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We investigate the suitability of using GeV laser wakefield accelerated electron beams to measure strong,
B > 0.1 MT, magnetic fields. This method is explored as an alternative to proton deflectometry, which cannot
be used for quantitative measurement using conventional analysis techniques at these extreme field strengths.
Using such energetic electrons as a probe brings about several additional aspects for consideration, including
beam divergence, detectors, and radiation reaction, which are considered here. Quantum radiation reaction
on the probe is found to provide an additional measurement of the strength and length of fields, extending
the standard deflectometry measurement that can only measure the path integrated fields. An experimental
setup is proposed and measurement error is considered under near-term experimental conditions.

Currently there is an international push to develop
ultra-intense lasers (I, > 10%%> W/cm?)!® motivated
by the study of fundamental physics effects in ultra-
strong electromagnetic fields and potential applications
of high energy particle and photon sources generated
by these fields® 7. These lasers may also be used to
produce B > 0.1 MT (Giga-Gauss) strength magnetic
fields during solid target interactions®1''. Such fields
may allow for the study of magnetized processes ex-
pected in extreme astrophysical environments e.g., mag-
netic reconnection'?1* and shock formation'®. However,
it is currently unclear how such strong fields can be mea-
sured in the laboratory.

Several methods for diagnosing the spatial and tem-
poral dynamics of magnetic fields exist which can gener-
ally be placed into two categories: optical methods and
particle methods. Optical methods typically use a di-
agnostic laser to probe the plasma, and magnetic field
information is encoded into the polarization of the laser
through the Faraday effect'%17. Other experiments have
used plasma wave cutoff frequencies to estimate the range
of field strengths'®. These methods suffer from an in-
ability to probe plasmas with densities greater than the
critical density for the diagnostic laser and struggle to
probe plasmas produced from solid targets due to the
steep density gradients near the target surface. The crit-
ical density is given by, nerie = meeow% / €2, where wr,
is the frequency of the probing laser. Most experiments
will use a higher-order harmonic of the driving pulse to
probe the plasma such that it can probe further into the

a)Electronic mail: bkruss@umich.edu

dense plasma which would otherwise be inaccessible for
the fundamental. Even with higher-order harmonics, at
the standard wavelength of most high-power laser facili-
ties (~ 1 pum) the fields generated in laser-solid interac-
tions cannot be probed. Faraday rotation using x-rays
has been proposed as a solution, but requires a source of
well characterized x-rays co-located with a high-intensity
laser facility!?.

Particle methods have involved the use of protons or
electrons to probe the electric and magnetic fields in high
energy density (HED) plasmas. In typical HED exper-
iments, a secondary laser pulse accelerates a beam of
protons'® or electrons?® 24, Electrons accelerated by con-
ventional linear accelerators have also been demonstrated
as a probe?>26. As the beam passes through the plasma,
the particle trajectories are altered by the electric and
magnetic fields. Typically, the thickness of plasma and
fields traversed by the particles are small and the spatial
profile of the beam is not significantly modified at the exit
of the plamsa. It is only after propagating away from the
plasma that changes in particle transverse momen-tum
accumulated in the plasma manifest in a modulated beam
spatial profile. This modulated profile is measured by
stacks of film or scintillating screens. A recent par-ticle
method has also been proposed to measure strong
magnetic fields using the spin of electrons®” that interact
with the target magnetic fields, however it is unclear how
spin-polarization can be measured to the required accu-
racy. Additionally, this technique is only applicable to
measurements of fields near the laser focal spot, not to
get a global picture as would be needed in magnetized ex-
periments, e.g. laser-driven magnetic reconnection?8:29.

Many  experiments have relied on  proton
deflectometry3® to measure and identify HED electro-
magnetic phenomena such as laser-driven magnetic field
generation®! 34, Weibel-type filamentation and magnetic
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self-organization3®-36_ high power laser channeling®?, and
laboratory magnetic reconnection?®3341. One approach
for producing energetic protons involves using many
laser beams to implode a capsule containing D-He
fuel. Fusion of the fuel results in a quasi-monoenergetic,
quasi-isotropic source of 3 and 14.7 MeV protons. These
protons can then be captured on a piece of CR-39.
A second method for producing energetic protons is
through the the Target Normal Sheath Acceleration
(TNSA) mechanism where a high intensity laser pulse
interacts with a solid-target, accelerating a proton beam
to multi-MeV energies??> 7. The broad spectrum of ac-
celerated proton energies leads to a temporal dispersion
during transit from the source to the main interaction,
with higher energy protons arriving earlier than lower
energies. The Bragg peak behavior of ion stopping
means that each energy penetrates to a unique depth in
the detector. Therefore, a stack of radiochromic film can
capture a time series of images of the electromagnetic
field dynamics in a single shot!'948.

Images generated from proton deflectometry are often
used as a qualitative diagnostic. Features in the image
are compared to simulation or simple models and syn-
thetic proton images. However, quantitative measure-
ments of path integrated electric and magnetic fields can
be extracted from the relative deflections of protons in
the image*® 5!, One of the main assumptions made in
proton deflectometry analysis techniques is that the de-
flection angle due to fields is small compared to the initial
angular spread of the protons passing through the fields,
and the trajectories of deflected protons do not cross.
For the protons used in typical TNSA deflectometry, en-
ergies are on the order of 10 MeV. At these energies,
deflection angles in the 10 kT magnetic fields seen in rel-
ativistic laser-plasma interactions are too large to allow
for quantitative measurements of the magnetic fields us-
ing standard analysis methods.

Electrons accelerated by laser-wakefield acceleration
(LWFA) may be a solution to probing these fields and
even the more extreme 0.1 MT fields expected from next
generation lasers. The mechanisms for accelerating elec-
trons are significantly more efficient than those for ions.
This has allowed for electrons to reach energies of ~ 8
GeV®? compared to peak energies 100 — 150 MeV for
protons®®°4, Although, the acceleration of much higher
energy protons may be possible through novel accelera-
tion mechanisms®®. Even GeV electron beams which are
routinely produced will experience smaller deflection an-
gles than a 100 MeV proton, therefore they should be
able to measure stronger magnetic fields.

In this paper, we will evaluate LWFA electrons as a
potential probe for measuring strong magnetic fields. In
section IT we will review the equations used in the cur-
rent deflectometry analysis and describe the limits of this
technique. Section III will evaluate the major considera-
tions that must be made when using LWFA electrons in-
cluding divergence, detectors, and radiation reaction on
the probe beam which may be important to imaging with

GeV energy beams. Section IV will incorporate the ideas
of section III to propose a realistic experimental setup us-
ing LWFA electrons to probe the strong magnetic fields
produced during ultra-intense laser-solid interactions.

