAO energies deviates those from those of TAO, it provides a
smooth and monotonic curve (between 0° and 90°) and the maxi-
mum located at 0° (180°) in the low 6 regime, showing a physically
correct behavior.

According to the result with low input 6 around 0°, we spec-
ulate that the deviation of rTAO resulting from TAO is not simply
caused by the considerations of Ey and vy as in other molecules. In
this particular system, the orbitals and density are strongly affected
by whether the fractional occupation numbers are considered in
SCF, and as post-SCF methods, the current rTAO and rTAO-1 fail
to produce similar density and orbital from the original TAO-DFT,
which would be main reason causing the deviation.

D. Application: Determination of

We next utilize the post-SCF feature of rTAO-1 to determine
the optimal values of 6. In addition to a restricted KS-DFT calcula-
tion followed by 0 scanning through post-SCF rTAO-1, an auxiliary

calculation as an energy reference is performed simultaneously. Fur-
thermore, to preserve the mild scaling of DFT, the methods with
higher computational complexity than KS-DFT are not considered.
Here, we chose the unrestricted KS as a suitable candidate due
to its reasonable description in energy of the dissociated atoms.
Namely, we propose that a proper 6 value for the restricted TAO
or rTAO should produce energies that are close to those of the
unrestricted KS-DFT. Furthermore, we note that this energy match
through varying 0 can also be considered as an extension of the con-
stancy condition of fractional spins,”® in which the energy difference
between restricted and unrestricted energies of the same density
functional approximation is compensated by the static correlation
correction.

Two bond-breaking potential energy curves are considered to
test the preliminary scheme. First, for the same H, dissociation as
shown in Figs. 2 and 3, the optimal 6 is 30.0 mHartree as determined
by matching the energy of the unrestricted PBE (UPBE) calcula-
tion at 6 A, as further demonstrated in Fig. 8(a). While the potential
energy curve is the same as presented in Fig. 3(a), we note that the
rTAO and rTAO-1 potential curves calculated with this 0 value,
determined by a UPBE energy value, do not only successfully dis-
sociate H, to two isolated H atoms, but they also share the same
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FIG. 6. Comparison between rTAOs and TAO-DFT in the reaction barrier of
ethylene (C,Hs): (a) HCCH torsion at a fixed C-C bond length (1.339 A)
and (b) HCCH torsion with C-C bond length determining by Rec = 1.339+,
0.12 - 2 yocn/90 A.“8 The results from conventional KS-DFT are included as a
reference, and MR-ccCA results from Ref. 48 are presented as a benchmark in
(b). The BLYP functional and cc-pVTZ basis set have been used in DFT calcula-
tions. Both horizontal axes are HCCH dihedral angles. All energies are relative to
zero (or 180°) dihedral angle for HCCH.

dissociation pattern with CCSD, which is equivalent to full CI in a
two-electron system.

We have further determined the optimal 6 for the torsional
potential of ethylene. Following the second path, at 90°, an optimal 6
value of 13.9 mHatree is obtained when compared with unrestricted
BLYP (UBLYP). As seen in Fig. 8(b), the corresponding barrier is
slightly underestimated in comparison to that of MR-ccCA. The
0 value can reproduce the MR-ccCA profile around peak at 12.4
mHartree. Both are close but lower than the suggested value in
previous studies.”"”’

Moreover, this §-determination scheme can also be extended to
specify a certain 0 according to the geometry of the molecule. How-
ever, since the static correlation corrections of rTAO and rTAO-1
are insensitive to 0 in the geometries where the static correlation is
not significant, e.g., Hy in its equilibrium bond length, and the tar-
geting unrestricted DFA results do not perfectly match the reference
methods, especially the intermediate region of bond breaking, using
a specific 0 for the entire potential energy curve would be sufficient.
The preliminary test results of geometry-adapted 6 can be found in
the supplementary material.
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IV. DISCUSSION

In this work, TAO-DFT is reformulated with a post-SCF
correction. Two different approaches, rTAO and rTAO-1, are
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derived from the reformulation. Both introduce the static correlation
correction to conventional KS-DFT in terms of orbital functionals.

