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A B S T R A C T   

Metallic glasses (MGs) undergo plastic deformation through shear transformation zones (STZs) at 
small deformations and shear banding at large deformations. The STZ mechanism is linked to 
microstructural heterogeneities, including nano-heterogeneities associated with atom clustering 
and their spatial distribution. Shear banding occurs due to the coalescence of STZs. In this study, 
we investigate the yielding behavior of heterogeneous MGs by varying the spatial correlation and 
standard deviation of local shear moduli associated with clustering atoms on the nanoscale. Using 
a mesoscale shear transformation zone (STZ) dynamics model, we compute the yielding strength 
and observe deformation behaviors associated with the formation and propagation of STZs. We 
propose a Hall-Petch-like relationship where the yield stress of the MG scales inversely with the 
square root of the spatial correlation length. Our results show that the yielding of MGs corre
sponds to the percolation of STZs from soft to hard regions. Prior to macroscopic yielding, the 
activated STZs tend to accumulate inside soft regions, forming a Super-STZ array, which is similar 
to the formation of dislocation pile-up at grain boundaries. We derive the stress concentration in 
the front of the Super-STZ using the Eshelby inclusion model and formulate a Hall-Petch-like 
equation to quantify the yield of MGs with the spatial correlation length and standard devia
tion of the nanoscale heterogeneity. Our results provide insights into the structure-property 
relationship of MGs and have important implications for the design of nanoscale MGs with 
tunable properties.   

1. Introduction 

Metallic glasses (MGs) possess exceptional mechanical properties including high strength and large elastic limit due to their unique 
structure (Greer et al., 2013; Schuh et al., 2007; Wang et al., 2004). The amorphous structure of MGs, however, is not completely 
random but exhibits short-range orders (SROs), medium-range orders (MROs), and nanoscale heterogeneity (Hwang et al., 2012; 
Miracle, 2004; Wakeda and Shibutani, 2010; Wang et al., 2022). Recently, various structural features have been proposed to establish 
the structure-property relationship that could be correlated with mechanical performance. Atomistic simulations identified a broad 
spectrum of atomic packing configurations in MGs (Ding et al., 2014a, 2014b). Ding et al. (2021) and Wang et al. (2020) introduced the 
concept of "soft spots" in MGs, where atoms exhibit quasi-localized soft modes, making them prone to shear transformations. These soft 
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spots are linked to geometrically unfavored motifs (GUMs), and non-Kasper polyhedra with high disclination density. The spatial 
distribution of these soft spots in MGs reveals clusters of atoms undergoing shear transformations, indicating a correlation between 
low-frequency modes and low energy barriers for reconfiguration. Soft spots contribute to low-frequency vibrational modes and are 
likely to experience atomic rearrangements during deformation. Advanced characterizations have also revealed the presence of 
nanoscale heterogeneities of structures in MGs (Nomoto et al., 2021; Song et al., 2018a; Tao et al., 2022; Wang et al., 2018a; Yang 
et al., 2012). For example, Yang et al. (2012) reported the presence of a loose-packing phase in Zr70Ni30 samples that exhibit a softer (or 
liquid-like) nature with an average radius of 2 nm, as resolved using dynamic atomic force microscopy. 

The MGs have the salient feature of rich inherent metastable states, and the heterogeneity of the local environment becomes 
prominent due to the fluctuations. Experimental studies show that the synthesis route and thermomechanical processing can influence 
the nanoscale heterogeneity and further glass properties (Das et al., 2020; Song et al., 2018a; Zhu et al., 2018; Han et al., 2023). 
Cryogenic thermal cycling has been used to achieve significant improvement in plasticity in several MGs (Di et al., 2022a, 2020; Du 
et al., 2020; Song et al., 2018b). The improvement was attributed to the inherent nanoscale heterogeneities and an enlarged soft region 
population during thermal cycling. Upon sub-Tg annealing, (Zhu et al., 2018) captured the reduction of soft region size in Zr53Cu36Al11 
MG from hyper-quenched to a relaxed glass state, which was accompanied by a transition of deformation behavior from homogenous 
plastic flow to shear banding. Even though the transition in deformation mode is often attributed to the evolution of nanoscale 
structural heterogeneities and soft regions, the relationship between structure, particularly the size and spatial distribution of soft 
regions, and mechanical properties, remains largely elusive. 

The impact of nanoscale heterogeneity on the mechanical properties of MGs is related to the deformation mechanisms underlying 
MG plasticity and the shear banding process, significant progress has been made in understanding the detailed deformation mecha
nisms in the past decade (Greer et al., 2013; Gu et al., 2022; Liu et al., 2011; Ma and Ding, 2016; Yang et al., 2012; Zhang et al., 2022a; 
Zhao et al., 2021, 2017). It is generally accepted that MG deformation involves the activation of shear transformation zones (STZs) in 
response to thermomechanical stimuli. The STZs are prone to form in loosely packed regions of large free volume (Di et al., 2022b; 
Jiang et al., 2011), high entropy (Gong et al., 2020; Zhou et al., 2019), or geometrically unfavored structures (An et al., 2016; Şopu 
et al., 2017). The STZs interact through an Eshelby-like quadrupolar stress field, and when the number of STZs reaches a threshold, the 
spatial and temporal correlation of local plastic events evolves into the formation of shear bands (Bian et al., 2020; Maloney and 
Lemaitre, 2006). The formation and propagation of shear bands allow for strain accommodation and energy dissipation, playing a 
crucial role in the plastic deformation of MGs (Jiang et al., 2008; Tao et al., 2022; Yuan and Branicio, 2020). Recently, an STZ-vortex 
autocatalyzing mechanism for heterogeneous nucleation and spread of shear bands has been proposed in model MGs using molecular 
dynamics simulations (Şopu et al., 2020b, 2017). Despite the physical insights, the deformation processes resolved by the atomistic 
model could be significantly influenced by the hypothetical MG samples prepared by the exceedingly high cooling rates (Zhang et al., 
2022b). Additionally, theoretical frameworks based on hierarchically correlated atomic theory are developed to quantitatively 
describe non-elastic deformation in MGs, validated through stress relaxation and creep experiments, offering insights into the 
non-elastic deformation mechanisms (Hao et al., 2022). Meso-scale modeling efforts have also been used to elucidate the process of 
STZs into shear bands under various thermomechanical loadings (Zhao et al., 2013, 2014) and even in the presence of structural 
fluctuation (Şopu et al., 2020a; Zhu et al., 2018). Wang et al. (2018b) found a critical characteristic length of the nanoscale hetero
geneity gave rise to homogenous plastic flow, which was associated with a transition of the shear banding mechanisms from 
stress-dictated nucleation/growth to structure-dictated strain percolation. Gu et al. (2022) reported a transition in strain rate sensi
tivity of the heterogeneous thin film MGs due to the dynamical competition between structure- and stress-induced strain localization. 
Nevertheless, the mechanistic understanding is still missing the connection between nanoscale heterogeneity, microscopic shear 
banding behavior, and plasticity in heterogeneous MGs. 