Il. REVIEW OF THEORY OF DEFLECTOMETRY
ANALYSIS

Charged particle deflectometry experiments generally
operate in a point-projection geometry. A schematic of
a typical experiment is shown in Fig. 1. A source of
particles, whether a broadband proton source acceler-
ated via the TNSA mechanism, a monoenergetic proton
source generated by D-He fusion or from a novel accel-
eration method®® 5%, or a laser-wakefield electron accel-
erator, is located a distance [ from the main interaction
at the object plane. The detector, often a stack of ra-
diochromic film (RCF), a piece of CR-39, or scintillating
screen (in the case of electrons), is positioned a distance
L behind the main interaction. In most experiments,
L > [ and [ > a, where a is the characteristic spatial
scale of the field structure being diagnosed. However,
recent experiments using LWFA electrons have operated
in the opposite limit L < [?3. This method was used
to measure the fields formed in laser-wakefield channels.
Such a geometry could be used for the measurement of
magnetic fields, however for extremely strong fields the
scintillating screen would need to be placed very close to
the object plane. In addition to the practical challenge
of placing a screen in such close proximity to a solid tar-
get, high intensity laser-solid interactions tend to produce
large fluxes of high energy ions and x-ray radiation which
would result in significant background signal. Moving the
detector further away can greatly improve the signal-to-
noise due to the beam-like nature of the LWFA electron
probe compared to large divergence emission from laser-
solid interactions. A potential solution to the detector
position problem has recently been demonstrated. The
detector can be placed further from the interaction by
using beam optics to relay image the electron beam, al-
lowing the L < [ limit to be maintained. However, this
solution adds significant complexity due to the addition of
beam optics?6:°?. Therefore, from this point on we will
only consider the L > [ geometry.

In the work by Kugland et al.*°, it was shown that for
a point source one can relate the intensity at a position
(z0,¥o) in the object plane to the intensity at a position
(z,y) in the image plane by calculating the transforma-
tion of each infinitesimally small area dxodyg to the cor-
responding area dxdy. We can find this transformation
by first noting that a particle which passes through the
point (zg,y0) will experience some deflections due to the
fields o, oy, and will have an initial angle xo/l, yo/!
if it starts from a point source. The equations for the
position in the image plane are then,

$:x0+?L+ava (1)



Ultrafast relativistic electron probing of extreme magnetic fields 3

E. & M. fields with
characteristic size a

p=oalla

FIG. 1: Schematic representation of a typical
point-projection proton radiography experiment.

3
3
: : 0
4000 6000 8000
() 01 3
= 2
=0.05 2
o 1
0

0 : : :
0 2000 4000 6000 8000

KE [MeV]

FIG. 2: Comparison of deflectometry nonlinearity
parameter p for (a) protons with I = 5 mm,
a = 100 pm, field thickness [p =1 pm (b) electrons
using this same geometry (c) electrons with [ = 5 cm.
Red curves show where p = 1.
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This can be viewed as a coordinate transformation, there-
fore we can write,

L dag day
dm _ 1 + T + awo L 8yo L de (3)
dy Zy L ’
0

o o dyo
where the determinant of the transformation matrix

y=yo+ 5L+ oayL. (2)

L
oas L I+7+3

|0(z,y)/(x0,yo)| is equal to the change in area due to
the coordinate transformation. The mapping between
the undisturbed proton beam distribution, Iy(zo, yo) and
the deflected distribution I(x,y) at the image plane is
then determined by,

o(z,y) | ’
d(x0,y0)

I(z,y) = Tolzo:%0) (4)

Assuming small deflections for a particle traveling with
a constant velocity v, in the Z direction the deflections
are related to the electric or magnetic fields in the plasma
by,

A o0 oo

y = Pe _ 4 / Bydz+ a 2/ E.,dz, (5)
2 YMUz J Ymv; J -
Ap, q / > q / *

= —=— B,d FE,dz. (6

ay D ymu, J_ o Z+ ,Ym,uz o Yy Z ( )

As « increases, the relationships between the image and
object coordinates become nonlinear, and for very large
«, particle trajectories can begin to cross and form strong
caustics in the image. In the caustic, the relationship
between I and I is no longer unique, significantly limit-
ing the quantitative field information that can extracted
from the images. The following dimensionless parameter
characterizes the nonlinearity of the mapping??,

w=alla. (7)

When p < 1, then the mapping is approximately linear
and caustics can form when p > 1.

The theory reviewed in this section was derived under
the assumption of a point source. However, real particle
sources have finite source sizes that will result in blur-ring
of the image. This complication was considered by
Kugland et al. through the following simple argument. A
source can be viewed as a superposition of multiple point
sources with varying magnitudes depending on the
particle distribution function. A source placed at a dis-
tance as from the original point source perpendicular to
the probing direction will generate an image displaced
from the original point source by a distance asL/l. If L >
I then the fields with a characteristic size a will generate
an image with size aL/l. The source must then have a
characteristic size as < a to resolve the fields. For TNSA
protons and LWFA electrons, source sizes are O(um)
while characteristic magnetic field sizes in laser-solid
interactions O(100 pm), therefore the fields can be
resolved by these particle sources.

11l. SOME MAJOR CONSIDERATIONS

As was noted in the introduction, even for current rel-
ativistic laser intensities, magnetic field strengths in solid
target interactions are too strong to be measured quanti-
tatively by protons. To show this, u has been plotted in
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Fig. 2(a) using a realistic proton probing geometry with
a source to object plane distance [ = 5 mm. The mag-
netic fields are taken to have a thickness [ = 1 pm and
a characteristic size of @ = 100 pym. A red line show-
ing © = 1 has been plotted to show where the imaging
nonlinearity becomes too large to perform quantitative
analysis. Even for the highest proton energies that might
be expected from TNSA on facilities like OMEGA EP,
perhaps 50 MeV, the maximum measurable strengths are
< 20 kT. Although protons experience smaller deflections
than electrons at the same energy due to their larger
mass, electrons can be accelerated to higher energies,
therefore in the same geometry much stronger fields can
be measured (Fig. 2(b)). Note the difference in the scal-
ing of the p = 1 line differs for the highly relativistic
electrons and the nonrelativistic protons. From Eqns.
(5) and (6), if the particle is highly relativistic, v, =~ ¢
then o< 1/4. The particle kinetic energy is approxi-
mately proportional to 7, therefore as the kinetic energy
increases, the path integrated field must increase propor-
tionally to keep u constant, giving a linear y = 1 curve.
This is not the case for protons where the y = 1 curve is
nonlinear due to the 1/v, scaling in « for these energies.

There are many differences in proton and electron
probing that are not captured in this simple compari-
son. In the following sections, some of the major ad-
ditional considerations of electrons probing will be dis-
cussed. Many of these considerations will be true even
for measuring weak fields, however there will be a em-
phasis on the measurement of strong fields.

