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We prove that any closed simply connected smooth 4-manifold is 16-fold branched
covered by a product of an orientable surface with the 2-torus, where the con-
struction is natural with respect to spin structures. In particular this solves
Problem 4.113(C) in Kirby’s list. We also discuss analogous results for other
families of 4-manifolds with infinite fundamental groups.

1. Introduction

The work in this note was prompted by the following natural question:

Does every closed 4-manifold admit a branched covering by a symplectic
4-manifold?

Problem 4.113(C) in Kirby’s list [15] is the instance of this question for simply
connected, irreducible manifolds. This question was studied by the authors at the
2018 American Institute of Mathematics Workshop on “Symplectic four-manifolds
through branched coverings”, motivated by a conjecture of Eliashberg [9, Conjec-
ture 6.2]. We provide the following fairly strong answer to the above question in
the case of simply connected 4-manifolds.

Theorem 1. Let X be a closed oriented simply connected smooth 4-manifold. Then
there exist g € N and a degree 16 branched covering f : X' — X such that X' is the
smooth 4-manifold T? x % ¢ In addition, if the 4-manifold X is spin, the branched
covering f is natural with respect to a spin structure on T? x % g

Note that the smooth 4-manifold 72 x ¢ admits a symplectic structure. It follows
from Theorem 1 that if instead X is a closed (possibly nonorientable) connected
smooth 4-manifold with finite 771 (X), then there is a branched covering T?x% e— X
of degree 16| (X)|, which factors through the universal covering X — X.
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The above do not generalize to 4-manifolds with arbitrary fundamental groups;
for instance, no X¢-bundle over X, with g, & > 2 and infinite monodromy group
(e.g., any surface bundle with nonzero signature) can be dominated by a product
4-manifold by [16, Theorem 1.4]. Nonetheless, there are comparable results for
many other 4-manifolds with infinite fundamental groups. For example, X =
#g(S1 x §3), with 71 (X) Z % Z8, is degree 4 branched covered by X’ = §2 x X, by
[25, Theorem 1.2]. In addition, the branched virtual fibering theorem of Sakuma
[29, Addendum 1] implies the following:

Proposition 2. Let X = S! x Y be a smooth 4-manifold which is the product of
S' and a closed connected oriented 3-manifold Y. Then there exist g € N and a
double branched covering X' — X, where X' is a symplectic 4-manifold which is a
X,-bundle over T2

Indeed, [29] shows that any closed oriented 3-manifold Y is double branched
covered by a surface bundle over a circle (see also [21] for a different proof), from
which Proposition 2 is immediately deduced; this provides yet another class of 4-
manifolds with infinite fundamental group for which a (symplectic) branched cover
can be readily described. Here, we recall that the product of a fibered 3-manifold
and the circle is symplectic [30].

It is worth noting that with a little more information on the smooth topology
of X, one can easily determine the topology of the branched coverings X’ — X
in Theorem 1 and Proposition 2. For the former, one only needs to know the
number of stabilizations by taking the connected sum with S? x S? that are required
before the simply connected 4-manifold X completely decomposes into a connected
sum of copies of CP2, §? x S? and the K3 surface, taken with either orientation.
This of course can always be achieved by a classical result of Wall [31], and
for vast families of simply connected 4-manifolds, one stabilization is known to
be enough [2]. Similarly, for Proposition 2, one just needs to know a Heegaard
decomposition of the 3-manifold factor Y [29], or any open book on it [21]. See
Remark 6 for some explicit examples.

In all the results we have discussed above, the covering symplectic 4-manifold
X' is not of general type, in contrast with the symplectic domination results of Fine
and Panov [10]; see Remark 7 below. It would be interesting to find more general
families of nonsymplectic 4-manifolds branched covered (with universally fixed
degree) by specific families of symplectic 4-manifolds like ours, say by X,-bundles
over X, for arbitrary h.

2. Proof of Theorem 1

Henceforth all the manifolds and maps we consider are assumed to be smooth.
We denote by X the oriented 4-manifold X with the reversed orientation, and
by #,X #, Y the smooth connected sum of a copies of X and b copies of Y. We
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denote by Eg’ a closed connected oriented surface of genus g with b boundary
components, and we drop b from the notation when there is no boundary.