In this study, we investigate the influence of nanoscale heterogeneity on the plasticity of MGs, with a particular focus on yielding 
and shear banding behaviors. We utilize a mesoscale STZ dynamics model to simulate the heterogenous MGs by tuning the spatial 
correlation and standard deviation of local shear moduli on the nanoscale. Interestingly, we observe a Hall-Petch-like relationship 
between the yield stress and the spatial correlation length of elastic fluctuations. We further delve into details by resolving the 
spatiotemporal correlation of STZs as they evolve shear bands and interact with structural heterogeneity. The percolation of STZs from 
soft to hard regions gives rise to the critical moment for the macroscopic yielding. Prior to yielding, the STZs activate and accumulate 
inside soft regions and form a Super-STZ. We propose a Super-STZ model to describe the stress concentration in front of the Super-STZ. 
Finally, we formulate a Hall-Petch-like equation to quantify the yield of MGs with the nanoscale heterogeneity. 

2. Methodology 

2.1. Mesoscale shear transformation zone (STZ) dynamics model 

A mesoscale STZ dynamics model that integrates the kinetic Monte Carlo (kMC) and the finite element method (FEM) is adopted to 
resolve the spatiotemporal correlation of STZs. The STZs are localized clusters of atoms that respond to external stimuli by undergoing 
characteristic shear transformation (Bulatov and Argon, 1994; Homer et al., 2010; Homer and Schuh, 2009). Using a coarse-graining 
technique, the STZ dynamics model represents the cluster of atoms that undergoes inelastic rearrangement with a group of elements on 
a finite element mesh. Thereby, the coarse-grained STZ shearing in a similar manner to the cluster of atoms enables the model to 
efficiently simulate large systems. In addition, the transition state theory is employed to calculate the rate of the unsheared-to-sheared 
transition of STZ (Homer et al., 2010). The stochastic activations of STZs are modeled as a Markov process controlled by the kMC 
algorithm, enabling the model to explore a longer timescale efficiently. 
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Specifically, at each time step of the STZ dynamics simulation, the activation rate of each potential STZ along one shear direction is 
calculated as 

ṡSTZ = vSTZexp
(

−
ΔF(μ) − τΩ0γ0/2

kBT

)

(1)  

where νSTZ is the attempt frequency ~1.02 × 1012/s (Homer and Schuh, 2009), which is approximately equal to the Debye frequency 
and estimated using the Debye temperature of MG. Ω0 is the activation volume of the STZ, estimated to be 2.7 nm3 based on literature 
(Callister, 2000; Pan et al., 2008). γ0 is a characteristic shear strain increment that occurs during STZ transition and is set to 0.1 ac
cording to Argon’s model (Argon, 1979; Zink et al., 2006). τ is local shear stress and kBT represents the thermal energy. ΔF is the 
activation energy barrier of a potential STZ and is taken as a linear function of the local shear modulus μ (Wang et al., 2018b). The 
parameters and their values used in the STZ dynamics simulation are summarized in Table 1. 

In each step, the kMC algorithm (Homer and Schuh, 2009) is employed to select an STZ that undergoes the characteristic shear 
transformation γ0 and determine the elapsed time based on the accumulated activation rate of each STZ in the sample. During each 
time step, the kMC generates two random numbers, λ1 and λ2, uniformly distributed on the interval (0, 1]. A single potential STZ is 
chosen from the entire model domain and activated. To do so, the activation rate ṡi for each i-th STZ is calculated according to Eq. (1). 
The probability, ηi, that a given STZ will be chosen is proportional to its calculated activation rate at the current time step, with the 
probability for all STZs being normalized by the cumulative activation rate, ṡT , for all STZs, 

ηi = ṡi/ṡT (2)  

where 
∑

i
ηi = 1. The random number, λ1, is used to select an STZ and determine the shear direction of the selected STZ. After an STZ is 

selected, the elapsed system time is calculated by Δt = −ln λ2/ṡT and the FEM is used to solve the stress and strain redistribution as a 
result of the selected STZ activation. As the simulation proceeds, the activated STZs interact with each other via the elastic field, 
leading to deformation behaviors at a large scale. The macroscopic loading/deformation is applied to the MG through FEM boundary 
conditions, and the simulated MG accommodates the macroscopic loading/deformation via stochastic activations of STZs. 

In this study, 2D MG samples have dimensions with a length of 300 nm and a width of 100 nm. Plane-strain quadratic triangular 
elements (CPE6MT) are used in this study. Each STZ comprises 13 elements, the mesh density of which balances the solution accuracy 
and computational efficiency (Homer and Schuh, 2009). Tensile loading is along the length direction. The sides of the MG sample 
parallel to the tensile direction are unconstrained, while the top and bottom surfaces are free to move horizontally with respect to each 
other. The tensile test is performed under displacement control at 300K, where the bottom nodes are fixed, and the top nodes are 
moved at a constant strain rate of 0.01/s. 

2.2. MGs with various degrees of nanoscale heterogeneity 

We prepare MG samples with various degrees of nanoscale heterogeneity by tuning the spatial correlation length ξ and standard 
deviation δ of the local shear moduli of each element, as shown in Fig. 1. Notably, we adopt a Gaussian distribution for the local shear 
moduli, a selection supported by its alignment with atomistic simulations (Cheng and Ma, 2009; Fan et al., 2014), and the energy 
dissipation characteristics resolved through atomic force microscopy (Liu et al., 2011; Zhu et al., 2018). 

The construction of a heterogenous MG begins by discretizing the 2D space with uniform grid points, establishing the domain for 
subsequent calculations. Specifically, a grid of points is then generated forming a 100 by 300 matrix, allowing for spatial analysis. A 
covariance matrix that captures the transformation of pairwise distances into covariance values is then calculated as 

βi,j = exp
(

− φ ri,j
)

(3)  

where βi,j represents the covariance between elements i and j, while φ controls the rate of decay and ri,j is the distance between these 
elements. φ is the parameter that controls the correlation length ξ, φ =-α/ξ, where α is a fitting parameter between 1 and 3 (Chiles and 
Delfiner, 2012). 

Table 1 
List of simulation parameters used in STZ dynamics simulations.  