A. Divergence Angle

The main issue with the comparison shown in Fig. 2 is
the characteristic beam divergence angle. TNSA proton
beams typically have large divergence angles of ~ 0.7 rad
full angle and protons generated from capsule implosions
move out in 47 steradians. Considering the character-
istic scale of the azimuthal fields generated in solid tar-
get laser interactions is O(100 um), the geometry used
in Fig. 2(a) is realistic to obtain a complete picture of
the fields. However, the divergence angle of electrons
from LWFA is much smaller O(mrad). Therefore, the
source-to-object-plane distance must be several centime-
ters to obtain a picture of the complete fields. As shown
in Fig. 2(c), this will greatly change p, and the maximum
field strength that can be measured is greatly reduced
and more comparable to protons.

A potential solution to this problem is to use beam
optics to strongly focus the beam millimeters before the
object plane to increase the divergence. However, focus-
ing a relativistic electron beam with an energy spread
using quadrupoles is challenging. A pair or triplet of
quadrupoles is required to symmetrically focus a beam,
however this only works for a narrow range of energies.
Particles with other energies will be focused to different
focal planes with different path lengths, causing blur-

ring in the deflected image. Even without this compli-
cation, with the current magnetic field gradients that
quadrupoles can provide (~ 500 T/m), it is possible that
focusing is not sufficient to increase the divergence of the
beam enough to allow for quantitative measurements of
the magnetic fields of interest in this work.

To investigate this, consider for simplicity a collimated
electron beam being focused by a single optical element.
For a quadrupole the beam will be focused along one axis
and defocused along the other. The transverse position
of a ray of a beam that propagates through the position
(z4,y;) at the entrance of the quadrupole will be focused
along one axis as®®,

Y(¥Yi, Lm) = v COS(\/ELm)a (8)
and defocused along the other as,
@(xi, L) = ; cosh(VELy,). (9)

Here, L,, is the length of the quadrupole that the beam
has propagated through, and

e OB
k= yme or’ (10)

defines the strength of the quadrupole for a particular
particle energy. Note that the focusing is periodic, while
the defocused position is unbounded. If the quadrupole is
too long, the beam will collide with the inner wall of the
quadrupole. This sets a maximum angle that a beam can
have after propagating through a particular quadrupole.
The exit angle of the beam in the two directions is given
by,

Y (Yir L) = —yiVksin (VELy,), (11)

&' (i, L) = 2V ksinh (VELy,). (12)

Setting x equal to ,,, the radius of the quadrupole aper-
ture, and solving for v/kL,, gives the maximum length
before the defocusing beam collides with the quadrupole
structure. Substituting this into Eqn. (12), results in:

o' (z;) = \/k(r2, — z2). (13)
The maximum angle from defocusing appears in the limit
of small z;, where 2’ ~ r,Vk. In the focusing (y-
direction) the maximum angle occurs when VkL,, =
7/2. This maximum angle is y;vk and occurs when
y = 0. Note that the maximum y; is the inner radius

of the quadrupole r,,, therefore the maximum z’ =

max
Yraw = T'm V'k. However these angles appear under differ-
ent conditions, specifically z; — 0 and y; = r,,. Taking
x; and y; to be the initial transverse extent of the beam
along the two axes, note that they cannot be controlled
independently and will be defined by the beam as it ex-

its the wakefield. Such a beam will likely have z; ~ y;,
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therefore a maximum angle in the focusing direction of
rmV'k cannot be achieved because the beam would imme-
diately collide with the quadrupole along the defocusing
axis. This angle can almost be obtained in the defocus-
ing direction, however it would greatly limit the angle in
the focusing direction.

Now consider how this angle can be used to determine
the maximum measurable magnetic field. First note that
w is a ratio of angles. The scattering angle « is compared
to the angle formed by a diverging beam that probes
a region of size a placed a distance [ from the beam
source. We can similarly write, 4 = «/2’. The mini-
mum 2’ required to achieve a p < 1 can then be solved
for. Assuming that the beam is relativistic, a & el8/ymc,
where B = [ fooo B dzg is the path integrated perpendic-
ular magnetic field. Substituting this into the p < 1
inequality gives,

B< rmq/w. (14)

Taking realistic parameters for a quadrupole of r,, =
2.5 mm, 0B/0r = 500 T/m, v = 1955 (1 GeV), then
B ~ 0.1 Tm. This is similar to the B > 0.1 Tm fields
expected from laser solid interactions (B > 0.1 MT,
Ip > 1 pm)!t. However, the focusing is again not sym-
metric, therefore this is only true for one of the axes.
A better optic for this problem may be a plasma lens
because it focuses symmetrically®'. While the field gra-
dients are stronger dB/dr =~ 3000 T/m, the smaller ac-
ceptance radius r,, = 0.125 mm limits the measurement
to even weaker 0.0125 Tm path integrated fields. Larger
and stronger plasma lenses will need to be produced be-
fore they become a viable solution to the divergence prob-
lem.

B. Detectors

The way protons deposit energy in materials is very
different from electrons, therefore the detectors that can
be used for protons do not work for electrons. One of the
main benefits of using protons is that due to their Bragg
peak they can be detected on stacks of radiochromic film
where each piece of film in the stack detects a small range
of proton energies. For TNSA proton beams where the
beam energy spread is large, due to time of flight dif-
ferences, a single stack of radiochromic film can obtain
a timeseries of data. Additionally, by only measuring a
small range of energies any effects due to having an en-
ergy spread are negligible. However, such a detector does
not exist for electrons as they do not have a Bragg peak.
In an experiment, electrons which will likely be detected
by LANEX52, a material that scintillates when electrons
are incident on it. For this type of detector all electron
signal will be integrated. Deflection angle in the object
plane varies with particle energy, therefore features will
be blurred due to the beam energy spread.

If the electrons have a Gaussian energy distribution
and propagate to the object plane from a point source,
electrons passing through the point zg in the object plane
will be deflected such that the maximum of the distribu-
tion is found in the image plane at the position:

Trmas = @ + Muxzg. (15)
Eq
Here B = [ By(z0)dzo, M = (L + L)/l is the magnifi-
cation and Ej is the mean energy of the distribution.

Given an energy spread o, for the distribution, the full-
width half-maximum (FWHM) of the beam in the image
plane will be:

_ eerp2V2In@)og (16)

A ener .
Tenergy B2 —21n(2)02

Similar to the Rayleigh resolution criterion we can note
that only features with sizes greater than Azcpergy in
the image plane will be resolved. Fig. 3 demonstrates
how this energy spread appears in the image plane. See
Appendix A for the derivation of these equations.

From Eqn. (16), if Fy, o, and the probing geometry
are known and A%epergy can be measured, then the path
integrated B-field can be calculated. If a beam with a
very narrow energy spread is used to probe a small region
of the object plane, then based on the spatial spread in
the image plane, the field at that point can be estimated.
The path integrated magnetic fields can similarly be cal-
culated using Eqn. (15) by measuring the position where
the peak of the distribution is deflected. This idea will
be revisited in section IV.

