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Abstract. In loop quantum cosmology (LQC) the big bang singularity is generically resolved by
a big bounce. This feature holds even when modified quantization prescriptions of the Hamiltonian
constraint are used such as in mLQC-I and mLQC-II. While the later describes an effective descrip-
tion qualitatively similar to that of standard LQC, the former describes an asymmetric evolution with
an emergent Planckian de-Sitter pre-bounce phase even in the absence of a potential. We consider
the potential relation of these canonically quantized non-singular models with effective actions based
on a geometric description. We find a 3-parameter family of metric-affine f(R) theories which ac-
curately approximate the effective dynamics of LQC and mLQC-II in all regimes and mLQC-I in the
post-bounce phase. Two of the parameters are fixed by enforcing equivalence at the bounce, and the
background evolution of the relevant observables can be fitted with only one free parameter. It is seen
that the non-perturbative effects of these loop cosmologies are universally encoded by a logarithmic
correction that only depends on the bounce curvature of the model. In addition, we find that the best
fit value of the free parameter can be very approximately written in terms of fundamental parameters
of the underlying quantum description for the three models. The values of the best fits can be written
in terms of the bounce density in a simple manner, and the values for each model are related to one
another by a proportionality relation involving only the Barbero-Immirzi parameter.
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1 Introduction

The ubiquitous presence of classical singularities in General Relativity (GR) [1-3] suggests that it
cannot be understood as the ultimate description of the gravitational interaction. Indeed, if gravity
is to be quantized, it is well known that, due to its non-renormalizability, GR cannot be seen as a
fundamental theory of gravitation but must rather be interpreted as an effective field theory (EFT)
with a cutoff at the Planck scale [4-6]. One can thus try to solve the problem of singularities within
the EFT paradigm, by looking for speccific effective theories that do not contain singular solutions
for physically sensible initial data. This was the approach followed in [7], where higher-order curva-
ture effective theories were found such that all homogeneous and isotropic solutions are non-singular
within. The hope is that such kind of theories may shed some light into the properties of the under-
lying quantum gravity description although, to that end, one has to go beyond the EFT paradigm and
understand what possible UV completions these effective theories can have.

The (in principle) most straightforward way to aim for a fundamental theory of gravity is to seek
for a renormalizable action for the gravitational interaction that recovers GR in the regimes where it
has been tested. Lovelock’s theorem ensures that new degrees of freedom will propagate unless we
depart from metricity and/or diffeomorphism invariance (namely background independence) if we
stick to four space-time dimensions. These new degrees of freedom usually generate ghost instabil-
ities, and standard quantizations of such theories suffer from a breakdown of unitarity [6], although
non-standard quantizations in terms of an anti-linear Hamiltonian (rather than hermitian) have been
suggested as a possible solution to such problem [8—11]. Other directions that have been taken in
the quest for a fundamental theory of gravity include going beyond perturbative modifications of the
Einstein-Hilbert action.

In the past decades, much theoretical effort has been dedicated to find candidates for quantum
theories of gravity that can be interpreted as fundamental, one of the typical requirements for these
candidates being the ability to tame the classical singularities. One of such approaches is Loop
Quantum Gravity (LQG), a non-perturbative canonical quantization of GR where the canonical phase
space coordinates of the gravitational sector are the Ashtekar-Barbero variables — the holonomies



of the connection and the fluxes associated with the triads. While the dynamics of the full theory
remains to be uncovered, much progress has been made in implementing the quantization techniques
of LQG to symmetric scenarios of physical relevance, such as cosmological [12] and black hole
space-times [13]. The idea behind these approaches is to reduce the dimensionality of the phase
space by enforcing the constraints provided by the underlying symmetries of the spacetime, and
then quantize the degrees of freedom of the resulting minisuperspace by using loop quantization
techniques. As a result, the classical differential geometry of Einsteinian gravity is replaced by a
discrete quantum geometry. Extensive investigations in loop quantization of cosmological models
show that this underlying quantum geometry results in a bounce which replaces the big bang [14—
16], with similar results on the resolution of the central singularity in black hole spacetimes (see eg.
[17]). The dynamical resolution of the singularity, which occurs when the energy density reaches the
Planckian regime, manifests itself even at the level of consistent probabilities. Unlike in the Wheeler-
DeWitt theory [18], the probability for a universe to encounter a singularity is zero, and to have a
bounce is unity [19].

Interestingly, one can obtain an effective spacetime description in LQC [20] which captures the
underlying quantum evolution extremely well [15]. Numerical simulations with high performance
computing confirm this feature [21], including in presence of anisotropies [22, 23]. These investiga-
tions show that for a wide variety of states, bounce in LQC is a robust phenomenon [24]. Assuming
the validity of the effective dynamics, one can prove that for arbitrary matter there is a generic resolu-
tion of singularities in LQC for isotropic as well as anisotropic spacetimes [25-30]. Our manuscript
will assume the validity of the effective spacetime description for all regimes and all of the loop
cosmology models considered.

