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for haptic applications
Alain Boldini, John-Ross Rizzo, and Maurizio Porfiri, Fellow, IEEE

AbstractÐHaptic technology is a critical component of human-
computer interfaces. Traditional haptic actuators are often un-
able to provide the broad frequency range and latency that is
required in many advanced applications. To address this problem,
we propose a new type of tactor based on macro-fiber composites
(MFCs), composites of piezoelectric fibers. We propose a physics-
based model for the actuation of the tactors, calibrated and
validated through experiments. As our tactors are intended for
haptic applications, we consider the role of skin on their response,
an aspect seldom analyzed in the literature. In our experiments,
we simulate the presence of the skin with a rubber membrane
in contact with the tactor, with varying pre-stretch, mimicking
different indentations of the tactor on the skin. The MFC-based
tactor can always generate vibration amplitudes higher than
skin discrimination thresholds, over the range of frequencies of
interest for haptics, with a latency much smaller than traditional
actuators. We theoretically investigate the effect of the skin
on tactor vibrations, highlighting the individual roles of skin
stiffness and damping and their combined effect across a series
of pre-stretches. Our tactor shows promise in haptic applications,
including assistive technologies and real-time feedback systems
for training, safety, and monitoring.

Index TermsÐActuator, Haptics, Macro-fiber composite, Piezo-
electric, Skin.

I. INTRODUCTION

WEARABLE technologies have seen a steadily increased

in real-world deployments over the last couple of

decades [1]±[3]. From watches with sensors that support real-

time health monitoring [4] to virtual reality (VR) headsets

that simulate environments and activities [5], wearable devices

have changed our daily lives and will extend their reach with

the advent of the Internet of Things [6]. Within wearable

technology, haptics offers a critical form of feedback to the

end user [7], [8]. Smart watches can vibrate to inform the

user about a call or message on their phone [9]; vibration

of VR controllers help recreate real-world perceptions [10];

and vibration of customized feedback belts provide unique

user-in-the-loop cueing about potential hazards or ineffective

compensatory strategies [11], [12].
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Wearable haptic technology has been widely considered for

sensory substitution and augmentation [13], [14]. Touch and

vibrations can relay information about the environment to a

user with sensory loss, be it permanent (visual or hearing

impairment) or temporary (such as first responders in unknown

or hostile environments). Haptics plays a major role in assistive

technologies, as it is the fastest and most resilient way to

convey low-level, urgent information to the user [15], [16].

Two main classes of actuators have been widely adopted

in haptic technology: linear resonant actuators (LRAs) and

eccentric rotating masses (ERMs) [17], [18]. In LRAs, a

mass attached to a spring is repeatedly moved along an axis

at a predetermined frequency, generating vibrations. These

actuators show good performance in terms of efficiency and

response time, but are limited by their frequency operating

range, which is narrowly centered around their resonance

frequency. On the other hand, ERMs generate vibrations via

the rotation of an unbalanced mass, rotating at a fixed distance

from the shaft of the motor. By modulating the rotational speed

of the motor, these actuators can work over a relatively large

frequency range compared to LRAs. However, the inertia of

the mass hinders their latency. LRA and ERM limitations

could be critical in haptic applications that require multi-

frequency, composite feedback to relay complex information

with low latency.

Other types of solutions have been proposed to address some

of the limitations of these actuators. In particular, magnetically

driven actuators that improve on classical LRAs include voice-

coil motors and moving-magnet actuators [19]±[21]. While

these designs significantly extend the bandwidth of LRAs up

to 1 kHz, actuators of size compatible to haptic applications

do not perform well at low frequencies [20], [21]. The use of

vibrations at very high frequencies, over about 200− 250Hz,

tend to be uncomfortable for users [22].

Among several solutions based on so-called smart mate-

rials [23], piezoelectric-based actuators constitute a potential

solution to address these limitations [24], [25]. This class of

actuators offers a great control authority, with a wide range of

operating frequencies and low latency. In this case, vibrations

are generated by the deformation of the active piezoelectric

material, which displays electromechanical coupling [26]. By

imposing a periodic voltage across the electrodes of the

piezoelectric material, periodic vibrations are induced. The

bandwidth of piezoelectric actuators span the entire frequency

range of skin mechanoreceptors, including low frequencies

sensed by Meissner corpuscles [27]. Actuators based on com-

posites of piezoelectric materials, so-called macro-fiber com-

posites (MFCs) [28]±[30], offer superior performance in terms

of forces generated, deformations, and durability, as compared
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to traditional piezoceramics used in laminated piezoelectric

actuators [31]. As such, they constitute an excellent candidate

for haptic applications.

Within the realm of assistive technologies for blind and low

vision individuals, we recently realized a system that combines

computer vision with a wearable haptic feedback device to

support orientation and mobility (inclusive of obstacle avoid-

ance), see Fig. 1 [11], [12]. In the system, the computer vision

algorithm detects obstacles that are in the surroundings of

the user, among several other functions/services. The wearable

haptic feedback device, a belt with MFC-based discrete actua-

tors disposed on a grid, provides vibrotactile stimulation on the

end user’s abdomen, relative to the position of the obstacles

in an egocentric reference frame.

Fig. 1. Illustration of the wearable system we developed to assist blind
and low vision individuals in navigation and obstacle avoidance. The system
integrates a camera-based computer vision algorithm that identifies obstacles
around the user and relays information about their position through haptic
stimulation of the abdomen, via a vibrating belt with MFC-based discrete
actuators.

We initially proposed a belt with four actuators on a 2× 2
grid [32]. Actuation was generated by mounting MFCs in a

buckled configuration, of which we exploited the nonlinear

coupling between extension and out-of-plane displacement

to generate vibrotactile stimulation. While these actuators

showed promise in discrimination tests with human subjects,

the displacements and forces generated were not sufficient to

guarantee robust discrimination (feedback). Further, their use

was limited to low frequencies.

Here, we propose a new tactor design based on MFCs.