C. QED Considerations

As the high energy electrons of the probe beam are
deflected by the strong fields in the object plane they will
radiate. By emitting photons, the electron beam gives up
energy thereby shifting the mean energy of the beam and
causing the energy spread of the beam to increase. These

effects are given by the equations®?,

(dil?)mod l - _M’ "

c

do? N agch?® [ 55b 4 8 5

(%)~ (o -5m)  as)
where Eqn. (17) gives the change in average value of the
momentum and Eqn. (18) gives the change in the vari-
ance of a beam with 02 = (7?) — (v)2. Eqn. (18) is only
valid assuming the beam energy distribution is always
Gaussian, the energy spread is small 0 < (7) and n < 1.
P,; is the power classically emitted to synchrotron radi-
ation given by,

_ 20y
T3

Pcl mecg772a (19)



Ultrafast relativistic electron probing of extreme magnetic fields 6

o
)

normalized signal
<o
N

<
~
T

0.2r

X [mm]

FIG. 3: Spread in image plane of an electron beam
calculated from a particle tracking code assuming
deflections in a single plane (solid lines) and Eqn. (A4)
from Appendix A (dashed lines). The following
parameters were used: Fp =1 GeV,l=1cm, L =1 m,
B =0.01 Tm, og varied to generate a FWHM energy
spread as shown in the legend.

where ay is the fine structure constant, A. is the reduced
Compton wavelength, and 7 is the quantum efficiency
parameter defined as the ratio of the field strength in the
rest frame of the electron beam to the Schwinger field
E, = 1.32 x 10'® Vm~!. For a highly relativistic beam
where v > 1, n = vb = v|E, + v X B|/E,. The Gaunt
factor g(n) acts as a quantum correction to the classical
emission spectrum for n approaching unity and has been
fit to g(n) = [1 +4.8(1 + n)In(1 + 1.7n) + 2.44n?]~2/3.

Consider an electron beam with a Gaussian energy
spread propagating through a constant magnetic field
that is perpendicular to the propagation direction. We
can solve analytically for the decay in the average value
of the Lorentz factor v using Eqn. (17),

() ~ (hl0> + m) o (20)

3132
_ 2a4c B iy (21)
3AE?
where (7p) is the average initial Lorentz factor. Addition-
ally we have taken (p) ~ m.c(vy). Here we have assumed
n < 1so g =1, and additionally ¢ < (). This can be
rearranged to solve for the perpendicular magnetic field,

BAEZ (1 1
BL‘¢2@«ec2lB<<v> <70>>’ #2)

where g = ct is the length of the magnetic field assuming
highly relativistic electrons. Eqn. (20) can be substituted
into Eqn. (18) to give,

2
90

(70)*

where A = a;ctB355/24E3v/3X.. See Appendix B for
the derivation of this equation. We can note an interest-
ing result here. If the initial and final mean v and energy
spread can be measured then Eqn. (20) will give B lp
while Eqn. (23) will give B3 [p. Additionally, if the de-
flection of the beam is measured, the solution will give
B lp, therefore if at least two of the three measurements
can be made then B, and Ig can be found uniquely.

If n is not <« 1, then g # 1 and cannot be removed
from the integrals solved to get Eqns. (20) and (23). An
analytical solution can be found by Taylor expanding g,
however it is not simple to manipulate the solutions to
obtain B, . If necessary, the best option may be to nu-
merically solve Eqn. (17) and the version of Eqn. (18)
without the 7 <« 1 approximation (Eqn. (3.4) reported
by Ridgers et al.5% ).

The range of validity of the approximations used to
derive these analytical expressions can be found by com-
paring to simulated results. Fig. 4 shows a comparison
of the analytical model (Eqn. (20)) to simulated results.
The simulations were performed using the particle-in-cell
(PIC) code OSIRIS®4%5. In the code, a Monte Carlo al-
gorithm is coupled to the classical PIC loop to enable the
simulation of multi-photon Compton scatting and multi-
photon Breit-Wheeler pair creation under the local con-
stant field approximation (LCFA). The simulations start
with a collimated, 1 GeV mono-energetic electron beam.
The beam is then propagated through a 2D region of con-
stant magnetic field directed perpendicular to the elec-
tron motion. Simulations were performed for a range of
magnetic field strengths varying from 0.01 to 1 MT, and
the length of the constant field region from 0.01 to 10 pm.
This parameter space is motivated by the range of val-
ues we might expect based on simulations of laser-solid
interactions'!. The results from the PIC simulation are
taken to be the reference or “ground truth” value. Fig. 4
shows the relative difference of the mean energy loss be-
tween the PIC simulation results and the analytic model
(|<E>PIC - <E>analytic‘/<E>P1C) using Eqn (20)

For the parameter range shown here, the analytic
model well predicts the mean energy loss when the mag-
netic field strength is below 0.05 MT. The prediction as-
sumes 7) < 1, therefore it cannot give an accurate predic-
tion at large field strengths. The nonlinearity 1 ranges
from 0.0044 to 0.44 for the simulated values. Similar
results are found for the analytical expression for the
energy spread (Eqn. (23)). Additionally, note that the
LCFA used for the simulations will be invalid when the
magnetic fields are weak and short because the photon
formation length, lformation = Mec/eB will exceed the
length of the fields. This region has been blocked out

= (y)?

+ At, (23)
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in Fig. 4. A similar comparison was performed for the
numerical integration of Eqns. (17) and (18). A better
agreement with the PIC simulations in mean energy and
energy spread was found from these equations. How-
ever, when the magnetic field strength exceeds 0.5 MT
(n > 0.22), the numerical integration cannot precisely
predict the energy spread. This is because Eqn. (18)
assumes the shape of energy distribution to be approxi-
mately Gaussian. However, when quantum radiation re-
action is significant, the energy distribution deviates from
the Gaussian distribution.

Given the exact measurement of the initial and final en-
ergy and energy spread of the electron beam, Eqns. (22)
and (23) correspond to two lines of solutions for possi-
ble B, and lg. These lines only cross at a single point
giving a unique solution for these parameters. In Fig. 5,
Eqns. (17) and (18) were solved numerically to find the
mean energy and energy spread after passing through a
range of field strengths and lengths of field. The colormap
shows the energy spread op normalized to the average
energy of the beam (F). The beam is initially 1 GeV
and monoenergetic. The cyan line is a line of constant
final mean energy and the blue line is a line of constant
energy spread. The values for final mean energy and en-
ergy spread were chosen such that they would result in
a crossing point at 0.2 MT, 2 um. An OSIRIS simula-
tion was run to confirm that a 0.2 MT, 2 um constant
magnetic field would result in the expected mean energy
and energy spread and is plotted as a white star. The
calculated strength and length of field from Eqns. (22)
and (23) are plotted as a black star, which underesti-
mates the strength, and overestimates the length of the
field. This is due to the assumption of small 7 being
invalid for the simulated parameters. Although the an-
alytical equations do not precisely predict the crossing
point, they allow for an order-of-magnitude estimation
of the strength and length of fields.