2.1. Preliminaries. Let us briefly recall the definition of a branched covering.

Definition 3. Let X and X’ be compact connected smooth manifolds (possibly
with boundary) of the same dimension, and let f : X" — X be a smooth proper
surjective map. We say that f is a branched covering if it is finite-to-one and open,
and moreover the (open) subset of X" where f is locally injective coincides with
the subset of X’ where f is a local diffeomorphism. O

The subset B} C X’ where f fails to be locally injective is called the branch set
of f, and its image By = f(B}) C X is called the branch locus of f. By aresult
of Church [7, Corollary 2.3], either B}. = & or dim B}. =dim By = dim X — 2,
and then the restriction of f over the complement of By is an ordinary connected
covering space X'\ f~1(By) — X\ By.

Moreover, for every smooth point of B’f at which f| B B} — X is a local
smooth embedding, the map f is topologically locally equivalent to the map
pa:CxR"2 - C x R"? defined by pa(z, x) = (z¢, x), for some d > 2, where
n = dim X’ = dim X. However, the branched coverings f; that we consider below
turn out to be smoothly locally equivalent to p,, while their composition, which will
be indicated by f, has this property away from the singular points of B}. Notice
that every finite composition of branched coverings is a branched covering, and the
restriction to the boundary of a branched covering is a branched covering as well.
Throughout, we assume that branched coverings between oriented manifolds are
orientation-preserving.

2.2. The argument. Let X be a closed oriented simply connected smooth 4-
manifold. We will describe the branched covering in the statement of Theorem 1,
that is f : T? x ¥, — X, as a composition of four simpler double branched
coverings f1, f2, f3, fa. While all the latter will be branched over embedded
orientable surfaces, the branch locus of the composition will typically be singular.

For clarity of exposition, we will not explicitly keep track of how the topology is
growing at each step, but instead, we will illustrate with some examples in Remark 6
how one can deduce this information.

Step 1: By Wall [31], the connected sum of X with a certain number m of copies of
$? x §? is diffeomorphic to a connected sum of copies of the standard 4-manifolds
CP?, §? x §? and the K3 surface, taken with either orientation. Note that when X
is spin, the decomposition has only spin connected summands, and also that the
resulting 4-manifold does satisfy 11/8 when m is large enough.

Moreover, since we have K3 # K3 = #5,(5% x $2) and CP? # (§% x §%) &
#,CP? #CP? [12, page 344], the complete decomposition as above can be written
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as #,K3#, (S% x §?) or #,K3#, (52 x S?) when X is spin (depending on the sign of
the signature o (X)), and as #,CP?#, CP? when X is nonspin, for some nonnegative
integers a and b which are not both zero. In the spin case, we can guarantee that
b > 2a by taking sufficiently many stabilizations.

The conjugation map (z1, z2) — (21, Z2), which is an antiholomorphic involution
on CP! x CP! = §2 x §2 induces a double branched covering S% x $2 — $% where
the branch locus is the unknotted 72 C S* (bounding a handlebody). Taking the
equivariant connected sum of m copies of it, we get an involution on #,, (S 2% 5%,
which induces a double covering #,, (S 2% 5?%) — S* branched along an unknotted %,,,
for every m > 1.

We can now take a double covering of X branched along an unknotted %,, in X
(viewing X = X #S5% take an unknotted ¥, in S*), which we denote by fi1: X1 — X,
where clearly X| = X # X #,, (57 x §%). We choose m > 1 such that X #,, (S? x §?)
completely decomposes, and so does X (as one gets at least m copies of §2 x S2
after decomposing X #,, (5% x §2)). Then X is diffeomorphic to one of the standard
connected sums we listed above.

Step 2: We would like to obtain a double branched covering of X; by some
#g(S2 x §2). We will describe this covering in essentially two different ways,
depending on whether X (and thus X) is spin or not.