Our design leverages the advantages of piezoelectric-based

actuators to develop a high-performance actuator for haptic

applications, with a broad frequency range, low latency, tun-

able resonance frequency, and large vibration amplitude. For

the design of the tactor, we focused on the frequency range in

which skin mechanoreceptors are most sensitive, that is, below

250Hz [33]. Within this frequency range, the discrimination

threshold of skin is almost constant and equal to 50µm on

the abdomen [33], thereby setting as a reasonable design goal

a tactor that could generate vibrations above 50µm from

few Hz up to 250Hz. This new type of tactor constitutes

a significant improvement over previous MFC-based tactors,

in terms of generated forces, displacements, and sturdiness.

As the main field of application of the proposed tactors is

haptic technology, we investigated the effect of the skin on

tactor vibration. Compared to our previous studies [11], [34],

this effort contributes: i) a physics-based theoretical model of

tactor vibration; ii) an in-depth experimental characterization

of the tactor across a range of independent experimental

conditions that are designed for model calibration; and iii) a

systematic investigation of the role of simulated skin on tactor

vibration.

We put forward a theoretical model of the behavior of the

tactor in contact with the skin. We derive exact solutions

for the model in a few conditions, and establish a numerical

method to study the vibration of the system in general. We

then conduct a series of experiments on the tactor, towards

calibrating and validating our model. Finally, we perform

parametric analyses in which we systematically investigate

the effect of the skin on tactor vibration. Specifically, we

study the individual role of skin stiffness and damping on

the frequency response of the tactor. Further, we assess their

combined effect due to skin pre-stretch, which may vary due to

tension introduced when wearing the haptic feedback device.

These three analyses provide an overview of how skin affects

the vibration of the tactor, an aspect that is not typically

considered in the literature of actuators for haptic applications.

The rest of the paper is organized as follows. In Section II,

we detail the design of our tactor. The mathematical model

describing the actuation of the tactor is presented in Section

III. Section IV introduces the calibration and validation of

the theoretical model, including the experimental procedure,

calibration process, and results. In Section V, we articulate

a parametric analysis on the effect of simulated skin on

vibration. Section VI concludes the manuscript, providing an

overview of the main results of this work and directions of

future research.

II. DESCRIPTION OF THE TACTOR

The MFC in the tactor was comprised of a polymide/epoxy

matrix, active piezoelectric fibers, and interdigitated electrodes

(P1-type, Smart Material, FL, United States; Fig. 2(a)) [35].

We utilized M2814-P1 MFC actuators, with an active length

of 28mm. Upon application of an external voltage, MFCs

elongate axially due to the d33 piezoelectric effect. To generate

bending deformations, we bonded the MFC to an aluminum

backing plate with epoxy. The aluminum plate had size 52mm
(length) × 20mm (width) × 0.25mm (thickness). The alu-

minum plate had four holes at each corner to enable mounting

with bolts. Upon clamping the aluminum plate, the elonga-

tion of the MFC would generate an out-of-plane bending

displacement. Such an actuator differs substantially from our

previous prototype in [32], where out-of-plane displacement

was generated by the nonlinear coupling between extension

and bending in a buckled configuration.

The MFC with the aluminum backing plate was fit in a

custom 3D-printed case (Fig. 2b) made of polylactic acid
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(PLA), which served several purposes: i) it supported the ac-

tuator and provided a sturdy structure on which the aluminum

plate was clamped on both sides; ii) it protected the user

from high voltage, necessary to drive the MFC; and iii) it

helped amplify the vibration of the actuator. The overall case

consisted of a bottom and a top part. The aluminum plate with

the MFC was positioned inside the bottom part. The two parts

were connected by four bolts that passed through the holes

of the aluminum plate to create a fixed-fixed configuration.

Four spacers of thickness 0.77mm were used to avoid contact

between the actuator and the case during actuation.

(a)

(b)

Fig. 2. Picture of a mounted tactor and of the membrane utilized in our
experiments to simulate the skin (a); and explosion of a tactor (b).

The top part of the case included a large aperture that

enabled transmission of the vibration from the actuator to

the user, via a cylinder that was constrained by two flexible

thermoplastic polyurethane (TPU) beams that sat on the MFC,

which were pre-stressed during mounting. The bottom half of

the cylinder is also printed in TPU, providing a deformable

bottom surface that can maintain contact with the MFC during

actuation. The top surface of the cylinder, in PLA, would be

the only part of the tactor in contact with the skin of the

user. We designed the 14mm-diameter cylinder to be hollow,

with its top being removable via a thread that allowed for

hosting an additional mass within the cylinder. Such a mass

was utilized to tune the fundamental frequency of the tactor

in the frequency range at which skin mechanoreceptors are

most sensitive to vibrations (below 250Hz) [33]. To minimize

the size of the cylinder, we utilized high-density tungsten and

steel disks as additional masses, which were custom-made to

fit the cylinder.

In our experiments, the cylinder was in contact with a com-

mercial membrane made of rubber, mimicking the viscoelastic

response of skin, with dimensions equal to 195mm (length)

× 66mm (width) × 1.4mm (thickness), mounted in a fixed-

fixed position with free-length 170mm (Fig. 2(a)). We rec-

ognize that a rubber membrane does not capture the complex

mechanical behavior of real skin. We utilize this material to

provide a simple viscoelastic response that displays the basic

mechanical features of skin [36]±[38] and demonstrate that our

model can capture their effect on tactors’ vibrations, measured

from experiments. We then conduct parametric analyses to

understand the effect of more realistic values of skin stiffness

and damping on the actuator.

The MFC was driven by a high-voltage amplifier

(AMT2012-CE3, Smart Material, FL, United States), which

linearly mapped the [0, 2.5]V range into [−500, 0]V and

[2.5, 5]V range into [0, 1500]V. In our experiments, the input

to the high-voltage amplifier was provided by a function

generator. When used in a wearable device, the input voltage

can be provided by astable multivibrators, whose switching

frequency can be tuned by a potentiometer driven by a micro-

controller [11], [34].