As in any approach to quantum gravity, the application of loop quantization techniques also faces
inherent ambiguities in the quantization procedure. One of these ambiguities results from the treat-
ment of the Hamiltonian constraint, which has Euclidean and Lorentzian terms. In the spatially-flat
models, using the symmetries of the space-time these terms can be combined before quantization
resulting in the standard LQC [31]. However, such a treatment is not applicable in general and in full
LQG one must quantize both terms independently. As a result, following Thiemann’s regularization
of the Hamiltonian constraint [32], different choices to solve these ambiguities have provided two
modified versions of quantum cosmologies [33—38], which following Ref. [35] will be referred to as
mLQC-I and mLQC-II, and all above models, including standard LQC as loop cosmologies. Note
that as in standard LQC, one finds that there is a generic resolution of singularities in mLQC-I and
mLQC-II [39].

A natural question that permeates the LQG framework is how does one recover the spacetime
covariance in the continuum spacetime description. From a classical perspective, this question can
be reformulated for the different loop cosmologies by asking whether there exist any diff invariant
theories that are able to provide an effective classical description that reproduces their background
evolution and also the dynamics of their perturbations. At the background level, this question was
already answered for standard LQC in [40], where a diff invariant metric-affine action that reproduced
the standard LQC evolution was found. A natural question that arises after that finding, and the
introduction of other loop cosmology models like mLQC-I and mLQC-II, is whether the different
choices related to the quantization ambiguities affect this result, or also do yield an effective evolution
that can be described by a diff invariant theory. In the affirmative case, a further direction to explore
would be how different are the resulting effective classical theories for each of the models, or whether



they can be embedded in a family of diff invariant actions where a choice of parameters leads to the
different loop cosmology models.

The exploration of alternative gravity theories in the last two decades offers multiple avenues in
order to find diff invariant actions able to capture the dynamics of loop cosmologies. In this sense,
an important piece of information that follows from LQC, mLQC-I, and mLQC-II is that the cosmic
dynamics satisfies second-order equations in which the matter sources act nonlinearly, causing in
that way nonperturbative effects (a bounce) without adding new dynamical degrees of freedom. This
fact was already used in [40] to identify metric-affine theories of the f(R) type as a natural candidate
for the effective description of loop cosmologies.

In the metric-affine framework, one assumes that classical gravitation is not described only by a
metric, but also by an independent affine or spin connection.! Due to the independence between
metric and connection, curvature invariants do not contain higher-order derivatives of the metric,
and for that reason metric-affine theories have been proposed in the past as a natural framework
where renormalizable ghost-free candidates could be found. It has been recently shown, however,
that generic metric-affine theories are also swarmed by ghostly instabilities unless certain restrictive
sub-classes or fine-tuned Lagrangians are considered [42-47]. One of the ghost-free sub-classes are
projective-invariant Ricci-Based Gravity (RBG) theories where the Lagrangian is a generic function
of the metric and the symmetrized Ricci tensor of the affine connection (see e.g. [42, 48, 49]. Indeed,
these theories have been shown to be dynamically equivalent to GR coupled to a non-linearly modified
matter sector, so that they do not propagate extra degrees of freedom and naturally generate bouncing
cosmologies, wormholes, and other exotic compact objects [42, 50-53]. The simplest type of action
that we can find within this sub-class is the metric-affine f(R) family of theories, which we already
mentioned in relation with the evolution in LQC [40]. Beyond the f(R) family and still ghost-free,
one finds the RBG family, which includes quadratic gravity [54, 55] and the EiBI model [48], among
others (see, for instance, [56-58]).

In this work, we will assess the question of whether the effective continuum description that pro-
vides evolution’? in mLQC-I and mLQC-II when coupled to perfect fluid with w = 1 can also be
derived from a covariant effective action within the f(R) class coupled to the same fluid. We will
show that there exists a common family of metric-affine f(R) actions that faithfully describe the
evolution predicted by LQC and mLQC-II, as well as the post-bounce phase of mLQC-I, and which
reduce to the one found in [40] for a particular choice of parameters. Interestingly, we find that
the non-perturvative features of the evolution of the energy density with respect to the curvature are
universally captured by a generic logarithmic correction In(R /Rpounce) in the effective Lagrangian.
Furthermore, once the general form of the family of effective f(R) theories is specified, we will be
able to write the values of the parameters leading to each of the considered loop cosmologies in terms
of fundamental constants of the underlying LQC theory, concretely the Barbero-Immirzi parameter
~ and the critical density at which the bounce occurs. In standard LQC this bounce density is given

'In principle, given an affine connection there is a canonical spin connection associated to it and viceversa. However,
while researchers that view metric-affine gravity theories necessarily as gauge theories of gravity view the spin connec-
tion as the fundamental object; and curvature, torsion, and nonmetricity as field-strengths; other researchers see the affine
connection as fundamental and regard torsion and nonmetricity just as pieces of this connection with certain geometrical
meaning. For a more detailed and up to date account of the details of the metric-affine framework from different perspec-
tives, see e.g. [41, 42].

