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A SMALL-GAIN ANALYSIS OF SINGLE TIMESCALE ACTOR
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Abstract. We consider a version of actor-critic which uses proportional step-sizes and only one
critic update with a single sample from the stationary distribution per actor step. We provide an
analysis of this method using the small-gain theorem. Specifically, we prove that this method can be
used to find a stationary point, and that the resulting sample complexity improves the state of the
art for actor-critic methods to O (,u’2e’2) to find an e-approximate stationary point where p is the
condition number associated with the critic.
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1. Introduction. Since their introduction decades ago in [3], actor-critic meth-
ods have emerged as a popular approach to variety of reinforcement learning problems.
Actor-only methods, such as policy gradient, seek to optimize a policy from a given
class using noisy samples of the gradient. Estimating the gradient of a policy, how-
ever, is challenging because it requires knowing the true Q-values corresponding to
the policy. While policy gradient methods usually estimate these using sample path
rollout(s), actor-critic method adds a second parallel iteration designed to estimate
the Q-values. It is sometimes asserted that, for a number of problems, actor-critic
methods can outperform policy gradient due to the potentially high variance in sample
path rollouts.

Possibly because of this, variants on actor-critic have achieved state-of-the-art
performance on a number of benchmarks. For example, [19] performs a comparison of
several popular RL methods on a variety Atari games, finding that in the human-start
regime an actor-critic variant comes first.

Most previous theoretical analyses of actor critic were based on two variations
on the same idea. The first variation is to slow down the actor by giving the actor
a step-size that decays slower than the critic (e.g., [16, 17]). With this strategy, we
can use a perturbed version of the analysis of Temporal Difference (TD) methods to
argue that the critic always has a good approximation of the correct Q-values. With
such step-sizes, actor-critic can then be thought of as a gradient method with error.

An alternative approach is to do many critic steps per actor step. This can ensure
that the actor always has good approximations of the correct Q-values coming from
the critic, and, once again, this allows an analysis of actor-critic as a gradient method
with error. It should be emphasized, however, that this method can outperform vanilla
policy gradient methods because the variance from this procedure can be much better
than than the variance from trajectory rollouts (a point made in [32]).

However, it is not clear that actor-critic really needs either of these approaches,
and indeed they are often not used in practice. Either approach is inconvenient, since
both involve artificially slowing down the actor, and this results in slower convergence
rates.

Indeed, as we explain more formally later in the paper, actor-critic is an attempt

*Department of Electrical and Computer Engineering and Division of System Engineering, Boston
University, (alexols@bu.edu, https://sites.bu.edu/aolshevsky).

TDepartment of Electrical and Computer Engineering, University of California at Los Angeles,
(gharesifard@ucla.edu, https://gharesifard.github.io).

1


http://arxiv.org/abs/2203.02591v4
mailto:alexols@bu.edu
https://sites.bu.edu/aolshevsky
mailto:gharesifard@ucla.edu
https://gharesifard.github.io

2 A. OLSHEVSKY AND B. GHARESIFARD

to perform approximate iterations of stochastic gradient descent (SGD) on a non-
convex objective. The choice of step-size is crucial here. For non-convex SGD, a
simple argument shows that a step-size of 1/T" multiplying the gradient at each step
translates into a convergence rate of max(1/7% 1/T1%) [1]. Informally speaking,
the first term of the maximum comes from analyzing the expected progress towards
the optimal solution at each step, while the second comes from the variance of each
update. The best choice is u = 1/2 which trades off the best between these and clearly
any other choice of u € [0, 1] results in a worse scaling of the maximum above. In
actor-critic the same tradeoff reappears: slowing down the actor relative to the best
T~1/2 step-size decay to make it possible for the critic to “catch up” results in a worse
decay with T'.

The underlying technical challenge in getting rid of these approaches is that,
without two timescales or having the critic take many steps per actor step, one cannot
immediately argue that the actor has access to approximately correct QQ-values from
the critic. As a result, it becomes much more challenging to connect actor-critic to
perturbed gradient descent. Our work seeks to address this by showing how a version
of the small gain theorem can be used to give an analysis of actor-critic without either
of the above approaches.

1.1. Literature Review. Because actor-critic methods are so widely used in
reinforcement learning, recent years have seen several efforts to analyze their conver-
gence. The most natural metric is the sample complexity, i.e., the number of samples
needed to achieve a certain objective. In this case, the sample complexities are typi-
cally given in terms of finding a stationary point, i.e., one where the gradient squared
of the actor is at most €, or the running averages of the squared norms of gradients is
at most e. When the critic uses a linear approximation that cannot perfectly describe
the actor’s Q-values, the results below will give sample complexities until an approxi-
mate sttionary point, where the quality of the approximation depends on the accuracy
that the critic is able to attain. We will use O(-) notation below, and this will be
understood to hide logarithmic factors. Moreover, v denotes the discount factor of
the problem (to be formally defined later).

We begin by discussing the closely related works [31, 26, 18, 32]. All four of these
papers gave a convergence analysis of actor-critic methods along with an associated
sample complexities. The paper [31] studied a “two time scale” version where the
actor and critic update using step-sizes that decay at different rates, attaining an
O(e72%) sample complexity. The paper [26] gave a non-asymptotic analysis of an
approximate version of actor-critic where an additional source of error proportional
to O(1 — ~) was introduced in the final outcome. The algorithm also followed the
two-timescale approach. This work also attained O(e~2®) sample complexity. The
paper [18] considers several versions of actor-critic methods. While a sample complex-
ity of O(e?) is obtained for one version of actor-critic, this was improved to O(e~2-%)
for an accelerated variation. These sample complexities required many critic steps
per actor step.

More recently, [33] was the first paper to attain a sample complexity O(e2).
The algorithm used many critic steps per actor step. To explain the meaning of this
result, note first that O(e~2) is the rate one would obtain from gradient descent on a
nonconvex function with noisy gradient evaluations. Thus if we did infinitely many
critic steps per actor step, and then performed a standard Stochastic Gradient Descent
(SGD) analysis, we would immediately obtain an O(e~2) rate. The work [33] attains
the same decay rate with e, but with finitely many critic steps per actor step. We
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note that the interpretation of some of the results in [33] was questioned in [15] (see
Appendix C of that paper), but the critiques do not seem to apply to the actor-critic
sample complexity we are discussing here.

While writing this paper, we found the work [8] which is very closely related to
the present paper: [8] gives an analysis of single timescale actor-critic with O(e~?)
sample complexity. As far as we are aware, [33] and [8] are the only two papers to
attain an O(e=2) sample complexity for actor-critic; for these papers, we will thus
also describe scaling with the condition number of the critic, to be formally defined
in the main body of the paper, and which we denote by p. In terms of both € and g
(and treating the remaining variables as constants), the scaling in [33] is O (M_3€_2)-
The scaling in [8] is a little worse at O (™% 2).

Other related work considered algorithms building on the actor-critic framework.
For example, the paper [14] considered a two-time scale version of the “natural”
actor-critic method, where additional entropy regularizations are added to the update.
Applied to a linearized version of the actor-critic objective, this gave an O(e~*) sample
complexity until that linearized objective is within € of its optimal value. The paper [2]
considers a variation on actor critic by introducing a target update, with the result
being three different time scales for updates. The final sample complexity is O(e~3). A
similar sample complexity was given in the off-policy setting in [15]. We also mention
[24], which gave an iteration complexity analysis of actor-critic assuming the critic
computes an approximation to the correct values per each actor step.

For policy gradient methods, a sample complexity of O(e~2) is known; see e.g.,
[34] for a modern analysis, and see also [32] for speedup. If more structure about
the problem is known and one considers an exact version, one can sometimes obtain
a better rate; for example, [12] gives a geometric rate for an exact version of policy
gradient when applied to a Linear-Quadratic Regulator (LQR) problem. Likewise,
information about about the structure of the optimal policy in general was shown to
be useful in [25].

1.2. Our contribution. Our contribution is to use the small-gain theorem to
analyze a single timescale actor critic method, i.e., a method which uses proportional
step-sizes and a single critic step per actor step. We show that this method works in
the same sense that all the previous methods work: it finds a stationary point when
the critic’s approximation is perfect, and an approximate stationary point otherwise.
We obtain a sample complexity of O (= 2e~2).