III. MATHEMATICAL MODEL

Here, we establish a physics-based model for the tactor. We

begin by presenting the governing equations of the system.

We describe the different parameters of the model and detail

how they were estimated (direct measurement, assumption

from the literature, or experimental identification). We solve

the governing equations for two static conditions, important

for parameter identification. Finally, we present a numerical

solution based on the Galerkin method to study vibrations. To

improve readability, we have included a list of symbols in the

Supplementary Material.

A. Governing equations

We model the tactor as a stepped beam [39] (Fig. 3(a)).

We leverage the symmetry of the system to segment the

actuator in three parts, with different properties and equations

of motion in each of its section. The first segment is constituted

by the aluminum plate only. The second segment comprises

the aluminum beam and the MFC, assumed to be perfectly

bonded to the aluminum plate. The third segment is is the

one in contact with the cylinder. It is equal in composition

to the second one, but its dynamics is governed by different

equations, due to the mass in the cylinder, which adds to the

linear mass, and the effect of the skin. For simplicity, we

assume that the cylinder rigidly translates with the actuator

during vibration, such that the viscoelastic forces generated by

the skin are transmitted directly to the actuator in the form of

symmetrically distributed stiffness and damping in the normal

direction. We take inspiration from the literature on elastic

foundations and employ a modified viscoelastic Winkler model

to model the effect of the skin [40], [41]. Thus, the skin is

considered as a distributed bed of springs and dampers with
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coefficients ks and cs, respectively, connected to the third

segment of the actuator, see Fig. 3b.

(a)

(b)

Fig. 3. (a) Schematics of the tactor, modeled as a symmetric stepped beam,
in contact with the skin, modeled as a beam in contact with the cylinder of
the tactor. (b) Viscoelastic Winkler model of the effect of the skin on the
vibration of the actuator. Note that the cylinder is not bonded to the tactor.
As the bottom of the cylinder is made of a flexible material (TPU), we expect
the cylinder to adapt to the deformation of the MFC maintaining contact over
all its bottom surface, as it is kept in contact by the stiffness of the skin and
the two flexible beams attached to the case, pre-stressed during the mounting,
see Fig. 2.

We consider a reference frame whose x-axis is aligned with

the actuator axis and whose origin is on the left end of the

actuator. The first segment is between x = 0 and x = L1, the

second segment between x = L1 and x = L2, and the third

segment between x = L2 and x = L, being L the semi-length

of the actuator, see Fig. 3b. We use an index i to identify the

segment to which properties refer to. For segment i, wi(x, t)
is the transversal displacement, ρi is the linear density, and ki
is the bending stiffness.

The bending stiffness k1 of the first segment of the actuator,

constituted only by the aluminum plate, can be estimated from

the standard formula EAlIAl. Here, EAl is the Young modulus

of aluminum and IAl = bAlh
3
Al/12 is the moment of inertia

of the aluminum plate’s section, where bAl and hAl are the

width and thickness of the aluminum plate, respectively.

The governing equation for the first two segments include

the inertia, structural damping (assumed to be viscous with

coefficient c0), and elastic terms, such that1

ρiẅi + c0ẇi + kiw
′′′′

i = 0, (1)

with i = 1, 2. Here, a superimposed dot indicates partial

derivative with respect to time, while a superscript prime is a

partial derivative with respect to the x coordinate. For the last

segment, we ought to account for the additional linear mass in

the cylinder η and for the effect of the skin. Thus, we obtain

(ρ3 + η)ẅ3 + c0ẇ3 + k3w
′′′′

3 = −ksw3 − csẇ3. (2)

1Membrane stiffness is herein neglected, whereby in the considered condi-
tions with small pre-stress its contribution was found to be negligible.

The parameters of the viscoelastic foundation are estimated

by assimilating the skin to a fixed-fixed beam of free-length

Lm, width bm, and thickness hm, made of a uniform material

with Young modulus Em (Fig. 3(b)). We opt for a one-

dimensional model of the skin rather than a two-dimensional

one, such as a membrane theory. In fact, we are not concerned

with the most accurate representation of the deformation of

the membrane, but rather to its effects on vibrations of the

actuator along its first few modes. Should one be interested in

high-frequency behavior, it may be warranted to include two-

dimensional dynamics, toward capturing out-of-plane bending

and torsional modes.

The parameter ks captures both skin bending stiffness and

geometric stiffness due to a pre-stretch δ. To estimate ks,
we compute the displacement due to a concentrated force at

the center. A pointwise stiffness is obtained by dividing the

concentrated force by the mid-span displacement. We convert

such a concentrated stiffness into a distributed one by scaling

over the segment L − L2. The concentrated and distributed

stiffness generate the same elastic force on the tactor when the

third segment of the tactor (on which the distributed stiffness

acts) translates uniformly. Details on the derivation of ks can

be found in the Supplementary Information.

The governing equations are supplemented by a series of

boundary and interface conditions [42]. At the left end of the

actuator, we consider a fixed boundary condition, such that

w1(0, t) = 0, (3a)

w′

1(0, t) = 0. (3b)

In the middle of the actuator, we apply symmetric boundary

conditions,

w′

3(L, t) = 0, (4a)

k3w
′′′

3 (L, t) =
Fapp(t)

2
, (4b)

where we considered the possibility that a concentrated load

Fapp(t) is applied at the center of the actuator. At the inter-

faces, we impose the continuity of transversal displacement,

section rotation, bending moment, and transversal force. At

x = L1, we have a jump in the properties of the beam, as well

as a concentrated bending moment due to the piezoelectric

effect, such that

w1(L1, t) = w2(L1, t), (5a)

w′

1(L1, t) = w′

2(L1, t), (5b)

k1w
′′

1 (L1, t) = k2w
′′

2 (L1, t)− µV (t), (5c)

k1w
′′′

1 (L1, t) = k2w
′′′

2 (L1, t), (5d)

where µ is the piezoelectric voltage-moment coefficient relat-

ing voltage and bending moment, while V (t) is the voltage

applied across the MFCs’ electrodes. At the second interface,

we have no jump in the beam properties, such that

w2(L2, t) = w3(L2, t), (6a)

w′

2(L2, t) = w′

3(L2, t), (6b)

w′′

2 (L2, t) = w′′

3 (L2, t), (6c)
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w′′′

2 (L2, t) = w′′′

3 (L2, t). (6d)

As we only perform static or modal analysis, we consider

homogeneous initial conditions.