The K3 surface can be obtained as a holomorphic double covering of S? x §2
branched along a curve of bidegree (4, 4) in CP! x CP! = §2 x 52 [12, page 262].
Reversing the orientations, we see that K3 is also a double branched covering of
S? x 8 (recall that S? x S? admits an orientation-reversing diffeomorphism). By
taking equivariant connected sums, we can then express both #,K3 and #,K3 as
branched double coverings of #,(S% x S?). Taking n = 2a, we then conclude that
#,K3 #, (5% x §2) admits a double branched covering by #;,K3 #,, K3 #2(b—2a)
(5% x §2). Since K3#K3 X #5,(5% x §2), we have obtained the desired double
branched cover #, (82 x S§?), for g = 40a + 2b. Mirroring the same argument, we
see that #, K3 #, (5% x S2) is also double branched covered by some #,(S 2% §%).
This concludes the construction in the spin case.

The following variation can be run for both spin and nonspin manifolds. Switch-
ing the two factors (z1, z2) — (22, z1), Which is a holomorphic involution on
CP! x CP! = §2 x S2 induces a double branched covering S2 x §2 — CP?, where
the branch locus is the quadric (this may be interpreted as the map taking a pair of
numbers to the quadratic equation having those roots). Reversing the orientations,
we obtain a double branched covering over CP2. Taking equivariant connected
sums once again, we then deduce that #,(S% x SH)#;, (52 x S?) is a double branched
covering of #,CIP2#, CP2. So in the nonspin case, we arrive at the desired double
covering #, (5% x §2) as well.

We let f>: X,—X denote the double branched covering we described in either case.
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Step 3: We next show that S Ix #q(S I x §?) is a double branched covering of
#y (8% x §?), which will prescribe our next covering f3: X3 — X;. A similar
double branched covering over #, (CP? # CP?) was described by Neofytidis in [23,
Theorem 1]. (Also see [24] for similar constructions in other dimensions.)

The hyperelliptic involution on T2 induces a double branched covering p :
T? — S? with four simple branch points x1, x2, x3, x4 € S% Taking its product with
the identity map on S? yields a double branched covering p xidg2 : T2 x §Z — §2 x §2
with branch locus {x1, x», x3, x4} X S2. Note that if g =1, we can stop here and
skip Step 4.

Let D C S? be a 2-disk containing exactly two branch points of p. So A =
p~ (D) C T? is an equivariant annulus that contains two fixed points of the hyper-
elliptic involution. Moreover, D can be chosen such that A is a union of fibers of
the trivial S'-bundle 72 = §' x S! — S! given by the canonical projection onto
the second factor.

Let S = S% x {y} € S% x S be a fiber sphere, for a certain y € S Let D’ C §?
be a disk centered at y. Then, U = D x D' C S2 x S? is a fibered bidisk, whose
preimage V = (p x idg)~'(U) = A x D' is a fibered neighborhood of a fiber of
the trivial S'-bundle

T?x $? = 8" x (8! x §%) — §' x §%.
By taking two copies of the branched covering 72 x S — S? x S2 and performing
an equivariant fiber sum upstairs along V and connected sum downstairs along
U = D* and repeating the construction for every g > 2, we finally get a branched
double covering S! x #,(S! x §2) — #,(5% x §?).

We can also describe this branched covering as follows: start with a double
covering ¢ : S' x D! — D? branched over two points in Int D? (this is the above
branched covering A — D), so the product ¢ x idp1 : S! x D! x D! — D? x D!
yields a double covering g’ : S! x D> — D3 branched over the union of two parallel
proper trivial arcs in D? (this fills the above branched covering p : T> — S2), up
to the identifications S' x D! x D! = §! x D? and D? x D! = D3, Then, we
get a double branched covering ¢” = ¢’ x idg : S! x D? x §2 — D? x S Let
D C §? be a 2-disk. Up to the identification D?> x D! x §2 = D3 x S? we consider
the bidisks C~ = D? x {—1} x D and C* = D? x {1} x D C 3(D? x §?), each of
which intersects the branch locus of ¢” along the union of two parallel proper trivial
2-disks. Consider g copies of ¢”, say ¢/ : (S' x D? x §?); — (D?® x §?);, and let
C;. Cl.+ C 3(D? x §?); be the corresponding bidisks. Thus, we obtain a double
branched covering

