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Modeling the complex dependence in multivariate time series data is a fundamental
problem in statistics and machine learning. Traditionally, the task has been approached
with methods such as multivariate autoregressive models and multivariate generalized
autoregressive conditional heteroskedasticity models, and Gaussian process based methods
are recently becoming popular by leveraging the flexibility of non-parametric learning.
However, few methods exist that directly model the dynamics of the covariance matrices
except generalized Wishart process (GWP), and even the generalized Wishart process
is limited with applications on small dataset due to the extremely high computational
capacity induced by multiple Gaussian processes. In this regard, a novel stochastic process
named as Predictive Wishart Process (PWP) is proposed, which provides a collection of
positive semi-definite random matrices indexed by input variables. The PWP projects
process realizations of GWP to a lower dimensional subspace to efficiently estimate every
GWP. The theoretical properties of it are examined, and both Bayesian inference and
efficient variational expectation maximization are explored in relation to it. Moreover,
the PWP is empirically tested on synthetically generated time-series data to validate
competitive reconstructive performance and efficient predictive performance, and applied
on a large-scale real functional magnetic resonance imaging (fMRI) dataset from Human
Connectome Project (HCP) to demonstrate its practicality. A thorough statistical analysis
with visualizations is conducted on the brain connectivity, and also a PWP-based multi-
task learning framework is proposed to extract meaningful features from individual fMRIs.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Accurate estimation of associations over a set of variables is a fundamental problem in statistics (and machine learning)
with significant interest from diverse domains. Typically, the associations (e.g., covariance) are assumed to be static, and they
are often estimated using structural equation models or graphical models (Biswal et al., 1995; Greicius, 2008; Biswal, 2012).
However, when the given data are time-dependent, they often exhibit heteroscedasticity, i.e., the variances and correlations
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Fig. 1. A draw from a Predictive Wishart Process (PWP). Each ellipse is a 2 x 2 covariance matrix index by observed time {t,—}f’:] or inducing time {zj}j\”zl.

The rotation indicates the correlation between the two variables, and the major and minor axes scale with the eigenvalues (i.e., A1, Ay) of the matrix. A
draw from a PWP consists of two steps: (i), we draw a collection of matrices indexed by inducing time; (ii), we map the collection of matrices to another
collection of matrices indexed by observed time.

of variables of interest are time-varying (Dai et al., 2016; Seiler and Holmes, 2017; Zhu et al.,, 2019; Meng et al., 2021,
2022). Therefore, accounting for both temporal and spatial dependency in the covariance is critical in various motivating
applications, e.g., capturing the time-varying volatility of a collection of risky assets in econometrics (Cappiello et al., 2006;
Fox and West, 2011), and modeling spatial variations in correlations for customarily recorded multivariate measurements at
a large collection of locations for geoscience (Gelfand et al., 2005; Fox and Dunson, 2015).

Such a problem routinely arise in brain connectivity analyses in Neuroimaging, which often requires estimating covari-
ance from a knot of measurements (e.g., timeseries) across spatially parcellated Regions of Interest (ROIs) in the brain.
Here, the covariance quantifies the level of associations between different ROIs as a functional connectivity (Smith, 2012).
Conventional connectivity constructions assume that the functional associations are static in time over the entire scan pe-
riod (Varoquaux et al., 2010; Chai et al., 2009). Nevertheless, several studies demonstrate that the functional connectivities
change over time whose temporal variation may be significant (Hutchison et al., 2013; Hindriks et al., 2016). Therefore, de-
riving dynamic associations between ROIs is an important problem for both statistics and neuroscience, which investigates
the time-varying co-activation patterns in the brain activities (Hutchison et al,, 2013; Keilholz, 2014; Li et al., 2019).

Unfortunately, modeling such dynamic changes of covariance is quite challenging, because the given data are often
in a large scale in length and typically only a single observation is recorded at each time stamp. In the statistical lit-
erature, modeling the dynamics of covariance has been tackled with Multivariate Generalized Autoregressive Conditional
Heteroskedasticity (MGARCH) models (Engle, 2002), and alternative approaches were proposed such as Bayesian nonpara-
metric models based on Wishart process (WP) (Fox and West, 2011; Wilson and Ghahramani, 2010). However, recent works
including Generalized Wishart Process (GYWP) on Bayesian inference for WP are limited as they often require extremely
high computational capacity due to the burden introduced from latent Gaussian processes, and hence makes it difficult to
scale down for practical model inference.

To tackle the problem above, we develop Predictive Wishart Process (PWP), which is a novel parsimonious stochastic
process which approximates the traditional GYWP. We thoroughly study the stochastic properties of the PYWP and provide
full Bayesian posterior inference, which has been dismissed in previous literature. This framework is scalable to generate
time-varying covariance X(x) for a given index x from large-scale data (see Fig. 1) under rigorous mathematical properties.
The complexity of generating time-varying covariance matrices is linear with respect to the number of covariance matrices
(N) as opposed to GWP whose complexity of generating latent variables in each GP is cubic in N. Due to the parsimony
of the predictive process, both Bayesian and variational inferences of the dynamic covariance structure with VWP become
efficient.

The main contributions of our work are summarized as:

(i) We introduce a novel matrix variate stochastic process and theoretically demonstrate its desirable properties;

(ii) We propose Markov chain Monte Carlo (MCMC) and variational expectation maximization inference associated with
a hierarchical Gaussian model and illustrate both computational benefits and comparable predictive performance of
PWP;

(iii) We provide a multi-task learning framework using PWWP to jointly model multiple large-scale signals, and empirically
prove the efficiency and practicality of PWP by tackling a real large-scale problem where conventional methods fail.