B. Model parameters

Our model contains several parameters that have been cali-

brated through measurements (direct or indirect) or determined

from the literature (Table I). Measures and experiments were

performed both on the tactor and rubber membrane that we

utilized to simulate skin.

TABLE I
MODEL PARAMETERS.

Parameter Value Source

L 2.2× 10−2 m Directly measured

L1 0.8× 10−2 m Directly measured

L2 1.5× 10−2 m Directly measured

bAl 2.0× 10−2 m Directly measured

hAl 2.0× 10−4 m Directly measured

Lm 1.7× 10−1 m Directly measured

bm 6.6× 10−2 m Directly measured

hm 1.4× 10−3 m Directly measured

ρ1 1.13× 10−2 kg/m Directly measured

ρ2 = ρ3 2.50× 10−2 kg/m Directly measured

EAl 69GPa Assumed from the literature [43]

k2 = k3 7.0× 10−3 Nm2

Identified from
static deflection under an

external mechanical loading
and change in resonance
due to additional mass

µ −1.33× 10−5 Nm/V
Identified from

static deflection under an
applied voltage

c0 159 kg/(m s)

Identified from
response to harmonic

applied voltage
without membrane

cδs 5.48× 104 kg/(m s)

Identified from
response to harmonic

applied voltage
with membrane

c0s 165 kg/(m s)

Identified from
response to harmonic

applied voltage
with membrane

Em 6.95MPa

Identified from
static deflection of the

membrane under gravity
(see Supplementary Information)

Geometric dimensions of the tactor and rubber membrane

were measured with a ruler (L, L1, L2, bAl, Lm, bm) or

a digital caliper (hAl, hm), depending on needed resolution.

We obtained the linear masses ρ1 and ρ2 = ρ3 of the three

segments by measuring the mass of the aluminum beam and

the MFC, and then dividing them by their lengths. While

in principle the additional linear mass η varies with x, we

neglect such a variation by assuming that it is distributed over

a rectangular cuboid rather than a cylinder. Thus, we estimated

it by taking the ratio between the mass added in the cylinder

and the length of the third segment, L− L2.

The only parameter that has been assumed from the lit-

erature is the Young modulus of aluminum, EAl. All the

remaining parameters have been identified from experiments.

We obtained the bending stiffness k2 = k3 of the second

and third segment of the actuator from the static deflection

of the tactor under the external mechanical loading and the

change in its fundamental frequency due to the additional

mass. Further, we estimated the piezoelectric voltage-moment

coefficient µ of the actuator from the static deflection of the

tactor under a voltage imposed across the MFC electrodes.

From the frequency response of the freely vibrating tactor to a

harmonic applied voltage, we retrieved the structural damping

coefficient c0. The same experiment with the tactor vibrating

in contact with the membrane was utilized to estimate the skin

damping coefficient cs. We assumed that skin damping may

depend on the pre-stretch δ of the membrane, cs = cs(δ). As

such, we utilized the same procedure used for the identification

of c0 to identify cs(δ) for each value of δ. From the a posteriori

analysis of the identified values of cs(δ), we discovered an

almost linear dependence of cs on δ. Thus, we employed

a linear approximation cs(δ) = cδsδ + c0s to extrapolate the

damping coefficient of the skin to levels of pre-stretch δ
not studied in our experiments. Finally, we conducted an

experiment on the membrane to infer its Young modulus

Em, by measuring its deformation under gravity. All the

experiments on the tactor are described in Section IV, and the

experiment on the membrane is detailed in the Supplementary

Information.

C. Exact solutions

We put forward two exact solutions for the static deflections

of the tactor, used for model calibration on experimental data.

1) Static deflection under an external mechanical loading:

The theoretical static deflection under an external mechanical

loading Fapp at its center, in the absence of skin (ks = 0 and

cs = 0) and with shorted electrodes (V = 0), was computed

exactly from Eqs. (1), (2), (5), and (6) as

wF
th = Fapp[k

2
1(L− L1)

4 + k22L
4
1

− 2k1k2L1(−2L3 + 3L2L1 − 2LL2
1 + L3

1)]

/{24k21[k1(L− L1) + k2L1]}.

(7)

2) Static deflection under an applied voltage: The theoret-

ical static deflection under an imposed voltage V across the

electrodes, in the absence of skin (ks = 0 and cs = 0) and

external loading (Fapp = 0), was computed exactly from Eqs.

(1), (2), (5), and (6) as

wV
th =

LL1(L1 − L)

2[k1(L− L1) + k2L1]
µV. (8)

D. Numerical solution

General analytical solutions of the equations of motion in

Eqs. (1) and (2) are challenging to establish. As such, we adopt

a Galerkin approach to determine the solution of the equations
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of motion [44]. We write a weak form of Eqs. (1) and (2) and

sum them to obtain a problem over the entire domain [0, L],

∫ L1

0

δw1ρ1ẅ1 dx+

∫ L2

L1

δw2ρ2ẅ2 dx

+

∫ L

L2

δw3(ρ3 + η)ẅ3 dx+

∫ L1

0

δw1c0ẇ1 dx

+

∫ L2

L1

δw2c0ẇ2 dx+

∫ L

L2

δw3c0ẇ3 dx+

∫ L1

0

δw1k1w
′′′′

1 dx

+

∫ L2

L1

δw2k2w
′′′′

2 dx+

∫ L

L2

δw3k3w
′′′′

3 dx

+

∫ L

L2

δw3ksw3 dx+

∫ L

L2

δw3csẇ3 dx = 0.