Simulation parameters Value 

STZ activation volume, Ω0 Zink et al. (2006) 2.7 nm3 

STZ shear strain, γ0 Homer et al. (2010) 0.1 
Average shear modulus, μ 31 GPa 
Spatial correlation length, ξ 0.5, 3, 4, 5, 6, 7, 9, and 11 nm 
The standard deviation of local shear moduli distribution, δ 2.2 – 5.5 GPa 
STZ activation energy, ΔF(μ) 9.1 × 10−30 J × Pa−1 ×μ 
Poisson’s ratio, v 0.36 
Temperature, T 300 K 
Tensile strain rate 0.01/s 
Model dimensions 100 nm × 300 nm  
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After the covariance matrix is calculated, a multivariate normal distribution using the mean vector ϑ and the covariance matrix β, 
effectively obtaining a set of 30,000 data points that meets the correlation length requirements. The probability density function of the 
2D multivariate normal distribution used is: 

f (x, ϑ, β) =
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

|β|(2π)
2

√ exp
(

−
1
2

(x − ϑ)β−1(x − ϑ)’
)

(4)  

where x is a 2D random vector. ϑ is a vector of length 30,000, i.e., the number of grid points in the MG domain, and all elements are set 
to have the value of the average shear modulus of the MG. 

The generated sample with a modulus set μold is then rescaled to have the desired standard deviation, generating the final samples, 
as follows: 

μnew = μmean + (μold − μmean)
δold

δnew
(5)  

where μmean is the mean of shear moduli, and δold is the original standard deviation of the modulus distribution from Eq. (4). 
The spatial variability of local shear moduli at different lag distances can be visualized by using semi-variogram plots, as shown in 

Fig. 1(b) and (e). The y-axis displays values of semi-variance Γ, reflecting the extent of difference between shear moduli values at the 
locations that have a lag distance r. At a small lag distance r, the shear moduli are strongly correlated with little variance and thus a 
small value of Γ. As the lag distance r increases, the shear moduli are no longer correlated, and the semi-variance Γ becomes constant, 
equivalent to the square of the standard deviation. Those plots are plotted using the spatial autocorrelation function Γ as follows 
(Kalogirou, 2016): 

Γ(r) =
1

2N(r)

∑

N(r)

(
μr0+r − μr0

)2 (6)  

where N(r) is the number of pairs with a spatial distance equal to r, with r denoting the magnitude of the distance. Γ measures the 
degree of similarity of properties of any two points with r distance apart. The range, identified as ξ, is the distance beyond which local 
shear moduli in a sample are no longer auto-correlated, as evidenced by an insignificantly increasing Γ with distance. From the plot, 
such as Fig. 1(b), the point where semivariance is leveled off can be attained, and the distance at this point is identified as the cor
relation length ξ of a given case. 

Fig. 1(a–c) illustrates a group of heterogenous MG samples with a similar standard deviation of local shear modulus distribution but 
different spatial correlation lengths ξ. The enhanced spatial correlation leads to the formation of large regions over which the prop
erties are strongly correlated, resulting in a noticeable growth of soft and hard region size. Secondly, the standard deviation of the local 
moduli δ is another factor controlling the MG heterogeneity. Fig. 1(e,f) shows a group of samples with the same spatial correlation 
length but different standard deviation δ. The increase in δ strongly enhances the elastic contract between the soft and hard regions but 
leaves their spatial pattern unchanged. 

Fig. 1. Examples of the simulated MGs. The heterogenous MG samples with various spatial correlation lengths of local shear moduli in (a)–(c), and 
with various standard deviations in (d)-(f). The different degrees of heterogeneities are illustrated in the spatial distributions in (a, b), autocor
relation function (b,e), and statistical distributions (c,f) of local shear moduli. 
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Here, we use Cu50Zr50 as a model system to calibrate the range of material parameters. Based on the experimental results (Xu et al., 
2004), we set the local shear moduli to 31 GPa and the Poisson’s ratio to 0.36. The standard deviation of local shear moduli varies from 
3.2 to 5.5 GPa, which was informed by atomistic simulations (Cheng and Ma, 2009; Duan et al., 2006; Fan et al., 2014; Mayr, 2009). 
The spatial correlation lengths are tuned between 0.5 to 11 nm being consistent with the range of experimental measurements (Ke 
et al., 2014; Liu et al., 2011; Mayr, 2009; Ross et al., 2017; Zhu et al., 2018). Notably, the local elastic fluctuation also affects the 
propensity to undergo the shear transformation, as the STZ activation barrier is proportional to the local shear modulus. Using these 
methods and parameters, we generate a set of 2D samples with the dimensions of 100 nm by 300 nm. Six randomly designed samples 
are created under the same parameters to account for the variation in the stress-strain response and shear banding behavior. This 
allows us to estimate the uncertainty associated with the results. All generated samples are then mapped to a finite element mesh 
consisting of 173,740 elements for simulations. 

3. Results 

3.1. Microstructural feature of soft regions with respect to the correlation length 

To analyze the microstructural features, a binary classification approach is employed to categorize model MGs into hard or soft 
regions (Ding et al., 2014a, 2014b), similar to the study done by Şopu et al. (2020b). In order to quantify the relationship between 
mechanical properties and nanoscale heterogeneity of MGs, we focus on the elastically soft regions because of a significant shear 
transformation propensity when compared to the hard regions. A soft region here is defined as a cluster of mesh elements with local 
shear moduli lower than the average shear modulus of the MG and with a region size larger than an STZ (i.e., 2.7 nm3). Additionally, 
"soft" mesh elements must not only share edges but also possess connectivity with surrounding "soft" mesh elements. 

Following this definition, Fig. 2(a) shows the variation of the average modulus and the average radius of all the soft regions with the 

Fig. 2. The spatial correlation lengths of nanoscale heterogeneity vs characteristics of the soft regions. (a) The average modulus and diameter of the 
soft regions as a function of the correlation length. (b) The volume fraction and the number of soft regions as a function of the correlation length. (c- 
d) The soft regions and the corresponding local shear stress maps prior to yielding for the simulated samples with ξ = 0.5 nm and ξ = 6 nm, 
respectively. 
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correlation length ξ. It is noted that the average modulus remains roughly constant (~26 GPa), while the average diameter increases 
with an increase in the correlation length ξ. Fig. 2(b) shows that the volume fraction of soft regions increases with the increase of ξ, but 
for the larger ξ the volume faction change remains very small. Correspondingly, the number of soft regions peaks around 4 nm. Fig. 2(c, 
d) shows the distribution of soft regions in two samples with ξ = 0.5 nm and ξ = 6 nm, respectively. There is a near absence of soft 
regions (~10) in the ξ = 0.5 nm sample, while there is a high abundance (~230) in the ξ = 6 nm sample. This significant difference in 
the number of soft regions can result in a vast difference in the shear response at yielding. For the case of ξ = 0.5 nm, the absence of soft 
regions reduces the likelihood of shear band nucleation at any specific sites. The distribution of shear stress exhibits a more 
concentrated linear pattern, with small regions at significantly higher stress levels than the rest of the domain. Since nucleation of STZs 
is dictated by stress, once it occurs, STZs grow rapidly into a dominant shear band. In contrast, local shear stress diffuses across all soft 
regions in the ξ = 6 nm case, which increases the likelihood of shear band nucleation in any soft regions, resulting in a lack of pre
dominant shear bands. It is noteworthy that there is a rough proportionality between the radius of soft regions and the correlation 
length. As the radius increases, the likelihood of shear band nucleation in these regions also increases. In addition, an increasing 
number of soft spots results in a more uniformly distributed distribution of soft regions throughout the sample, potentially giving rise to 
a more homogenous plastic flow. 