Extensive experiments are carried on synthetic experiments (with ground truth) as well as on a large-scale real Neu-
roimaging study (i.e., Human Connectome Project (HCP)) with resting-state functional MRI (fMRI) (WU-Minn, 2017) for
reconstruction and prediction of dynamic covariances. Utilizing PWP leads to improvement in characterizing behavioral
scores with dynamic covariance; our pioneering exploration on modeling dynamic connectivity should be worth pursuing
further.
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2. Related works

There exists a large body of literature on modeling time-varying covariance matrix, and classical strategies for estimating
the covariance rely on standard regression methods with the Cholesky decomposition of the covariance or precision matrices
(Pourahmadi, 1999; Zhang and Leng, 2012). Alternatively, nonparametric approaches have been proposed in Yin et al. (2010);
Fox and Dunson (2015).

For modeling multivariate time series, heteroscedastic modeling has a long history, where the main approaches including
multivariate GARCH based models (Engle, 2002; Engle and Kroner, 1995; Engle and Sheppard, 2001), dynamic conditional
correlation models (Lindquist et al., 2014; Lee and Kim, 2021), sliding-window based approach (Monti et al., 2014), mul-
tivariate stochastic volatility models (Chib et al., 2006; Kastner et al., 2017) and Wishart process (Gouriéroux et al., 2009;
Wilson and Ghahramani, 2010). Specifically, Lindquist et al. (2014) focus on the dynamic conditional correlation model
(DCC) and show that DCC outperforms the exponential weighted moving average (EWMA) approach and sliding-window
based approach. Lee and Kim (2021) extend the DCC approach to a copula-based DCC to release the Gaussian distribution
of the data. Monti et al. (2014) propose the smooth incremental Graphical Lasso estimation algorithm which considers
both sparsity and temporal homogeneity in the covariance estimation. Warnick et al. (2018) model the dynamic functional
network connectivity using a hidden Markov model.

Our approach is a Bayesian nonparametric model based on Wishart process, allowing a feasible modeling of spatial and
temporal correlation of data. There exist two Wishart process based methods: Wishart autoregressive processes (Gouriéroux
et al, 2009) that construct positive definite volatility matrices with latent autoregressive (AR) models, and generalized
Wishart process (GWP) (Wilson and Ghahramani, 2010) that utilize Gaussian process to model latent process instead of AR
models. Due to the limited expressiveness of AR models, Wishart autoregressive process cannot handle the long temporal
dependence. On the other hand, GWP led to a diverse class of covariance dynamics, but it is not scalable to large datasets
due to the expensive computation induced from corresponding latent Gaussian processes. Our approach attains the best of
both worlds by utilizing a predictive process to model the dependence within those latent functions.

3. Preliminary

In this section, we briefly review a predictive process (PP) (Banerjee et al., 2008; Finley et al., 2009), as it sets the
foundation of our proposed PWP construction. We begin with distributions over functions u(x) using Gaussian process
(GP) as

u(x) ~ gP(m(x), C(x,x)), (1)

with a mean function m(x) and a covariance function C(x, x') of choice specified with hyper-parameters t, and we will refer
to it as the parent process.

In the remainder of this paper, we consider a zero-mean Gaussian process, i.e., m(x) = 0. Given a collection of inducing
inputs z=(z1, ..., zym), the collection of function values u has a joint Gaussian distribution as

u=wz),...,uzw)’ ~N(, C*), (2)

where C* is the covariance matrix introduced by the covariance function C(x, x’) on inducing points z.

A predictive process, i.e. PP, is derived from its parent process (1) on a completely specified lower dimensional subspace.
Specifically, given (1), the predictive process is defined as ii(x) ~ PP (0, C(x,x)) = GP(0, C(x, x')) that is equivalent to a new
specified Gaussian process defined by the covariance function

Cxx)=c" 0 le), (3)
where ¢(x) = (C(x,z1), ..., C(x, zy))T. Here, two major properties of PP are given (Banerjee et al., 2008):

i) =c" 0 u, (4)

Cx,x) <C(x,x). (5)

Note that (4) shows that the predictive process can be treated as a linear projection on the subspace spanned by u, and
(5) reveals that the predictive process will underestimate the variance of its parent process. A modified predictive process
proposed in Finley et al. (2009) can correct the bias of variances by replacing (3) with

C(x,x) x=x

Clxx)= T ex) x#x.

(6)

In this paper, we construct our PWP based on the native PP rather than the modified version to design a concrete
predictive process.
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4. The predictive Wishart process

In this section, we first introduce the concept and construction of our proposed PWP, then in the following we discuss
its theoretical properties.

4.1. Construction of predictive Wishart process

Suppose that we have V x D independent predictive process functions with an unit variance in its parent process, i.e.
Cx,x)=1for xe X, as

g (%) " PP(0, Cy(x.X)). (7)

where v =1, ...,V represents the index of the degrees of freedom V, and d=1,...,D is the index of the dimension of
the multivariate features. We assume ) > D to ensure our construction is well defined. Here, the objective is to design a
collection of positive semi-definite (p.s.d.) random matrices X(x) (e.g., covariance matrices), indexed by any arbitrary input
variable x € X (e.g., time). Let @1, (x) = (fly1 (%), ..., Uyp(x))T, and let S € SP represent a positive definite matrix with its
unique lower Cholesky decomposition matrix L such that LLT = S. We also denote U (x) = (i11(x), ..., i1y (x)).

Predictive Wishart Process (PW7P) is defined as a collection of p.s.d. random matrices {X(x)} indexed by x € X', by mod-
eling the process as

v
) =L0@U LT =" L, ity LT, (8)
v=1
with all latent processes following independent predictive processes. We denote this process as PWP(L, V, t) that depends
on a lower triangular matrix L and a degree of freedom ). The lower triangular matrix L models the marginal variance-
covariance at any fixed timestamp and the degrees of freedom )V describes the flexibility of temporal dependence and the
hyper-parameters 7 characterize latent processes.