This compares favorably to the previous literature. One point of comparison is
the now-classic work [7] also gave a single timescale method; however, that method
only converged to a neighborhood of a stationary solution even when the critic’s
approximation is perfect. As mentioned above, the only other analysis we know
of single-timescale actor critic is from [8], which gives a worse sample complexity
of O (M_4€_2)- The main difference appears to be that where [8] use an explicit
Lyapunov analysis, we instead rely on a small-gain analysis, which allows us to improve
by a quadratic factor in p~!. The key step in our approach is a nonlinear version of
the small gain theorem which handles the complex dependencies between the actor-
to-critic and critic-to-actor gains.

2. Backround: Markov Decision Processes and Actor-Critic. We con-
sider a Markov Decision Process (MDP) with a finite number of states and actions.
When action a is taken in state s, we will denote the probability that the next state
i8S Snext DY P(Snext|s,a), with ¢(s,a) being the expected cost. A policy is defined as
a mapping from the set of states to the set of actions. Defining ¢; to be the random
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variable representing the cost suffered at step ¢, our goal is to find a policy minimizing
the infinite-horizon objective E [>°;°,~'c], where v € (0,1) is the discount factor.

We will assume that we have parametrized the set of policies by 6 with 7y (a|s)
being the probability of choosing action a in state s. We define the matrix Py to be
the probability transition matrix among state-action pairs when actions are chosen
according to mg. We define the value of a state s as J; (s) = Eg s [ o 7 ci], where the
subscripts indicate that the starting state is s and the policy followed is 7. Similarly,
we define the Q-value as Q}(s,a) = Egsq [ 1007 ct], where the subscripts indicate
that one starts by taking action a in state s and follows the policy 7y thereafter. We
fix the initial distribution to some 7 and consider the expectation

(2.1) Vel = n(s)J5(s),

which is the expectation of the objective starting from distribution 7.

We will use pze(s) to denote the probability that the state is s at time ¢ if policy
my is followed after initializing the state from distribution 1. The quantity p?,e will
refer to the vector that stacks up p},(s) over all states s. Since n will be fixed
throughout this paper, we will usually omit it and simply write pro(s), and likewise,
we will simply write Vjy to represent the left-hand side of Eq. (2.1).

The policy gradient theorem [28] allows us to efficiently differentiate Vjp:

(22) Vo= Y Apals) Y molals)Qi(s, @) logmo(als).

s,t=0,1,... a

This identity allows us to efficiently apply a stochastic version of gradient descent as
follows. We generate a random triple (¢, s;, a;) with probability (1—v)v'pse(s:)ma (asls:)]
and update as

d
(2.3) 011 = 0 — B:Qp, (st Gt)@ log 7y, (a¢|s¢),

for an appropriately chosen step-size 5;. In the sequel, we will use vy to refer to the
probability distribution over pairs (s, a;) induced by this sampling procedure.

The update of Eq. (2.3) requires knowledge of the true Q-values. A policy gra-
dient method will accomplish this with a trajectory rollout procedure. Specifically,
a trajectory will be generated starting at state (s¢, a;) and the Q-value estimated by
computing the empirical reward Y, v*¢; on that trajectory. In practice, one typically
attempts to save on sample complexity by generating just one trajectory and applying
Eq. (2.3) to each state-action pair while generating the empirical Q-value estimate by
looking at the sub-trajectory beginning at s¢, a.

By contrast, an actor-critic method will run a second update intended to produce
estimates of the true @-values. Since the number of state-action pairs (s,a) is, in
general, quite large, one typically attempts to find an approximation of the true Q-
values. We will assume that the critic will try to approximate the quantity Q(s,a)
linearly as

QE(S, a) ~ Zwi¢i(57 a)v

where each ¢;(-, ) can be thought of as extracting a feature from a state-action pair.
We can write this compactly as

Qy(s,a) = ¢(s,0)"w,
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where the vector ¢(s, a) stacks up all the ¢;(s, a), and likewise w stacks up the weights
w;. Moreover, by stacking up these vectors ¢;(s,a) as rows into a matrix ®, this can
be written as

Qp ~ dw.

Here @} is a vector with as many entries as the number of state action pairs.

It is usually assumed that the best weights w are unknown while a method to
compute the features is available. To compute good weights, the critic will perform
a TD(0) update by generating the state-action pair s}, a;}, then generating the next
state and action sy, a} by following the MDP and the policy 7y and suffering a cost
of ¢ in the process, and finally performing the update:

(2.4) Wip1 = Wi + oy (cg +yé(s), al )T wi — (s}, a;)th) o(s},a),

for some appropriately chosen step-size ay. It is important that s, a} are sampled from
the stationary distribution corresponding to policy my; otherwise, the TD(0) update
above may diverge even for fixed §. When s},a; are sampled from the stationary
distribution, we will denote by ug the corresponding distribution over the four-tuple
(st a, st af).

In this paper, we will analyze an algorithm along these lines which we call single-
sample actor critic. Its pseudocode is given in the algorithm box below. Note that it
replicates Eq. (2.3) and Eq. (2.4) except that, in the actor’s update of Eq. (2.3) now
uses approximation ¢(s, a;)Tw; instead of the true Q-value.

We also add a projection onto the set € to the critic update, which we take to be
a compact convex set. Below, we discuss how to choose this set to be large enough
so that it does not affect what the method is converging to. This is a standard tweak
in actor-critic methods: it is a simple way to ensure a-priori that the iterates remain
bounded. For example, the earlier papers [31, 14, 26, 11] all add a projection, while [2]
explicitly assume that the iterates remain bounded (which we can do as well without
affecting any of the results in this work).

Algorithm 2.1 Single sample actor critic

Initialize at arbitrary 6y, wq. for t =1,2,...

Generate a pair (s¢,a¢) from vy and four-tuple (s}, a}, sy, ay) from pg (independently
from each other and from all past samples) and update as

(25) 9t+1 = 915 — ﬁt ((b(St, at)th) % 10g 7T9(6Lt|5t)

(2.6) wir1 = Po [wt + oy (CQ +9(s), af ) we — p(s}, ag)th) (st @m

We remark that we call our method “single sample actor critic” because it only
uses a single sample to update the actor and a single sample to update the critic
at each step. However, note that the samples here are not samples from the MDP
directly: rather, we need to sample from the stationary distribution for the critic, and
from the distribution vy for the actor. Multiple samples from the MDP will be needed
to generate these single samples.

Specifically, this can be done by having the critic generate a sufficiently long
path from the MDP for mixing to occur and throw away all the samples except the
last one. Likewise, the actor can generate a geometric random variable with density
proportional to 4%, sample from it, and generate path from the MDP with length
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equal to the sample thus generated. As a consequence, in order to translate any
sample complexity obtained for this procedure into a sample complexity in terms of
MDP samples, one needs multiply by (1—+)~! plus an upper bound on the the mixing
time of the policies.

3. Assumptions. To analyze single-sample actor critic, we will need to make
a number of assumptions. The assumptions we will make are quite standard in the
literature, and will generally assume that a quantity encountered through the course of
the algorithm is bounded. Our first assumption will assume that the costs encountered
throughout the algorithm do not blow up. This assumption helps ensure that various
quantities appearing throughout the execution of the actor-critic method are naturally
bounded.

AssuMPTION 1 (Bounded Costs). There exists some finite Cynax such that the
costs ¢; belong to [—Cmax, Ciax] with probability one.

Next, recall that the critic will generate samples from the stationary distribution
from each policy. We need to ensure that the stationary distribution exists, and
additionally, the convergence to it needs to be uniform over all 8, as in the following
assumption.

ASSUMPTION 2 (Uniform Mixing). Let p.g be the distribution over state-action
pairs after t transitions of following policy wg. There is a distribution pg and constants

C and X € [0,1) such that
lpt.0 — polli < CA.

Note again the uniformity in the right-hand side above in that C' and A do not de-
pend on 6. Next, we will also need some regularity assumption on the parametrization
of the policy. It goes without saying that optimization of smooth functions is easier
than optimization of non-smooth functions and the following assumption ensures that
various quantities appearing throughout the execution of actor-critic are smooth.