*In this work we will focus only in background evolution, leave the quest for equivalence for the dynamics of perturba-
tions for future work.



by pp = pc = 3/87GH2A where A = 4\/577’%%,1 is the minimum area gap in quantum geometry.
In mLQC-I and mLQC-II the bounce density is related to p. as discussed later.Let us emphasize that,
as explained above, this family of theories does not propagate extra degrees of freedom, is free from
ghostly instabilities, and its dynamics can be mapped into GR coupled to a nonlinear matter sector.

Other attempts to derive the effective dynamics of loop cosmologies already exist in the literature
[59, 60]. However, they relay on an order reduction method that basically boils down to a perturba-
tive approach designed to ignore the extra dynamical degrees of freedom of the considered theories.
Such approaches, which somehow try to capture intrinsically nonperturbative phenomena within a
perturbative approach, do not guarantee energy conservation (they break the Bianchi identities as-
sociated to diffeomorphism invariance), and are not robust under small perturbations, which excite
the artificially frozen degrees of freedom. On the contrary, metric-affine f(R) theories (and, more
generally, RBGs) satisfy by construction the Bianchi identities, have no new dynamical degrees of
freedom which may be excited by small perturbations, and generically exhibit nonperturbative effects
[49].

The structure of the paper is the following. In section 2, we will briefly review the main features
of the cosmological evolution for the different loop cosmology models and for metric-affine f(R)
theories, showing how the conditions for which both are equivalent at the physical level lead to a non-
linear ODE for the metric-affine f(R) Lagrangian. We will provide this description in cosmic time.
In section 3, we will discuss the sensitivity of the solutions to small changes of at low curvatures, and
physically meaningful numerical solutions for this ODE will be obtained. In section 4, we will find a
family of metric-affine f(R) Lagrangians that approximate the numerical solutions to the three ODEs
corresponding to LQC, mLQC-I and mLQC-II to a high degree of accuracy, reducing to the known
one for LQC found in [40]. We will finish with a discussion on the results and future directions to be
pursued.

2 Background evolution equivalence

In this section we will establish the conditions under which the evolution dictated by the effective
theory is physically equivalent to the one described by the corresponding loop cosmological model
by focusing in the relevant physical observables. To that end, we will first provide ingredients to
describe evolution in both frameworks, the loop cosmology and the explicitly covariant, and then
discuss the conditions for their equivalence.

2.1 Evolution in loop cosmologies

The evolution of loop cosmology models can be expressed in terms of a modified Friedmann equa-
tion which modifies the GR evolution at energy densities close to the bounce, while quickly recover-
ing GR away from the bounce scale. This modified Friedmann dynamics is obtained by quantizing
the only gravitational degree of freedom that is left after a symmetry reduction that enforces homo-
geneity and isotropy in the phase space, namely the scale factor. This quantisation is carried out d la
Loop, namely by rewriting GR in terms of Ashtekar-Barbero variables and using Dirac’s method to
quantise constrained theories. In isotropic and homogeneous backgrounds, of all the constraints in
GR, only the Hamiltonian one is relevant, and it can be written as

Heray = HE, — (1 + ) HE), (2.1)

where Hé@v and Héﬁv are the Euclidean and Lorentzian parts respectively [33], and -y is the Barbero-
Immirzi parameter, whose value can be fixed by black hole entropy computations in LQG to be



v =~ 0.2375. As already mentioned, the quantization process has some ambiguities related to several
possible treatments that can be given to the Lorentzian part of the constraint before quantising. These
ambiguities lead to different effective Hamiltonians to describe cosmological evolution, leading to
different Loop Cosmology models described by their respective modified Friedmann equations. In
this paper, we consider two models that stem from these quantization ambiguities concerning how
one treats the Euclidean and Lorentzian terms, which results in mLQC-I and mLQC-II. Detailed
investigations of their properties show that though the mLQC-II evolution is consistent with a sym-
metric quantum bounce as in standard LQC, this is not the case for mLQC-I, which has an asymmetric
bounce for a consistent evolution [35, 38]. A striking difference between LQC, mLQC-II and mLQC-
I is that the latter, unlike the other two quantizations, does severely forbid a cyclic evolution in cosmic
time even in the absence of a potential [61].

When coupled to a perfect fluid with a generic equation of state, the Friedmann equation for LQC

reads

3HZ o0 = kp (1 - ;i,) : (2.2)

where p, = p. is the value of the energy density at the bounce, while the modified loop cosmology
models are described respectively by the following modified Friedmann equations
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for pre-bounce and post-bounce phases of mLQC-I evolution respectively. Here pf, = pc/(4(1++2))
is the mLQC-I bounce density, and we can define analogously plI,I = 4(1 4+ v%)p. which gives the
mLQC-II bounce density.