q" =q{U---Uqy :Ui(S' x D* x §%); > Ui(D* x §%);,

where (D3 x §?); is attached to (D3 x Sz)i+1 by identifying C;r with Ci_+1 and
(S x D* x §?); is attached to (S' x D? x §2);41 by identifying (¢/)~'(C;") with
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(qi”+l)_1 (C,,) in the obvious way, forall i =1, ..., g — 1. This in turn is a double

branched covering
q" 8" x #,(D* x §?) — #,(D? x §?),

as it can be easily realized by looking at the attaching maps, where ff denotes the
boundary connected sum. Finally, the desired branched covering S x #,(S I'x$§?) —
#,(S% x §?) can be obtained by restricting ¢”” to the boundary.

Step 4: Our final double branched covering f4 : T? x Yo —> St x #g(S1 x §?)is a
special case of Proposition 2 and can be obtained by taking the product of the identity
map on the S! factor with a double branched covering S! x £, — #,(S! x §?). The
latter can be derived from the work of Sakuma [29] we mentioned in the introduction,
or from Montesinos’ alternative construction [21], which is quicker to describe
here: the involution (z,¢) — (Z, —¢) on the annulus A = S! x[-1,1]Cc C xR
induces a double covering g : A — D? branched at two points (this is same as the
double branched cover described in Step 3), so we get a double branched covering
g xidgi : A x S' — D? x S'. Then, for any open book decomposition of a closed
connected oriented 3-manifold ¥ with pages X" and monodromy ¢, we can get
a double covering i : Y — Y branched over two parallel copies of the binding,
where Y’ is now a surface bundle whose fiber and the monodromy are the doubles
of =/ and ¢. Indeed, by lifting the usual splitting ¥ = (D? x 9Z") Uy T (¢)
that gives the open book decomposition of Y, with the branch link contained in
D? x 0%;", and where T (¢) denotes the mapping torus of ¢, one obtains a splitting
Y'= (A x3%") Uy (T(p)1 UT(¢)2), with the annulus A instead of D?, where
T (¢)1 and T (¢) are two disjoint copies of T (¢) (the branched covering h: Y — Y
is trivial over T (¢)). By looking at the attaching maps, it is immediate to get the
bundle structure on Y’ as above.

In our case, since #, (S ! §?) admits a planar open book with pages Eg 1 and
¢ = 1id, we obtain the desired covering. (The covering produced by the arguments
of both Sakuma and Montesinos in this simple setting is equivalent to the one given
in [17, Proposition 4].)

The composition f = fio fro fzo f4: T? x X, — X gives the desired covering.

The spin case: Let us conclude by observing that our construction is natural with
respect to the spin structures, when X is spin, and then briefly discuss the topology
of the branch locus of f.

Recall that a spin structure on a 4-manifold is the same as a trivialization of the
tangent bundle over the 1-skeleton that extends over the 2-skeleton [20; 14]. We
may use a handlebody decomposition in this definition. Given an unramified cover
over a spin 4-manifold, the trivialization will lift to the tangent bundle of the cover
restricted to the 1-skeleton and any extension to the 2-skeleton, so there is a natural
lift of a spin structure to a covering space.
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Now consider a 2-fold branched covering with branch locus B. We may build
a handle decomposition of the base in the following way. Start with a handle
decomposition of B. This extends to a handle decomposition of a tubular neigh-
borhood of B with only zero, one and two handles. Now extend this to a handle
decomposition of the rest of the base X. Finally turn the entire handle decomposition
over. Notice that all of the 1-handles of this new handle decomposition are in the
exterior of B. Each of these handles lifts to the cover of the exterior and the
restriction of the spin structure to the exterior lifts to the cover. We now complete
the handle decomposition of the total space of the branched cover as follows. Use
the identification of the inverse image B with B to construct a decomposmon of B
which is then extended to a decomposition of the normal bundle of B. Turn this
upside down and add it the to decomposition of the inverse image of the exterior.
This only adds 2-, 3- and 4-handles to the decomposition. It is not necessarily
true that the trivialization of the tangent bundle over the 1-skeleton will extend
over the 2-skeleton. It will extend precisely when the mod two reduction of the
integral homology class [B]/2 is zero in the second homology of the base with
Z, coefficients [4; 22]. Note that the class of [ B] is necessarily divisible by 2 due
to the existence of the double branched cover. So, a spin structure does not have
to lift to the total space of a 2-fold branched covering, but if it does, there is a
natural lift.