The key step in the reformulation is defining a functional uti-
lizing the single-determinant density p instead of ensemble density
py as the working density in the Kohn-Sham scheme, but still keep-
ing the static correlation components from TAO-DFT. As shown
in Egs. (17) and (19), we reformulated TAO as a conventional
KS-DFT with an additional correction term for static correlation,
which is a functional of both the virtual and occupied orbitals. We
also reintroduce the ensemble density py as an auxiliary quantity to
simplify the expression of the static correlation, which is now an
orbital-dependent functional.

Similar to the original TAO-DFT, with the additional correc-
tion term shown in Eq. (19), there is a lack of unitary rotational
invariant property as illustrated in the supplementary material.
The one-electron Hamiltonian for all orbitals needed in iterative
eigenvalue equations is not available for rTAOs, making it diffi-
cult to utilize the conventional SCF scheme. One of the possible
alternative approaches is the direct energy minimization through
the generalized optimized effective potential approach or orbital
optimization.]‘\‘SI > However, for the cases of TAO-DFT and
rTAOs, there exists non-trivial extra cost corresponded to the orbital
rotation step, since the space of orbital transformation required is
now the square of number of all the orbitals (N, X Nogb, ), which
is much larger than that of the previously discussed cases,”> which
is the number of occupied orbitals times number of virtual orbitals
(NoccA X Nvir.)-

According to the numerical demonstration in various systems,
rTAOs can reproduce the potential energy curves of TAO-DFT in
low and medium 0 regimes, where 0 < 40 mHartree. Although there
is an unavoidable deviation from the original TAO with an increase
in Eg, which occurs in high 6 cases, our study shows that the occur-
rence of high 8 is infrequent in conventional molecular systems. In
fact, 0 below 40 mHartree is where the original TAO-DFT shows a
good agreement with CCSD or multi-reference methods and pro-
vides a reasonable description in static correlation,””” and rTAO
and rTAO-1 inherit these advantages. Therefore, rTAOs are not only
suitable but also cost-effective options to explore systems with strong
static correlation.

In addition, we propose a  determination scheme accordingly
by combining rTAO-1 with the requirement of achieving the same
energy between restricted and unrestricted energies under the same
density functional approximation. This approach draws a character-
istic 0 for a particular system without much computational efforts
seen in typical scanning approaches. The 0s determined by this
scheme are seen to have good agreements with the previous studies
in TAO-DFT. With the fact that rTAO and TAO-DFT have simi-
lar numerical performance, the 6 determined through this scheme
can be employed for both the original TAO-DFT and our rTAOs
reported in the present work.

V. CONCLUSION

In summary, we reformulated TAO-DFT in KS-DFT frame-
work and developed two treatments to correct single-determinant
KS-DFT, rTAO, and rTAO-1 as efficient tools to simulate systems
with strong static correlation with post-SCF calculations. Both rTAO
and rTAO-1 reproduce the TAO-DFT results in low to medium 0

ARTICLE scitation.org/journalljcp

(<40 mHartree), where the original TAO-DFT can provide a reason-
able static correlation correction. In the implementation with inputs
purely from conventional DFA calculations, both rTAOs can still
provide excellent descriptions in reactions associated with strong
static correlation, e.g., diatomic dissociation and torsional rotation
on a -bond, as TAO-DFT, but with different 8. In addition, the
post-SCEF feature of rTAO-1 also allows a convenient way to explore
the system-dependency of 6, which can potentially improve the pre-
dictability of both original and revised TAOs. As a direct extension
from KS theory, we expect a linear-response-based excited-state
implementation without the spurious transition problem as seen in
TD-DMFT or TD-TAO-DFT could be developed.

SUPPLEMENTARY MATERIAL

See the supplementary material accompanying this work for
details of the theoretical derivation, additional results, and the
numeric data for the figures.
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