3]1112+ = KOPA <1 — p1> 1+

2.2 Evolution in f(R)

In the Metric-affine formalism, the fundamental fields that describe the gravitational interaction are
the metric and the affine connection, which is a priori independent from the metric and has dynamics
of its own dictated by the action of the theory. Metric-affine (or Palatini) f(R) theories are defined
by a Lagrangian of the form

S= 5 [ eV R) + 5, (2.6)

where R is the Ricci scalar associated to the Ricci tensor of the independent affine connection I"
contracted with the metric g*¥, and S,,, is the matter action, which can be completely general up to



this point. As is well known, metric-affine f(R) theories do not propagate extra degrees of free-
dom and are free of ghosts [62], which can now be easily understood by noting that they lie inside
the projective-invariant subclass of Ricci-Based gravity theories [49], whose projective symmetry
protects them from propagating pathological degrees of freedom [43, 44]. For a minimally coupled
matter sector (in the sense of [63]) with an equation of state with w = 1, e.g. a massless scalar field,
this family of theories predicts a modified Friedmann equation of the form

2 _
3HJ%(R) _ IR [26%p + Rfr — f] 27

N\ 2 )
2 (fr+ 252

where the following relations can be derived from the field equations of the theory (see e.g. [62])

_ Rfr—2f
p= R, 2.8)
R
7= —12kp/(RfrR — fR) - (2.9)

From diffeomorphism invariance of f(R) theories, and if the affine connection couples minimally to
the matter sector, one can show that the above Friedmann equation and conservation of the stress-
energy tensor allow to derive the Raychaudhuri equation, the three of them forming an over deter-
mined system, just like in GR. (See appendix A for a more explicit derivation.) The situation is the
same in LQC, mLQC-I, and mLQC-II. In this manuscript we use the Friedmann equation and the con-
servation law to determine the effective action for mLQC-I and mLQC-II from f(R) theories. From
diffeomorphism invariance of f(R) theories, and if the affine connection couples minimally to the
matter sector, one can show that the above Friedmann equation and conservation of the stress-energy
tensor allow to derive the Raychaudhuri equation, the three of them forming an over determined sys-
tem, just like in GR. (See appendix A for a more explicit derivation.) The situation is the same in
LQC, mLQC-I, and mLQC-II. In this manuscript we use the Friedmann equation and the conservation
law to determine the effective action for mLQC-I and mLQC-II from f(R) theories.

The above relations (2.8) and (2.9) allow to rewrite the right-hand side of (2.7) as a function of
f(R) and its two derivatives fr and frr as

fr(2Rfr —3f)
5 -
_ Rfr—2f
2 (fR 3frR (RfR’R,_fR>>
To find bouncing cosmologies within the f(R) subfamily of metric-affine theories we need to have
either fr = 0 or 2R fr — 3f = 0 at some value of the affine curvature Ryounce and the quotient

of (2.10) being regular as ‘R approaches Rpounce- We will proceed with the bounce given by the
condition fr = 0.

3Hjz) = (2.10)

2.3 Physical conditions for equivalence

The first condition for evolution equivalence can be formulated as an equivalence of the Hubble
rates of both pictures. On the explicitly covariant side, the Hubble rate is a function of the metric-
affine f(R) Lagrangian, and its first two derivatives, as seen in (2.7). On the other hand, in the loop
cosmology side, the Hubble rate can be written in terms of the energy density for each of the models as
in Egs. (2.2) to (2.5). Using now the relations that exist in the f(R) side between energy density, the
Lagrangian, and its first derivative (2.8); we can enforce the equivalence of Hubble rates by requiring
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Table 1. This table contains the values of the different factors that define the particular form of the general
ODE which enforces equivalence between the evolution of metric-affine f(R) theories and the different loop
cosmology models that we will deal with.

that the f(R) Lagrangian solves a 2nd-order nonlinear ODE. This equation will be different for each
of the loop cosmology models here considered, but they can all be written in the general form?

BC — frA
BCR + 2A(Rfgr — 3f)>

IrRR = fr ( (2.11)
where A, B and C' are functions of R, f(R) and fr which depend on the loop cosmology models
under consideration. We show the particular values of these coefficients for LQC, mLQC-II and the
two asymmetric branches of mLQC-I in Table 1.

Given a pair of boundary conditions for f(R) and fr at some value of R, this equation yields a
unique solution in the interval [Ryounce, 0] provided that the right hand side of (2.11) is regular within
the whole interval. The required boundary conditions can be found analytically by enforcing physical
equivalence at the bounce in the values of the energy density and the acceleration of the scale factor
for the two descriptions. Under the constraint fg = 0, enforced in order to have a bounce in the
f(R) description*, these conditions lead to a unique set of allowed boundary conditions: imposing
equality of the Hubble function, the bounce density yields the value of the Lagrangian at the bounce,
while enforcing equality in the acceleration of the scale factor yields the value of the affine curvature
at the bounce, which has the value of —12.F.lbounCe for the three models. The specific values for each
of the models are given in Table 2. With these initial conditions we can, in principle, obtain a solution
to the corresponding ODE, which would provide a particular Lagrangian of the f(R) type for each
of the loop cosmology models. Note that, according to the definitions on Table 1, there is no obvious
reason to expect that these Lagrangians should bear any relation among them, beyond the fact of
laying within the metric-affine f(R) subclass. However, as we will see below, their nonperturbative
behavior can be parametrised by a subfamily of f(R) functions where nonperturbative deviations
from the Einstein-Hilbert Lagrangian arise via logarithmic corrections of the form In(R /Rpounce)-