(9)

Here, δwi is an arbitrary variation defined over the i-th seg-

ment. By applying twice integration by parts over the bending

stiffness terms in Eq. (9), employing boundary conditions and

interface conditions in Eqs. (3), (4), (5), and (6), and setting

Fapp = 0 as no external loading is present during vibrations,

we find
∫ L1

0

δw1ρ1ẅ1 dx+

∫ L2

L1

δw2ρ2ẅ2 dx

+

∫ L

L2

δw3(ρ3 + η)ẅ3 dx+

∫ L1

0

δw1c0ẇ1 dx

+

∫ L2

L1

δw2c0ẇ2 dx+

∫ L

L2

δw3c0ẇ3 dx+

∫ L1

0

δw′′

1k1w
′′

1 dx

+

∫ L2

L1

δw′′

2k2w
′′

2 dx+

∫ L

L2

δw′′

3k3w
′′

3 dx+

∫ L

L2

δw3ksw3 dx

+

∫ L

L2

δw3csẇ3 dx = −δw′

1(L1)µV.

(10)

We define global variables over the entire semi-length of the

actuator by stitching together the piecewise-defined functions,

w(x, t) =











w1(x, t) for 0 ≤ x < L1,

w2(x, t) for L1 ≤ x < L2,

w3(x, t) for L2 ≤ x ≤ L.

, (11a)

δw(x, t) =











δw1(x, t) for 0 ≤ x < L1,

δw2(x, t) for L1 ≤ x < L2,

δw3(x, t) for L2 ≤ x ≤ L.

. (11b)

We project such global variables on the same set of shape

functions Nj(x), j = 1, . . . ,∞, such that

w(x, t) =

∞
∑

j=1

Nj(x)qj(t), (12a)

δw(x, t) =

∞
∑

j=1

Nj(x)δqj(t), (12b)

where qj(t) and δqj(t) are the generalized coordinates and

their arbitrary variations, respectively.

By substituting Eq. (12) into Eq. (10), truncating the sum to

a finite number of terms n, and considering the arbitrariness

in the variations δqj(t), we obtain

Mq̈+Cq̇+Kq = BV (t), (13)

where q(t) =
[

q1(t) . . . qn(t)
]T

is a vector collating all

generalized coordinates and

M = ρ1

∫ L1

0

NNT dx+ ρ2

∫ L2

L1

NNT dx

+ (ρ3 + η)

∫ L

L2

NNT dx,

(14a)

C = c0

∫ L

0

NNT dx+ cs

∫ L

L2

NNT dx, (14b)

K = k1

∫ L1

0

N′′N′′T dx+ k2

∫ L2

L1

N′′N′′T dx

+ k3

∫ L

L2

N′′N′′T dx+ ks

∫ L

L2

NNT dx,

(14c)

B = −N′(L1)µ, (14d)

being N(x) =
[

N1(x) . . . Nn(x)
]T

a vector that collects

all the shape functions.

1) Selection of the shape functions: Shape functions in

Eq. (12) should form a complete basis and satisfy Dirichlet

boundary conditions in Eqs. (3), (4), (5), and (6) [44]. We use

the symmetric mode-shapes of a double cantilever beam with

length 2L [39],

ϕj(x, t) = cos(βjx)− cosh(βjx)

−
cos(2βjL)− cosh(2βjL)

sin(2βjL)− sinh(2βjL)
[sin(βjx)− sinh(βjx)] ,

(15)

where βjL satisfies the transcendental equation

cos(2βjL) cosh(2βjL)− 1 = 0.

Due to the presence of discontinuities in the beam, concen-

trated bending moments, and additional forces generated by

the skin, we consider two supplementary shape functions that

help improve the convergence of the numerical solution [42]:

• the static response of a uniform beam to a concentrated

bending moment at x = L1,

ϕ̃1(x) =

{

(L− L1)x
2 for 0 ≤ x < L1,

L1(−x2 + 2Lx− L1L) for L1 ≤ x ≤ L
;

(16)

• the static response of a uniform beam to a uniform

distributed force over [L2, L],

ϕ̃2(x) =























4(L2 − L)x3 +
(

4L2 − 6L2
2 + 2

L3

2

L

)

x2

for 0 ≤ x < L2,

x4 − 4Lx3 +
(

4L2 + 2
L3

2

L

)

x2 − 4L3
2x+ L4

2

for L2 ≤ x ≤ L

.

(17)

By incorporating these additional shape functions, we

define the vector of shape functions as N(x) =
[

ϕ1(x), . . . , ϕn−2(x), ϕ̃1(x), ϕ̃2(x)
]T

, for n ≥ 3.
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Through convergence analysis, we found that five mode-

shapes, in addition to the two supplementary shape functions,

are enough to provide a good approximation of our results.

Thus, we utilize a total of n = 7 shape functions.

IV. MODEL CALIBRATION AND VALIDATION

We performed a series of experiments with the aim of

calibrating the parameters of the tactor. These experiments

included the static deflection of the tactor under an external

mechanical loading, change in the fundamental frequency due

to additional mass in the cylinder, static deflection of the tactor

under an imposed voltage across the MFC electrodes, and the

frequency response to a harmonic applied voltage, without and

with contact with the skin (simulated by a rubber membrane).

The frequency response to a harmonic applied voltage was

also utilized as a validation for our model.

Below, we detail the experimental procedure, calibration

process, and results for each of these experiments.

1) Static deflection under an external mechanical loading

& change in resonance due to additional mass: To provide an

estimate of the bending stiffness k2 = k3 of the second and

third segment of the actuator, we performed a static loading

test and investigated the change in the tactor fundamental

frequency due to an additional mass in the cylinder. In the

static loading test [34], we applied known weights at the center

of the actuator and measured its deflection at the same point

through a laser displacement sensor. To avoid issues with

slacks in the actuator mount, an offset of 10 g was initially

applied to the actuator. We utilized five weights in addition

to the offset, tested in a random order: 20, 50, 100, 200, and

500 g. We zeroed the laser displacement sensor after releasing

each of the loads, to avoid hysteretic effects. During these

experiments, the electrodes of the MFC were shorted. We

recognize that MFCs have a different modulus in compression

and extension and that the actuator is not symmetric with

respect to its mid-axis. As such, we conducted the experiment

in two configurations, one with the loads applied on the

MFC side and one on the aluminum plate side. For each

configuration, we repeated the measurements ten times.