ASSUMPTION 3 (Smoothness of policy parametrization). The function mp(als) is
a thrice continuously differentiable function of 8 for all state-action pairs s,a. Fur-
ther, there exist constants K, K', K" such that for all 6;,s,a we have

IVologmo(als)|| < K, [[Vomg(als)|| < K', [|[V*mg(als)|| < K.

Next, observe that if the columns of the matrix ® are linearly dependent, then we
have some redundancy in the features: we can delete some features without altering
the subspace that can be represented as a linear combination of feature vectors. It
is of course helpful to assume the features are not redundant. If the features were
redundant, then the critic might have multiple optimal solutions when approximating
the value function corresponding to a policy, which complicates the analysis. Addi-
tionally, it is also convenient to normalize the features so that all the feature vectors
@(s,a) have at most norm one.

AssuMPTION 4 (Nonredundancy and norm of features). The matriz ® is nonsin-
gular and each of its rows has at most unit norm.

Next, it is natural that the final accuracy of actor-critic depends on how well the
critic is able to approximate the true @-functions encountered in the course of the
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algorithms as linear combinations of features. For example, if the featurs are “bad”
in that they fail to accurately approximate the ()-values associated with the actor
policies, clearly actor-critic will perform poorly. To that end, we have an assumption
that provides a measure of this.

ASSUMPTION 5 (Approximability of the true Q-values by the critic). Define wg
to be the limit of temporal difference update of Eq. (2.4) when the policy is fixed to wp
and the projection is removed'. Then for some § > 0,

sup Es,awue |QZ(57 CL) - ¢(Sa a)Tw0| S 6
6

In words, § determins how well the true @Q-values are approximated by TD learning
on the average. If the linear approximation always perfectly describes the true Q-
values, then § = 0. As we will see, § will appear in our convergence results below, as
in the appropriate sense getting a final error in actor-critic that is too small compared
to & is not possible.

Before making our next assumption, we need to introduce some new notation.
Observe that it is possible to write (2.6) as

(31) Wi41 = PQ ((I + OétAt)wt — Oétbt)) .
Indeed, inspecting (2.6), we have that

(3.2) Ar = 0(s;,ap) (19 (st af) — d(sy,a)) T, by = —c6(sy, ay)

Further, let us define Ag = E[A:] and by = E[b;]. We emphasize the dependence
on 6 here because the expectation is being taken by generating the tuple s}, a}, sy, a)
from pg. Since these samples are being generated i.i.d., there is no dependence on t.
With this notation, our next assumption is as follows.

AssuMPTION 6 (Exploration). There exists a pn € (0,1) such that

sup sup x! Agx < K < 0.
6 llell=1 2

The assumption is labeled as “exploration” because it holds if the policies 7y explore
all state-action pairs, as explained in Section 3.1 below. It is also a standard assump-
tion: it is made in [31, 26, 24], and is closely related to assumptions which are made
in [18, 2].

Finally, we need to make sure our compact set € is large enough so that projection
onto it does not introduce spurious minima.

ASSUMPTION 7 (Projection Set). The set Q is a compact convez set which con-
tains all of the vectors we in its interior.

The compactness of this set allows us to ensure that the critic iterates do not grow
unbounded. The further assumption that wy is there to make sure that the quality of
critic approximation is unaffected by the projection.

Remark 3.1. With one exception, there are no dependency relationships between
the assumptions we make. In particular, it is possible for any subset of them to

IThat this limit exists was proven under Assumptions 1, 2, and 4 in [29].
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be satisfied or unsatisfied. The only exception to this is that Assumption 7 cannot
even be stated without Assumption 2. Indeed, the matrix Ay is defined by random
sampling from the distribution py (defined immediately after Eq. (2.4)), which is
built from the stationary distribution of the policy mp; Assumption 2 says that this
stationary distribution is well-defined.

3.1. The Exploration Assumption. We now discuss the form of Assumption
6: specifically, we explain why we need to have a set of policies that have some
exploration, and why that implies that Assumption 6 must hold.

Indeed, suppose that a particular action a in state s has a large negative cost, so
much so that the best policy must always take it. Any sample-based method needs
to select that action at least once before it can incorporate this knowledge. However,
glancing at Eq. (2.5) we see this can fail to happen. Indeed, it may be that mg(als) =0
for a set of 6; then (s, a) will never appear in Eq. (2.5) and the update might always
stay within the set of § where mg(als) = 0.

One way to overcome this is to require that the policies in question have a pos-
itive probability of choosing every state action pair. For a finite-state MDP, this
immediately implies Assumption 6, as the proposition below explains.

PROPOSITION 3.2. Suppose Assumption 2 and Assumption 4 hold, and suppose
further there exists some pmin > 0 such that

inf 7p(als) > pmin-
0,s,a

Then Assumption 6 holds.

Proof. We will rely on the main result of [20], which interprets the mean TD(0)
direction as a “gradient splitting” of an appropriately defined function and uses this
to derive the following identity:

(3.3) (w = wp) " Ag(w — wp) = —(1 = Y| @(w — wp)[[5 — Y/1®(w — wo)[[Ds

where, adopting the notation pg(s) for the stationary probability of state s under the
policy 7y,

lelp = > po(s)mo(als)a(s, a)®
el = D pols)molals)P(s']s,a)me(d']s) (x(s,a) — 2(s',a'))?

’ ’
s,a,s’,a

Note that while the main result of [20] was shown for TD(0), the proof applies im-
mediately to TD(0) on the state action pairs. Now the assumptions clearly imply a
uniform bound over all § on how small pg(s)mg(als) can be, which along with (3.3)
yield the result. a

The parameter ;4 may be thought of as the condition number associated with
the critic. Indeed, glancing at Eq. (3.3) we see that the left-hand side measures the
inner product between the w — wy, the offset from the TD limit, and the TD direction
A(w — wg). The definition of y bounds this as being below —(11/2)||w — wg||>. Thus u
tells us how well the TD direction of the critic aligns with the vector pointing from w
to the final limit. It is thus not surprising that existing analysis of temporal difference
learning under the optimally decaying step-size 1/t have factors of y~! in the final
bounds (e.g., [5, 27, 9]).
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4. Our Main Result. We will use the short hand
Ay =w — we,

to denote the difference between the critic iterate at time ¢ and the ultimate limit of
the critic update corresponding to the policy mg,. Further, it will be convenient to
adopt the shorthand

Ve =VV(6).

Since the function V' (6) is not assumed to be convex, our goal is to argue that actor-
critic finds a point such that V; ~ 0. A standard performance measure for this in
non-convex optimization is the running average of the gradients, and it is typically
argued that this is close to zero. Below, we find it convenient to make a slight
modification, taking the average over the last half of the iterations.

THEOREM 4.1. Suppose Assumptions 1 — 7 hold. We can choose oy = 1/+/t and
B¢ = ¢/\/t, where ¢ > 0 is an appropriate constant chosen depending on the problem
parameters such that the sequence of iterates produced by the Single Sample Actor

Critic satisfies
-1
O+ “—)
(7

O (62+“—\/£)

where all quantities except O, u,t are treated as constants in the O(-)-notation.

1 t—1
% Z Vil

k=t/2
t—1

1
73 2 ol
k=t/2

In particular, if the critic can approximate the Q-values exactly, i.e., 6 = 0, we
have that the running average of the last half of the gradient norms squared approaches
zero.  Moreover, this running average is below e after O (u~2¢72) iterations. As
discussed earlier, this sample complexity compares favorably to the scalings with pu
and e obtained in the previous literature.

Finally, if a specific point with gradient squared upper bounded by ¢ is sought,
a simple trick is to take ¢t large enough so that the right-hand side of Theorem 4.1 is
below €, and then take a uniformly random iterate from the last ¢/2 iterates. Then,
in expectation the squared norm of the resulting gradient will be at most e.

Remark 4.2. In practice, step-sizes in actor-critic are almost always taken to be
small and fixed on both the actor and the critic. In particular, as afar as we are
aware, practitioners never choose a step-size on the actor that decays faster to zero
than the step-size of the critic. A reader wishing to read about the details of a modern,
state-of-the-art implementation of actor-critic methods can refer to [19].

