COCYCLE SUPERRIGIDITY FOR PROFINITE ACTIONS
OF IRREDUCIBLE LATTICES

DANIEL DRIMBE, ADRIAN IOANA, AND JESSE PETERSON

ABSTRACT. Let I' be an irreducible lattice in a product of two locally compact groups and assume
that I" is densely embedded in a profinite group K. We give necessary conditions which imply that
the left translation action I' ~ K is “virtually” cocycle superrigid: any cocycle w : I' x K — A
with values in a countable group A is cohomologous to a cocycle which factors through the map
I'x K — T' x Ky, for some finite quotient group Ko of K. As a corollary, we deduce that any ergodic
profinite action of ' = SLe(Z[S™']) is virtually cocycle superrigid and virtually W*-superrigid, for
any finite nonempty set of primes S.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The study of measure preserving actions of countable groups on standard probability spaces up
to orbit equivalence has witnessed an explosion of activity in the last 20 years (see the surveys
[Sh05,Po07b,Full,Gal0,Val0,1013,1018]). Recall that two probability measure preserving (p.m.p.)
actions I' ~ (X, u) and A ~ (Y, v) are called orbit equivalent (OE) if there is an isomorphism of
probability spaces 6 : X — Y such that 0(T" - x) = A - 0(x), for almost every z € X. If, in addition,
there is a group isomorphism 0 : I' — A such that 6(g-x) = §(g) - (), for every g € I and almost
every x € X, then the actions are called conjugate.

The theory of orbit equivalence was initiated by H. Dye, in connection with the theory of von
Neumann algebras [MvN36]. He proved that any two ergodic p.m.p. actions of the group of integers
Z are orbit equivalent [Dy59]. In the early 1980s, this result was extended to show that all ergodic
p.m.p. actions of infinite amenable groups are orbit equivalent [OW80] (see also [CFW81]). In
contrast, it was shown in [Ep07] that any non-amenable group has uncountably many pairwise
non-orbit equivalent free ergodic p.m.p. actions (see also [Hj05, GP05,Io11a] for results addressing
various important classes of non-amenable groups).

Moreover, the non-amenable case revealed a striking rigidity phenomenon: within certain families
of actions of non-amenable groups, orbit equivalence implies conjugacy. The first OE rigidity
results were obtained by R. Zimmer for actions of higher rank lattices via his cocycle superrigidity
theorem [Zi84]. By building upon Zimmer’s work, A. Furman proved the remarkable fact that
generic ergodic p.m.p. actions I' ~ (X, ) of higher rank lattices (e.g., SL,,(Z) ~ T", for n > 3),
are OE superrigid [Fu99]: any free p.m.p. action which is OE to I' ~ (X, ) must be “virtually”
conjugate to it. Subsequently, numerous impressive OE superrigidity results were obtained in
[MS06,Po07a,Po08,Ki10,Io11b,PV11,Full,Kil1,PS12,I017, TD20,CK15,Dr18a,GITD19,BTD18|.

We highlight here the breakthrough work of S. Popa who used his deformation/rigidity theory
to prove that Bernoulli actions of property (T) and product groups are OE superrigid [Po07a,
Po08]. Popa derived this result from his seminal cocycle superrigidity theorem asserting that any
cocycle for such an action with values in a countable (more generally, Ug,, see Definition 2.5 in
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[Po07a]) group is cohomologous to a group homomorphism [Po07a,Po08]. Later on, techniques and
ideas from deformation/rigidity theory were used to prove several additional cocycle superrigidity
results in [Io11b,PV11,Full,PS12,TD20,1017,Dr18a,GITD19,BTD18]. Notably, the second author
proved a cocycle superrigidity theorem for ergodic profinite actions I' ~ (X, ) of property (T)
groups [lol1lb]. This shows that any cocycle for I' ~ (X, ) with values in a countable group is
virtually (i.e., after restricting to a finite index subgroup I'y < I' and an ergodic component of
I'yp) cohomologous to a group homomorphism. Soon after, this result was generalized to compact
actions in [Full]. More recently, completing an analogy with Bernoulli actions, D. Gaboriau, R.
Tucker-Drob and the second author proved that separately ergodic profinite actions of product
groups are cocycle superrigid in the above sense [GITD19].

In this paper, we establish cocycle superrigidity results for profinite actions of a new class of groups
that arise as irreducible lattices in products of locally compact groups. This is in part motivated by
a question in [Th11] asking whether profinite actions of groups with property (T), and in particular
the irreducible lattices SLa(Z[1/p]) for prime p, are cocycle superrigid (see Remark 1.1). Additional
motivation is provided, in view of the analogy between existing results for Bernoulli and profinite
actions, by a recent result in [BTD18], following earlier results in [PS12], showing that Bernoulli
actions of lattices in products of locally compact groups are cocycle superrigid.