If each predictive process of ii,4(x) is replaced by its parent process (1), and then this process is formulated as Generalized
Wishart Process (GWP) (Wilson and Ghahramani, 2010) which is a generalization of the original Wishart process defined by
Bru (1991). The Predictive Inverse Wishart Process (PZVWP), consequently, can be indirectly defined as Q(x) = £~1(x), given
Z(x) ~PWP(L,V, T). We note that at any index x, the distribution of Q(x) is an inverse Wishart distribution.

4.2. Properties of predictive Wishart process

We first show that the proposed PWWP at any input x follows a well-defined Wishart distribution YWp in the theorem
below.

Theorem 1. For any input variable x, the distribution of X(x) ~ PWP(L,V, t) at x is the Wishart distribution such that T(x) ~
Wp(V, §*), where S* = LBLT and B is the diagonal matrix with elements by = Cq(x,x) ford=1, ..., D.

Remarks 1. Theorem 1 shows the marginal distribution of PWP prior at any input x is a well-defined Wishart distribution,
and the distribution of X(x) in PWP is different from GWP.

Notice that when the predictive process priors are replaced by modified predictive process priors (Banerjee et al., 2008;
Finley et al., 2009), the distribution of X(x) at any input variable x is the Wishart distribution such that Z(x) ~ Wp(V, S).

For simplicity, in the remainder of paper, we assume that all latent functions ii,4 share the same covariance function C.
We derive expressions for the covariance between elements of (x) and X(x) for any pair of inputs x and x’' in Theorem 2,
assuming L is diagonal and {ii,4} have an identical predictive process prior. Proofs of Theorem 1 and 2 will be given in the
Appendix A.

Theorem 2. Assume that L is a diagonal matrix and {ii,q} have an independent identical predictive process priors. For any pair of
inputs variables x and X/, the covariance between X;j(x) and Xy (x') is given as

CoV(Zjj(x), Zyi(x))
HCEX), i=j=k=;

— WVBRC (). =kt =L @
0, otherwise.

Remarks 2. Theorem 2 discusses the temporal cross-relation of dynamic covariance matrices. The covariance turns out to
be proportional to the C2(x,x’) and hence shows that the selection of C undoubtedly plays an important role of controlling
the autocorrelations. The covariance relation can be generalized to any lower triangular L.

4
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Table 1

A summary of inference approaches for PWWPs. Here, w, t, L refer
to the inducing variables, input-dependent hyper-parameters and input-
independent hyper-parameters, respectively.

Inference * Parameters

w T L
PWP-MCMC MCMC MCMC MCMC
PWP-VEM VI (optimized) (optimized)

+ PWP-MCMC: Bayesian inference with Markov chain Monte Carlo (MCMC)
on all parameters, PWP-VEM: Variational expectation maximization (VEM)
with variational inference (VI) on latent variables w and optimization on
remaining parameters.

Remarks 3. Although the priors of X(x) from PWP and GWP both belong to Wishart distribution, they have different
scale matrices, S = LLT for GWP and S* = LBLT for PWP. Because Cq(x,x) = by and C4(x,x) = 1, ignoring the subscript
d, this similarity between PWP and GWP depends on how well C approximates C. Notice that C is the Nystrém approx-
imation of C in (3) (Zhang et al., 2008), and the error ||C — C||r under the Frobenious norm has an upper bound which is a
polynomial function of the square root of the quantization error ) ;_; ||IXi — zc;)|l with ¢ coding each input x; with the clos-
est inducing input z;. Therefore, the difference of prior of X(x) from PWP and GWP is determined on the displacement
of inducing inputs and quantitatively influenced by the quantization error. We suggest the K-mean sampling method for the
displacement of inducing inputs, and the sampling approach is used to minimize the quantization error.

5. Hierarchical Gaussian model with PWP

Given a DxN dataset Y = (y(x1),---, ¥(xy)) with D-dimensional multivariate features indexed by the input variables
X1,--+,XN. We consider a conditional Gaussian model with time-varying covariance modeled by PW7P as
YilZi ~ N, %),
2(x) ~PWP(L,V, 1), (10)

where y; = y(x;) and £; = Z(x;). We propose two inference approaches: 1) Bayesian and 2) Variational inferences. Specifi-
cally, Bayesian inference is a Markov Chain Monte Carlo method (MCMC), which accurately provides the samples of posterior
distributions. As MCMC can be computationally expensive because it would take long time to converge, we also propose a
variational inference which is well suited for large datasets. Moreover, in practice, learning the uncertainty of model param-
eters L and t is not of interest and thus we treat them as hyper-parameters to relieve computational burden. Two inference
methods are briefly summarized in Table 1 and will be described in details in the following sections respectively.

5.1. Bayesian inference approach

This section discusses a Bayesian inference with PWP. In the context of (10), the objective is to infer the posterior
p(Z(x)|y) using Gibbs sampling (Geman and Geman, 1984), which is a Markov chain Monte Carlo (MCMC) algorithm for
obtaining a sequence of observations in cycles from the conditional distribution of one parameter with the remaining
parameters fixed to their current values.

For the sampling, we rewrite (10) as a hierarchical model:

yill. Ui~ N(i10, LU;UTLD), (11)
ilyg=c'C* Twyg, (12)

Wya|T ~ N(Wy4|0, C), (13)

where U; = U(x;), flyg = (g (X1), - .., ya(n)T, Wya = Wyg(21), ..., Uya(zm))T. Here uyq(x) refers to the function of the

parent process with respect to it,4(x). On the other hand, C* refers to covariance between {z;};”; and c is cross covariance
between {x;};_; and {Zj}?il.