3 Numerical solutions

Though an analytical solution of the ODEs that encode evolution equivalence for the different
models would be ideal, to the best of our knowledge, it is not possible to obtain it. Thus, we need

3This form will still hold for perfect fluids even if w # 1, as can be derived from the corresponding w-dependent version
of Eq. (7). However the specific form of A, B and C will depend on w.

*There are other bouncing solutions with fz # 0, but these end up determining the values of fr= and even higher
derivatives at the bounce, so that they are not suited to yield initial conditions for the ODE in (2.11).
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Table 2. This table contains the values of the affine curvature and the effective Lagrangian at the Bounce
conditions for the equivalence between the metric-affine f(R) description and the effective dynamics of the
respective loop cosmology models. They are found by enforcing equivalence of the bounce energy density and
the acceleration of the scale factor.

to find a numerical solution that we can later approximate with an analytical ansatz. Even obtaining
physically meaningful numerical solutions of these ODEs is not generally a straightforward task, due
to the fact that the boundary conditions at the bounce, obtained in section 2.3 from requiring physical
consistency of both descriptions at the bounce, are not appropriate for numerical analysis, the reason
being that the right hand side of (2.11) is indeterminate for these initial conditions. Hence, we have
to look for boundary conditions elsewhere within the interval [Ryounce, 0] and find the appropriate
numerical solution by requiring that the bounce that it describes satisfies the physically consistent
bounce conditions up to a certain degree of precision.

Given that, in order for the effective f(R) Lagrangians to be physically meaningful, they must
approximate GR at low curvatures, we can try to fix boundary conditions near R = 0, where we
know that fr should be close to unity. Given a value of R at which we can fix boundary conditions,
Rbounce, the values of f(R) and fr at Ryounce can be tuned so that the numerical solution reproduces
the right conditions at the bounce up to the desired accuracy. In that sense, we note that, for any
choice of Rpounce Within the interval [Ryounce, 0], there is an upper limit to the boundary value of
fr above which the numerical solution diverges before reaching the bounce. Below this critical
value, the ODEs are well behaved and the conditions for existence and uniqueness of the solution
are satisfied across the relevant interval [Rpounce, 0]. More interestingly, it appears that the physically
consistent bounce conditions are best approximated for the numerical solution with a boundary value
for fr equal to this critical value. The robustness of these numerical results has been verified by
giving boundary values close to the critical value, both above and below, and running an iterative
Newton-Raphson method where the goal is to achieve fr = 0 at the bounce. The iterations show
how the boundary value of the derivative converges to the critical value as the number of iterations
increase in both LQC and mLQC-II, as well as in mLQC-I". However, the solutions are extremely
sensitive to a small change in the value of the derivative. A deviation in fz on the seventh significant
digit at Rpounce = 1072° yields variations in the energy density at the bounce of around the 10% of
its value. Nonetheless, note that it is remarkable that there are solutions which satisfy the appropriate
boundary conditions at the bounce to a desired degree of precision while at the same time reducing
to GR at low curvatures. This could signal that the Einstein-Hilbert Lagrangian might be an attractor
at R = 0 in solution space as, otherwise, solutions satisfying the boundary bounce conditions would
not be, in general, close to GR near R = 0.

The method of placing boundary conditions at low curvatures is appropriate for the post-bounce
phases where, according to our experience, the gravity Lagrangian must resemble the Einstein-Hilbert
action at low curvatures up to a high degree of precision. For LQC and mLQC-II, this procedure
completely determines a covariant Lagrangian that describes the full cosmological evolution at the
background level, due to the fact that the pre- and post-bounce branches are symmetric within these
models. However, this is not true for mLQC-I, for which the pre-bounce branch differs from the post-
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Figure 1. Plots of the effective Lagrangian given by the numerical solutions to (2.11) for mLQC-I and mLQC-
II and its analytical approximations given by (4.1) with the parameters in Table 3 and eqs. (4.4) and (4.2). The
values of the affine curvature and energy density are given in units of R, and the bounce curvature for each
model. We can see how the pre-bounce branch is described by an almost constant Lagrangian as corresponds
to a quasi-de-Sitter phase.

bounce one in cosmic time. Thus, though we have experimental data about how the low-curvature
regime of the mLQC-I post-bounce evolution looks like, this is not the case for the pre-bounce branch,
for which we do not have any available data constraining the behavior of the Lagrangian at low
curvatures, even though this phase has been constrained by CMB observations [64—67]. Indeed, the
pre-bounce branch is asymptotically de Sitter with an asymptotic curvature that is not far from the
Planck scale.’ This makes it impossible to assess the low curvature behavior of the corresponding
effective f(R) Lagrangian for the pre-bounce phase, as we know that, once the curvature reaches
the value of the effective cosmological constant, the curvature-dependent terms of the Lagrangian
become irrelevant as compared to the effective cosmological constant, thus leading to a high degree
of arbitrariness. Thus, we can only hope for unveiling the form of the Lagrangian from scales close
to the effective cosmological constant to the bounce curvature.