Before stating our main result, we need to recall some terminology. Let G ~ (X, ) be a p.m.p.
action of a locally compact second countable (l.c.s.c.) group G on a standard probability space
(X, ). A sequence {A,},en of measurable subsets of X is said to be asymptotically invariant if
it satisfies JingosupgeFu(g -ApAAy,) =0, for every compact set F' C G. The action G ~ (X, p) is

called strongly ergodic if any asymptotically invariant sequence {4, }en is trivial, in the sense that
lim p(An)(1 — p(Ay)) = 0. For a l.c.s.c. group H, a measurable map w : G x X — H is called a
n—oo

cocycle if for all g, h € G, we have that w(gh,z) = w(g, h - x)w(h,x), for almost every x € X. Two
cocycles wi,ws : G X X — H are cohomologous if there is a measurable map ¢ : X — H such that
for all g € G, wi(g,7) = ¢(g - ¥)wa(g, x)p(x) L, for almost every z € X. Finally, let T be a lattice
in G and mgr be the unique G-invariant Borel probability measure of G/T'. For a p.m.p. action

I A (Y,v), we denote by Ind&(a), the associated induced action G ~ (G/T XY, mgr X V) (see
the beginning of Section 2 for the precise definition of induced actions).

Our main result shows that, under certain strong ergodicity assumptions, any cocycle of a profinite
action of a lattice in a product of locally compact groups is virtually cohomologous to a homomor-
phism.

Theorem A. Let I' be a countable dense subgroup of a compact profinite group K and consider the
left translation action T’ A (K, mg), where mg denotes the Haar measure of K. Write K = 1{@ K,

as an inverse limit of finite groups K,, and let v, : K — K, be the quotient homomorphism.
Suppose that T' is a lattice in a product of two compactly generated l.c.s.c. groups G = G1 X Ga.
Assume that the restrictions ofIndlg(oz) to G1 and Gy are strongly ergodic and ergodic, respectively.

Let w: T x K — A be a cocycle with values in a countable group A.

Then there is an integer n such that w is cohomologous to a cocycle w' : I' x K — A of the form
w’' = wg o (idp X 1y,), for some cocycle wy : T x K,, — A.

Next, we discuss two consequences of Theorem A. By [Iollb, Theorem B] any ergodic profinite
action of a finitely generated group I' that has property (T) (or, more generally, has an infinite
normal subgroup with the relative property (T)) is virtually cocycle superrigid. As a consequence
of Theorem A, we obtain the first class of residually finite groups I" not admitting infinite subgroups
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with the relative property (T) whose every ergodic profinite translation action is virtually cocycle
superrigid.

Corollary B. Let I' = SLy(Z[S™1]), for a finite nonempty set of primes S. Let T ~% (X, i) be an
ergodic profinite p.m.p. action. Write a as an inverse limit of actions I' " (X, uy), with Xy,
finite, and denote by r, : X — X,, the quotient map, for every n.

Let w: ' x X = A be a cocycle with values in a countable group A.

Then there is an integer n such that w is cohomologous to a cocycle w' : T' x X — A of the form
w' = wg o (idr X 1), for some cocycle wy : T x X, — A.

Remark 1.1. In [Th11, Theorem 1.1}, S. Thomas proved that if n > 2 and S, T are sets of primes,
then the classification problem for the S-local torsion-free abelian groups of rank n is Borel reducible
to that for the T-local groups of rank n if and only if S C T. The proof of this result relies on
cocycle superrigidity results for profinite actions of I' = SL,,(Z[1/p]), for p prime. If n > 3, the
proof of [Th11, Theorem 1.1] uses [Io11b, Theorem B], which can be applied as I" has property (T).
On the other hand, if n = 2, then I does have property (T) and the proof of [Th11, Theorem 1.1]
is much more complicated and relies on Zimmer’s cocycle superrigidity theorem.

In this context, S. Thomas asked if the cocycle superrigidity theorem of [Io11b] holds for groups
I' with property (7). Corollary B gives a partial positive answer to this question in the case when
I = SLo(Z[S™1]), for a finite set of primes S (for which property (T) has been established in [LZ89]).
As explained in [Thll, footnote on page 3700 and Remark B.3], the case when S = {p} consists of
one prime can be used to considerably simplify the proof of [Th11l, Theorem 1.1] for n = 2.