We also studied the change in the tactor fundamental

frequency due to the addition of mass in the cylinder, mounted

on top of the actuator. We identified the resonance frequency

with different masses in the cylinder through frequency voltage

sweeps. We applied linear voltage sweeps from 25 to 525Hz
for a duration of 300 s with peak-to-peak amplitude of 5V,

while measuring the displacement at the center of the tactor

with a laser displacement sensor. The signal from the laser

displacement sensor was sampled at 5, 000Hz with a 16-bit

data acquisition system (National Instrument 6341), without

any pre-conditioning. The mass was applied by hot gluing the

3D printed cylinder over the actuator and fixing it with duct

tape to ensure a stable positioning. Modeling clay, inserted in

the cylinder, was utilized to increase the additional mass after

each voltage sweep. We utilized additional masses from 1.75 g
to 9.75 g, with steps of 1 g. To reduce the effect of noise,

we filtered the displacement time-series with the lowpass

function in Matlab®, with a cut-off frequency at 600Hz. From

the filtered time-series, we identified the resonance frequency

as the peak of the Fourier transform of the output between

125Hz and 500Hz, which were selected to remove spurious

peaks in the frequency response.

We utilized the static and vibratory data to estimate k2 = k3.

As a first approximation, we neglected the change in stiffness

depending on the MFC being in tension and compression by

averaging the experimental results on static deflection obtained

from loading on the MFC and the aluminum sides. The theo-

retical static deflection under the external mechanical loading

was obtained from Eq. (7). For the change in fundamental

frequency due to the additional mass, we utilized an estimate

from our numerical solution in Eq. (13). Specifically, assuming

low damping, we set C ≈ 0, and we also consider V (t) = 0.

We hypothesized a solution in the form q(t) = q0e
iωt, where

i is the imaginary unit, and we identified the fundamental

angular frequency as the lowest generalized eigenvalue ω of

the problem (−ω2M+K)q0 = 0.

We estimated the bending stiffness k2 = k3 by minimizing

the weighted sum of the distance between the theoretical and

experimental static deflection under an external mechanical

loading and the distance between the theoretical and experi-

mental fundamental frequencies with varying additional mass.

From this procedure, we found k2 = k3 = 7.0 × 10−3 Nm2.

Such a value enabled an excellent reconstruction of both the

deflection at the center of the actuator due to the application

of an external mechanical load (Fig. 4) and the resonance

frequency of the tactor with varying additional mass (Fig. 5).
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Fig. 4. Comparison between the theoretical (solid blue) and experimental (red
dots) displacement w(L) at the center of the actuator, for a known weight
Fapp applied at the same point.
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Fig. 5. Comparison between the theoretical (solid blue) and experimental
(red dots) fundamental frequency fres, for different masses madd added in
the cylinder of the tactor.
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Fig. 8. Experimentally identified values of cs as a function of the pre-stretch
δ of the membrane (red dots), along with the linear fit with an intercept equal
to the identified value of cs(0) (blue line).

at resonance had a considerably higher amplitude (almost

twice) than at low frequencies. Our theoretical response was

in close agreement with experimental observations, with a

few differences. First, the theoretical response overestimated

the amplitude at low frequencies. Second, it displayed a zero

in the response before the resonance peak, absent in the

experimental response. Finally, the resonance peak in the

theoretical response was more spread than in the experiments.

By placing the tactor in contact with the unstretched mem-

brane, we did not register any change in the experimental

response at low frequencies (Fig. 9(b)). At resonance, we

recorded a considerable decrease in the vibration amplitude

compared to free vibrations of the tactor. This decrease was

more prominent at the resonance frequency, as the amplitude

decreases of almost a three-fold factor. Interestingly, the

fundamental frequency increased by about 15Hz compared

to the case without membrane. Our simulations followed a

similar trend, predicting a remarkable decrease of the vibration

amplitude at resonance and an increase of the resonance

frequency. We also noticed a slight increase in the amplitude

at low frequencies, not reflected in the experiment. The zero in

the frequency response was shifted towards higher frequencies

compared to the case without membrane.

Increasing the pre-stretch of the membrane considerably

affected the experimental frequency response of the tactor

(Fig. 9(c)), as resonance is completely suppressed and the

frequency response becomes almost flat, with slightly higher

values at low frequencies. Further increasing the pre-stretch

caused small variations in the response of the tactor, with an

overall small decrease in the amplitude (Fig. 9(d-f)). Our the-

oretical response closely matched experimental observations.

Interestingly, the zero in the response is no more present. For

small pre-stretches (Fig. 9(c)), we found higher amplitudes at

low frequency than at high frequency. For higher pre-stretches

(Fig. 9(d-f)), we registered a decrease in the amplitude at

low frequency and a decrease at high frequency, such that

the frequency response became substantially flat.

V. PARAMETRIC ANALYSES

Once we validated the theoretical model, we performed a

series of parametric analyses to unravel the role of the skin

on tactor vibrations, using the numerical solution in Eq. (13).