Even so, we have been able to find numerical solutions for the pre-bounce phase of mLQC-I which
match the value of the energy density, Lagrangian, and first derivative of the post-bounce phase. Both
pre-bounce and post-bounce numerical solutions are plotted in figure 1. We see that the solutions
are almost constant, both for the Lagrangian and the energy density. However, the values of these
numerical solutions do not correspond to the correct values of the asymptotically de Sitter phase,
which are fasymp. (R) = —0.297 and pp = 0.314,0%,. Our investigations show that it is difficult to
approach more precise values of the asymptotic energy density by changing the boundary conditions
at the bounce, due to the sensitivity of the ODE to small changes in the boundary conditions.

4 Analytical approximations

Following [40], we now approximate the numerical solutions that describe LQC, mLQC-II and the
post-bounce phase of mLQC-I. Our aim is to see whether the quantum gravitational non-perturbative
behavior of the different models can be fitted into the same family of metric-affine Lagrangians.
Hence, we proceed by generalizing the analytical approximation to LQC introduced in [40] to a three

SSuch an asymmetric evolution is a direct manifestation of the form of the Hamiltonian constraint in mLQC-I, with a
similar evidence seen also for a loop quantization of Kantowski-Sachs spacetime [68].
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Table 3. This table contains the values of « and ¢ that have to be chosen in the general Lagrangian (4.1) so
that it yields the correct values of the affine curvature and the effective Lagrangian at the bounce for each of
the loop cosmology models. These conditions determine two of the three parameters of the family. The third
parameter can be found by fiting the numerical solutions for each of the models, and related to fundamental
constants from the underlying quantum dynamics by (4.4) and (4.2).

parameter family of metric-affine f(R) Lagrangians of the form

R—aR)? 1 R?

Here the nonperturbative effects near the bounce can be mostly accounted for by a logarithmic cor-
rection. The parameter o determines the value of the affine curvature at the bounce in units of R,
and ¢ determines the value of the Lagrangian at the bounce. [ is a free parameter controlling the
perturbative information of the effective action (namely its polynomial piece) that can be used to fit
the numerical solution. In order for fz to have only one root on the interval [0, Rpounce, it is neces-
sary that § > 2. By requiring that the bounce curvature and value for the Lagrangian are consistent
with the respective models, the values of o and £ are completely determined for each case (see table
3), leaving only S to fit the numerical results. As we will see later, there is an unexpected relation
between the values of 8 obtained by doing independent fits for each of the models in terms of the
Barbero-Immirzi parameter given by

Bt = (1 +7)BLoc and O = (flf(;). 4.2)

Also, note that the value of 3 is (inversely) correlated to the bounce density of each model. The best
fit values for 3, obtained by minimising the area between the numerical solution and the analytical
approximation, are given by

PrLoc = 3.84 By =4.77 Bu = 3.10. 4.3)

where 3 refers to the post-bounce phase of mLQC-IL. This values satisfy the relation (4.2) to the
reported precision. It is also interesting to note that the above value for i ¢ is also approximated by

Brac = 37r%. (4.4)

Indeed, the best fits obtained with the /5 for each model as a free parameter and those obtained
by the above value for Brqc and the relations (4.2) to determine all the 5 parameters in Sy in terms
of fundamental constants of LQC lead to analytic approximations that are virtually indistinguishable
from one another, see figure 2. As we can see, the non-perturbative behavior is matched by the
analytic approximations to a high degree of accuracy, finding deviations only at the percent level in
mLQC-I" and -II. However, if one looks close to the mLQC-I bounce (R = 0.999Ry), it is possible

~10-
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Figure 2. Plot of the energy density in units of the corresponding bounce densities for the numerical solution
to (2.11) and the analytical approximation of each model given by (4.1) with the parameters in Table 3 and
eqs. (4.4) and (4.2). The top plot is LQC, the bottom left is mLQC-I and the bottom right is mLQC-II. order of
the models is standard LQC, post-bounce branch of mLQC-I, and mLQC-II. Note that for LQC we have used
a the value for 3 in terms of fundamental LQC parameters (4.4) (= 3.85), which coincides with our best-fit
value, instead of the one used in [40] (= 3.76), although both results are practically indistinguishable at the
observable level. The mLQC-I analytic approximation captures the non-perturbative behavior of the energy
density at high curvatures very accurately and, although some deviation can be found at intermediate scales,
this can be overcome by adding fine tuned polynomial corrections at the 1% level if desired. The pre-bounce
branch is almost constant as corresponding to an asymptotically de-Sitter phase, although its value does not
correspond to the expected one pa = 0.3p}. We can seee that the behavior of the energy density is accurately
descirbed by the analytic approximation at all scales, particularly near the bounce, for the post-bounce phase
of mLQC-I as well as for all regimes of LQC and mLQC-II.