By using standard arguments (see [[ol1b]), Theorem A and Corollary B imply that the actions
from their statements are virtually OE-superrigid. Our next result shows that the actions covered
by Corollary B are moreover virtually W*-superrigid. Recall that a free ergodic p.m.p. action
I' ~ (X, p) is called W*-superrigid if any free ergodic p.m.p. action A ~ (Y, v) giving rise to an
isomorphic von Neumann algebra, L>=(X) x I' = L*°(Y) x A, must be conjugate to it. The first
families of W*-superrigid actions were discovered about 10 years ago [Pe10,PV10,Iol1c]. Since then,
many other families of W*-superrigid actions have been found (see the introduction of [Dr18b]).

By combining Corollary B with S. Popa and S. Vaes’ work [PV14] we obtain the following:

Corollary C. Let I' ~ (X, ) be any action as in Corollary B. Let A ~ (Y,v) be any free ergodic
p.m.p. action of a countable group A.

Then L>*°(X)xT' = L>(Y) x A if and only if there exist finite index subgroups 'y < T and Ag < A,
a I'g-invariant measurable set Xo C X and a Ag-invariant measurable set Yo CY such that

I' ~ X is induced from 'y ~ X,

A Y isinduced from Ay ~ Yy,

I'g ~ Xg is conjugate to Ag ~ Yy, and
[F . Fo] = [A . Ao]

Here, we say that an ergodic p.m.p. action A ~ (Y, v) is induced from an action Ag ~ Yy if Ag < A

is a finite index subgroup, Yy C Y is a Ag-invariant measurable set and v(gYp NYy) = 0, for all
g€ A\ Ay

2. COCYCLE RIGIDITY FOR INDUCED ACTIONS

The goal of this section is to prove cocycle rigidity results for induced actions of translation actions.
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We start by recalling the construction of induced actions and cocycles. Let I' be a lattice in a
l.c.s.c. group G. Let p: G/T' — G be a Borel map such that p(¢gI') € gI, for every g € G. Define a
cocycle ¢ : G x G/T' — T by letting ¢(g, 2T") = p(gaT) ~Lgp(zT), for every g € G and zT" € G/T.

Let I' ~n® (Y,v) be a p.m.p. action and w : I' x Y — A be a cocycle, for a l.c.s.c. group A. Put
(Y,7):= (G/T x Y, mgr X v). Then the induced action & := Ind¥ () of G on (Y, 7) is defined by
the formula a(g)(zT,y) = (gaT, a(c(g, 2T))y), and the induced cocycle w : G x Y — A associated
to w is defined by the formula w(g, (zI',y)) = w(c(g, 2I'),y), for every g € G,2I' € G/T and y € Y.

We also recall that if G ~ (X, ) is a p.m.p. action of a l.c.s.c. group G on a probability space (X, )
and A is a countable group, then the uniform distance between two cocycles wi,ws : G x X — A
is given by
dlws.wz) = sup l{z € X | wi(g,) # walg,2)}).
g€

The following result extends [Io11b, Lemma 2.1] to locally compact groups, with an identical proof.

Lemma 2.1 ([Iollb, Lemma 2.1]). Let G (X, 1) be an ergodic p.m.p. action of a l.c.s.c. group

G. Let A be a countable group, and wi,wy : G x X — A be two cocycles such that d(wy,ws) < 1/8.
Then there is a measurable map ¢ : X — A such that for all g € G, w1(g,r) = ¢(gx)wa(g, x)p(x)~?

for almost every x € X. Moreover, p({x € X | ¢(x) = 1a}) > 3/4.

Assumption 2.2. Throughout this and the next section, we assume the following setting:

e Assume that I' is a countable dense subgroup of a compact profinite group K = lim K,,
—

where K, is a finite group, for every n. Let r, : K — K,, be the quotient homomorphism.
Let I A (K, mg) be the left translation action.

Assume that I is a lattice in a product of two l.c.s.c. groups G = G1 X Gb.

Let G A (X, u) = (G/T x K, mer X mg) be the induced action & := Ind{(a).

We define an action K A (X, ;1) which commutes with & by letting o (¢)(zL, y) = («I, yt ).
For simplicity, we will use the notation z¢t~! := o (t)z, for every z € X and t € K.

The following theorem is the main result of this section.

Theorem 2.3. Let Gy be a closed subgroup of G such that the restriction of & to Gg is ergodic.
Let w: Gog x X — A be a cocycle for the restriction of & to Gy with values in a countable group A.
For every t € K, define a cocycle wy : Gy x X — A by letting wi(g,z) = w(g,xt'). Assume that
d(we, w) < 1/32, for every t in a neighborhood V' of the identity 1x of K.