As for the prior specification, we set prior of hyper-parameters of GPs 7 ~ w(t) and the prior of the lower triangular
matrix L ~ r(L). The prior of T is chosen based on the choice of covariance function C. In the experiments, we consider
two types of covariance functions, one for periodic covariance function and the other for square exponential function. We
put a flat normal distribution as a prior of the log of lengthscale parameters. And for 7 (L), we put independent standard
Gaussian priors for the entries on or below the diagonal of L. We then design a Gibbs sampling procedure as

pwlY, T, L) p(Y|w, L, T)p(w|T), (14)
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plY,w, L)y p(Y|w,L, T)p(w|T)7 (T), (15)
p(LIY,w,T) xp(Y|w, L, 1) (L), (16)

where w represent the vector of functions evaluated from the inducing points, T denote the input-dependent hyper-
parameters in PWP and they are also the hyper-parameters in the covariance function C, and L denote the input-
independent hyper-parameters in PW7P. Furthermore, we present the details of parameter initialization, posterior sampling
and inducing point selection regarding the MCMC implementation for the Bayesian inference approach.

5.1.1. Parameter initialization

According to Theorem 1 that X(x) ~ W(V, §*), the prior expectation of covariance matrix X(x) equals VS*. In the
initialization step, we assume that X(x1),..., X(xy) are independent, then the covariance matrix X(x) has an unbiased
estimate (x) = ﬁ Z,N: 1Yi yiT. Consequently, L can be estimated by the Cholesky decomposition of % by assuming that

S* is close to S. Then following (10), we estimate the w and t by maximizing the log likelihood of Y given L.

5.1.2. Details on posterior sampling

We first sample the 1,4 from its posterior distribution via indirect sampling of w4 using (14). Given the property of
predictive process (4) and w4, il,q is generated via it,q = cC*~'w,4. As for the sampling of w, we employ the Elliptical
Slice sampling and this sampling procedure requires to computing the posterior of w, taking O(M2N) time complexity
where N is the number of observations and M is the number of inducing points. Therefore the sampling complexity is
linear to the number of observations N. In contrast to GWP in which sampling the latent function from the posterior
would take O(N3) time complexity, PWWP is much more efficient, especially when the number of inducing points M is
significantly smaller N, i.e., M<N. Then, we sample 7 using (15) and sample L using (16). Since the posterior of T and L
do not have a closed-form expression, we leverage Metropolis Hastings for sampling.

5.1.3. Inducing points selection

For selecting the inducing points, we take equal-spaced points {z; f‘i ; over the whole input space X to ensure the
better prediction performance over the whole input space. These z are fed in (2) that leads to the definition the PWP.
While Bayesian inference yields the true posterior for better estimation of covariance, it is often intractable due to slow
convergence with exhaustive sampling. We therefore propose an efficient variational inference in the following.

5.2. Variational expectation maximization

Variational inference provides an alternative efficient inference approach at the price of precision of the posterior ap-
proximation. It is a Bayesian technique of approximating the posterior which has emerged as an important tool (Jordan et
al,, 1999; Blei et al., 2017). We consider the same hierarchical model from ((11), (12) and (13)), and L and 7 are treated
as hyper-parameters as opposed to Bayesian inference. This is because learning the posterior distribution of those hyper-
parameters is not of interest in practice, and it would save computation in training.

Given above specifications, the evidence lower bound (ELBO), a lower bound of the log marginal likelihood is derived
with Shannon entropy H as

log p(Y) = Eq(w)[log p(Y, w)] + H(q(w)) = ELBO, (17)

where q(w) is a variational distribution of w.

We assume q(w) belongs to normal distribution. Instead of directly maximizing the ELBO (17) with respect to q(w)
and (L, t) via stochastic gradient descend, we iteratively and conditionally update q(w) and (L, t) until they converge. It
is called variational expectation maximization (VEM) inference (Bernardo et al., 2003). Specifically, given (L, t), maximizing
the ELBO (17) is equivalent to minimizing the Kullback-Leibler divergence between the variational distribution q(w) and
the posterior distribution p(w|y). Due to the Gaussian assumption in q(w), we approximately update q(w) via the Laplace
approximation (Bishop, 2006) g*(w). On the other hand, given a q(w), (L, t) are updated by

N
L*, t* =arg nLlaxZ]Eq(w)[log./\/(yHO, LU0 LT+ R
T
i=1
N
= argmax » "[log NV (y;10, L(U:)(U:) ' LT)1 + R
Lri3
N
:argTiX§£i+R’ (18)
where both regularization term, the KL divergence between gq(w) and p(w), R = KL(g(w)||p(w)) and latent variables U;
depend on 7, and {-) = Eqw)[-]. We iteratively update q(w) and (L, ) until they converge.

6
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Algorithm 1: Variational expectation maximization algorithm for multitask learning.

Input : Observations Y, Hyper-parameters of covariance functions t;

Output: Variational distribution q(w), Task-specified features {L;} ,;

1 do

2 Fix all task-specified features {L,-]l!\’:1 and update the variational distribution q(w) by the Laplace
approximation on p(w|Y, {Li},N:ﬁ?

3 fori < 1to N do

4 Fix the variational distribution q(w) and update the L; by
maximizing the term in ELBO that is only related to L;:
Ni
Lf= argrriaXZ[log/\/(J’i,j\oy Li(OH 0T L, (23)

i

j=1

where () = Eqw)[-];

5 end
6 while Both q(w) and {L,-}{":1 converge;

5.3. Prediction of covariance at new timestamp

For both Bayesian and variational EM inferences, given a new time stamp x*, we extract posterior samples {w®, ()
L® }55:1 from MCMC or variational distributions, then we sample the corresponding ﬁtd = 1,,4(x*) using

Zx(5) _ T i1y ()
i, =ccwyy, (19)

where ¢* denotes the vector of covariance functions evaluated between the new time stamp x* and inducing inputs {Zf}il\i 1
i.e. c¢(x*), and wffg represents the s posterior sample. Consequently, according to the construction (8), we obtain the

posterior predictive samples of X* = Z(x*) by

%
*6) — Z L(S)atES)ﬂj;S)L(S)T- (20)

v=1

At last, we estimate X* using the posterior predictive mean of the samples {2*“)}55:1.
6. Multi-task learning with PWP