For an experiment, similar analysis could be per-
formed, where all solutions that would result in the mea-
sured final mean energy and energy spread given a mea-
sured initial energy and energy spread could be solved for
numerically. However, experimental measurements have
errors. Error in the measurement of energy spread and
mean energy will result in the lines in Fig. 5 having finite
widths. These widths will result in a crescent-shaped re-
gion of overlap, i.e. error in the strength and length of
field. The aspect ratio (AB, /Alp) of this region of over-
lap will depend non-linearly on the position of overlap of
the lines. This effect is demonstrated in Fig. 6, in which
a 10% measurement error in mean energy loss and spread
is assumed. Taking the measured mean energy loss to be
51 MeV (A{y) = 100), the red, blue, and purple regions
show the possible values of B-field strength and length if
the energy spread is 10%, 8%, or 6% respectively. If the
lines cross at large B and small [g, then there will be a
much larger error in B than [p. If they cross at small B
and large [ g, there will be a much larger error in /g than
B. In section IV the way these errors may appear in an
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FIG. 4: Relative difference of the mean energy
prediction between the PIC simulations and simplified
analytic model. The orange region marks the parameter
space where the LCFA breaks down. The dark blue
region shows where the simplified analytic model breaks
down.

experiment using realistic detectors is discussed.

D. Front and back surface magnetic fields

The arguments we have made so far are valid for mag-
netic fields that are uni-directional. The magnetic fields
produced in high intensity laser interactions with thin
foils are indeed not uni-directional. Azimuthal fields form
on the front and back surface of the target with oppo-
site polarity. This has been shown in images formed by
proton deflectometry where the front and back surface
fields will focus and defocus the probing protons creating
multiple features in the deflected image3*. To solve for
the strength of the fields, the shape of the fields must be
assumed and the strength and length of the fields must
be scanned until these features are approximately repro-
duced.

If we consider a very small, narrow divergence electron
beam with a Gaussian energy spread probing a region of
the front surface fields it will be deflected and particles
of different energies will have different deflection angles
as described in section III B. Neglecting scattering in
the target, the electron will freely propagate, translating
the position of the electrons by Axzg(E) in the object
plane. At the rear surface of the target these electrons
will again be deflected, but in the opposite direction and
perhaps by a different amount depending on the ratio of
the front to back surface path integrated magnetic fields
that each electron experiences. This will result in an
overall reduction in the deflection angle of the particles
because the deflection angle depends on the sign of the
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fields. The position in the image plane is given by:

T = :coJr(? + ag, 5 (o, E)) (d+L)+ayp(xo+Axg, E)L,

(24)
where d is the thickness of the target, and the subscripts
f and b, refer to the front and back of the target. In the
thin target limit where d — 0, Azg — 0 and the equation
simplifies to:

T =x0+ ?L + (o, f (w0, B) + agp(z0, E))L.  (25)
Considering deflections only due to constant perpendicu-
lar (y-directed) magnetic fields, this simply results in an
additional term in the path integral of the magnetic field
B= ffooo Bydz = By ¢l s+ By plpp. From Eqn. (15), by
knowing the position of the maximum in the image plane
we can calculate the complete path integrated magnetic
fields that the electrons propagated through. The rear
surface fields will have the opposite sign of the front sur-
face fields, therefore x,,4, Will be smaller than expected
from the front surface fields alone. In addition to the
thin target approximation, here we have additionally ne-
glected radiation reaction which will cause particles to
have lower energies when interacting with the rear sur-
face fields thereby increasing the deflection by the rear
surface fields. This approximation is valid given that par-
ticles do not lose a significant amount of energy in the
front surface fields.

Now consider the effects of radiation reaction on the
beam as it propagates through the fields. Unlike the
deflection which depends on the sign of the fields, radi-
ation reaction only depends on the angle of the fields
with respect to the propagation direction of the elec-
trons through the quantum non-linearity parameter 7.
After passing through the front surface magnetic fields
the mean energy of the electron beam will change as de-
scribed by Eqn. (20). After passing through the back
surface fields the mean energy of the beam will be further
reduced, however this effect is non-linear. It is described
by:

1 -1
() ~ (m T gty + mb) , (26)

where k5 and k are the front and back surface x which
just differ by the strength of the magnetic field. The time
of propagation through the fields ¢; and ¢, can again be
taken as the length of the fields [p ¢ and g, divided by
the speed of light for highly relativistic beams. Similarly,
the energy spread after passing through front and back
surface fields can be obtained:

2
g,
o= <7>2\/<%0>4 + Agty + Apts, (27)

where (v) is from Eqn. (26).
The addition of the rear surface fields adds signifi-
cant complexity to finding the strength and length of the

fields. From the shift in mean energy of the beam alone
we can extract Bile,f + Bi,blB,b- With the energy
spread due to radiation reaction B‘j_,leyf + Bi)blBJ; can
be obtained. From the deflection in the thin target limit,
neglecting radiation effects, B ¢lp r + Bi By can be
calculated. From these measurements alone all parame-
ters (B ¢, B1 s, 1B ¢, I ) cannot be obtained, and addi-
tional equations must be found or assumptions must be
used to constrain the solutions. This statement is true for
the simplified equations we have derived here. However,
it is possible that additional information could be found
though equations with fewer approximations. For exam-
ple, by taking the target to be thin, the deflection angle
only depends on the path integrated field. However, if the
target is thick the beam position will shift between the
front and back surface fields. This shift will result in a
different deflected position depending on the order that
the fields are probed, i.e. front then back or back then
front. Probing from two directions may therefore provide
the additional information necessary to calculate the four
unknown values for the fields. It is also possible that a
method exists that could inhibit the generation of back
surface fields or to have the back surface fields be short-
lived such that the dominant fields being probe are the
front surface fields. Varying the front and rear surface pre-
plasma scale length may allow for such an ef-fect. In
general, the information from both energy loss and
deflection may help constrain measurement of the
magnetic fields.

IV. PROPOSED EXPERIMENTAL SETUP

In the previous sections we showed that electron prob-
ing cannot be performed in a similar way to how pro-
ton deflectometry is currently done, due to the small
divergence angle of the beams. Even for GeV beams,
obtaining a spatially resolved measurement of the (0(0.1
MT) magnetic fields using the standard deflectometry in-
version technique®® may not be possible. Instead, here
we propose an experimental setup to uniquely measure
the length and strength of the magnetic fields leveraging
quantum radiation reaction using the ideas discussed in
the previous section.