Then there is an integer n such that w is cohomologous to a cocycle w' : Go x X — A of the form
w'(g,x) = wolg, (idg/r X m)(x)), for some cocycle wg : Go x (G/T' x K,) — A.

Proof. We follow closely the proof of [Full, Theorem 5.21]. By Lemma 2.1, w; is cohomologous to
w for every t € V. Therefore, there is a measurable map f; : X — A such that for all g € Gy,

(2.1) wi(g, ) = fi(gx)w(g, z)fi(z) "L, for almost every = € X.

Moreover, the map f; satisfies u({z € X | fe(z) = 1a}) > 3/4, for every t € V.

Let W C K be a neighborhood of 1x such that we have W? C V. Let t,s € W and denote
F(z) = fis(x) L fe(ws™1) fs(z). Using (2.1) twice, we obtain for all g € Gy

F(gz) = w(g, z)F(x)w(g,z)~ L, for almost every € X.
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This implies that F~!({1a}) is Go-invariant and has positive measure since fs, f; and fi take the
value 15 with probability at least 3/4. Thus u(F~'({1a})) = 1 by the ergodicity of &¢,. Therefore,
for all s,t € W, we have

(2.2) fis(z) = fe(zs™Y) fo(z), for almost every z € X.

Since the finite index subgroups L,, := ker(r,,) < K form a basis of neighborhoods of 1k, there is
n such that L, C W. We claim that there is a measurable map ¢ : X — A such that

fi(z) = ¢p(xt™)p(x) 7L, for almost every (t,z) € L, x X.

To prove the claim, let R C K be a system of representatives for the left cosets of K/L,,. Equation
(2.2) shows that fis(z,720) = fi(2, 72057 1) fs(2,720), for all r € R, almost every zg, s,t € L, and
almost every z € G/T". By making the substitution s = mflxo, we get that for all » € R, almost
every xg,x1,t € L, and almost every z € G/T" we have

(2.3) fi(z,rzy) = fm;1x0 (z, rxo)fz;1m0 (z,rzo) L.

By Fubini’s theorem we can find zy € L, such that (2.3) holds for all » € R, almost every
x1,t € Ly, and almost every z € G/I". Define ¢ : X — A by letting ¢(z,rz1) = fx;1x0 (z,10) for
all " € R,x1 € Ly, z € G/T. Then (2.3) implies the claim.

Define the cocycle w' : Go x X — A by w'(g,z) = ¢(g9z) *w(g, z)é(x). Equation (2.1) combined
with the above claim implies that for every g € Go, we have w'(g,2t~!) = w'(g,x), for almost
every t € L, and x € X. By Fubini’s theorem we can find a map wp : Gp x (G/T' x K,,) — A
such that for all g € G, we have w'(g, (z,y)) = wo(g, (z,r,(y))), for almost every (z,y) € X. Then
for all g1, g2 € Go, Wy satisfies the cocycle identity wo(g192, (z,v)) = wo(g1, 92(z,y))wo (g2, (x,y)),

for almost every (z,y) € G/T' x K,. Moreover, if ¢ = idg, X idg/p X 5, then wp o g = w',

(mg, X mg T X m K )-almost everywhere. Since w’ is measurable, wy is measurable. Hence, wy is a
cocycle, which finishes the proof. |

The hypothesis of Theorem 2.3 requires that wy — w, as t — 1k, in the uniform metric. This

assumption is guaranteed by the following lemma:

Lemma 2.4. Assume that the restriction of & to Gy is strongly ergodic and Go is compactly
generated. Let w: G x X — A be a cocycle into a countable group A. For every t € K, define a
cocycle wy : G x X — A by letting wi(g, ) = w(g, vt~ ).

Then d(wya,, wia,) — 0, ast — 1.

Here, w)g, denotes the restriction of w to G x X.

The proof of this lemma follows closely [GTD16] (see also the proof of [GITD19, Lemma 3.1]).
Nevertheless, we include a detailed proof for the reader’s convenience.

Proof. Let S be a compact generating set for G and € € (0,1). Since the restriction of & to Gy is
strongly ergodic, there exist a compact set F' C G1 and § > 0 such that if A C X is any measurable
subset satisfying supgeFu(g_lAAA) < 0, then either pu(A) < e/4 or p(A) > 1 —e/4.