4.1. Key ideas in the proof of Theorem 4.1. We will proceed by applying
a version of the small gain theorem to the quantities of the left-hand side of Theorem
4.1, i.e., to the averages of || V|| and ||Ag||?. In the “easy” direction, it is clear that
if the error on the critic side is small (i.e., if the ||Ag||s are small), then the error on
the actor side is small too; this follows via standard “SGD with errors” type analysis
(indeed, we can view the actor as performing SGD with the error coming from the
critic approximation). In the more difficult direction, one needs to argue that if the
actor is approximately close to stationarity, i.e., the Vi are small, then the errors of
the critic Ag will also be small. If separate bounds conforming to this intuition can
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be established, one can attempt to put them together into an unconditional bound
on both actor and critic using a small-gain type analysis.

Let us explain the challenges in deriving a bound on the critic error A; in terms
of the actor stationarity V. If the actor simply followed gradient descent on the
objective V(0), then it would be fairly straightforward that small actor gradients
imply small critic errors; this would follow since small gradients Vi means the actor
moves little in expectation from step to step, so that the critic is approximately
doing temporal difference steps. Thus one could simply apply a standard analysis of
temporal difference learning with some added perturbations.

Unfortunately, because the actor relies on the critic for its estimates of the Q-
values from which it builds its estimate of the gradient direction, it is possible for the
actor to be close to stationarity (i.e., Vi small) and yet move quite far from step to
step (i.e., Og+1 — Ok large). This dependency is what makes it challenging to argue
that if the actor is close to stationarity, the critic errors are small. Ultimately, this is
what results in a nonlinear relationship between the gains involved and forces us to
use a nonlinear small gain theorem for the analysis. We remark that our proof does
not rely on the ODE method [6, 10].

5. Proof of our main result. We now begin a proof of our main result. Our
first step is to reformulate the actor-critic update in terms of a coupled gradient-liked
updates which has more of an optimization flavor. However, we first need to introduce
some convenient notation. From this point on, we assume Assumptions 1 — 7 hold.

5.1. Notation. For convenience, we will introduce the notation

Qé’ (Sv CL) = ¢(Sv G,)Tw‘g,

where recall that wy was introduced in the statement of Assumption 5. Informally,

Qo(s,a) will denote the “ultimate TD approximation” of the true Q-value Q}(s,a):

it is what we would get if we fixed 6 and let the critic take infinitely many steps.
Moreover, we will use

Qt(sv CL) = d)(sv Q)th'

Informally, Q¢(s,a) the estimate of the true @ value Q} (s, a) which is obtained by the
critic after t steps of the actor-critic method. We stack these up into the vector @
which has as many entries as the number of state-action pairs. Formally, Q; = ®ws;.

5.2. Reformulating Actor-Critic. We now give a re-formulation of the un-
derlying problem in terms of two coupled gradient-like updates. We note that this
section is not particularly new and such reformulations are common in all previous
analysis of actor-critic.

We begin by rewriting Eq. (2.6) as

w1 = Po [wt —ay (%(Ht,wt) + wc(t))} .

Here w(t) is a random variable with zero expectation conditional on the entire past
trajectory; and V(6;,w;) is the expected TD direction. More formally, we have that

V(0:,wi) = —Ag,we + be,,

where the quantities Ay, by were defined earlier after Eq. (3.2).
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Note that, since wg is defined to be the limiting point of temporal diference
learning (which exists due to the results of [29]), and is assumed to lie in the interior
of the set €2, we have that

(5.1) V(0,wg) = 0.
An immediate consequence of this is that

V(O,w)(w—wp) = (—Agw+bp)" (w—wp)
= (—Agw+bp) T (w — wp) — (—Agwy + bp) T (w — we)

By 2
e — woll?

Y

where we used Eq. (5.1) while the last inequality used Assumption 6.
We next turn to the actor update. It is immediate that we can rewrite Eq. (2.5)
as

d
Or41 = 01 + s Z Y16, (5) ; 7o, (als)Q¢(s, a)@ log g, (als) + wa(t) | ,

s,k=0,...

where w, (t) has zero expectation conditional on the entire past trajectory. Moreover,
by the independent sampling by the actor and the critic, we have that conditional on
the past trajectory, w,(t) and wc(t) are independent.

Let us further abstract this somewhat by defining

90.Q) = Y Aeols) Y w(als)Q(s, ) logmo(als)
s,t=0,... a

In terms of this notation, the policy gradient theorem can be reformulated as simply
VV(6) = §(0,Q5). Further, we can rewrite the actor update as

Orr1 = 0r — Bi (9(0¢, Pwy) + wa(t)) .

We summarize this discussion as the following proposition.

PROPOSITION 5.1 (Reformulation of actor-critic). The single-sample actor-critic
update can be written as

(5.2) Orp1 = 0p — B (9(0r, Pwi) + wal(t))
wepr = Po (wt -y (6(9&%) + wc(t))),
where if Fy is the o-field generated by wa(0),. .., wa(t — 1),wc(0),...,w.(t — 1), then
Elwa ()| Fi] = Elwe(t)|F] = 0,

and further that w,(t), w.(t) are conditionally independent given Fi. Moreover, for
all 0,w,

(5.3) vVv(e) = 9(6.Qp)
(5.4) VW) (w=wi) > Ellw—will,

for some strictly positive .
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We next introduce one more piece of notation. We will find it convenient to define
(5.5) 9(0,w) = §(0, dw),
so that the actor-update can be written simply as

Or11 = 01 — Br (g(0r, wi) + wa(t)) .

Finally, we remark that by definition
. " d
g(0,we) — g(0,Qp5) = kapk,e ZW@(G|S) (¢(s,a)"wy — Qo) 70 log g (als)
k a

and consequently we can use Assumption 5 to obtain that

lg(B,wa) —3(0,Q)I1 < Y V*pro > molals) |d(s,a)"ws — Qo+ | K
k a

K . K
—E(s,a)~y9|¢(8, a)TWt‘) - Qp(s,a)] < :5

(5.6) —

IN

With all these observations in place, we next turn to the analysis of the dynamics
of Proposition 5.1. We have structured this analysis in the following manner:
1. Section 5.3 contains technical results on regularity of the underlying functions,
updates, and parameters
2. Section 5.4 contains our convergence rate analysis and is divided to three
parts:
e Section 5.4.1 focuses on the critic update;
e Section 5.4.2 focuses on the actor update;
e Section 5.4.3 includes the construction of the nonlinear small-gain theo-
rem that, combining our previous findings, yields our main proof.

5.3. First part of the proof: properties of the underlying functions,
updates, and gradients. To analyze gradient descent one typically needs some
assumptions on the underlying functions. These tend to involve continuity of various
gradients and updates, boundedness and finite variance of noise, and so forth. As
we have discussed in the previous section, actor-critic consists of two gradient-like
updates; we will thus need to establish similar properties. We will do that in this
section, and the main part of the proof itself, which will use these properties, will
begin in the following section.

We first show that the the mean direction of the critic update (before projection)
is Lipschitz. Formally, we have the following.

LEMMA 5.2 (Lipschitz-ness of critic update). There exists a constant Ly < oo
such that for all 6, w.,wa,

IV (8, w1) = V(0,w2)|| < Ly|lwr — wa|

Proof. Indeed, by definition of 6(9, w), we have that

1V (0, w1) — V(0, ws)|| || Agwy + bg — Agws — by
|1 Ao]| - l|wr — wa]

= ||Elé(s,a)e(s'.a')" — ¢(s,a)d(s,a)"]|| - [|wr — wall.

IN
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Now because we assumed in Assumption 4 that each ¢(s, a) satisfies ||¢(s, a)|| < 1,

we have that
‘ |E[’7¢(Sv a)(b(slv aI)T — ¢(s,a)d(s, a)T] H <2

Thus we can take Ly = 2. 0

Next, at some point we will want to use the fact that none of the actor or critic
updates ever leaves some compact set; while a proof can be done without this assertion,
it certainly simplifies some of the arguments. To that end, our next two lemmas
demonstrate that, by construction, the noises we(t), w,(t) have compact support.

This turns out to be an immediate consequence of the projection of the critic update
onto the compact set €.