It is now straightforward to check that each double cover f; that we employed
in our construction when X is spin satisfies the above criterion, so for the initial
spin structure 5 on X, there is a spin structure 5’ on X' = T2 x ¥ ¢ constructed this
way. (Note that there are 22*D different spin structures on X”.) Thus the branched
covering X’ — X is compatible with the spin structures s on X and s’ on X".

The branch locus: The branch locus By C X of f is given by
By =By U fi(ByU f2(Bg U f3(By,))),

where By, C X;_; denotes the branch locus of f;, fori =1, 2, 3,4, with Xo = X.
Each By, is a smooth embedded closed orientable surface in X;_;. By taking into
account that each covering f; is two-to-one and its tangent map has a 2-dimensional
kernel along the branch set, an easy transversality argument based on perturbing
the f;’s up to isotopy, shows that the branch locus By C X can be assumed to be a
smooth orientable surface away from at most finitely many singular points, which
are transversal or tangential double points (at the latter the local link has two trivial
components with linking number £2). O

3. Ancillary remarks

Let us list a few comments in relation to Theorem 1, its proof and related works.
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Remark 4 (variations). In Step 1 above we could have stabilized by taking con-
nected sums with copies of CP? and CP? so that we got a double covering
g1: #,CP2 #, CP? — X branched over a genus m nonorientable surface, which is
trivially embedded in X, for certain integers a, b and m (once again by Wall [31]).
The complex conjugation on CP? induces this double covering CP? — S branched
over the standard smooth RP? c $* [18; 19]. Now, we can invoke Theorem 1.2
in [25] to conclude that there exists a 4-fold simple branched covering

g2 Eh X Eg — #a(]:[pz #b (I:_U:Dz

for every given a,b > 0 and & > 1, and for some g large enough. Thus, the
composition g 0 g» : g X Xj, — X is a degree 8 branched covering.

Again by Theorem 1.2 in [25] (see also Remark 2 therein), there exist degree 4
branched coverings T4 = T? x T? - X, with X = #,,CP? #, CP? and X =
#, (S2 X Sz), for every m, n < 3. Note that the case X = S2? x §%is straightforward
by taking the product p x p: T? x T? — §? x 2 and the case X =#,(S? x §?) was
previously obtained by Rickman [28]. Branched coverings from the n-dimensional
torus are relevant in connection with the theory of quasiregularly elliptic manifolds;
see Bonk and Heinonen [3]. In this direction, a result by Prywes [26, Theorem 1.1]
implies that if there is a branched covering T* — X, then by (X) <4 and br(X) <6,
so in Theorem 1 we cannot take g < 1 if br(X) > 7.

However, unlike in our construction above, the results in [25] do not give explicit
branched coverings, and there is not much control on the topology of the branch
locus.

Remark 5 (branched cover geometries). Theorem 1 and our subsequent remark
in the introduction imply that any X with finite 7 (X) is branched covered by
T? x X, where it is easy to see from our proof that we can always assume g > 2. In
terms of 4-dimensional geometries [13], this shows that all such X can be branched
covered by a 4-manifold with E> x H? geometry. However, if we replace the double
branched covering /1 : Y' — #,(S ! x §?) we used in the construction of f; =idg x h
with the one built by Brooks in [5], we can also get Y’ to be a X,-bundle over
S' with hyperbolic total space. Therefore, any X with finite r;(X) can also be
branched covered by a 4-manifold with E x H? geometry. Similarly, one can modify
the construction in Proposition 2 to get a double branched cover of any product
4-manifold S' x Y by a 4-manifold with E x H? geometry.