A. Effect of skin stiffness

First, we considered the individual effect of the stiffness of

the skin on the vibration of the tactor. We set the damping due

to the skin to zero and computed the frequency response of

the actuator for varying Young moduli Em of the membrane,

for a fixed 1mm applied elongations (equivalent to 0.6%
pre-stretch). We selected the following values that span the

variability of skin stiffness [45]: 103, 106, 107, 108, and

109 Pa. Results of the parametric analysis are in Fig. 10.

By considering a small value of the stiffness of the skin

(103 Pa), we obtained a similar response to the free vibration

of the tactor in Fig. 9(a). Increasing the stiffness four orders

of magnitudes affected the actuation minimally. We started

to observe changes in the frequency response by raising the

Young modulus to 107 Pa. In this case, we registered a small

increase in the vibration amplitude at low frequencies, along

with a slight shift towards higher frequencies of the zero

of the response and resonance. At resonance, we noticed a

small decrease in the peak amplitude. By increasing the Young

modulus to 108 Pa, we found an analogous shift of the zero

and resonance, along with a decrease of the peak amplitude.

Further, we registered a decrease in the amplitude at low

frequencies. For the highest stiffness of 109 Pa, the response

of the tactor changed drastically. Resonance was completely

suppressed, resulting in an almost flat response, with a small

increase in amplitude towards higher frequencies.

B. Effect of skin damping

Second, we considered the individual effect of the stiffness

of the skin on the vibration of the tactor. We set the pre-

stretch of the membrane to zero and the Young modulus

of the membrane to 6.95 × 106 Pa. We then computed the

frequency response of the actuator by varying the damping

coefficient cs of the skin. We considered a characteristic

damping coefficient c̄ = k1τ/L
4 ≈ 6.66 kg /(m s), being

τ =
√

ρ1/(k1L4) ≈ 1.7ms the characteristic time scale, and

we simulated the frequency response of the tactor for 10−3 c̄,
c̄, 10 c̄, 25 c̄, and 50 c̄. Results of this analysis are in Fig. 11.

A small damping coefficient 10−3 c̄ did not significantly

affect the tactor response, which is dominated by the struc-

tural damping. By increasing the damping to c̄, we observed

modest variations in the response. The largest effect was noted

at resonance, as the peak amplitude became slightly lower.

Increasing the damping of an order of magnitude elicited a

considerable reduction in the peak amplitude at resonance,

along with a small decrease in the amplitude at low frequency

and a shift to higher frequencies of the zero. Setting damping

to 25 c̄ and 50 c̄ caused noticeable reductions in the amplitude

at frequencies higher than the fundamental frequency.

C. Effect of skin pre-stretch

Finally, we investigated the effect of pre-stretch of the skin

on the vibration of the tactor. As tactors would be mounted on

adjustable straps or belts, such a parametric analysis was meant

to describe the effect of different levels of mounting tensions.

Variations in the skin pre-stretch would affect both stiffness
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Fig. 9. Theoretical (blue solid line) and experimental (red dots) frequency responses of the tactor vibrating freely (a) or in contact with the skin (b-f), for
different values of the pre-stretch of the rubber membrane, corresponding to elongations ∆Lm of 0 in (0mm) (b), 0.05 in (1.27mm) (c), 0.10 in (2.54mm)
(d), 0.15 in (3.81mm) (e), and 0.25 in (6.35mm) (f). fV

app is the frequency of the imposed sinusoidal voltage with fixed 5V amplitude, and w(L) is

the displacement at the center of the tactor. For the cases in contact with the membrane, ks and cs vary in the ranges [4.1, 8.5 × 104] kg/(m s2) and
[165, 2212] kg/(m s), respectively.

0 100 200 300
0

0.2

0.4

0.6

fV
app

[Hz]

w
(L

)
[m

m
]

Fig. 10. Theoretical frequency responses of the tactor for different values
of the stiffness of the skin. fV

app is the frequency of the imposed sinusoidal

voltage with fixed 5V amplitude, and w(L) is the displacement at the center
of the tactor. Blue solid, red dashed, black dash-dotted, brown finely dotted,
and green loosely dotted curves represent the response of the tactor in contact
with the membrane, with Young moduli of 103, 106, 107, 108, and 109 Pa,
respectively.

(due to the geometric stiffness contribution) and damping (due

to the dependence of damping on the pre-stretch, see Fig. 8).
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Fig. 11. Theoretical frequency responses of the tactor for different values
of the damping of the skin. fV

app is the frequency of the imposed sinusoidal

voltage with fixed 5V amplitude, and w(L) is the displacement at the center
of the tactor. Blue solid, red dashed, black dash-dotted, brown finely dotted,
and green loosely dotted curves represent the response of the tactor in contact
with the membrane, with damping coefficients of 10−3 c̄, c̄, 10 c̄, 25 c̄, and
50 c̄, respectively.

As for damping, we set the Young modulus of the membrane

to 6.95 × 106 Pa and we considered a linear variation of the
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damping coefficient with the pre-stretch δ of the skin, with

the parameters identified from the experiments on the rubber

membrane. We then studied the frequency response of the

membrane for different values of the pre-stretch: 10−5, 10−4,

10−3, 10−2, and 10−1. Higher values of pre-stretch are likely

to be uncomfortable for the user wearing the haptic device.

Results of this parametric analysis are displayed in Fig. 12.
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Fig. 12. Theoretical frequency responses of the tactor for different values of
the pre-stretch of the skin. fV

app is the frequency of the imposed sinusoidal

voltage with fixed 5V amplitude, and w(L) is the displacement at the center
of the tactor. Blue solid, red dashed, black dash-dotted, brown finely dotted,
and green loosely dotted curves represent the response of the tactor in contact
with the membrane, with pre-stretch of 10−5, 10−4, 10−3, 10−2, and 10−1,
respectively.

Small values of the pre-stretch, in the order of 10−3 −
10−2 % yielded frequency responses similar to the unstretched

membrane case in Fig. 9(b). Increasing the pre-stretch to

0.1% caused considerable effects only at resonance, with a

decrease in the peak amplitude. Elsewhere, we noted only a

slight reduction in the amplitude, along with a shift to higher

frequencies of the zero of the response. When the pre-stretch

reached 1%, we registered a completely different response

of the actuator. Specifically, the vibration amplitude started

from values similar to the unstretched case at low frequencies,

and it decreased monotonically until 200Hz, plateauing to an

almost constant value. In addition, the zero of the frequency

response disappears. Interestingly, by increasing the pre-stretch

of another order of magnitude, we recovered an almost flat

response, with only a sharp variation at low frequencies. While

at low frequencies the vibration amplitude was much smaller

than in any other case, the constant value at which the response

plateaued was larger than the one for a 1% pre-stretch.