3.2. Microstructural feature of soft regions with respect to the standard deviation 

Fig. 3(a) shows the variation of the average shear modulus and the average radius of all the soft regions with the standard deviation 
δ. The average shear modulus monotonically decreases as the standard deviation increases, whereas the corresponding average 
diameter slightly increases. Fig. 3(b) shows a similar increasing trend for both the volume fraction and the number of soft regions as δ 
increases. Fig. 3(c,d) illustrates the impact of standard deviation on the soft region statistics. The soft region characteristics in the δ =

Fig. 3. The standard deviation of shear modulus distribution δ vs. characteristics of the soft regions. (a) Average soft region modulus and diameter 
as a function of the standard deviation of shear modulus distribution. (b) Volume fraction and the number of soft regions as a function of shear 
modulus distribution. (c-d) The soft regions and the corresponding local shear stress maps prior to yielding for the simulated samples with δ = 2.2 
GPa and δ = 5.5 GPa, respectively. 
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2.2 GPa case and the δ = 5.5 GPa case are different even though they have the same spatial correlation length ξ = 6 nm. There are 
nearly no soft regions in the δ = 2.2 GPa case, while large soft regions appear in the δ = 5.5 GPa case. Therefore, upon yielding, highly 
localized shear stress appears on the sample with the δ = 2.2 GPa case, and distributed shear stress appears on the sample with the δ =
5.5 GPa case. 

3.3. Effects of nanoscale heterogeneities on stress-strain responses of MGs 

The spatial heterogeneity of MGs is described by the spatial correlation length of local shear moduli. To reveal the effect of spatial 
heterogeneity on the mechanical response of MGs, we generated stress and strain curves of 5 samples with different spatial correlation 
lengths, as ξ = 0.5 nm, 3.0 nm, 5.0 nm, 7.0 nm, and 11.0 nm. Fig. 4(a) shows the representative stress-strain responses of these MGs. 
The yield stress of MGs is defined at the 0.2% offset from the stress-strain plots. For small correlation lengths, such as ξ = 0.5 nm, the 
stress drops sharply around the yielding. This sharp stress drop signifies strain localization associated with the formation of a shear 
band, as shown in Fig. 4(b). With increasing the spatial correlation length, the stress drops slowly, indicating a limited ductility in
creases as spatial heterogeneity decreases. The macroscopic stress-strain response approaches a perfect-plastic one, featuring more 
diffuse plastic flow as illustrated with the ξ = 6 nm sample in Fig. 4(c). Comparing the deformation morphology of the two samples 
with ξ = 0.5 nm and 6.0 nm, it is noticed that only a few primary shear bands develop and strain is highly localized when the cor
relation length is near to or smaller than the diameter of an STZ (e.g., ξ = 0.5 nm). The corresponding local modulus map (Fig. 4(b)) 

Fig. 4. The mechanical behaviors of simulated MGs at different spatial correlation lengths ξ. (a) The representative stress-strain response. (b-c) The 
local modulus distribution (left) and their corresponding local strain map (right) upon yielding for the samples with ξ = 0.5 nm vs. ξ = 6 nm, 
respectively. (d) The average yield stress as a function of correlation length, ξ-1/2, exhibiting a Hall-Petch-like relationship. 
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indicates that there are no significantly large regions (i.e. larger than the size of an STZ) with a lower/higher coarse-grained shear 
modulus compared to the overall average. The strain localization path tends to develop from the first nucleation site rather than 
produce a new one, hence, only one primary shear band is formed from the strain localization. In contrast, the local shear modulus map 
of the sample with ξ = 6 nm shows significantly higher or lower local shear moduli that tend to aggregate. These regions are larger than 
the size of one STZ and can be viewed as hard regions in the sample. Consequently, the plastic flow proceeds in a diffuse manner, and 
the strain localization paths also tend to propagate through the soft regions. 

Corresponding to this observation, there seems a relationship between the yield stress and the spatial correlation length. Analogous 
to the Hall-Petch relationship, we plot the data of the yield stress vs. the square root of spatial correlation length for the MGs that have 
the same Gaussian distribution with the standard deviation δ = 3.7 ± 0.7 GPa. Fig. 4(d) shows that the yield stress decreases as the 
correlation length ξ increases, the blue shaded area is the shaded error bar. More importantly, the yield stress scales inversely with the 
square root of spatial correlation length, reminiscent of the Hall-Petch relationship in polycrystalline materials (Cordero et al., 2016; 
Hall, 1951; Petch, 1953). As indicated by the red dashed line, the Hall-Petch-like trend becomes more evident when the spatial 
correlation length is larger than the diameter of the flow unit STZ. The R-square value for the Hall-Petch-like fitting is 0.9165, 
indicating a strong correlation between the yield stress and spatial correlation length. Note that the variation in the yield stresses 
increases as the correlation length increases, reflected by the enlarged blue shading domain. Such stress varication can be attributed to 
the fluctuations in the soft region statistics (e.g., sizes, numbers, and spatial distribution) as ξ increases. Despite the fluctuation, the 
spatial correlation length ξ can serve as a structural factor that relates to MG yielding. It is noteworthy that the Hall-Petch relationship 
appears to break down when the correlation length decreases to a certain range (e.g., 0.5 nm). The observed deviation in the Hall-Petch 
relationship for small correlation lengths can be attributed to the particular nature of the nanoscale heterogeneity and its influence on 
the deformation behavior of the MGs. At such a small correlation length, the absence of meaningful soft regions within MGs translates 
to a lack of STZ pile-up in these regions. This is due to the absence of sufficiently large soft regions to facilitate significant STZ 
accumulation. Consequently, the mechanical response of MGs with minimal elastic heterogeneities differs from those with larger 
correlation lengths, where the pile-up of STZs plays a more prominent role. Thereby, the Hall-Petch-like relationship does not hold 
when the correlation length approaches the size of a single STZ. 