In this section, we consider a scenario of feature selection for multiple tasks, where each task is assigned with unique
features. Assume that we have N tasks in which the i" task consists of a multivariate time series with length N;, i.e.
Yi= {y,-’j}?];]. The corresponding time stamps are denoted as x; = {xi,j}?];] and each observation y; ; € RM is assigned to
the time stamp x; ;. A hierarchical model is formulated as

YiilZij~N(O, %),
%i(x) ~PWP(Li, V, 1), (21)

where X; j = Xj(x; j). We assume that the model of X;(-) shares the same degree of freedom V and the same hyper-
parameters in GPs 7, but has individual effect modeled by the task-specified lower triangular matrix L; for the ith task. This
specification suggests that covariances across tasks share the same latent temporal process prior, and covariances within
each task share a task-specified correlation structure modeled by the lower triangular matrix L;. Thus, we take the L; as a
feature for task i which directly refers to task-specific feature.

To find out task-specific features, we estimate L;(t) for each task i under different settings of T where 7 can be treated
as different scale and L;(7) is the feature at the scale t. Because in the multi-task learning context, extracting task-specified
feature is of interest and thus we treat L;(t) as model parameters. Specifically, we consider a square exponential covariance
function in PWP where 1 is the length scale parameter, and we define a PYWWP Multi-scale Descriptor (PWPMD) as

PWPMD: (i) ={L}; Lf,q"(w) = arg Lm?x)(ELBOW)}. (22)
1w

Here, under each setting of 7, L} becomes a feature for the ith task. It has the same size of the feature of each task
regardless of the number of observations N;, and can be used for downstream prediction tasks. To infer the multi-scale
descriptor, we propose a variational EM algorithm and describe it in Algorithm 1.
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Table 2
Parameter posterior credible intervals 50 (2.5, 97.5), RMSE of the reconstruction for s, NLML with mean (standard deviation) and corresponding average
inference time for 100 iterations.

True GWP PWPB)so PWP(B)so PWPB)igo PWPWVI) PWPVIsy PWPVI)g DCC
Loo 1 112(0.98,128)  1.36(0.97.1.68) 117(1.06143)  0.99(0.84, 1.08) 163 1.55 1.57 -
Lot 0 -0.02(-0.04,0.07) -0.06(-0.19, -0.01) 0.04(-0.03, 0.15) 0.02(-0.02,0.08) 0.33 031 0.31 -
Ly 1 1.04(0.92,111)  1.05(0.87, 1.21) 112(1.02126)  1.02(0.78146) 116 110 110 -
RMSE (Z¢0) - 115 123 110 0.55 0.84 0.81 0.95 271
RMSE (So1) - 048 0.95 0.74 0.90 0.67 0.65 0.70 1.67
RMSE (£11) - 0.53 0.46 0.61 0.49 0.95 0.85 0.88 1.50
NLML - 1098.94(2.88)  1105.88(6.69) 1096.82(3.37)  1105.27(419)  1082.05 1083.90 1081.53 -
Time (sec) - 50.24 25.39 35.97 43.81 - - - -

Subscript indicates the number of inducing points used in each model. (B) refers to Bayesian inference and (VI) refers to Variation inference. For all Bayesian
inference, we have informative initialization on all latent variables based on the true values. We also provide the ground true parameters L.

7. Simulation study

In this section, we performed an experiment on the synthetic multivariate time-series data which were generated based
on ground truth covariance matrices ¥s to validate both covariance reconstruction and predictive performance of PW7P.

7.1. Experimental setup

Synthetic Data Generation. We generated multivariate time series data using the GYWP model with a periodic covariance

function for all {uyq(x)} such that k(x,x') = o2e2sin(T*x=x)/P)’ "with a scale parameter ¢ and a period parameter p.
Specifically, N =350, D=2 and V =3, L was chosen as an identity matrix and hyper-parameters were set as 0 =1,p =
100, assuming that the period of the time series is 100. The first 300 data points were used for training and the following
50 samples were used for testing.

Baselines. Most recent methods such as GWP and zero-mean multivariate GARCH models, i.e., Dynamic Conditional Corre-
lation (DCC) (Orskaug, 2009), were chosen as the baseline methods.

Setup. For PWP, different number of inducing points (i.e., M = 20, 50, and 100) with the same type of periodic covariance
function were investigated. We implemented both Bayesian inference and variational EM inference for PWP. We fixed the
hyper-parameter p = 100 since that is difficult to learn.

For Bayesian inference, we initialized L at the values near the true values in GWP, latent variables w at the estimates

via the inverse of (12) with the true U. This yields informative initialization to identify the property of the global optima in
GWP and PWP for inferences. During the Bayesian inference of PW7P, we used 5000 samples whose first 2500 samples
were burned-in. For variational EM inference, L and w were randomly initialized.
Evaluation Metric. In Table 2, we displayed the root mean square error (RMSE) of parameters for L as the evaluation
of inference. We displayed the RMSE between true variance-covariance matrices and corresponding reconstruction as the
evaluation of covariance reconstruction. Moreover we also provided the negative log marginal likelihood (NLML) to evaluate
the model fitting.

In Table 3, We showed the predictive performance of PWP with i-step ahead forecast, where observations until the last
timestamp x in training data are considered to predict X(x+i) and i=1,...,50.

7.2. Results and discussions

Parameter estimation and model fitting results in Table 2 illustrate that PWP has a significantly better covariance
matrix estimation performance than the DCC model due to the notably smaller RMSE. Comparing with the GWP, with a
suitable number of inducing points, PWWP has a competitive result for both parameter estimation and covariance matrix
estimation. As for the computational benefits, the computation time of PWP is significantly lowered compared with GWWP
in the same Bayesian setting.