LEMMA 5.3 (Bounded support for critic noise). The support of the random vector
we(t) belongs to some compact set.

Proof. By definition of wc(t), we have that
we(t) = —(Ar— E[A])wr + (b — E[be])
So
lwell3 < 20|40 = ELAIP[lwel [ + 2[[be — Elbe]|?
<2020 AP+ 2/ BIAI)|wel[* + 2(21[be]* + 2[| E[be] %)

Recall, however, that all costs are in [—Ciax, Cmax] and that [|¢(s,a)|] < 1 for all
state-action pairs (s,a). We can plug this into Eq. (3.2) to obtain

[lwe(B)]3 < 32]|wel|* + 8CF

max
But since w; € 2, and 2 is a compact set, we obtain that w.(¢t) indeed has compact
support. a

LEMMA 5.4 (Bounded support for actor noise). The support of the random vector
wy(t) belongs to a compact set.

Proof. Indeed, w,(t) is defined as the difference between the sum on the right-
hand side of Eq. (2.2) and a single term of it chosen at random so that its expectation
is the entire sum. Inspecting Eq. (2.2), it follows that because w; lies in the compact
set 2 and, by Assumption 3, || logmg(als)|| < K for all 6, s,a, we have that w,(t)
is the difference of two quantities each of which has norm at most

K

T 1@l sup [lw]].
- weR

Thus its support is bounded. a

Since we have shown that the vectors w,(t), w.(t) have bounded support, we now
introduce the notation

E(llwa®)ll3 | o] <03, Ellwc®Il3 | ] < o2

By the above lemmas, we have that 0, < 0o and 0. < co. We will also define og,
through

VElwallf | 7 < o2

Again, this is well-defined as w,(t) has compact support.
Next, we need to establish that the mean of the critic update is Lipschitz. This is
done in the following lemma. We remind the reader that g(¢,w) is defined in Eq. (5.5).
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LEMMA 5.5 (Lipschitz-ness of actor update). For all 0, w1, wa, we have that
lg(,w1) — g(0,w2)[| < Lg|lwr — well,

for some Ly < 00.

Proof. Indeed,
d
9(0,w1) — g(0,w2) = S go: V'pro(s) ; o (s, a)p(s,a)" (w1 — wz) =75 log Mg (als)

However, a convex combination of a collection of vectors has norm upper bounded by
the largest of the norms of these vectors, so that

K
(0, w1) — g(6,w2)]| < :H‘I’H lwr — wal|
The following is a technical lemma which will be useful for us.
LEMMA 5.6. Fix two vectors u and v and suppose
g9 = uT (I —yPy) 1o

Then ||Vogs|| < Lgq, for some Ly < 0o that does not depend on 6.
Proof. Using the well-known formula for derivative of the matrix inverse (see [30,
Eq. (14.46)]),

Iq9 .
00;

(5.7) ul' (I —yPy)™* { } (I —~Pp)

796,
We next argue that the 2-norm of each term in the product on the right-hand side
can be bounded independently of 0. Indeed, ||(I — 7Py)z||lc = (1 — ¥)||Z||0o, as
[|(I —~Py)~!|oo is uniformly bounded over 6 (and so is the 2-norm). As for the term
in brackets, we have that by Assumption 3 the quantities ||y (als)|| are bounded
independently of 8, implying any norm one takes of the term in brackets is bounded

independently of 6 as well. a

Next, to derive any kind of guarantee on minimizing V', we need to make some
assumptions on this function. We already know it is smooth from the policy gradient
theorem, provided that Assumption 3 holds. It is standard to have a bound asserting
that its gradient cannot change too quickly.

PROPOSITION 5.7 (Smooth objective). There exists some Ly < oo such that the
function Vy has Ly -Lipschitz gradient.

This follows from Theorem 3 of [23].

We next begin a sequence of lemmas and propositions whose ultimate goal is to
show that the quantity wy (the ultimate limit of the TD update when 6 is fixed) is a
twice differentiable function of # with a uniform upper bound on its Hessian.

As a first step towards that, we will need to obtain upper bounds on the deriva-
tives of the matrix Ap (or rather, on the derivative of its inverse). Recall that matrix is
obtained by sampling states s;, ay, s}, af from the distributed pg (see Algorithm 2.1).
Our first proposition shows this distribution changes in a Lipschitz manner as a func-
tion of . We translate this into a bound on the derivatives of the entries of the matrix
Ag.
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LEMMA 5.8 (Uniform boundedness of derivatives and Hessians of Ag). There exist
constants L'y, L'y, L}, Ly not depending on 6 such that, for all k,1,

9[Aolij | v | Olbeli
aek = HA = HA 69k

00,6,

/
<L

) ‘32%9]1‘;‘

/ & [bG]i
= Lips aekel

Proof. Let us use the notation pg(s,a) for the stationary distribution of state s
and action a when following policy mp. We have that

[Aolij = D pols’,a)P(s"]s' a)mo(a”|s")(s',a') (5", a") = Bl ) .

s’,a’,s",a"

There are only two terms in this sum depending on 6. It is thus immediate that the
theorem follows if we can bound the absolute values of the quantities

Omg(als) 0?mg(als)
90; 7 00,00y

Dpalals) Ppo(als)
po(s, a), 90, ' 00,00,

mo(als),

independently of 6, for all i, j, k.

Of course, both mg(als) and pg(a|s) are upper bounded by one. Now for the de-
rivatives and second derivatives of 7y, boundedness follows by Assumption 3. Finally,
for the stationary distribution pg, boundedness of all the quantities above follows from
[13], specifically from the discussion in the beginning of Section 4 of that paper, when
put together with the earlier Remark 6 in the same paper.

Note that here we need to use both our assumptions the uniform upper bound
on the first two derivatives of mg(als) in Assumption 3 as well as the uniform mixing
condition of Assumption 2, since both of these are used by [13] in their arguments.

The proof of the upper bound on the derivatives and second derivatives of the
entries of by is similar. a

We next establish a uniform bound on the how big A;l can get.
LEMMA 5.9 (Uniform boundedness of A,").
sgpllAalll <p .

Proof. We prove a more general claim: If )\max%(A + AT) < —X <0, then
|[A7!] < A7'. By assumption, we have that 127(A + AT)z < —A, for any unit
vector z € R™. This implies that 27y < —\, where y = Az and z is of unit norm.
On the other hand, since ||z|| = 1, we have that —1 < % Using the fact that
—azTy > )\, we conclude that [|y|| > ); since A > 0, we have that 27 AATz > A2, for
any unit vector z. In particular,

)\min(AAT) = min 2T AATz > A2,
llz |70, |z [|=1

Since Amax((AAT)™1) = Apin(AAT) 71, we conclude that

IATH = 4/ Amax((AAT) 1) <

>| =
O
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Next, we state as a lemma the fact that the limit point of TD is Lipschitz. This
fact is well-known, and is an immediate consequence of the standard upper bound

<[JA@®) 12 HM

(58) HM <

20,

p p

for the norm of a matrix inverse (see [30, Eq. (14.46)]). For a concrete reference, the
next lemma is Proposition 4.4 of [31].

LEMMA 5.10 (Lipschitz continuity of the TD fixed point). There is a constant
L., such that
[lwe, — we,|| < Ly||01 — 62|

It turns out we will need a more than this; specifically, we need to argue that the
second of the TD limit is independent of #. This is done in the following lemma.

LEMMA 5.11 (Bounded curvature of the TD fixed point). There is some quantity
i independent of 6 such that

SUP Amax (V2we (i) < Ai.
0

Proof. We differentiate twice the equation wg = Ay Lby to get

D?wg(i) 02[A(0) ]k
90,00, 96,00,

OUAO) i Ix0) | ALAO) ik O0x(0) 4 001y P20x(0)

by (6 9%bi(6)
WO+ =5 an, 26, 00, 920,

%
We need to upper bound the right-hand side independently of 6. Here we can apply

Lemma 5.9 and Lemma 5.8 and Eq. (5.8). We see that the only term not covered
2 -1
by these three sources is %: all the other terms have already been bounded
J
independently of 6.
We now turn to analyzing that term. Taking A(,A;l = I, differentiating twice

and rearranging we obtain:

PA’ ( PAg o 0Ag0A;" | OAy 8A9‘1)
ad

80,00, " ° \80,00, % ' 980, 86, ' 06, 00;
The norms of all the terms on the right-hand side are bounded independently of 6 as
a consequence of Lemmas 5.9 and Lemma 5.8 and Eq. (5.8), and thus we are done.