Fig. 5. The mechanical responses of the simulated MGs with various standard deviations δ of local shear moduli. (a) Representative stress-strain 
curves of MG samples with different δ for two spatial correlation lengths, i.e., ξ = 0.5 nm and 6 nm. (b-c) The local modulus distribution (left) 
and their corresponding local strain map (right) upon yielding for the samples with δ = 2.2 GPa vs. δ = 5.5 GPa, respectively. (d) Yield stress vs. 
standard deviation δ for MG samples with various correlation lengths. 
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3.4. Effects of statistical heterogeneities on stress-strain responses of MGs 

Statistical heterogeneity is another critical nanostructural factor of MGs and is described by the standard deviation of the local 
shear modulus distribution δ. To demonstrate the statistical heterogeneity effect, we simulated two MGs with correlation lengths of 0.5 
nm and 6 nm and different standard deviations δ = 2.2, 4.4, and 5.5 GPa, respectively. Fig. 5(a) shows the tensile stress-strain responses 
of these MGs. For small correlation length, ξ = 0.5 nm, all the cases exhibit stress-overshoot and the yield stress is found to slightly 
decrease with increasing standard deviation. At a large correlation length, ξ = 6 nm, both the yield stress and post-yielding behavior 
are significantly influenced by δ. A transition from stress overshoot to nearly elastic-perfect plastic flow is observed as the standard 
deviation is increased from 2.2 GPa to 5.5 GPa. This is characterized by a transition of deformation modes from strain localization 
(Fig. 5(b)) to more diffused plastic flow (Fig. 5(c)). Using a sample with ξ = 6 nm as an example, the deformation morphology changes 
from one dominant shear band that contributes to the stress overshoot when δ = 2.2 GPa (Fig. 5(b)), and to a few smaller bands when δ 
= 5.5 GPa (Fig. 5(c)). Comparing the local shear modulus maps of these two samples, it can be observed that the extreme values of local 
shear moduli of δ = 5.5 GPa sample are much larger than those of the δ = 2.2 GPa sample, even though both samples have the same 
spatial characteristics (i.e. the shape and location of regions with higher or lower shear moduli). This results in a low elastic het
erogeneity in the δ = 2.2 GPa sample, where one primary shear band dominates plastic deformation. When δ increases to 5.5 GPa, the 
average local shear modulus of hard regions becomes significantly higher, while the average local shear modulus of soft regions 
becomes much lower than that of the whole sample. Comparing Fig. 5(b) and (c), the sample with δ = 5.5 GPa displays a broader 
distribution of moduli. Local modulus can have values as much as approximately 30% higher or lower compared to the sample with δ 
= 2.2 GPa. Since soft regions are regions where low local shear moduli aggregate together, the increase of δ leads to a lower average 
shear modulus of soft regions. Consequently, strain localization tends to initiate in different regions with significantly lower shear 
moduli, developing into multiple small shear bands, which diffuse plastic flow. 

A closer examination of the yield stress as a function of δ for the samples with different correlation lengths is illustrated Fig. 5(d). 
The yield stress of all samples decreases as δ increases, the rate of such decrease, however, increases with correlation length. The ξ =
0.5 nm sample experiences only a slight change in yield stress when δ increases from 2.2 GPa to 5.5 GPa, whereas the yield stress of the 
ξ = 6 nm sample drops by over 25%. In general, the samples with larger correlation lengths exhibit a greater loss in strength with 
increasing δ compared to samples with smaller correlation lengths. 

Fig. 6. The yielding process of a representative heterogeneous MG with ξ = 4 nm. (a) The stress-strain curve, along with the four critical moments 
labeled. (b) The evolution of the distributions of the shear moduli of the activated STZ sites at four critical moments. (c) Locations of activated STZs 
overlap on locations of soft regions at four critical moments. 
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4. Discussion 

4.1. Deformation mechanisms of MGs in the presence of nanoscale heterogeneity 

Furthermore, the macroscopic yielding results from the percolation of STZs from soft regions to hard regions in the MG with 
nanoscale heterogeneity. Taking the sample with ξ = 4 nm as an example, Fig. 6(a) reveals four critical moments corresponding to the 
stress-strain curve, namely, prior to yielding in microplasticity, near yielding, at yielding, and post-yielding. The distributions of the 
shear moduli of activated STZ sites at the four critical moments are shown in Fig. 6(b). Note that as strain increases, more potential STZ 
sites with higher local shear moduli are activated, and the average shear modulus of the activated STZs also increases. Fig. 6(c) displays 
the locations of the activated STZ sites on top of the spatial distribution of the soft and hard regions at the four moments. Before 
macroscopic yielding, all the activated STZs are nearly in the soft regions. Near yielding, a few STZs are activated outside the soft 
regions, and most recently activated STZs are near the edges of soft regions. At yielding, a few incipient shear bands are formed by STZs 
percolating into the hard regions that connect different soft regions. Post-yielding, there is an increased probability of STZ activations 
occurring in hard regions, and the incipient shear bands are developing with more STZs activated in the hard regions along the strain 
localization path. Therefore, the percolation of STZs from soft regions to hard regions is the essential moment of the transition from 
micro to macro plasticity. 

We further resolve the activation sequence by tracing STZs in a single representative large soft region from zero strain to 
macroscopic yielding. During the activation process, 20 STZs are identified, which are labeled in numerical order based on the 
sequence in Fig. 7(a). Although the activation of the STZs remains stochastic in nature, soft regions are preferred initiation sites. STZs 
are activated in a gradual manner forming a shear band localized to the soft region prior to yielding. To determine the shear modulus of 
each activated STZ, a three-step process is employed. Firstly, the STZ activation sequence list is extracted from the simulation, focusing 
on the region of interest. Secondly, the positions of each activated STZ are located on the finite element mesh, and their corresponding 
element numbers are identified. Finally, the values of the moduli assigned to the elements associated with each activated STZ are 
obtained. As shown in Fig. 7(b), before yielding, the activated STZs are always located in a region where the local shear modulus is 
lower than the average shear modulus. When the activated STZ is located in a region with a local modulus close to the average 
modulus, the following activation tends to occur in a region with a lower local shear modulus. Upon macroscopic yielding, the STZs 
start to activate in the hard regions. As more STZs become active in the soft regions, stress concentration at the boundary between soft 
and hard regions intensifies. This heightened stress concentration enables STZs in the harder regions near the boundary to accumulate 
enough stress to overcome the higher activation energy barrier. Statistically, the percolation of STZs from soft to hard regions leads to 
the macroscopic yielding of MGs. 