VI. DISCUSSION AND CONCLUSIONS

Haptic technology is attracting increasing interest within the

engineering community for its use in human-computer interac-

tions across aviation [46], medicine [47], mobile devices [48],

robotics [49], and VR [50]. Motivated by applications in assis-

tive technologies that require broad frequency ranges and low

latencies, not afforded by standard tactors, we proposed a new

type of MFC-based actuator. These composites of piezoelectric

materials can generate large displacements and forces over a

broad range of frequencies, with a fast response due to their

electromechanical transduction and low inertia. We leveraged

these advantages to build a new MFC-based tactor, which

includes an MFC bonded to an aluminum plate and mounted

in a 3D-printed case. The case was designed to protect users

from the high voltages required for actuation, improve tactor

performance, and tune its fundamental frequency. Modulation

of the resonance frequency was afforded by the addition of a

controlled mass to the hollow cylinder tethered to the mount,

which transmits the vibration to the skin of the user. We tuned

the resonance frequency in the stimulation range at which skin

is most sensitive, below 250Hz.

We put forward a physics-based model to describe the

mechanical behavior of the tactor. Importantly, we accounted

for the effects of skin on the vibration of the tactor, as if

in its ecologically valid application state. Such an aspect,

which is of critical importance for haptic applications [47], has

been seldom considered in the literature with regards to haptic

actuation. To include the effect of the skin in a tractable way,

we took inspiration from the theory of elastic and viscoelastic

foundations, which are at the heart of geotechnical and civil

engineering. We modeled the effect of the skin on the tactor

as that of a bed of springs and dampers, whose parameters

were estimated from theoretical arguments and experiments.

Our theoretical analysis was complemented by a series of

experiments that were utilized to calibrate the parameters of

our model and validate its results. In vibration experiments, we

simulated the presence of the skin through a rubber membrane

in contact with the tactor. To mimic different tensions of

the skin at which a wearable with tactors may be worn, we

tested a series of membrane pre-stretches. We showed that

our model can adequately predict the frequency response of

the actuator and the effect that the skin has on it. Regardless

of the pre-stretch of the membrane, our experimental results

demonstrated that the tactors can generate vibrations with am-

plitude over 50µm, which is the physiological discrimination

threshold over the abdomen for frequencies below 250Hz [33].

Once validated, we exploited the theoretical model to sys-

tematically investigate the effect of the skin on tactor dynam-

ics, through a series of parametric analyses. We considered

the individual influence of skin stiffness and damping on the

tactor frequency response, and their combined effect due to a

change in skin pre-stretch. To unravel the role of skin stiffness

on tactor vibration, we varied the Young modulus of the skin

over seven order of magnitudes, corresponding to the identified

stiffness of skin from different experiments in the literature

[45]. Tactor response was marginally affected by the elastic

response of the skin for five orders of magnitude. Only at stiff-

ness values of 108 Pa we found an effect of skin stiffness, in

terms of an appreciable increase in the fundamental frequency

and a moderate reduction of the amplitude at resonance. For

even higher values of the stiffness, the vibration amplitude of

the tactor became substantially independent of the frequency.

We further studied the effect of skin damping by varying the

damping coefficient as a multiple of the characteristic damping

coefficient. For values of damping below such a value, we

found a negligible influence of the viscous response of the

skin on the tactor. Increasing the value of damping over this

value caused a sharp decrease in the amplitude of the response

at resonance. Finally, we investigated the effect of pre-stretch

of the membrane on the frequency response of the tactor,

from 10−3% to 10%. Variations of the pre-stretch led to an

intricate change in the skin stiffness and damping. Overall, the
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effect of pre-stretch became important at around 0.1%, where

we registered a decrease in the amplitude of the response

at resonance. Further stretching the membrane caused severe

changes: at 1% resonance was suppressed and at 10% the

response was practically constant.

Our work is not free of limitations that should be addressed

in future efforts. From the point of view of the actuator design,

further improvements can be pursued in the cylinder attach-

ment. The length of the TPU beams and their pattern could be

modified to optimize the balance between flexibility, to avoid

excessive reduction in the vibration amplitude, and vertical

force on the tactor, to ensure that the mass in the cylinder

effectively contributes to reducing the resonance frequency.

From the modeling perspective, while our work considered the

effect of the skin, its physics has been considerably simplified.

Skin is a nonlinear, multilayer, anisotropic soft tissue, with

damping dependent on stimulation frequency [51], [52]. Here,

we adopted a semi-empirical approach to model the effect

of the skin on the dynamics of the tactor. Future endeavors

should consider physics-based models of skin, potentially

extending previous waterbed models of skin mechanics [53]

or continuum-based viscoelastic foundation models, such as

Vlasov’s [54].

Further, we put forward some hypotheses that may not be

verified in general conditions, such as the fact that the surface

of the cylinder in contact with the actuator does not vary

during the vibration and the cylinder translates rigidly with the

actuator: while the satisfactory results of our model support the

plausibility of these assumptions, approaches based on finite

element and multibody simulations may be pursued to corrob-

orate these claims. We also assume that skin only provides a

normal, symmetrical force on the actuator, not accounting for

shear and off-center effects occurring in realistic conditions.

With respect to the experiments, we utilized a rubber mem-

brane to simulate the effect of the skin. We envision further

experiments with materials that more closely resemble the

mechanical properties of skin than rubber, such as hydrogels

[55]. While our tactors outperform our previous MFC-based

prototypes [32], which proved promising in discrimination

tests with human subjects, we anticipate the need to perform

analogous tests. Despite these limitations, our work constitutes

a meaningful advancement in high-performance actuators for

haptic applications in medicine and beyond.
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