For every t € K and g € G, define

Ay ={z € X | w(g,z) = w(g,zt™")}.
We claim that since A is countable, for every compact set L C G we have that inf,cp ,u,(A;) -1,
as t — 1x. To justify this, note that the formula ¢ - (z,p) = (g9z,w(g,x)p) defines a measure

preserving near action G ~ (X X A, pu x ¢), where ¢ denotes the counting measure of A. Let
7: G — U(L*(X x A)) be the associated unitary representation. Since 7 is measurable, it must be
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continuous (see, e.g., [Zi84, Theorem B.3]). Let 7 : K — U(L?*(X x A)) be the continuous unitary
representation associated with the action K ~ (X x A, u x ¢) given by ¢ - (x,p) = (xt~1, p). Let
€ =1xx1, € L*(X x A). Then ||¢]]2 = 1 and we have that

W(g)(g) = 1{(x,p)€X><A|w(g,g*1w):p}> for every g € G.

This implies that u(Al) = (7(t)(7(9)€), 7(9)E), for every g € G and t € K. Since 7 and 7 are
continuous in the strong operator topology, the set {m(g)¢ | g € L} C L*(X x A) is compact and
for every g € G we have that (7(t)(7(g)§),7(g9)§) — 0, as t — 1. This easily implies the claim.

Next, the claim provides an open neighborhood U C K of 1k such for every t € U we have

(2.4) ,u(AZ) >1-6/2forall g€ F and pu(A}) >1—¢/4 and for all h € S.
Note that for any t € K, g € G1 and h € G2 we have
(2.5) g TALAAL C X\ (AL N KAL)

Indeed, first notice that the cocycle relation implies w(g, hz)w(h,z) = w(h, gr)w(g, z), for almost
every z € X. Now, if we take z € A!Nh ™A then w(g,z) = w(g, zt™') and w(g, hx) = w(g, hat™').
Therefore, x € AL if and only if w(h,z) = w(h,zt™1) if and only if w(h, gz) = w(h, gaxt~') if and
only if z € g~ 1Al . This proves (2.5).

For every g € F,h € G5 and t € U, equations (2.4) and (2.5) imply that p(g~'A} AAL) < §. By
our choice of 4, it follows that

(2.6) for all t € U and h € Ga,either pu(A}) < €/4 or u(A}) > 1 —€/4.

We next claim that the set G} := {h € Go | u(A}) > 1 —¢€/4, for all t € U} is a subgroup of Gs.
Note that for A}Zl N hflAZQ C Azth for every hi, ha € Go and t € K. Therefore, if hy, he € G, and
t € U, then pu(Aj ;) > p(Aj, N hl_lA';Lz) > 1—¢€/2. Since 1 —€/2 > €/4, relation (2.6) implies that

(A} ) > 1 — €/4, which implies hihy € Gf. Since A}, = hAj}, and thus u(A4}_,) = p(A}), for
every g € G and t € K, this proves the claim.

Since S C G, G is a group and S generates Go, we get that G, = Go. This proves the lemma. B

3. PROOF OF THEOREM A

We assume the setting from Assumption 2.2. Let w : I' x K — A be a cocycle for o with
values into a countable group A. Let w : G x X — A be the induced cocycle for & defined by
w(g, (2T, y)) = w(c(g, 2T"),y), for every g € G,2I' € G/T and y € K.

For every n, recall that r,, : K — K,, denotes the quotient homomorphism and put L, := ker(r,,).
Define X,, := G/I" x K,, and 7, := idg/r X 10 X — X

Since the restriction of & to G is strongly ergodic, Lemma 2.4 implies there is a neighborhood V'
of 1 in K such that d(wyg,,W|q,) < 1/32, for any ¢ € V. Theorem 2.3 further implies that there
exist an integer n, a map ¢ : X — A and a cocycle v : Go x X,, = A such that

b(gz) (g, z)o(x) = v(g, 7 (x)), for all g € Gy and for almost every z € X.

Define the cocycle 7 : G x X — A by 7(g,2) = ¢~ (gz)w(g,x)¢(z) for g € G and z € X. Note that
(3.1) 7(h,z) = v(h,7,(x)) for all h € G2 and a.e. = € X.
Therefore, for all g € G1, h € G and for almost every x € X, we have

7(g, ha)o(h, 7n(2)) = v(h, Tn(g2))7(9, 2),
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which is equivalent to
T(gv h.’E) = U(h‘7 fn(g.’E))T(g, 1‘)U<h, F'ﬂ<m))_1
For all t € K and g € G define A!, = {2 € X | 7(g,2) = 7(g,2t™")}. Since L,, = ker(r,,), the set Al

is Go-invariant, for every g € G1,t¢ € Ly,. Using that o/g, is ergodic, Ag must be null or co-null, for
every g € G1,t € Ly,

Let F' C G1 be a compact generating set. Then we can find N > n such that Ag is non-null, for every
g € F,t € Ly. The previous paragraph then implies that Ag is co-null, for every g € F,t € Ly.
Since the set of g € (G; such that Ag is co-null in X for all t € Ly is clearly a subgroup of G; and
F generates GG, we get that AZ is co-null, for every g € G1,t € Ly. Moreover, (3.1) shows that
Atg is co-null, for every g € Ga,t € Ly. Since G = G1 x Go, it follows that A; is co-null, for every
g € G,t € Ly. This implies the existence of a cocycle 19 : G X Xy — A such that

d(gx) "t (g, x)p(x) = 7(g, ) = 10(g, F5(x)), for all g € G and for almost every z € X.