4.2. A Super-STZ model 

The yielding behavior of heterogeneous MGs features continuous activation of numerous STZs along the shear path throughout the 
soft regions, and the yielding occurs corresponding to the percolation of STZs into the hard regions. Illustrated in Fig. 8(a), during the 
deformation of MG, the activation of multiple STZs along the shear plane leads to the development of stress concentrations. This array 
of activated STZs transforms the stress field from the original quadrupole pattern exhibited by an individual STZ to a dipole pattern. In 
the scenario, prior to yielding, the STZ initially forms in the soft region, and then additional STZs appear one by one in the vicinity of 
the formed STZs as a result of stress redistribution. The continuous accumulation of the activated STZs in a soft region forms a “Super- 
STZ” as shown in Fig. 8(b). This can be viewed as an Eshelby transition-like process, as more STZs are being activated, the Super-STZ 
growth and the stresses can concentrate in its tip regions. It is anticipated that the stress concentration built up in front of the Super-STZ 
facilitates the breakthrough of Super-STZ into a hard region, leading to macroscopic yielding. Such yielding behavior of the hetero
geneous MGs is reminiscent of the dislocation pile-up and grain boundary strengthening in the crystalline materials. As illustrated in 
Fig. 8(c) of a dislocation pile-up model (Cottrell and Bilby, 1949; Eshelby et al., 1951), a dislocation source within a grain produces a 
significant number of dislocations. As the leading dislocation encounters a grain boundary, it comes to a stop, leading to the dislocation 

Fig. 7. (a) The STZ activation sequence inside a soft region up to macroscopic yielding in the sample with ξ=4 nm. (b) The local shear moduli of the 
activated STZs in sequence. 
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pile-up. The accumulation of dislocations results in a high dislocation density in that region. The front dislocation experiences stress 
concentration due to the combined stress fields of the piled-up dislocations (Anderson et al., 2017). The stress concentration plays a 
crucial role and assists the dislocation to break through the resistance imposed by the grain boundary, which governs yield stress. 
Meanwhile, in our study of MGs shown in Fig. 8(b), the soft regions behave like grains, and the elastic contrast between soft and hard 
regions acts like grain boundaries, providing a barrier for the spatial correlation of STZs to form shear bands. As deformation pro
gresses, multiple STZs are activated along the shear plane, forming an array of STZs or Super-STZ. The growth of a Super-STZ and the 
stress concentration in its front further resemble the stress concentration observed in dislocation pile-up. The anticipated breakthrough 

Fig. 8. (a) Evolution of shear stress field as multiple STZs are activated along the shear plane, forming an array of STZs, i.e., Super-STZ. (b) 
Schematic of STZ accumulation that forms a Super-STZ and results in stress concentration. (c) Schematic of the dislocation pile-up model in 
polycrystalline metals. 

Fig. 9. The Super-STZ model. (a) A representative shear stress field upon a Super-STZ transition. (b) Maximum shear stress concentration in front of 
a Super-STZ vs. square root of half-length of Super STZ by solving Eq. (8) of Super-STZ model, where matrix in all cases has a shear modulus of 31 
GPa. For comparison, the simulated data are included by measuring the maximum shear stress near the end of a shear band within a soft region at 
macroscopic yielding for simulated MGs with different correlation lengths. 
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of the Super-STZ into a hard region, leading to macroscopic yielding, signifies the progression of deformation beyond localized regions 
to a more extensive and global deformation. This can be compared to the concept of yielding in dislocation pile-up, where the 
resistance offered by the grain boundary is eventually overcome, resulting in plastic deformation and yielding at a macroscopic level. 

Furthermore, we quantify the stress concentration in front of the Super-STZ using the Eshelby inclusion model (Eshelby, 1957). The 
Super-STZ formed by an ideal array of activated STZs within a soft region is modeled as an ellipsoidal inclusion within an infinite, 
isotropic matrix. As the 2D STZ dynamics simulations adopt a plain strain condition, a closed-form, plane-strain solution proposed by 
Jin et al. (2011) for the case of an elliptic cylinder is implemented to compute the exterior elastic stress fields around the inclusion. The 
implemented code is validated against analytical benchmark cases presented by Meng et al. (2012). More specifically, the exterior 
elastic stress field about the inhomogeneous inclusion, σij, is solved according to Hooke’s law as 

σij = CijklGklmnϵ∗∗
mn (7)  

where Cijkl is the isotropic elastic stiffness tensor of the matrix (hard region), Gklmn is the exterior-point Eshelby tensor for an elliptic 
cylindrical inclusion provided by Jin et al. (2011), and ϵ∗∗

mn is the equivalent eigenstrain the inclusion is subjected to if there were no 
elastic mismatch (Mura, 2013). The case of the elliptic cylindrical inclusion is retrieved from the ellipsoidal inclusion case by letting 
one of the three principal semi-axes of the ellipsoid tend toward infinity (e.g. a3→∞) while the remaining principal semi-axes are finite 
(a1 = a, a2 = b). A schematic of the elliptic cylindrical inclusion problem and the orthogonal reference coordinate frame is presented 
in Fig. 9(a). Here, the Super-STZ array is assumed to have activated along the direction of maximum shear stress aligned with the 
tensile axis (i.e. 45◦ rotation about the tensile axis). As such, the local stress concentration resulting from the applied eigenstrain to the 
inclusion may be solved in this rotated frame. The first principal semi-axis, a1, aligned with the x1 axis represents the half-length of the 
Super-STZ array, which is estimated as the soft region size and varied from 3 nm to 11 nm. The second principal semi-axis, a2, aligned 
with the x2 axis represents half of the length of the STZ size and is fixed at 1.5 nm. An initial eigenstrain, ϵ∗

12, equal to the characteristic 
shear strain, γ0, is applied to the elliptic cylindrical inclusion without the application of remote stress, and the inhomogeneity problem 
is solved by the integration of the Equivalent Inclusion Method (Eshelby, 1957; Mura, 2013) into the closed-form solution of Jin et al. 
(2011). A quadrupolar shear stress field results from a combination of the elastic mismatch between the soft (inclusion) and hard 
(matrix) regions of the MG and the eigenstrain deformation (Şopu et al., 2020b; Sun et al., 2016). As a1 > a2 for all cases considered 
here, the maximum long-ranging shear stress concentration can be found along the x1 axis (|x1| >a1,x2 = 0) and an analytical solution 
is derived utilizing the exterior-point Eshelby tensor of Jin et al. (2011). The maximal shear stress along the x1 axis is found as 

σ12 = 2μmatrixG1212(x1,crit , x2=0) ϵ∗∗
12 (8)  

where σ12 is the shear stress about the inclusion, μmatrix is the shear modulus of the (harder) matrix, G1212 is a term from the exterior- 
point Eshelby tensor derived by Jin et al. (2011), and ϵ∗∗

12 is the equivalent eigenstrain which encompasses both the characteristic shear 
strain applied to the inclusion during the transformation and the elastic contrast between the inclusion and the matrix. When solved 
where x1 = xcrit and x2 = 0, the analytical solution is for the maximal shear stress near the “tip” of the Super-STZ array. 