As for the predictive performance, we conducted Bayesian inference for PWP as a fair comparison with the Bayesian
inference in GWP. We reported the RMSEs of predicted covariance matrices and true covariance matrices for GW7P, PWP
with 20, 50 and 100 inducing points and DCC models in Table 3. The averaged RMSEs over all entries for the five models are
0.53, 0.52, 0.70, 0.70 and 2.53. It shows that PYWP has a comparable performance compared with GWP and significantly
outperforms the DCC. Moreover, we visualized the ground truth for ¥s and the reconstruction of Xs in PW7Pqgo in
Fig. 2 and showed the uncertainty quantification of covariance matrices in PWP, illustrating that PWP achieves a great
uncertainty quantification in the sense that the confident intervals cover almost the true values with a narrow band-width.

With respect to the computational benefits, we find that as the number of inducing points decrease the computation time
would be significantly shorter than that from GWP. It matches the theoretical analysis of the computational complexity
which is linear to the number of observations N in contrast to the O(N3) in GWP.
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Fig. 2. Top: Reconstruction of ¥s; Bottom: 95% confident intervals (shown in red dashed lines) in the reconstruction with PW7Pjgo, (a) the marginal
variances at the first dimension (1st diagonal element of ¥s), (b) the marginal variances at the second dimension (2nd diagonal element of Is), (c)
the covariances (symmetric off-diagonal element of X)s. Our proposed PWP delivers smoother estimations compared with DCC and also provides a
comparable fitting performance compared to GWP. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this
article.)

Table 3

RMSE between predicted $* and true T* element-wisely for the next
50 timestamps. PWP has a comparable performance with GWP even
with much less inducing points.

Model™ Variance 1 Variance2 Covariance
GWpP 0.72 049 0.45
PWP20 0.50 0.84 036
PWPso 0.93 0.70 0.58
PWP100 0.75 0.95 0.55
DCC 5.10 219 141

* Subscript indicates the number of inducing points used for PWP. For
GWP and PWWP, Bayesian inference and informative initialization on
all latent variables based on the true values were used.

The results in Table 2 show that: For Bayesian inference, as the number of inducing inputs (M) increases, the parameter
estimates of L become closer to the true values. However, the performance of covariance reconstruction and data fitting
does not always improve as M increases in our setting. This may be caused by the efficiency of sampling the inducing
variables w. Even with an efficient elliptical slice sampling, as the size of w increases, the sampling step suffers from the
slow mixing of sampling and cause undesirable fitting performance. It demonstrates that PWP becomes more expressive
with more inducing points but fitting becomes more difficult, which emphasizes that the importance of the selection of
inducing points.

On the other hand, PWP has a comparable prediction performance with GWP even with less inducing points. This
may be because the learning of Gaussian processes in GWP is affected by over-fitting, while the learning of predictive
processes in PWP resists this issue.

As for the variational EM inference of PWP, it would provide biased estimates on L but we find that those estimates
are consistently robust under different settings of the inducing points. Beside that, the variational EM inference provides
comparable performance on both covariance reconstruction and model fitting.

7.3. PWP inference in high dimensional time series

In this section, we explored the model performance of PWP in high dimensional time series. In particular, we kept
the original settings except for dimension size D, degree of freedom V and hyperparameter o2, and investigated the
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Table 4
RMSE of the reconstruction across all elements in s and RMSE of L.
Metric D PWP(B)20 PWP(B)so PWP(B)1oo PWP(VI)y PWP(VI)sg PWPNVI)oo
2 0.15 0.10 0.02 038 0.37 0.42
5 0.30 0.33 0.34 0.26 0.26 0.26
RMSE(L) 10 0.48 0.32 037 0.30 0.31 0.32
20 0.47 0.48 0.51 0.29 0.35 0.36
2 0.25 0.39 0.21 0.25 0.25 0.27
5 0.21 0.25 0.19 0.13 013 013
RMSE(Z) 10 039 0.27 0.30 0.16 017 0.17
20 067 0.73 0.75 0.15 0.20 0.21

Subscript indicates the number of inducing points used for PWP.

model behavior. Specifically, we considered the dimension size D = 2,5,10,20 with degree of freedom V = 3,6,11, 21

and hyperparameter o2 = % % % 21—1 respectively. In this case, the marginal distribution at each time sample would follow

Z(x) ~ WO, %1), implying that the expectation of covariance matrix should be an identity matrix, i.e.,, E[Z(x)] = I. Such a
setting should make the model comparison fair since the generated data are under an unit scale. We then conducted both
Bayesian inference and variational EM inference, and reported the root mean square error (RMSE) across each element in
the lower triangular matrix L denoted as RMSE(L) and the RMSE across all covariance matrices and all elements X;; denoted
as RMSE(X). The evaluation metrics are given in Table 4.

The result shows that the Bayesian inference performs worse as the dimension size increases in terms of both parameter
estimation RMSE(L) and the reconstruction RMSE(X). Also, as dimension size D increases, the larger number of inducing
points does not significantly improve the parameter estimation performance. It may be because the inference is more
difficult for high dimensional cases. On the other hand, in the case of D = 2, variational inference performs worse than
Bayesian inference in terms of parameter estimation RMSE(L), while as D increases variational inference performs better
than Bayesian inference. It suggests that in our model, the variational inference would be preferred for high dimensional
data, since optimization in variational inference would be more robust for sampling in MCMC for high dimensional data.

8. Analysis of dynamic brain connectivity

We performed two experiments on dynamic functional brain connectivity using real brain imaging data to confirm the
practicality of PWP. As GWP was not scalable for the real data, we compared PWP with DCC-GARCH models for the
individual analysis of dynamic functional connectivity. Then, we performed a multi-task learning task on multiple rs-fMRI
timeseries via variational EM algorithm to identify associations between functional connectivity and behavioral scores.