A. Description of setup

Fig. 7 shows the setup for the measurement of the
strong (> 0.1 MT) azimuthal magnetic fields generated by
an ultra-intense (I ~ 1023 W/cm?) laser interacting with a
few micron thick foil. As previously mentioned, this is an
important set of fields to consider because these fields may
be used in future studies of magnetized pro-cesses, e.g.
magnetic reconnection®®41:66. This setup be-gins with a
gas jet or gas cell into which a short (10’s of fs) laser pulse
is focused using a high f-number fo-cusing optic. The high
energy GeV beams necessary for
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FIG. 5: Illustration of how we can use the mean energy
and energy spread measurement of the electron beam
before and after it passes through a constant magnetic

field region to obtain the strength and the length of the
field. The cyan curve and the blue curve represent all

the potential magnetic field strength and length
combinations for a particular mean energy and the
energy spread. The crossing point of the two curves
coincides with the ground truth from the PIC
simulation, represented by a white star. The black star
is the prediction using the analytic Eqns. (22) and (23).

the methods outlined above have been demonstrated us-
ing LWFA from both target types, however novel targets
with guiding channels from a capillary discharge®? or an
axicon lens focused into a long gas jetS” may be imple-
mented to achieve even higher energies (5-10 GeV).

At the exit of the gas jet or cell the electron beam will
have a small spot size (um) and divergence (mrad) and
therefore can be used to probe the fields within a small
region on the surface of the foil. The size of the beam
when it reaches the foil is defined by the divergence and
distance from the gas target to the foil where the fields
are generated. To obtain an accurate measurement of
the fields, the size of the beam should be smaller than the
spatial variance of the target fields. For the mea-surement
of the magnetic field strength this will require a beam with
a size O(10 pum). This constrains the target to be placed a
few mm to a cm from the gas target exit depending on the
beam divergence angle. More complex measurements, for
example detection of filaments from the Weibel
instability®®, may require smaller beams.

As the electron beam exits the gas target, the laser
will exit with it and can reflect from the foil target. If
the foil target is placed normal to the electron beam
propagation direction, the laser will reflected head-on
into the electron beam and can scatter from the electron
beam. Indeed, this is the experimental geometry pro-
posed for multi-photon Compton scattering studies®”. To
avoid this, the quantum nonlinearity parameter 1 must
be small, perhaps < 0.01 such that the rate of emission
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FIG. 6: Demonstration of the non-linear dependence of
the aspect ratio of the overlapping region with the
position of the region. Here we assume a 10%
measurement error in mean energy loss and spread. For
an energy loss of 51 MeV, the plot shows what the
possible values of B-field strength and length are if the
energy spread is 10%, 8%, or 6%, corresponding to the
(a) red, (b) blue, and (c) purple areas in plot (d).

is low. To achieve this, the gas jet to target distance must
be long enough to allow the laser to expand. The laser
intensities used for LWFA are generally only mod-erately
relativistic, with a normalized vector potential ag = eFr/
mecwy, ~ 1 — 3, where E7, is the laser electric field and wy,
is the laser frequency. Depending on the electron beam
energy and separation, n may already be sufficiently
small. However, if this condition is not met, potential
solutions to this are to deflect the laser pulse using a thin
foil placed between the gas jet and target, or to use beam
optics to transport the electron beam far from the gas jet
while maintaining the small beam size. There is limited
space to place a reflecting foil between the gas target and
main foil, therefore the main interac-tion laser may need
to be incident on the back side of the foil i.e., the opposite
side from what is shown in Fig. 7. Using a thin foil to
reflect the laser away may also alter the electron beam
properties by scattering in the foil or due to the fields
generated on the foil surface. However, because the beam
closely follows the laser pulse, there is limited time for
fields to form on the foil. Addition-ally, these effects will
also appear on the reference beam, i.e. the beam probing
with the main interaction laser off, therefore the effects
should already be accounted for by simply measuring the
reference beam. Hot electrons will also propagate from the
reflecting foil that will be
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FIG. 7: Proposed experimental setup for the measurement of strong magnetic fields in laser-solid interactions.

incident on the target foil, however we expect the effect of
these electrons on the fields of the target to be negli-gible
because they should have a large divergence angle and
much lower energies than the electrons accelerated on the
main foil target.

As the beam propagates through the fields on the sur-
face of the foil it will be deflected while simultaneously
losing energy to radiation. To measure the change in en-
ergy, the beam that exits the foil will propagate to an
electron spectrometer where it is dispersed onto a detec-
tor (LANEX). The LANEX is then imaged onto a CCD.
Generally, to reduce the error of the electron spectrom-
eter measurement an aperture should be placed before
the magnet. However, the pointing of the beam into the
magnet will vary depending on the fields that are probed
on the target, making it difficult to position the aper-
ture. Neglecting radiation reaction, this position will be
described by Eqn. (15). As shown in Fig. 8, even with
radiation reaction the position of the maximum is still
well approximated by Eqn. (15). Therefore, based on
the expected target magnetic fields, we can estimate the
position of the beam. Additionally, if LANEX is placed
before the dipole magnet and imaged onto a second CCD,
the position and angle of the beam entering the dipole
magnet field can be measured. The deflected position
can be used to provide a measurement of the addition of
the path integrated magnetic fields B flp f + B1 sl
on the front and back surface of the target. To perform
this measurement, the mean energy of the beam before
deflection must be known. Therefore, a reference energy
spectrum must be taken with the main interaction laser
off. The spectrum can be measured from the beam that

passes through the LANEX. For high energy electrons,
scattering from the LANEX will be negligible.

Finally, note that the probe beam itself may affect the
fields it is measuring. LWFA experiments demonstrat-ing
multi-GeV electron beams have shown beam charges from
approximately 1-100 pC®2. Such beams are readily
measured on LANEX, however with such high charge the
fields induced in the target may modify the trajectory of
the particles and therefore add error to the field measure-
ment. To evaluate whether this effect is important, we can
refer to the work of Sampath et al.”’. As shown in their
manuscript, a relativistic beam approaching a con-
ducting surface will induce fields within the target that
will act to focus the beam. Specifically, the azimuthal
magnetic field of the beam will be amplified while the
radial electric field will be reduced. Eqn. 1 from their
manuscript can be used to evaluate the strength of the
beam fields. For a 1 GeV, 10 pC beam with radial and
parallel spreads of o) = o = 1 ym, the azimuthal mag-
netic field is ~ 108 T. This is approximately three orders
of magnitude smaller than the fields being probed. We
therefore expect this effect to have a negligible impact on
the measurement.

B. Synthetic electron spectrometer

As shown in section IIID, the energy spectrum of
the beam will change due to radiation reaction, al-
lowing for the calculation of Bi,le,f + BiblB’b and
Bf_’le,f +B§’_’blB,b. To determine whether this measure-
ment is possible we propagated the beam output from the
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FIG. 8: Simulated deflection of a 1 GeV, 1% energy
spread, 5 mrad divergence electron beam in 0.2 MT,

2 pm thick magnetic fields perpendicular to the
propagation direction of the beam. The peak position of
the deflection angle without radiation reaction is
calculated using Eqn. (15), which is close to the peak
position of the deflection angle with radiation reaction.