Fig. 9(b) compares the trend of maximal long-ranging shear stress concentration as a function of the square root of a1 for both the 
simulated results and the Super-STZ model. The simulation results are obtained by measuring the maximum shear stress near the end of 
a shear band within a soft region at macroscopic yielding for simulated MGs with different correlation lengths. To enhance the sta
tistical significance, the stress concentration of several soft regions is extracted for the samples with the same correlation length. 
Furthermore, we utilize Eq. (8) for a given correlation length (i.e., inclusion shape) and inclusion stiffness (embedded into ϵ∗∗

12) in order 
to solve for the analytical shear stress concentration at the tip of the Super-STZ. The solutions of Eq. (8) for various cases produce the 
data points in Fig. 9(b) marked “Analytical”. It is observed that there is good agreement between the simulated data and analytical 
results in both trends and magnitude. As the length of Super STZ inclusion increases, corresponding to an increase in the number of 
activated STZs in the array, the local shear stress concentration near the tip of the inclusion also increases. This can be attributed to the 
interactions of elastic stress fields from the individual shearing of multiple STZs in the soft region, leading to an overall higher local 
shear stress. This increase in shear stress near the tip, or the "leading" activated STZ in the array, creates a localized region of elevated 
shear stress that can decrease the local energy barrier and facilitate higher activation rates for nearby STZs in the hard region, initiating 
the process of strain percolation in the system. Note that there exists some variation in the stress concentration from simulations, which 
can be attributed to the simulated MG’s non-binary nature. Unlike binary MGs in the analytical model with only two modulus values, 
the simulated MGs have a gradient structure, meaning they possess a wide range of moduli values across the model. Additionally, stress 
fields of different soft regions in the simulated MGs sometimes overlap, further contributing to the variation in stress levels. The Super- 
STZ model, by construction, is attempting to idealize an otherwise stochastic activation process by extending the existing Eshelby form 
to capture the linear array-like activation paths observed in soft regions of our model MGs. The assumption that a soft inclusion (Super- 
STZ array) is interacting with a harder matrix (i.e., a hard region surrounding a soft region) asserts that the shear stress concentration 
obtained from the analytical solution is the idealized condition that occurs at yielding where the transition to macroscopic plasticity is 
in line with the percolation of the shear bands from the softer regions into the harder regions. Fig. 9(b) supports this by comparing the 
analytical solution of tip shear stress concentration, obtained using Eq. (8), for various correlation lengths to shear stress values 
directly sampled from shear stress fields of the simulated MGs. Both the magnitude and qualitative trend between simulated data and 
analytical results show reasonable agreement despite the simplified nature of the Super-STZ model construction and the inherently 
stochastic nature in the simulations, therefore the Super-STZ model is justified in its use to understand how the onset of macroscopic 
plasticity manifests in our model MGs. 
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4.3. The Hall-Petch-like relationship 

Based on the stress concentration in the Super-STZ model, we formulate a Hall-Petch-like equation that relates the yield stress of 
heterogenous MG to the spatial correlation length ξ and standard deviation δ of the nanoscale heterogeneity, given as: 

σy = σ0 +
kl1/2δ
ξ1/2 (9a)  

where σ0 = aμ − bδ (9b)  

where σ0 is a reference stress when the spatial correlation length approaches infinity, l is the radius of an STZ, k is a material constant, 
and μ is the average shear modulus of the heterogeneous MG. The reference stress σ0 is proportional to the average shear modulus but 
negatively proportional to the standard deviation δ increases, with a and b being the two fitting parameters. The spatial correlation 
length ξ exhibits a linear relationship with the average soft region size, and the standard deviation δ is directly proportional to the 
elastic mismatch. According to the Super-STZ model, the required yield stress σy, which is magnified by the stress concentration, 
therefore, scales with δ but inversely with ξ1/2. It’s noteworthy that the standard deviation δ plays a dual role in influencing the yield 
stress σy as outlined in Eq. (9a). This relationship encompasses two essential components: the reference stress σ0, reflective of uni
formity, and the stress concentration arising from spatial heterogeneity. In the absence of spatial heterogeneity in Eq. (9b), the yield 
stress decreases as δ increases due to the increasing probability of the participation of soft elements for shear band nucleation. The 
stress concentration, captured in the second term of Eq. (9a), is inversely linked to δ, representing the elastic mismatch’s extent. As δ 
decreases, stress concentration magnifies, impacting the applied stress required for yielding. The Super-STZ model implies that a 
smaller elastic mismatch yields a higher stress concentration. Consequently, a lower applied stress becomes necessary for STZs to 
propagate from soft to hard regions, resulting in macroscopic yielding. Conversely, the stress concentration is proportionate to ξ1/2, 
leading to the inverse scaling of the applied stress necessary for yielding with ξ1/2, representing the second term in Eq. (9a). 

Fig. 10(a) illustrates the influence of the standard deviation δ on yield stress. The trend of linearly decreasing yield stress with 
increasing standard deviation, while keeping the correlation length constant, aligns with the relationship described by Eq. (9). To 
ensure result convergence, we have conducted an additional set of 24 simulations due to the higher yield stress fluctuation observed 
with larger correlation lengths compared to smaller ones. A correlation length of 11 nm, notable for its significant yield stress fluc
tuation, was selected for examination. Four standard deviations of the local modulus distribution, namely, 2.2 GPa, 3.7 GPa, 4.3 GPa, 
and 4.9 GPa, were chosen. The results, depicted in Fig. 10(a), reveal that even at the largest correlation length, yield stress changes for 
each standard deviation are relatively small. The 2.2 GPa, 3.7 GPa, 4.3 GPa, and 4.9 GPa groups exhibit coefficient of variation (CV) 
values of 1.25%, 5.22%, 4.73%, and 1.69%, respectively. Notably, the 3.7 GPa and 4.3 GPa groups display higher yield stress variations 
than both lower and higher standard deviation groups. Interestingly, an outlier emerges within the 3.7 GPa group according to the 1.5 
times interquartile range (IQR) criterion. This aligns with prior observations (Gu et al., 2022) that stress-driven strain percolation 
becomes more likely when soft regions are either small (2.2 GPa group) or excessively large (4.9 GPa group). Such percolation mit
igates the nanostructural impact on shear banding, reducing yield stress fluctuations. Moreover, these findings suggest that the 
Hall-Petch-like fitting equation may introduce greater uncertainty in scenarios of intermediate structural heterogeneity. Complex 
nanostructures in model MGs contribute to statistical uncertainty, influencing shear banding behavior and resulting in 
structure-influenced strain localization, subsequently impacting yield stress. 