For convenience, we define

(5.9) A= > A

5.4. Second part of the proof: small-gain analysis. We now turn to the
main body of the proof itself. Having established that various quantities appearing in
our updates are Lipschitz and/or bounded, we will now consider how the critic and
actor errors relate to each other. As before, our first step is to introduce (yet more)
notation.

We will find it convenient to define

0172 = 0t — Brg(Or, wi),
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so that 0;,1 s2isa deterministic function of 6;,w;. The next actor iterate 6441 is then
obtained from 6;,,,5 by adding noise:

(5.10) 0141 = Or11/2 — Brwa(?).

Let us observe a couple of consequence of these equations. First, we can apply
Lemma 5.10 have that

(511) ||w0t+1/2 _w9t||2 < LZ”ot-i-l/? _9t||2 :Liﬂ3||g(0tth)||2
Similarly, using Lemma 5.10 we have that

(5.12) Ellwe,,, 1?7 < BL{|l01 — Orerpell® < LGP0

Wi

5.4.1. Analysis of the Critic Update. With the above notation and pre-
liminaries in place, we now turn to the proof itself. Our first step is to obtain a
performance error bound on the critic. Of course, this cannot be done in isolation
of what happens in the actor. The final bound we will derive in this subsection will
bound the critic’s performance in terms of the closeness to stationary of the actor.

Our first step is to argue that, without noise, a small enough step starting from
wy and moving in the direction of V (6, w;) reduces the distance to wy,, which, recall,
is the ultimate limit of the TD(0) iteration were 6; to be left fixed. This is stated
formally, along with an estimate of the size of the reduction, in the following lemma.

LEMMA 5.12 (Contractivity of the TD part of the update). If a; < u/(2L%),
then

l|we — wo, — eV (B, we)|| < (1 — /4[| A-

Proof. Indeed,

l|we — wo, — ¢V (G, wr)||? l|lwe — wo, |12 = 20V (8, we) T (we — we,) + 2|V (B, we)|?

< we —we,|I5 — 20%%”% — wa, |13 + a7 [V (61, w1) — V(61,w0,)||”
< (1= oup+ LEad)||we — we,|?
< (1= app/2)||lwi — w, ||3-

where the first step is just expansion of the quadratic; the second step uses Eq. (5.1)
and Eq. (5.4); the third step uses Lemma 5.2; and the final step uses the inequality
ap < p/(2L%) to get that L& a? < ayu/2. Taking square roots of both sides completes
the proof. a

Recursion relation for the critic. With this lemma in place, let us attempt to
derive a recursion relation that can be used to argue that w; tracks wy,, i.e., let us
prove an upper bound on the difference between these two quantities.

Indeed, because

Wip1 —we,, = Po (wt — at%(&g,wt) — atwc(t)) — W,

by the non-expansiveness of projection as well by Assumption 7 (which states that
wp € Q for all §), we have that

wit1 — wo, iy |? < lwe — eV (01, wi) — agwe(t) — wo, ., ||
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We will then rewrite this as

’ 2

o = worll? = || (e = wo, = @iV (01, we) = awe(®) + @0,y = woira) + (wo, = wor, )
We now take the (conditional) squared expectation of both sides to obtain
B lors1 = w1 1 7] = B [|for i, = 0¥ 0ran) — e[ 1 7]
B {H(“"tﬂm SO R CORTEANS ‘2 | ff}

T -
+FE {<w9t+1/2 —we,,, T wo, — w9t+1/2) (wt —wg, — V¢ — atwc(t)) |]:ti|l

where, recall, F; was defined in Proposition 5.1; informally, it is the history of the
process up to time t. We then upper bound this as

E [llwet —wo |l | F)* = (1= cwps/4)||wr — we, ||* + afo?
+2L2 BP0k + 2L B g(0s, we)| |5

T ~
+FE |:(w9t+1/2 - W9t+1) (wt —wo, — atV (0t wt) — Oétwc(t)) | ft]
T ~
+E [(w@t - ngm) (Wt —wp, — V(0 we) — atwc(t)) | ft}

where in the first line we used Lemma 5.12, as well as that, conditional on F, w.(t)
has zero mean; and in the second line, we used Eq. (5.11) and Eq. (5.12) as well as
the inequality (a + b)? < 2a? + 2b°.

We next turn our attention to the fourth line of the above equation. Using
Cauchy-Schwarz, Eq. (5.11), and the conditional zero-mean of w(t), we obtain

E[[lwerr —wo, oIl | F]* < (1= aep/4)||we — wo,||” + o7 o
+2L2 R0k + 2L B |g(0s, we)| |5
T -
+E [(W0t+1/2 — W0t+1) (wt —wo, — V(0 we) — atwc(t)) | .7-',5]
+BiLullg(Or,wi)l| |lwe — wa, — 0V (0, wr)]]-

Finally, if a; is small enough to satisfy the conditions of Lemma 5.12, we can
modify the last line of this equation as

2
E[|lwesr —wo, o || | Fe]” < (1 — cup/4)|Jwr — we, ||” + ajo?
1212 202 + 212 B2|g (s, wi)|I3

T ~
t [<w9t+1/2 - wef“) (wt — wo, = eV (Be,wn) = atwc(t)) | ]:t]
(5.13) +BiLuwllg(Or,wi)l| [|Ad|

Next, we need to obtain an estimate of the size of the inner product in the third
line. This is done in our next lemma.

LEMMA 5.13. Suppose ay < p/(2L%). Then

T = A
B (@010 = wos)" (w0 —wo, —aiV(0rw) | Fi| < 2503014

Proof. Let us define I; to be the left-hand side of the above equation. Consider
the quantity we(7), i.e., the ¢’th entry of the vector wy. Recall that by Lemma 5.11,
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this is a twice continuously differentiable function of § with an available upper bound
of A\; on the norm of the Hessian at any 6.
We can thus use a second order expansion to write

W01 (1) = W0,y (1) + Vg, 0 () (Brwa(t)) + %ﬂfwa(t)TVQwe; (1)wa (),

where the gradient and Hessian are taking with respect to 6 and 6} is some point on
the line segment connecting 0,1/, and ¢;1;. Consequently,

I, = E[Z (Bti@Hl /z(i)Twa(t)—B?wa(t)T%V2w9£(i)wa(t)>

(wt(s,a) — wy, (8,a) — atV(Ht,wt)( )) | .7-',5] ,

where note that we are abusing notation somewhat, as the 6’ is actually different in
each term of the sum.

Since Efw,(t)|F:] = 0 and all the quantities w,(t) multiplies above are determin-
istic conditional on F;, we obtain that

=B E

3 <—wa(t)T%V2w9£ (i)wa(t)) (we() = wo, (i) = ¥ (0, w0) (0)) | J—'t] :

We apply Cauchy-Schwarz and concavity of square root to obtain

2 ~
I < B?\j E |:Z (wa(t)T%V%}e; (i)wa(t)) | J-'t:| \/Z(wt(z) — wp, (1) — atV (0, wt)(7))?

i

By Lemma 5.11, we have that w,(t)V?we (i)wa(t) < Aillwa(t)|]?, and plugging
this in above and using Lemma 5.12 completes the proof. ad

Having obtained this lemma, we can now go back to Eq. (5.13) and use it to
bound the third line. This argument leads to the following lemma, whose punchline is
that an average of the quantities ||A¢||? satisfies an upper bound which we will later
show to be quite small.