2D OSIRIS simulations through a custom particle track-
ing code specifically designed to model electron spec-
trometers. This code uses a Boris algorithm”® particle
pusher to calculate the particle trajectories through an
analytic dipole field calculated from overlapping analytic
fields from rectangular parallelepiped block magnets™.
One percent of particles from the OSIRIS electron out-
put population was sampled and sent through constant
magnetic fields which are captured in the detector plane
as shown in Fig. 9(a). The position of the electrons on
the detector is related to their energy and divergence an-
gle (Fig. 9(b)). In the detector plane, a 2D image of the
dispersed electrons is formed where the transverse width
of the line comes from the divergence of the beam and
the length of the line is from the dispersion of electrons
in the magnetic field (Fig. 9(c i) and (c ii)). The disper-
sion of these electrons greatly depends on the strength
of the magnetic field and the geometry of the detector,
i.e. length of magnets and position of LANEX. The error
in the detection of the electron spectrum will depend on
the dispersion error due to divergence of the beam, point-
spread-function of the LANEX, and the imaging system
used to collect the light from the LANEX. The choice
of these components will result in an overall error in the
measurement of the mean energy and energy spread of
the electron beam.

C. Obtaining electron spectra

The most significant complication to measuring the
electron spectra will come from electrons entering the
magnetic fields of the electron spectrometer at different

angles which will be the case for varying magnetic fields
at the target. In order to obtain an energy spectrum
from an electron beam that has been dispersed from a
dipole magnetic field onto a scintillating screen, a map-
ping of energy to position on the screen is required, i.e.
a dispersion curve of the electron spectrometer system.
This dispersion curve not only depends on the geome-
try of the magnet(s) and screen(s), but also on the input
beam’s pointing angle into the system. It is therefore not
only important to have LANEX before the dipole mag-
net to measure the deflection of the beam to calculate the
path integrated fields, but also to construct the disper-
sion curve of the electron spectrometer. Once a pointing
angle is measured, a dispersion curve for the resulting
measurement may be simulated by tracking a range of
particle energies through a particular electron spectrom-
eter geometry using the measured pointing angle.

Fig. 9(b) shows the dispersion curves E(z) generated
by simulating the propagation of particles output from a
2D OSIRIS simulation through magnetic fields and onto
two detectors. In the OSIRIS simulation a 1 GeV, 1%
energy spread electron beam with a 5 mrad divergence
was sent though a constant perpendicular 0.2 MT, 2 pym
magnetic field. The unperturbed initial beam was propa-
gated through the electron spectrometer code to generate
the blue population of particles, and the beam after pass-
ing through the fields forms the red population. These
populations enter the dipole magnet with a significant
difference in pointing angle, therefore if both populations
were dispersed onto the same LANEX screen, they would
have different path lengths. This difference in path length
would allow the blue population of electrons to expand
more due to the divergence of the beam, increasing mea-
surement error. From the histograms of electron energy
as a function of relative screen position (Fig. 9(b)), par-
ticles with a range of energies are observed at the same
screen position. This overlap of energies comes from the
initial divergence of the electron beam. To reduce this er-
ror two LANEX screens can be used as shown in Fig. 9(a)
and the position of the screens can be optimized to ob-
tain well resolved spectra. Even after optimization there
will be particles of different energies at the same screen
position and the dispersion curve will then then be con-
structed by taking the average energy of electrons at a
particular screen position, as was done to generate the
dispersion curves in Fig. 9(b).

Using the simulated dispersion curve, (F) can be cal-
culated and compared to the real value by taking an av-
erage of the raw electron data from OSIRIS. The average
energies of the electrons sampled from our OSIRIS simu-
lations are 999.5 MeV for the initial beam and 934.1 MeV
for the beam that traversed the probed fields. By look-
ing at the energy vs positions on the post-dipole LANEX
screens, a dispersion curve can be fitted to the particle
distributions. In our sampling, a 4th-order polynomial fit
the initial beam average F(z) distribution most closely,
and a bHth-order polynomial best matched the average
dispersion of the probed particles. These fitted disper-
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sion relations interpolated to x-positions on the screens
to give a measured energy distribution from the particle’s
longitudinal screen position. For our initial case, this re-
sulted in a measured average energy of 987.3 MeV, and
for the probed beam case this resulted in a measured
average energy of 934.2 MeV. The measurement error
comes from the divergence of the beam at the position of
the screen and can likely be reduced through optimiza-
tion of the screen positions. The average energy of the
beam is greatly affected by low energy tail of particles
that have experienced radiation reaction. In an experi-
ment the measurement of these particles will be limited
by the dynamic range of the detector and the background
noise. This background will largely come from the main
interaction foil where there will be a significant flux of
electrons. These electrons will likely have much lower
energies than the probing beam, however based on their
large divergence angle and flux they may interact with
the LANEX. Shielding may be necessary to reduce this
background. Depending on the noise level, a significant
part of this tail may be lost, adding error to the mea-
surement of (E) and o, thereby adding error to the cal-
culation of B and Ig as was discussed in section IIIC.

An additional complication to the construction of an
on-shot dispersion curve in an experiment is the energy
dispersion that takes place in the beam due to the strong
probed magnetic field causing particles of different ener-
gies to enter the dipole magnet with different pointing
angles. By reading particles from OSIRIS simulations,
this point was already taken into account in our disper-
sion curve, however this will not be possible with experi-
mental data. In experiment, the pointing dependence of
the energy spectra going into the magnetic spectrometer
system can be measured using high-Z fiducial features,
as has been done in previous experiments”. Coupled
with a particle tracking code the dispersion curve can then
be generated. Together, the fiducials and LANEX on the
front of the magnet should also help account for shot-to-
shot fluctuations in the beam pointing.

Although we have pointed out several complications
with performing the proposed measurements, these are
not unique problems of our measurement, but of gen-
erally diagnosing high-energy electron beams. We have
only considered the most basic electron spectrometer
setup, however as measurements of high energy beams
become more prevalent, diagnostic techniques for mea-
suring the properties of these beams should become more
robust. Even with the spectrometer simulated here, tak-
ing into account the error due to beam divergence, the
shift in mean energy is resolved.