Finally, this together with Lemma 3.1 below implies the existence of a cocycle wg : I' x Ky — A
and a measurable map ¢g : K — A such that w(g,z) = ¢o(9z)wo(g, rn(z))po(x)~! for all g € T
and for almost every x € K. This finishes the proof. |

We end this section with the following well-known result, whose proof we include for reader’s
convenience.

Lemma 3.1. Let I' be a lattice of a Lc.s.c. group G. Let T A (X,p) and T rﬁ\v (Xo, po) be p.m.p.
actions such that there is a measurable onto map © : X — Xq satisfying w(gzx) = gm(x), for all
g € T and almost every x € X. Denote by G~ (X, i) and G~ (Xo, fig) the induced actions of G
associated to « and 3, respectively.

Let w : T'x X — A be a cocycle into a countable group A and denote by w : G x X 5 A
the induced cocycle of w. Assume w is cohomologous to a cocycle w G x X — A of the form
w'(g,T) = wo(g, (idg/r x 7)(Z)), for some cocycle wo : G x Xog — A.

Then w is cohomologous to a cocycle w' : T'x X — A of the form w'(y,x) = wo(y, 7 (x)), for some
cocycle wy : I' x Xg — A.

Proof. Let p: G/T' — G be a Borel map such that p(gT") € gI', for every g € G. Define the cocycle
c:GxG/I' =T by c(g,2) = p(gz)~tgp(z) for all g € G and every z € G/I'. Recall that for every
g€ Gand T = (z,2) € X =G/I' x X we have g% = (g2, c(g, 2)z) and w(g,Z) = w(c(g, 2), ).

Let ¢ : X — A be a measurable map such that

(3.2) @(9, %) = d(g&)wo(g, (idgyr x 7)(F)$(F) ",
for all g € G and for almost every & = (2,z) € X.

By Fubini’s theorem we can find z = hI' € G/T', with h € G, and a co-null subset Gy C G such that
for all g € Gy, the identity (3.2) holds for almost every z € X. Remark that there exists go € G

such that goI'h™! C Gy. Indeed, this holds for any gy belonging to the co-null set ﬂwepGolw_l.

For any v € T, denote 4" = goyh™" € G and v, = ¢(7", hI") € T'. Note that Y*(hT', ) = (goT', va)
and w(y", (hT',x)) = w(yp, ), for every x € X. Moreover, v, = p(gol') "*goyh~'p(hT).

Since g~ 'p(gl') €T for all g € G, it follows that the map v — 74 is a bijection of I'. Hence, we can
define a map vg : I' x Xg — A by letting vo(yp, zo) = wo(Y", (L', zg)). Define also some measurable
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maps ¢ : X — A and ¥ : X — A by letting ¢(z) = ¢(gol',x) and ¥(x) = (hF,x)_lgg(goF,x).
Therefore, for all v € I' and almost every © € X we have

w(yn, ) = (", (T, x)) i

G(y" (AT, ) )iwo(v", (idgp x 7) (AT, 2))¢(hT, x) !
= ¢(gOF’ ’th)w()('yh? (hrv W(x)))d}(x)(b(g()rv x)il
S(yha)vo(yh, T(2))¥ () d(2) 1.

Since the map v — 7 is a bijection of ', we obtain that ¢(yx) lw(y, z)¢(x) = vo(y, 7(x))y(z) for
all v € I' and almost every x € X. By taking v = 1r, if follows that ¢(x) = vo(Ip, 7(x)) L. Define
the map wp : I' x Xo — A by wo (v, 20) = vo(7, zo)vo(lr, xo) ~'. Therefore, the map w’: T'x X — A
defined by w'(vy,x) = wo(vy, 7(z)) is a cocycle cohomologous to w. In particular, w’ is measurable,
thus wy is measurable. Hence, wq is a cocycle, which finishes the proof. |