LEMMA 5.14 (Bound on the critic error). Suppose that oy € (0,1), 8¢ are non-
increasing sequences satisfying ayp < cay and Bijp < cgB for all t and for some
constants cq,cg. Suppose further that for all t > T/2 we have that 24cgfiL., <1 and
ar < p/(2L%) and

357 8 2L, 4 1
(5.14) 6122122 cpbr 2Ly | cobri, wlg < =
ar [ ar p ar [ 2
Then
1 16 2 2 8 o
T/2 Z E[llAd)? < a_,LL_THWT/Z Wor 5| +caar o
t=T/2
1212 BPT8 2 2 BPTB g
ar ,LL ar
A B2a2%, (\/2) + ¢ Lo 1
+8 5810w (M\/2) 80T Z E||A]|?
arp T/Qt T/2

CBﬂTSLw 1
+ E||V
mﬁ% I7lP?
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Proof. As mentioned above, our first step is to plug Lemma 5.13 into Eq. (5.13).
We thus obtain:
2
E[[lwesr —wonll | o)™ = (1= aep/4)llwe — we,||? + afo?
+2L2 Bias + 2L 67 |9 (6r, w2
A

+ﬁf§U§f||At||

(5.15) +BeLwllg (O, we)l| || Acl].

We next bound the norm ||g(6;,w¢)|| which appears twice in the above equation.
Indeed, we have that

llg(0r,we)ll = [lg(0r, wa,) + 902, we) — g(Or, wo, )|
< lg(r, we, )| + Lgllw — we, ||
= 19(0:, Q3,) + 9(Or,we,) — §(01, Q5 )| + Lgl[ Al
< Vel 40+ Lol|Adl|

Here the first line simply adds and subtracts the same quantity; the second line uses
Lemma 5.5; the third line adds and subtracts the same quantity; the fourth line uses

Eq. (5.6) and we define
K

§=-—-0.
-y
Finally, the last line simply uses our notation V; = VV (6;).
Next, using the inequality (a + b)? < 3(a? + b? + ¢?) we thus have
g (B, we)|[* < 3||Vel[? + 382 + 3LZI|A]|*.
Plugging this into Eq. (5.15), we obtain

2
E[[lwerr —woll | F]™ = (1= aep/Dlw — we,[|* + afo?
+2L2 B 05 + 6L B |IVe|[® + 6LE B70% + 6 L2 BLY || A
A
B N
+BtL ([[Vell 46 + Lyl Ae]]) [[ Al
(5.16)
Using the inequality ab < (1/2)(a?+b?), taking expectations, and combining both
terms containing ||A;||, we obtain
2
E|lwetr —wo,nl]” = (1= awp/DE [[lwe — wa,|[*] + afo?
+2L% 6705 + 6LELLE [||Ve|[*] +6L%576% + 6L% 7 LIE [[|Ad]]
A _
+ (98503 + miLd) ELIA
E[||AdP] + E[IIVel?]

2

Our next step is to sum this up over t = T/2,...,T — 1. To do this without
excessive calculation we will use the following rough bound. Observe that if we have
the recursion relation

(5.17) +B,Le, + BiLuLyE [||Ad]?]

Y1 < (1= Qe + e
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for some ¢ € (0,1), then we have the rough bound

b b
Zyt < %—FZ%
t=a t=a

Let us apply this to Eq. (5.17) with { = aru/4. We can do this because the sequence
oy is assumed to be in (0,1) and nonincreasing and oy < 1 since ay < p/(2L%) by
assumption. Whenever the bound a;/ar appears, we can upper bound it by ¢4, and
likewise with S8;/87. Proceeding this way and applying Cauchy-Schwarz and Jensen
to the fourth line, we obtain

1 T4
Y Elllwr —well* < ——Ilwm wor s ||* + char o ot
ar W 2 1
t=T/2
c2B2 T4 262 8 =1 cAB2 T 4
+2L2 2L S 202 4 6L 2= N B[Vl + 6L R &
ar 2 VT2 ar 2u

C2 2 8 T-1
+6L2 ‘;iT =Ly > Bl|IAP

t=T/2

C/B/BTO'a/()\/2)+CﬁBTL 5\/— E Z ||At||2

aT

t=T/2
T—-1 T—-1
c 2L, c 2L
+ B0 2L S gy B0 2R SR a2
T t=T/2 ar t=T/2

4
L ~LyL. Z BllAd3

t=T/2

Let us observe that the coefficient of Zt —7/2 [|A¢||* on the right-hand side is

3B7 8 2L 4
55T_L2+CﬁﬂT w+CﬁﬂT dror, <

1
6L2 -
“ar p ! ar p ar p 2’ a

where the inequality is by assumption in Eq. (5.14). We thus have

1 4 T4
2> Bl -wnll® < = llwrys —wo,|P +darg =o?
t=T/2 TH K
2 52 2 52
_|_2L5JCB5TZ§02+6L3%5TZ£52
ar 2 ar 2 i
< T—1
+4C%5%U§/(A/2)+065TLw5m E Z [|A:|[2
aTp t=T/2
T-1
C ﬂT 4Lw
it S Ol 1
Ay

where we also combined two different terms that multiply Zt 72 Bl |V¢||? using

the assumption that 24cgfBrL,, < 1. Finally, dividing by T'/4 we obtain the statement
of the lemma.
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5.4.2. Analysis of the actor update. We have just given an analysis of the
performance of the critic, and that analysis had an error term corresponding to the
actor stationarity, i.e., to the quantities ||V||. We now give an analysis of the reverse,
i.e., a performance bound on the actor in terms of the critic error.

LEMMA 5.15 (Bound on the actor error). Suppose 3; < 1/(6Lv) for allt > T/2.
Then

= T-1
! 3 V(0r/2) — V(0r) 1 ~ 3

E|VilP <8 | —F—— L2 EllA.]]2 52 2 R
T/2 t=T/2 H tll n ( BTT +Cﬂ QT/2 tzzT/z H tII +C[3 +CBBT4 VO,

Proof. We will attempt to analyze the actor update as an inexact gradient descent.
Our first step is to upper bound the difference between the expected actor update
direction g(6s,w;) and the true gradient VV (0;) = (64, Q3,). To do this, we argue as

g (0r,we) = g(0r, Qa Il < (g0, wi) — g(0r, wa, )| + |lg(62, wo,) — 904, Qp, )|
< Lg||A¢] + 6,

where the bound on the first term comes from Lemma 5.5 while the bound on the
second term comes from Eq. (5.6) where, recall that § = (K/(1 —~))d. Consequently,
we can write the actor update as

(5.18) Orr1 = 0y — BiVV(01) — Brdy — Brwa(?),
where
(5.19) |ldel| < Lg|| Al + 9,

By Proposition 5.7, the function V() has L-Lipschitz gradient. By the “descent
lemma” (e.g., Theorem 4.22 in [4]) it satisfies

L
V(0e1) SV (6:) + VV(0:)" (41 — 0;) + 7V||9t+1 — 0.

Plugging this into Eq. (5.18), taking expectations, and using the inequality

k k

S lail? <k a2,

i=1 =1

we obtain
EV(0i41) < EV(t%)—(ﬁt/2)E|IVV(t%)IIQ+%Elldtll2
Lyj? 2 2 2
+3—+ (E[|VV(6,)|]> + E||di||* + o7)

Now as a consequence of our assumptions, we have that (3/2)Ly3? < /4 so that
we have

3
EV(0r41) < EV(0r) = (Be/OEIVV(O)I1* + B Elldu|[* + 5 Lv 7 o
Now Eq. (5.19) allows us to rewrite this as

< 3
EV(0:41) < EV(6:) — (B/4ElVil |3 + 28 LLE|| A * + 28,6% + gLvﬂfUS-
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We re-arrange this as
- 3
(B:/4)E|IVil|3 < EV(0;) — EV (0r41) + 28 LLE||A¢]]? + 28,6° + §LVBt20§'

Summing this over t =T/2,...,T — 1 we obtain

T-1 T-1 T-1 T-1

= 3
S DBV < BVOr) - BYOr) +213 Y ABIAIP £ 28 Y Bt slved S 67
t=T/2 t=T/2 t=T/2 t=T/2
Dividing by (81/4)(T/2) concludes the proof. O

5.4.3. A nonlinear small-gain theorem. We have just finished deriving two
relations, one analyzing how the actor error affects the critic error (Lemma 5.14), and
the other one analyzing how critic error affects actor error (Lemma 5.15). We now
need to put these two bounds together. This is done using the following nonlinear
version of the small gain theorem.