to see that the energy density does not approach the bounce with the correct asymptotic behavior.
This can be understood by noticing that while the non-perturbative behavior of the Lagrangian at the
bounce is perfectly fit in LQC and mLQC-II, the second derivative of the effective Lagragian has
a divergence at the bounce for the numerical solution in the mLQC-I case, which is not accounted
for by the logarithmic corrections. By studying the asymptotic behavior of the numerical solution,
it can be seen that this divergence corresponds to a square-root-like asymptotic behavior of the first
derivative, so that the second derivative diverges when approaching the bounce as (aR. — R)_l/ 2,
This can be corrected by modifying the above family with a square root term, so that the mLQC-1~
branch is approximated by

F(R) =R |1+

(R—aR)? 1 (732 >]+(72 (aRe — R)? “5)

~
Ba’R2 2 a?R? 2m)3 aRe
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Figure 3. Second derivative of the efective Lagrangian given by the numerical solutions to (2.11) for mLQC-I
and the analytical approximation given by (4.5) with the parameters in Table 3 and eqs. (4.4) and (4.2). The
square-root term in (4.5) is necessary to account for the non-perturvative behavior of the second derivative
in the Lagrangian, and it does not contribute to the energy at the bounce, so that the behavior of the energy
density is still well described by the universal Logarithmic correction in (2.11). The square-root term in (4.5)
adds a constant term to the Lagrangian that causes the small deviations at lower curvatures seen in fig. 2. These
deviations can be solved by adding a small polynomial correction to (4.5).

which perfectly matches the behavior of the numerical solution, including the divergenve at the
bounce of its second derivative (see fig. 3). Although this correction seems to drive the effective
metric-affine description of mLQC-I away from the same family of theories as LQC or mLQC-II, we
note that this is not the case if one focuses only on the correspondence of the relevant physical ob-
servables near the bounce. In fact, the contribution of the square-root correction to the energy density
of the effective metric-affine description is given by

2
ol aR.—R
ganin (R~ A0R = o

(4.6)
which describes with slightly more accuracy the asymptotic behavior of p as we approach the bounce
but which vanishes at the bounce, although it introduces a negative contribution to the energy density
at vanishing curvature given by —y2aR. /873 k. By taking the appropriate limits, one can also check
that the contribution of the correction to the Hubble factor vanishes both, at the bounce, and at low
curvatures, while the global fit is as good as the one without the square root correction. This shows
that a logarithmic correction is universal in all three loop cosmology models in accounting for the
non-perturbative behavior of the energy density as the bounce is approached.

We conclude that the family of theories given in (4.1) provides an accurate description of the full
evolution of LQC and mLQC-II, as well as the post-bounce phase of mLQC-I. Let us, however,
elaborate on the need of introducing the square-root correction in (4.5) to fit the behaviour of the
second derivative of the Lagrangian with respect to the curvature for mLQC-I. A possible explanation
for the physical need of this correction would be that, due to the fact that mLQC-I has an asymmetric
bounce, then both branches have to be described by different effective f(R) models, which opens
the door to have a non-smooth Lagrangian at the bounce, even if this does not permeate all physical
observables. Although this seems natural from the loop cosmology side, the reader should notice
that the ODE for the mLQC-I post-bounce branch does not have any encoded information about the
pre-bounce branch. Therefore, it is rather surprising that, precisely for this model but not for the
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symmetric ones, the smoothness of the Lagrangian is lost at the bounce. On the other hand, the fact
that this lack of smoothness does not affect the relevant physical observables, in principle, allows for
a physically well behaved transition from one branch to the other.

5 Outlook

In this work we have established a correspondence between the evolution of different loop cos-
mology models and that of metric-affine f(R) theories at the background level, expanding previous
results and proving that the background dynamics of different loop cosmologies appears to be gener-
ically indistinguishable from that of some diffeomorphism invariant theory. Furthermore, we have
shown that the evolution of the energy density with the curvature can be accurately described for
the three models of loop cosmologies analyzed here by a single family of f(R) theories. This is so
despite the fact that one of the loop cosmology models has an asymmetric bounce, while the other
two have symmetric ones.