4. PROOF OF COROLLARIES B AND C

Let I' = SL(Z[S™!]), where S is a finite nonempty set of primes. Then I' is a lattice in G = G x G,
where Gy = SLa(R) and Ga = [ ¢ SL2(Qp). Fix a positive integer m with no prime factors from 5.
Denote I'(m) := ker(I' — SLy(Z/mZ)) and consider the left translation action G ~ (G/T'(m), ),
where pi,,, is the unique G-invariant Borel probability measure on G /I'(m). Let 7, be the associated
Koopman unitary representation of G on L3(G/T'(m)) = L*(G/T(m)) © Clg/r(m)- Finally, let

T = D{m| ptm,vpes}y Tm

be the direct sum of all such representations m,,. The proof of Corollary B relies essentially on the
following well-known fact.

Theorem 4.1. The restrictions of m to G1 and Go have spectral gap.

For the reader’s convenience, we indicate below how this result follows from the literature. Assuming
Theorem 4.1, we will now prove Corollary B.

Proof of Corollary B. We will first prove the conclusion when I' n* (X, u) is a left translation
action I' ~ lim IT'/T'(m,,), for some sequence of positive integers {m,} containing no prime factors
—

from S and satisfying m,, | my,11, for all n. In this case, the induced action Ind¥(«) is isomorphic
to the left translation action G ~ lim G/T'(m,). Since the Koopman representation of G on
—

L3(lim G/T(my,)) is isomorphic to a subrepresentation of 7, Theorem 4.1 implies that restrictions
<

of Indlg(a) to G1 and Gy are strongly ergodic. Thus, in this case, the conclusion of Corollary B
follows from Theorem A.

In general, assume that « is the inverse limit of a sequence of p.m.p. actions I' ~ (X, ) with X,
finite, for every n. Denote by r, : X — X,, the I'-equivariant quotient map. Since « is ergodic, we
may assume that X,, = I'/T",, where {I',,},, is a descending chain of finite index subgroups of T".

By a result of Serre [Se70], I' has the congruence subgroup property: any finite index subgroup of
I contains I'(m), for some positive integer m having no prime factors from S. Thus, we can find
a sequence of positive integers {m,,} such that m,, contains no primes factors from S, my, | my+1,
and I'(m,,) C Ty, for all n. Consider the profinite group K = IE K,,, where K,, = I'/T'(m,,). For

every n, let ¢, : K — K, be the quotient homomorphism and denote L,, = ker(g,). Since the
action I' ~ (X, p) is a quotient of the left translation action I' ~ (K, mg ), we may identify it with
the left translation I' ~ (K/M,mg ), for some closed subgroup M < K.
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Let w : I' x K/M — A be a cocycle with values into a countable group A. Define a cocycle
w:T'x K — A by letting w(g,x) = w(g,xM). Since the conclusion holds for the action I' ~ K by
the above, w is cohomologous to a cocycle which factors through idr X gy, , for some ng > 1. Thus,
we can find a homomorphism ¢ : I'(my,,) — A and a measurable map ¢ : L,, — A such that

(4.1) w(g, zM) = o(gz)d(g)p(z) !, for all g € T'(my,) and almost every & € Ly,.

For h € Ly, consider the set S, = {x € Ly, | ¢(zh) = ¢(x)}. Since hhr{l mg (Sp) = mi(Lp,) >0,
—lK

we can find ny > ng such that mg(Sy) > 0, for all h € L,,. Now, if h € M N Ly, then (4.1)
implies that Sy, C Ly, is invariant under the left translation action of I'(my,,). Since I'(my,) < Ly,
is dense and Sy, is not null, we conclude that mg(Ly, \ Sp) =0, for all h € M N L,,,. In particular,
we have that p(xh) = ¢(x), for almost every © € L,,, for all h € M N L,,. Thus, the restriction
of ¢ to Ly, factors through the quotient map L,, — L,,/(M N L,,). Using the identification
Ly, /(MNL,,)= L, M/M, it follows that we can find a measurable map 1 : L,, M/M — A such
that p(z) = ¢(zM), for almost every x € L,,. By equation (4.1) we thus have that

(4.2) w(g,xM) = (geM)5(g)(xM) ™!, for all g € T'(my,) and almost every z € Ly,

This implies that w is cohomologous to a cocycle v : I' x K/M — A satisfying v(g,x) = d(g), for
all g € I'(my,) and almost every = € L,,, M /M.