LEMMA 5.16 (Small-gain bound).  Suppose x1,za,... and zi1,z29,..., are se-
quences of vectors and || - ||r is a semi-norm on the first T element of a vector
sequence. If there exist nonnegative numbers a, b, c,d, e such that

(5.20) |zl < a+bVlzllr + cllz]lr,
(5.21) llzllr < d+ellz|lr
and 2ce < 1, then for all T,
2a + b% + 2cd
< —_
2l < 1—2ce

Note that this differs from the usual small-gain theorem due to the square root
in the first equation. This difference is what forces us to put an extra factor of two
into the gain bound. In words, what this lemma says is that the introduction of a
square root into one of the small gain bounds adds a term to the final bound which
is quadratic in the variable b multiplying the square root. The proof is given next.

Proof. Let us substitute ||x||7 = y? where y is also nonnegative. Then
y* < a+by+cllzllr

or
y? = by —(a+clzllr) <0

The set where a quadratic with a leading coefficient of 1 is nonpositive is always the
interval between its roots. This we can upper bound y by the largest root of this
quadratic:

y < b+ /b2 +4(a+ c||z||T).
2
Squaring both sides and using the inequality (u + v)? < 2(u? + v?),

2 o 20°+2(0" + 4(a + ]| 2]|r))
y° < )
4
and simplifying and using ||z||7 = y?, we obtain.

(5.22) ||z < 2a 4+ 2¢||2||r + b?.
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We now plug Eq. (5.21) into this to obtain that
lzllz < 2a+ 6%+ 2¢(d + ellz]|7),

so that
< 2a + b% + 2cd

||$||T— 1—206 D

We now use this nonlinear small-gain theorem we have derived to put together our
bounds on actor and critic. Specifically, we will simply combine Lemma 5.14 giving
us a performance bound on the critic with Lemma 5.15 on the actor. Inspecting these
two lemmas, we see that their form is exactly the form one needs to apply the small
gain theorem above.

Proof of Theorem /.1 (our main result). To apply the small gain theorem just
derived, we will plug in xt = At and y; = V4. Naturally, the semi-norm we have
derived will be ||u||r = T/2 Zt /2 u?. Inspecting Lemma 5.14 and Lemma 5.15, we
can pattern match the quantities a, b, ¢, d, e to the quantities from those equations,
and obtain

7 ETZ/ AN < o llorys = wop,all* + char2o?

C,B/B%E

ar W

2cﬁBT0a/()\/2) +2c3B87.L26°
g

_’_cﬁﬂ:r 16L., 16 <V(9T/2) = V(0r)

ar  p BrT

2 41212 52

c
42 BBT 16 o2
ar p

+2

(5.23)

+ 0552 + c%ﬂT§Lv0§>
4

O

For this to be a valid step, we need to make sure the gain condition of 1—2ec > 1/2

is satisfied. For that, we need to choose S = ¢’ aT for a small enough ¢’. Then the

small gain condition 2ec < 1/2 is equivalent to ¢/ < 5= L 402 Iz

We can now do the final step-size selection step. Flrst we can choose a; =
1/Vt and B; = ¢'/\/t, where ¢’ will be chosen to make this step-size satisfy all the
assumptions we have imposed throughout. Let us now recall what those are.

First, we have assumed oy < p/(2L%) and B; < 1/(6Lv) and 24cgfB:L, < 1.
However, these need to hold for ¢ > T/2. Thus any step-size choices «y, 3; which
decrease to zero will eventually satisfy these.

However, we have two equations that have imposed relationships between the step-
sizes ay and B these are ¢ < gf— 462 Iz and Eq. (5.14). Considering Eq. (5.14),

for large enough 7', the first term of that equation will be negligible compared to the
second and third, and so to satisfy it we need to choose ¢/ = O (max (ﬁ, #)) .
Blw 9¢p

We conclude there is a particular choice of ¢ depending on cg, i, L, L, L4 that makes
all of the step-size assumptions satisfied. Further, treating all variables except u as
constant, we have that ¢/ = O(u).

Let us next examine Eq. (5.23) to see what convergence rate we can obtain in that
scenario. We immediately see that every term except for the O(02) terms, which gets
multiplied by constant factors, decays like 1/+/T or faster (we use that ||wp /2= Woy |
is bounded independently of T', because these terms are in the compact set €2, and
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likewise ||Vp,.,, — Vo, || is bounded independently of T as the value of any policy lies
in Chax/(1 —7)). Thus the right-hand side of Eq. (5.23) is O(6% + u~'/V/T). We
then plug this into Lemma 5.15 to obtain the same bound for the average of the last
T /2 quantities ||V,]||2.

Remark 5.17. We briefly revisit the issue of time-scale separation in the context
of our proof above. Recall that, in the Introduction, we discussed how slowing down
the actor relative to the critic would result in worse convergence rate. Let us see how
this issue appears in the context of our small-gain proof.

Indeed, note that, immediately after Eq. (5.23), we choose a; and f; both to be
proportional to 1/v/f. To see why we make this choice, observe Eq. (5.23) contains
terms that scale as ar, (apT) ™!, which force the choice ap ~ 1/v/T to get the best
decay rate of T~'/2 that one can get from Eq. (5.23). Likewise, Lemma 5.15 contains
terms that scale as Bz, (B7T) !, forcing us to make a similar choice for 3; (fortunately,
this pair of choices results in all other terms of those bounds decaying at 7~'/2 or
faster).

Thus, consistent with our earlier discussion, we see that a two-timescale approach
which artificially slows down the actor by choosing a; to decay at an asymptotically
faster rate than §; would result in a worse final convergence rate because at least one
of the four terms ar, (arT) ™Y, Bz, (BrT)~" would decay slower than T—1/2,

Remark 5.18. It is usually possible to take a small gain argument and convert it
to an explicit Lyapunov function, and it is natural to wonder if one could do the same
here. Ideally, one would write down an explicit Lyapunov function V' which converges
to an approximate stationary point of actor-critic at a rate of p/ V't as in our main
result. We would conjecture that this is indeed possible. The main difficulties in
establishing this lie in the nonlinear nature of the small-gain theorem we use here and
the step-size-dependent discrete nature of the updates.

Remark 5.19. The small gain theorem is extremely widely used in control. The
core idea of it is applicable to other settings where convergence of interconnected of
dynamical systems is under consideration. Such couplings are naturally present in
the context of actor-critic.

The above application of small gain theorem is slightly unusual, since the “typical”
application in control requires a careful bound on the input-output gain of a dynamical
system, usually involving some kind of frequency analysis. Because the recursions here
are relatively simpler from the dynamical point of view, frequency analysis turns out
to be unnecessary, and we can attempt to directly bound the gains from critic-error
to actor-error and vice versa. The argument presented here is in the spirit of the
previous work of one of the authors in [22].

6. Conclusion. We showed how to analyze single timescale actor critic using a
nonlinear version of the small gain theorem, resulting in an improved sample com-
plexity of O (p~2¢72). Our work suggests a number of future directions.

First, we have assumed that the critic uses a linear approximation. Generalizing
these results to even some tractable classes of nonlinear approximations is likely to
be challenging. However, there are a number of theoretical results suggesting that
neural networks in the “large width” regime exhibit nonlinearities which are bounded
(in the sense of the gradient having a small Lipschitz constant; for a linear function,
the Lipschitz constant of the gradient is zero), and consequently may be analyzable
using the small-gain approach we have used here.
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Second, one may be able to improve the sample complexity still further. However,
we believe that such an improvement would most likely require a more complex algo-
rithm, perhaps using momentum and acceleration, and at the very least going beyond
the sort of classic actor-critic update we have studied. Moreover, because accelerated
methods are less robust to to errors, the analysis of such an accelerated scheme could
be challenging.

Third, there are a number of popular variations of actor critic, such a “natural
actor critic” obtained by adding regularization terms. In many applications, such
methods are known to significantly outperform actor critic. It may be possible to
modify our analysis to give a rigorous analysis of those variations. As discussed in
our literature review section, as of writing the best rate for natural actor critic is
O(e73).

Finally, it would be interesting to specialize these rates further to problems of
epidemic stabilization, where there is some structure in the underlying RL problem
that can be exploited to obtain faster rates, e.g., using the model from [21].
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