Structural differences in the effective Lagrangian of the symmetric and asymmetric bounce models
only become relevant in the second derivative of the Lagrangian with respect to the affine curvature,
which for the symmetric bounce models is well captured by the family (4.1), but requires an extra
term given in (4.5) for mLQC-I in order to faithfully track the divergent behavior of frr as the
bounce is approached. We ignore if this divergence of frz in mLQC-I is just an accident or a
generic signature of asymmetric models. In any case, the lack of analyticity in frz has no effect on
physical aspects such as the energy density or the acceleration of the expansion factor at the bounce,
which are the key observables used to construct our numerical solutions starting with initial data close
to GR at low curvatures. In fact, the square root correction of mLQC-I in (4.5) does not contribute
to the energy density or the Hubble rate at the bounce, so that the non-perturbative behavior of the
relevant physical observables is not affected by it. Furthermore, the near-bounce behavior of the
energy density is universally well accounted for by a logarithmic correction as in (4.1), as can be seen
in fig. 2. A limitation of our analysis is that for the pre-bounce branch of mLQC-I we have been
unable to recover the asymptotic value of the energy density in the emergent Planckian phase.

Finally, let us comment on the fact that the effective dynamics of the three loop cosmology mod-
els can be embedded into the same family of metric-affine f(R) Lagrangians. This is an a priori
unexpected result. In fact, the proposed family of metric-affine f(R) theories does not encode any
information about the common origin of the three models and the ambiguities that generate them so
that, in principle, there was no guarantee that they could fit within a one-parameter family of La-
grangian theories. It is also remarkable the fact that the only free parameter of the family that can be
used to fit the behavior of the energy density satisfies a simple relation between its best fit values for
the three models given in (4.2), and even more remarkable that the values of this parameter and these
relations can be written in terms of fundamental constants that originate in the underlying quantum
description. These numerical coincidences call for a closer scrutiny in order to understand whether
they are mere chance or if there exists some underlying reason for this to occur.

In this sense, to understand the significance of these results concerning the universality of the three
effective descriptions, one should assess the generality of the logarithmic term in nonsingular metric-
affine cosmologies. It is important to clarify if it is a general feature of models with an upper bound
on the energy density or if it is somehow characteristic of the quantum effects of loop cosmologies.
Another important task consists on exploring other scenarios with different symmetry-reduction pat-
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terns in phase space, such as black hole like space-times, where LQG-related quantum corrections
can also lead to singularity resolution and upper bounds on the space-time curvature [17].

A Field equations of f(R) theories and Raychaudhuri equation

The field equations of Palatini f(R) theories can be derived from the general expression of Ricci-
Based Gravity theories [49], which take the generic form

6" (h) = g [T =0 (£a+ 3 )| (A
where L represents the gravity Lagrangian, L; = f(R)/2k in our case, and |{2| represents the
determinant of the deformation matrix that relates the connection compatible metric h,, and the
space-time metric g,,,, namely, h,, = €,%ga,. Inthe f(R) case, we have 2, = frd,“, thus
leading to h,, = frg,uw and |Q|Y/2 = f2. Note that the upper index on the left-hand side of (A.1) is
raised with h*” whereas on the right-hand side we use g"”.

The Friedman equation is obtained from the G*;(h) component using a line element of the form
ds? = fr(—dt* + a?(t)dZ?), which yields

. 2
GYy(h) = —fi <H+ ;;Z) = _f;z (p+ M), (A.2)

where M = f(R)/2k + T/2. The final expression for H? is obtained by noting that the algebraic

relation R fr — 2f = xT leads to .

_ KT
Rfrr — fr

This can be used to write fR = frrR, and together with the conservation equation for a perfect
fluid with P = wp, where w is a constant, we find that 7' = 3H (1 + 3w)p. Putting all together, when
w = 1 we find the expression used in Eq.(2.10) for a massless scalar field.

R (A.3)

Given the formal similitude between the RBG equations and those of GR, the Raychaudhuri equa-
tion for f(R) follows from the same manipulations as in the GR case. The combination G*, — éGtt

leads to
N . .
o e L |(RY 20 (Lfr IR

~ 32 [(p+3P) —2M] , (A4)

which clearly boils down to the standard GR result when f(R) = R.

Diffeomorphism invariance guarantees fo )T“,, = 0, and using the explicit relation between fo )

and V/(Lh), it is straightforward to see that the Bianchi identity V,(Lh)G“Z,(h) = 0 also applies on the
right-hand side of (A.1). From this identity we can find the relation G%, = G*; + %G% where

3 fr
AN=3H + == A5
+2f7z (A.5)
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This proves that, like in GR, in f(R) theories the corresponding Friedman and Raychaudhuri equa-
tions together with the conservation equation V/(f’ )T“,, = 0 define an over determined system in
which only two of those equations are really independent. In the main body of this manuscript we
have used the Friedmann equation and the conservation law in f(R) theories to obtain the effec-
tive action for mLQC-I and mLQC-II. For completeness, we plot in figure 4 H as a function of the
affine curvature for the numerical solutions and analytic approximations, finding also good agreement
between both.

HinLQC

Numerical solution

37
Analytical approx. § = 2T Pe
L+ pp1

H/R.
=1
B

R/R.
. HinmLQC — 11
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Figure 4. H as a function of the affine curvature for the analytic approximations in (4.1) and (4.5) and the
corresponding numerical solutions. We see that the approximations are quite faithful through all curvature
ranges.
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