We are now in position to apply an argument from the proof of [Iol1lb, Theorem B|. Let I' ~
(X, 1) be an ergodic profinite p.m.p. action, IV < T" a finite index subgroup, X’ C X a I-ergodic
component, v : I' X X — A a cocycle and 0 : IY — A a homomorphism such that v(g,z) = d(g),
for all g € TV and almost every 2z € X’. Then parts 5 and 6 from the proof of [Io11b, Theorem B]
show that there exists a finite T-invariant measurable partition {4;}{_, of X such that the map
v(g,-) : A; — Ais constant, for all g € T'and 1 < ¢ < L.

Since I'(my,,) < Ly, is a dense subgroup, L,, M/M C K/M is an ergodic component of the
left translation action of I'(m,,). The previous paragraph thus implies the existence of a finite
[-invariant measurable partition {4;}¢_; of X = K/M such that the map v(g,-) : A; — A is
constant, for all g € I" and 1 < i < £. Moreover, [Iol1lb, Lemma 1.4] implies that we can find a
positive integer n such that A; is of the form 7, 1(Y), for some subset Y C X,,, for every 1 < i < /.
This means that v factors through the map idr x r;,, which finishes the proof. |

Proof of Theorem 4.1. We will deduce this result from [GMOO08] by following closely the proce-
dure from [Lu94, Section 6.3]. Denote by P the set of all primes. Let H = SLa(R) x (H;),673 SL2(Qp)),
where H;GP SL2(Qp) = {(zp) € [l)ep SL2(Qp) | zp € SLa(Zy) for all but finitely many primes p}
denotes the restricted product of SLy(Q,), p € P. Note that H coincides with SLa(A), where A is
the Adele ring of Q. Consider the diagonal embedding of A = SLy(Q) into H. Then A < H is a
lattice. Consider the left translation action H ~ (H/A, ua), where pp is the unique H-invariant

Borel probability measure on H/A, and denote by p the associated Koopman unitary representation
of H on L3(H/A).

Let m be a positive integer with no prime factors from S. Write m = pﬁl ...pZ’“, where p1,...,pr € P\S
and ti,...,t;, > 1. For every p € P\ S, we define an open subgroup K, < SL2(Z,) as follows. If
P& {p1,...pr}, let K, = SLa(Zy). Ifp = p;, for 1 <i < k, let K, = ker(SLa(Z,) — SLa(Z,/psZy)).
Then K,, := Hpep\s K, is an open compact subgroup of H;ep\s SL2(Qp).

We claim that GK,,A = H. By the Strong Approximation Theorem (see, e.g., [LS03]) the diagonal

embedding of A into H;aeP SL2(Qp) is dense. This implies that SLa(R)A is dense in H. Since GK,,
is an open subgroup of H which contains SLa(R), it follows that GK,,A = (GK,,)(SL2(R)A) = H.
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Since G and K,, commute, the subspace L3(H/A)%m C L3(H/A) of p(K,,)-invariant vectors is
p(G)-invariant. On the other hand, LZ(H/A)Xm can be identified with L3(K,,\H/A) Since we
have H = GK,, A, the G-space K,,\H/A is isomorphic to the G-space G/(G N K;,A). Now, it is
easy to see that G N K,,A = I'(m). By combining these facts, it follows that m,,, the Koopman
representation of G on L§(G/T(m)), is isomorphic to the restriction of pj¢ to L3(H/A)Em.

In conclusion, 7, is isomorphic to a subrepresentation of pg, for every positive integer m having no
prime factors from S. Thus, 7 is isomorphic to a subrepresentation of ®9°pj¢. Now, by [GMOOS,
Theorem 1.11] there is some s < oo such that the positive definite function H 5 g — (p(9)¢,n) € C
belongs to L(H), for all £,n belonging to a dense subspace of L3(H/A). Hence, if N > s/2 is an
integer, then p®V is contained is a multiple of the left regular representation of H. In combination
with the above, we conclude that 7®% is contained is a multiple of the left regular representation
of G. Hence, the restriction of 7 to any non-amenable subgroup of G has spectral gap. Since Gy
and Go are non-amenable, this implies the conclusion. |

Proof of Corollary C. Let I' ~ (X,u) be a free ergodic profinite p.m.p. action of I' =
SL(Z[S™Y). As is well known, T' is measure equivalent to a direct product of |S| non-abelian
free groups (see, e.g., [DHI19, Remark 1.2] and the references therein). By [PV14, Theorem 1.3]
we get that T' is Cartan rigid. Thus, if A ~ (Y,v) is any free ergodic p.m.p. action such that
L®(X) xI'= L>®(Y) x A, then the actions I' ~ (X, u) and A ~ (Y, v) are orbit equivalent. The
conclusion of Corollary C now follows from Corollary B through standard arguments (see the proofs
of [Io11b, Theorem A] and [GITD19, Corollary C]). [ |
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