8.1. Experimental setup

Human Connectome Data. The pre-processed resting-state functional MRI (rs-fMRI) data used in this experiment were
obtained from the Human Connectome Project (HCP) S1200 data release (Smith et al., 2013) for 812 subjects whose fMRI
data were complete and reconstructed using the improved r227 recon algorithm. Timeseries data were generated through
the HCP preprocessing pipeline (WU-Minn, 2017) which yielded one representative timeseries across 4800 timestamps per
independent component analysis (ICA) component for each subject at several different dimensionalities. Specifically, we used
the rs-fMRI timeseries from 15 ICA components with a length of 4800.

Setup. We took the whole 4800 observations to estimate covariance matrices and computed the log likelihood at each
timestamp. For PWP, we selected 50 inducing points uniformly located in the whole time interval. Squared exponential
covariance function was employed here to model the dynamics of covariance matrix of HCP data. We considered a weakly
informative prior on the length scale parameter logz ~ N(0,10%) and a data-driven prior on L, Lij ~ N(O, 20%) for i > j.
On our server machine with 128G RAM (which is not small), GWP model failed to run on the HCP dataset due to its
lack in scalability. Therefore, we compared our results with four parametric DCC-GARCH models. Three of them employ a
autoregression-moving-average model with order (1,1) for the mean but leverage different types of noise following multivari-
ate Normal (MVN), multivariate Student-t (MV7) and multivariate Laplace distributions (MY L). The last DCC-GARCH
model sets zero mean and has noise following multivariate Normal distributions (MVA0).

Since the Markov chain Monte Carlo would yield less biased result than variational EM algorithm as shown in Table 3, to
compare the performance with other models, we conducted the Markov chain Monte Carlo inference and estimated model
parameters using the maximum a posteriori. Moreover, given those estimates, we reconstructed covariance matrices on the
observed timestamps.

8.2. Individual functional connectivity construction

We randomly selected one participant (ID: 990366) for the demonstration of individual dynamic functional connectiv-
ity derivation. The log-likelihood of observation (i.e., ICA) at each timestamp was computed and plotted as a boxplot for

10
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Fig. 3. Dynamic correlations between ICA components (i.e, dynamic functional connectivity) and corresponding network representations derived from
the estimations of X(x) at x = 1001, 2001, 3001, 4800 with HCP timeseries data. Top row: connectivity matrices; Middle row: corresponding network
representations (thicker edge represents larger absolute edge values and the colormap renders the value of the edge from low to high); Bottom row: three
true ICA components and corresponding inferred dynamic correlation processes. (For interpretation of the colors in the figure(s), the reader is referred to
the web version of this article.)
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Fig. 4. Boxplots of log-Likelihood w.r.t. the whole 4800 timestamps (i.e., time) with the reconstructed covariance matrix. PWWP shows better stability than
DCCs with less extreme outliers and lower variance.

all observations in Fig. 4. We also plotted the same boxplots of log-likelihoods estimated from DCC models. PWP and
DCCMVNO assume zero mean, which makes them comparable. The figure shows that PW?P performs relatively worse
than DCC models in terms of the mean of log-likelihood, but it provides more stable results than DCC models in the sense
of less extreme outliers and lower variance.

In Fig. 3, we presented dynamic correlation matrices and the structural networks derived from the estimated X(x) at
timestamp x = 1001, 2001, 3001, 4800 to show the changes of their functional brain connectivity across time. This result
proves the hypothesis in Hutchison et al. (2013) that the structure of covariance along time in functional connectivity
may be significant, and shows a significant potential that our PWP is a very powerful tool to visualize the estimate
of covariance in time-varying data. Moreover, to directly illustrate the temporal relation, we provided the plot of three
ICA components as well as their corresponding inferred correlation processes in Fig. 3. It illustrates that the correlations
between ICA components are not random and they have certain patterns.

11
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Table 5
R? scores of linear model fitting with different features for different exogenous vari-
ables.
Feature Linear Regression
MMSE PSQI PainIntens PainInterf Mars
Baseline features 0.21 0.19 0.16 0.18 0.19
PWPMD 0.48 0.50 0.45 0.48 0.58

MMSE: Mini Mental Status Exam; PSQI: Pittsburgh Sleep Questionnaire; PainIntens:
Pain Intensity Raw Score; PainInterf: Pain Interference T-score; Mars: Mars Contrast
Sensitivity Test.

8.3. Multi-task learning on HCP data

In order to show the applicability of our dynamic brain connectivity features, we compared the fitting performances of
PWPMPD against baseline features.

Here we utilized all 812 subjects in the multi-task learning experiment, and considered a three-level multi-scale de-
scriptor from (22) where the length scale parameter t in the squared exponential covariance function is set to 500, 2000
and 5000. We used the matrix from Cholesky decomposition of the sample covariance matrix as the baseline features for
each subject as conducted in Van Den Heuvel and Pol (2010); Biswal (2012); Leonardi et al. (2013). Then we conducted the
linear regression between the features extracted from the rs-fMRI timeseries and exogenous variables.

We considered five behavioral scores available in the HCP dataset as exogenous variables: MMSE, PSQI, PainIntens (raw),
PainInterf T-score and Mars Log Scores. Specifically, Mini Mental Status Exam (MMSE) (Folstein et al., 1975; Crum et al,,
1993) is a broad measure of cognitive status, Pittsburgh Sleep Questionnaire (PSQI) (Buysse et al., 1989) is a measure of
sleep quality, Pain Intensity Raw Score (PainIntens) (Gershon et al., 2013) consists of a single item measuring immediate
(i.e., acute) pain in adults, Pain Interference T-score (PainInterf) (Gershon et al., 2013) measures the degree to which pain
interferes with other activities in life in adults, and Mars Contrast Sensitivity Test (Mars) (Arditi, 2005; Dougherty et al.,
2005; Haymes et al., 2006) is a brief and reliable measure that assesses color contrast sensitivity.