V. CONCLUSIONS

Measuring the strong magnetic fields that are expected
to be generated in the ultra-intense interactions of next-
generation lasers facilities will be challenging. How-
ever, these measurements will be necessary if we plan

to study magnetized processes at these facilities. The
analysis techniques commonly used to obtain 2D maps of
path integrated magnetic fields strength become invalid
for field strengths well below the expected O(0.1 MT)
fields produced in laser-solid interactions. Novel mea-
surement techniques including Faraday rotation of XFEL
beams'?, electron spin®’, and deflectometry of LWFA
electron beams as discusses here will be required. The
most readily accessible method will be LWFA electron de-
flectometry as many of the ultra-intense facilities plan to
already have energetic GeV beams and associated beam
diagnostics for the proposed colliding beam experiments.

Compared to proton deflectometry, the use of LWFA
electron beams will come with many additional compli-
cations that must be considered including the divergence
angle, energy spread, and radiation reaction on the probe
beam. As shown in this manuscript, energy spread and
radiation reaction encode information on the strength
and length of fields which can then be extracted. This is
unlike standard deflectometry where only the path inte-
grated fields can be measured. This lead us to propose
an experimental setup where the laser-generated mag-
netic fields within a small region on a foil target are
measured by a LWFA electron beam. The electron beam
is sent through a scintillating screen before being dis-
persed through a dipole magnet onto a second scintillat-
ing screen. Such a setup allows for the measurement of
the deflection angle of the electron beam after it probes
the fields on the foil target which gives a measurement of
the path integrated fields and is also necessary to obtain
the dispersion curve for the dispersed electron beam to
extract the energy spectrum. The laser interacting with
the foil can then be rastered along the target to provide a
measurement of the spatial variation of the fields. To
measure a larger region of the fields on a single shot the
beam may be focused to a line using beam optics placed
before the target. However, accurately measuring the
spectra of this beam will be challenging.

Measurement error and complications in the measure-
ment were considered to a reasonable level of complexity.
However, there will be additional, experiment specific
complications depending on what fields are being probed
and the particular experimental setup that is used. For
example, one of the main complications of probing solid
target fields is that the fields are generated on the front
and back surfaces of the target. We considered this in a
simplified way, however we neglected effects due to elec-
tric fields which may also be important, especially to the
radiation reaction on the beam. The work presented here
should therefore provide the framework for the setup of
LWFA electrons as a probe, upon which any additional
modifications can be made to account for experiment spe-
cific complications.
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FIG. 9: (a) Electron trajectories through a 30 x 10 x 3 cm analytic dipole field region with a central magnetic field
strength of 1 T placed 5 cm away from the probing point. An electron beam with an energy of 1 GeV with a 1%
energy spread and 5 mrad divergence before (blue) and after (red) probing a 2 pm 0.2 MT field. (b) 2D histogram
of electron energy vs relative longitudinal position on the respective screen. (c¢) Normalized bin counts assuming 200
pm X 200 pm pixels on the LANEX screens after the dipole for the beams with (c i) and without (c ii) the probed
field.
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APPENDIX A: DERIVATION OF ENERGY SPREAD
EQUATIONS

If we assume that the particle energies are not changing
during the propagation of the beam through the fields,
and the beam is propagating along the z-direction with
magnetic field in the y-direction, then the deflections are
given by,

ec [

az(xo, E) = 5
—o0

By(z0) dz, (A1)

which is derived from the ratio of v, /v, where v, &~ ¢
and E = ymc? is the energy of the particle which is
approximately the kinetic energy for a highly relativistic
particle. From Eqn. (Al) we can see that particles of
different energies will be deflected to different angles with
the highest energy particles seeing the smallest deflection.
For the purpose of finding a resolution criteria based on
energy spread we need to know the width of this angular
spread in the image plane.

If the electrons have a Gaussian energy distribution
and propagate to the object plane from a point source,
they will have a distribution at the object plane of,

2
EBEY g
20%
At the object plane the electrons are deflected to a point
in the image plane given by = xg+zoL/l+ ay(zo, E)L.
Rearranging this equation and substituting Eqn. (A1) for
a, gives,

ecL

E=—"
xr— Maxg

B, (A3)

where B = [*°_By(z¢)dz and M = (14 L)/l is the mag-
nification. To find the distribution function in the image
plane we multiply Eqn. (A2) by 0E/0z and substitute
Eqn. (A3) for E. This gives the distribution function in

the image plane,
( (5B — Eo>2>
exp | — - )

20%
(Ad)

0?°N —ecLB
O0xo0x > (x — Mxg)?

This equation is only valid for a relativistic beam where
v, &~ ¢ and therefore only valid for small x — Mzy where
Eqn. (A3) is positive. A plot of this equation compared
to results from a particle tracking code assuming deflec-
tions in a single plane is shown in Fig. 3. Particles are
only deflected to one side of the position of a particle ex-
periencing no deflection, i.e. x = Mzq. If o < Ej then
the maximum of this distribution occurs at the position,

LB
Tomazr = ee + Mxyg. (A5)
Ey
The value of Eqn. (A4) at this position is given by,
2N E2
8 (meaz) — _ 0 , (AG)
Orgox ecLB

therefore Eqn. (A4) can be normalized by this value to
give a maximum of 1. This maximum simply occurs at
the peak position of the exponential because the shape
of the beam spread in the image plane is dominated by
the exponential term for small energy spreads. We can
therefore take the full-width half-maximum (FWHM) of
the exponential to define a resolution criterion based on
energy spread. This FWHM is given by,

24/21n(2)0?
AZenergy = ecLB n(2)og

B2 —2m@oy 07

APPENDIX B: DERIVATION OF THE QUANTUM
BROADENING EQUATION

The derivation of Eqn. (23) begins with Eqn. (18),
rewritten here for convenience,

(dd"t) ~ et (0t -5o%e) @

First, replace () using Eqn. (20) to give:

¢! <d02> +£38afcb202 55apch®
st

a0 — =0, B2
dt 3Ae 24+/3 A, (B2)

where £ = W%) + Kt. Since 9¢/0t = Kk, we can change the
derivative to:

do? Sapcb? 550 rch3
4 300 f 2 f
K — + o° — = B3
. 55a s cb® .
Next, rearrange the equation and let G = 51 \/%)\c :
do? 4, G
— 0= —. B4
(df)st+€0 REd (B4

This is a first-order inhomogeneous differential equation
with variable coefficients. The solution to this equation
can be found by first finding the solution to the homo-
geneous equation, i.e. set the right hand side equal to
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zero and integrate. Additionally, use the initial condi-
tion, when £ = 1/(vo), 02 = 03. The homogeneous solu-
tion is then:

((0)6)*

Next, find the particular solution by substituting the fol-
lowing equation for o2 in Eqn. (B4):

o) = Cg(f) (B6)

Additionally use the initial condition C(1/(y)) = 0.
This results in the coefficient,

0<£>=f(£—<jo>).

The sum of the homogeneous and particular solution
when simplified, taking b = ¢B /E, results in Eqn. (23):

oj, = (B5)

(B7)

2
9%

(04

where A = ayctB3 55/24E3V/3X,..

= (y)? + At, (B8)
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