We then apply Eq. (9) to fit all the simulated yield stresses with different degrees of nanoscale heterogeneities (~80 cases). The 
obtained parameters are a = 0.06, b = 0.16, and k = 0.15, with an R-squared value of 0.745, as shown in Fig. 10(b). The Hall-Petch-like 

Fig. 10. (a) Impact of local modulus distribution standard deviations on yield stress fluctuation of model MGs with 11 nm correlation length. (b) 
The fitted yield stress using Eq. (9) vs. the simulated yield stress of MGs with various degrees of nanoscale heterogeneities. 
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equation demonstrates strong agreement with the simulated data across the majority of cases. However, it exhibits increased error in 
situations where the MG model incorporates more complex nanostructures, consequently introducing a level of statistical uncertainty. 
Moreover, having a value of a = 0.06, which establishes a relationship between the reference stress σ0 and the average shear modulus, 
follows a universal criterion for the plastic yielding of MGs (Johnson and Samwer, 2005). 

The simplicity of the material parameters employed in the equation suggests its potential transferability across different systems. 
We conduct further validation of Eq. (9) using experimental data of Zr53Cu36Al11 MGs, as documented by Zhu et al. (2018). In this 
validation, the mechanical properties of five different Zr53Cu36Al11 samples were characterized through instrumented nano
indentation. In the experimental study, the spatial heterogeneity in a Zr53Cu36Al11 MGs was observed in a series of hyper-quenched 
samples and subjected to annealing at 553 K, roughly 0.8 times the glass transition temperature (Tg). These samples underwent 
varying annealing durations ranging from 0 to 720 min, resulting in a variation in the material’s microstructure. To determine the 
correlation length associated with spatial heterogeneity, high-angle annular dark-field scanning transmission electron microscopy 
(HAADF-STEM) was employed to observe patterns of inhomogeneous contrast. The characteristic size of dark regions in these images 
serves as a metric for the spatial heterogeneity’s correlation length, which was observed to decrease as annealing time increases. 
Furthermore, the sizes of dark regions as determined from HAADF-STEM images align closely with the characteristic spatial het
erogeneity lengths measured using AM-AFM. Mechanical properties, such as hardness and Young’s modulus of samples with varying 
spatial heterogeneity were determined using nanoindentation. Each sample was subjected to measurements at twenty-five points to 
derive both the mean values and the standard deviation for the measured mechanical properties. 

In this validation process, several assumptions have been made. Firstly, we assume a Poisson’s ratio of 0.36 for all samples and use 
this Poisson’s ratio to calculate the shear modulus of each sample based on experimentally measured Young’s modulus. Secondly, we 
consider a constant STZ size of 1.5 nm in the experiments, close to the value in our simulation and within the range of reported values. 
Lastly, we employ a simplified approach by using experimental hardness divided by 3 as a rough estimate of the yield stress for each 
sample. All parameters used in this validation are summarized in Table 2. 

We perform a fitting procedure on the data summarized in Table 2 using Eq. (9). The parameters obtained from the fitting are as 
follows: a = 0.053, b = 0.197, and k = 0.317. This fitting shows a high level of accuracy, as indicated by the R-squared value of 0.983. 
Utilizing the experimental findings comes with certain limitations. Notably, the standard deviation from nanoindentation, which is 
used as a proxy for local modulus distribution, may not fully represent the variability in moduli across the entire sample. This limi
tation arises due to the constraints of the measurement process, wherein only 25 points are sampled for each sample, and the indenter 
size is relatively large, yielding an average result over a micrometer-scale region. Furthermore, the correlation length obtained from 
the measurements in HAADF-STEM images is different compared to the spatial correlation length of local moduli used in simulations, 
given that the former aligns more closely with the dimensions of the soft regions. Despite these limitations, the experimental validation 
still offers promising results. As illustrated in Fig. 11, the calculated yield stress, derived from the fitted equation, closely aligns with 
the actual yield stress obtained from the experiments, falling well within the error bars. The mean absolute percentage errors between 
the fitted yield stress and the actual yield stress consistently remain below 1%, reinforcing the generality and applicability of Eq. (9). 

Our study’s foundation lies in the STZ model (Argon, 1979) considering STZs as fundamental units of deformation. This basis gives 
rise to the observed structure-property relationship in nanoscale MGs. The general validity of the Hall-Petch-like relationship, con
necting yield stress and spatial heterogeneity, is anticipated for MGs exhibiting STZ characteristics and nanoscale heterogeneity. The 
concept of STZ percolation and Super-STZ array formation holds relevance for heterogeneous microstructures in diverse MG systems. 
Nevertheless, the dynamic nature of real MGs could influence this relationship due to the interplay between glass structure evolution 
and STZs in varying systems. Furthermore, while our simulations are limited to two dimensions, it’s important to recognize that shear 
banding behavior is more complex in three-dimensional systems. Transitioning from 2D to 3D can impact STZ connectivity and in
teractions with heterogeneities in bulk metallic glasses (BMGs). Despite these limitations, our focus remains on gleaning valuable 
insights into how spatial heterogeneity influences MG yielding and deformation mechanisms. The derived Hall-Petch-like relationship 
is 2D-based, and adapting it to 3D BMGs would require careful consideration of geometric and mechanical distinctions. To compre
hensively ascertain the applicability of our findings, a synergistic approach combining modeling and experimentation is imperative. 
Thus, the derived Hall-Petch-like equation encapsulates pivotal structural factors influencing heterogeneous MGs’ yielding and offers 
insights for guiding nanostructure design in amorphous alloys. 

5. Conclusions 

In this study, we have investigated the yielding and deformation behaviors of heterogenous MGs using a mesoscale STZ dynamics 
model by tuning the spatial correlation and standard deviation of local shear moduli on the nanoscale. A Hall-Petch-like relationship 
has been identified between the yield stress and spatial correlation length, where the yield stress of heterogenous MG scales inversely 
with the square root of the correlation length. Such yielding behavior results from the influence of nanoscale heterogeneity on the 
structural characteristics, in particular, the size and strength of the soft regions, and the connection between the soft region charac
teristics and shear banding mechanisms. We have found that the percolation of STZs from soft to hard regions is the critical moment for 
MG yielding in the presence of structural heterogeneity. Prior to yielding, the STZs activate and accumulate inside soft regions and 
form a Super-STZ, a scenario similar to the dislocation pile-up at the grain boundary in the polycrystal. The stress concentration built 
up in the front of the Super-STZ follows a square root relationship with the size of soft regions, and the slope of the relationship 
decreases with modulus mismatch between Super-STZ and matrix. Based on the Super-STZ model, a Hall-Petch-like equation has been 
derived, which quantifies the yield of MGs with the spatial correlation length and standard deviation of the nanoscale heterogeneity. 
Our study provides a mechanistic understanding of the yielding and deformation behaviors in heterogenous MGs, indicating that local 
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heterogeneity can be an important structural factor that quantifies large-scale mechanical properties. 
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