Remark 6 (topology of the branched coverings). Here we will try to demonstrate
by way of example how one can control the topology of the branched coverings in
Theorem 1. For some variety, we will run our construction for two infinite families
of irreducible 4-manifolds which are not completely decomposable: Dolgachev
surfaces, which are nonspin complex surfaces of general type, and knot surgered K3
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surfaces of Fintushel and Stern, which include spin 4-manifolds that do not admit
any symplectic structures [11]. The members of either one of these two families of
simply connected 4-manifolds completely decompose after a single stabilization
by S% x §?; see, e.g., [1]. Now, if X is a Dolgachev surface, we can take the
branch locus of f; as an unknotted T2 and get X1 = #;CP2 #,9 CP2. The branched
covering f, performed along the connected sum of 22 quadrics (each coming from
distinct copies of CP? and CP?) then gives X = #2, (52 x §?), and the last two
coverings yield X' = T? x X,. If we take X to be a knot surgered K3 surface
instead, thinking ahead of the second step, we take the branch locus of f; this
time as X4, so X| = #, K3 #, (5% x S?). The next double cover /> is taken along a
connected sum of four bidegree (4, 4) curves (each coming from distinct copies of
$2 x S2, with noncomplex orientation), and we get X, =#,K3#4 K3 = #gg (5% x §2).
The last two coverings this time yield X’ = T2 x Xgg.

Remark 7 (symplectic domination). A recent article of Fine and Panov provides a
symplectic domination result [10, Theorem 1] which is worth mentioning here. Their
beautiful construction is very general: for any closed oriented even-dimensional
smooth manifold M, they build a closed symplectic manifold S of the same di-
mension with a positive degree map f : S — M. In dimension 4, where we
can compare their result with ours in Theorem 1, their symplectic manifold S is
constructed as a Donaldson hypersurface in the 6-dimensional symplectic twistor
space Z of a negatively pinched manifold N, where the latter admits a degree one
map g : N — M. The construction of N, with sectional curvature arbitrarily close
to —1, is implicit, and relies on the recent works of Ontaneda involving rather
intricate new techniques in Riemannian geometry. (The condition on the sectional
curvature is to guarantee that the twistor space Z of N is a symplectic 6-manifold.)
Secondly, the construction of a symplectic hypersurface S in N, which is built
through asymptotically holomorphic techniques of [8], is also implicit and the
smooth topology of S is effectively impossible to control. Hence, one does not have
any information on the smooth topology of the dominating symplectic 4-manifold S,
other than that it is of general type, i.e., of Kodaira dimension 2 [10]. Besides the
very implicit nature of this construction, since the map f : S — M factors through the
degree one map g above, Fine and Panov’s domination is essentially never a branched
covering. Moreover, because the symplectic twistor space Z is in fact known to
be non-Kihler [27], the dominating symplectic 4-manifold S has a priori no reason
to be a Kihler surface. On the other hand, the dominating symplectic 4-manifold
X'=T>xX ¢ of Theorem 1 is obviously a Kihler surface, and X’ in both Theorem 1
and Proposition 2 is of Kodaira dimension —oo, 0 or 1, depending on whether this
(possibly trivial) X.-bundle over T2 has fiber genus g = 0, 1 or > 2, respectively.

Domination is certainly distinct from branched covering as the following example
shows. There is a degree one map from ¥4 x ¥, to X3 x X, given by the extension
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of the natural collapse of a copy of Ell X 27 to Eé X 2. However there can be no
branched covering from ¥4 X 3, to X3 X X, since the Gromov norm of the former
is 24(4 —1)(2 — 1) = 72, the Gromov norm of the latter is 24(3 —1)(2 —1) =48
and the Gromov norm is super multiplicative with respect to degree [6].
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This volume is a proceedings of the 2020 BIRS workshop Interactions of gauge theory with
contact and symplectic topology in dimensions 3 and 4. This was the 6th iteration of a
recurring workshop held in Banff. Regrettably, the workshop was not held onsite but was
instead an online (Zoom) gathering as a result of the Covid-19 pandemic. However, one
benefit of the online format was that the participant list could be expanded beyond the usual
strict limit of 42 individuals. It seemed to be also fitting, given the altered circumstances
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proceedings.
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6th (or earlier) Interactions workshops. As the title suggests, the emphasis is on research
in gauge theory, contact and symplectic topology, and in low-dimensional topology. The
volume contains 16 refereed papers, and it is representative of the many excellent talks and
fascinating results presented at the Interactions workshops over the years since its inception
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