The resulting R? scores from linear model fitting are reported in Table 5. It is apparent that the PWPMD achieves
the best fitting performance across all five HCP behavioral measures. Notably, the PWPMD exhibits better performance
by 39% when compared with the baseline feature on behavioral measurement Mars Log Score, and also outperforms the
baseline by 27%, 31%, 29%, 30% on MMSE score, PSQI score, Painlntens raw score, Painlnterf T-score, respectively. Our ex-
periments illustrate that our proposed dynamic brain connectivity features PWPMD significantly improve the regression
performance as compared with the baseline features. The promising results from these experiments on HCP dataset impli-
cate a great potential for our PWP for multi-task learning in real-world clinical applications.

9. Conclusion

There is a significant interest in modeling time-varying changes of relationships between different variables in both the-
oretical and application-wise perspectives. As previous stochastic approaches heavily suffer from computational burden, we
introduced a novel stochastic process, i.e., PYWWP, which can model dynamic covariance matrices accurately and efficiently.
Not only we provide theoretical guarantee that it is a well defined process, but also illustrate that it is easy to be incorpo-
rated into different models such as hierarchical Gaussian model and multi-task model. Moreover, we empirically evaluate
our ideas and its usefulness with two independent sets of experiments. Especially for the real experiment on HCP data,
features derived from dynamic functional connectivity can be useful for multi-task learning over traditional approaches ex-
tracting features from covariance matrices. We believe there is a significant potential that PWP can be further utilized in
various areas where time-varying associations between variables need to effectively characterized.

Although PWP can handle considerably long time series, it does not necessarily emphasize approximation and inference
for high dimensional data. As we noted in Section 7.3, the inference would be more difficult when the dimension of channels
for the time-series increases. One would need to leverage factor analysis (Cunningham and Yu, 2014; Meng and Bouchard,
2021) or introduce the sparsity via shrinkage priors (Huber and Feldkircher, 2019) for covariance matrix modeling to make
PWP make suitable for high dimensional data. Distributed learning for PWP may be another feasible approach as the data
sizes of various recent datasets are continuously increasing, but it is beyond the scope of current work and remains as a
future direction to consider.
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Appendix A. Theorem proving
A.1. Proof of Theorem 1

Here we present the proofs of Theorem 1 as below.

Proof. In the construction of PWP, {ii,q} have independent predictive process priors. Therefore, we have

ity (x) = (), ..., Gyp ()" ~Np(0, B), (A1)
where B is the diagonal matrix with elements by = C4(x, x). Because of C4(x,x) =1 and the property (5), bg <1 for d =
1,...,D. According to the property of multivariate Gaussian distribution, it immediately follows that

Luy (x) ~Np(0, S), (A.2)

where S* = LBLT. Due to (A.3) and according to the definition of Wishart distribution, we have =(x) ~ Wp(V, S$*). Since
V > D in the construction, this Wishart distribution is well defined. O

A.2. Proof of Theorem 2

Here we present the proofs of Theorem 2 as below.

Proof. We denote the diagonal elements of L as (l1,...,Ip), then according to

Tx) =L0X)UXTLT
%
=Y Lit, )ity ()L, (A3)
v=1
the (i, j)™ element of the covariance =(x) is given as

v
Zij(x) = Zliﬁviﬁvﬂj. (A4)

v=1
According to (7), we let figg Y PP, C(x,x)), and then we have

cov(Zij(x), T (X))
2
= Z Lil jllicov (@i (%) iy (x), Uyk ()i (X))

v=1
=Vl jlidicov(iio; ()il (), Uok (X )il (x)). (A.5)

Because of the symmetric property of covariance, let s #t, and we only need to consider three classes summarized as the
following three cases:

(i) cov(Zss(x), Zss(X)).
(ii) cov(Tst(x), Bse(¥')) and cov(Zse (%), Zs(X)).
(iii) Otherwise.

For the first case, without loss of generality, we assume i = j =k =1, then we rewrite (A.5) as
cov(Zij(X), T (X))
=VIil iy (E(@g; (0 iig; (X)) — E(iig; (x))E(ig; (X))
=VIil il (Cx, )C(K, x) +2C2(x,X) — C(x, x)C(X, X))
=2VIC? (x,X). (A.6)
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Fig. B.5. Dynamic correlations (i.e., dynamic functional connectivity between ICA components) derived from the estimations of X(x) at x=1001, 2001, 3001
and 4800 with HCP timeseries data. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

In the second case, without loss of generality, we assume i =k # j =1, then we rewrite (A.5) as

cov(Zij(x), T (x))
=Vl jliely (E(fioi (x)Tl0i () E(flo (X) o (X))
— E(ilgi (%)l0; (x))E(ilo; (x ) lgj (X))
=VEEC? (x, X). (A7)
The third case includes two situations: (a) i # j, k, I, or (b) i = j # k =1. As for situation (a), (A.5) is rewritten as
cov(Zij(x), T (X))
=Vl Iy (Efigi ()T (X) Tor (X ) Tlgr (X))
— E(lioi (%)l (%)) E(flor (X )Tigi (x)))
=Vl jliely (E(fi0i (x))E(flo (%) To (X ) gy (%))
— E(ilo; (x))E(llo; (x))E(lior (X )Tigi(x'))) = 0. (A.8)

And it is trivial that situation (b) has the same result. O
Appendix B. Dynamic correlation matrices on more participants

We also display the dynamic correlation matrices derived from the estimated X(x) at timestamp x = 1001, 2001, 3001
and 4800 on more randomly selected participants with IDs 169946, 199958 and 668361 in Fig. B.5 part (a), (b) and (c),
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respectively. These plots show the changes of brain connectivity across time as well and further provide evidences that the
structure of covariance/correlation may be significantly time-varying.
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