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Abstract

While the interaction between two uniformly charged spheres—viz colloids—is well-
known, the interaction between non-uniformly charges spheres such as Janus particles
is not. Specifically, the Derjaguin approximation relates the potential energy between
two spherical particles with the interaction energy V) per unit area between two pla-
nar surfaces. The formalism has been extended to obtain a quadrature expression
for the screened electrostatic interaction between Janus colloids with variable relative
orientations. The interaction is decomposed into three zones in the parametric space,
distinguished by their azimuthal symmetry. Different specific situations are examined
to estimate the contributions of these zones to the total energy. The effective potential
Vo1 is renormalized such that the resulting potential energy is identical to the actual
one for the most preferable relative orientations between the Janus particles. The po-

tential energy as a function of the separation distance and the mutual orientation of
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a pair of particles compares favorably between the analytical (but approximate) form
and the rigorous point-wise computational model used earlier. Coarse-grained models
of Janus particles can thus implement this potential model efficiently without loss of

generality.



1 Introduction

Recent advances in mesoscale fabrication have allowed for the construction of anisotropic
colloidal particles that are anticipated to self assemble into novel structure so as to unlock new
material properties."™ One example is the prediction of richer phase behavior for anisotropic

colloidal materialg®1UHo

as can exist in gas, liquid, crystalline, or amorphous phases due to
the order between particles in analogy with atomic materials. The Janus structure—wherein
spherical particles have two chemically distinct hemispheres—is one such anisotropic colloid

particle structure that has warranted much attention through experiment, #4724 theory, 22729

and simulation. 12040

Dipolar Janus (DJ) particles are a good target for materials development because they
can be readily produced in large quantities. In one of the earliest attempts to prepare
Janus particles, Veyssie et al* prepared them by protecting one hemisphere of glass spheres
with a cellulose film while modifying the other hemisphere. Alternatively, Paunov and co-

workers#243

used micro-contact printing technique to produce DJ colloids. In this technique,
the particles are embedded onto an oppositely charged surface so as to protect the bottom
hemispheres, and inoic surfactants are subsequently deposited on the top of the monolayer

A g garegate silica

so as to coat to the top hemispheres. Meanwhile, Tkeda and co-workers
particles and modified only the accessible parts of the particles on a cluster surface. Granick
el al*® produce large quantities of Janus particles by partially trapping colloidal particles at
the surface of even larger wax particles, thereby increasing dramatically the effective surface
area of the embedded particles.

While the properties of DJ particle systems have been characterized experimentally to
varying degrees, a full description of their properties has been greatly advanced through the
use of computer simulation. One of the main challenges in describing the behavior of DJ
particle systems in simulation is that their large size requires multi-scale characterization of

their interaction. Indeed, the unsymmetrical nature of DJ particles makes it very difficult

to accommodate a simple theoretical formula for the potential.



Hall et al**7 characterized the forces between the DJ colloids through a model consisting
of hard spheres with two embedded point charges, focusing on the dipolar nature of the
interaction. Though the dipolar term is the most important one,* the higher-order terms
must also be considered 1#22E294849 Granick et al'® emphasized that DJ colloidal particles
are not well approximated by point dipoles as the size of the particles greatly exceeds the
electrostatic screening length. Instead, they propose a point charge model where each DJ
particle is considered as a composition of many point charges, mutual interactions of which

3132 have

amount to the total force between two different DJ particles. Hagy and Hernandez
constructed a point-wise (PW) model that is smooth and therefore allows for the simulation
of static and dynamical properties of Janus system.

S30ETANMSTEZ are closely related to DJ models. In models of both

Patchy-particle models
systems, the repulsive/attractive nature of the particles is often treated through the applica-
tion of a “switching function” to capture angular dependencies in the anisotropic potential.

2192 or performing analytical treatment.=!

The latter is either found by fitting simulation data
It has also been benchmarked against experimental data.”? Unfortunately, the discontinuous
nature of the “switching function” makes them difficult to characterize dynamical behavior.

On the other hand, in the limit of uniform spheres, the Derjaguin approximation (DA )=¥%=¢
offers an approximate smooth expression. The resulting analytical function relates the po-
tential between two spheres to that of two parallel infinite plates through an approximate
mapping. Thus, once the potential between two parallel plates is found, an expression for
two spheres can be calculated. For example, Ohshima®” used the DA to develop a soft
step function model for the potential between two plates using Debye-Huckel and Poisson-
Boltzmann equations. It was also applied®” to DJ particles in a specific case to resolve the
Casimir interaction at the critical temperature 7.

Despite significant attention on DJ particles, its nonuniform surfaces poses a serious

challenge to the construction of the smooth potentials needed in particle dynamics models

to obtain spatial and temporal resolution. In this work, we demonstrate the use of a modified



DA method to construct the interaction between two DJ particles from the bottom up. It
allows one to uncover the effects from anisotropy, and avoids the explicit use of a multipole
expansion. It also reduces the computational time significantly. We compare our theoretical
model with the brute-force computational approach involving the many pairwise interactions
between DJ particles modeled at the PW scale following the same procedure adopted by Hagy

and Hernandez.31%32

2 Methods: Theory

2.1 Interaction potential

The total interaction potential between two arbitrary DJ spherical particles, denoted 1 and

2, in a solution can be written as

UDJ (7’, n, Ilg) - urep(r) + uelec(rv ng, n2) ) (1)

where e, (7) is an isotropic repulsive interaction depending only on the distance r between
the centers of the particles and ucec(r, n1,n2) is the electrostatic potential between them.
The latter depends both on the distance between the spheres and their relative orientations,
which are described by the unit vectors n; and n, corresponding to their normalized dipole
momenta (see Sec. [2.3]for more details). In the present case, tyep(r) takes the form of a shifted
WCAPPE ]ike potential including only the repulsive part of the Lennard-Jones potential shifted
by the distance A and truncated at the energy minimum 7, = A + 260, Specifically, it

takes the purely repulsive form,

i (on(2a) - ()

+ u0> O(Tmin —T) (2)



where O(x) is the usual Heaviside step function which goes from 0 to 1 at the origin. The
form of Eq. is chosen due to its tunability to the amplitude, slope and the cut-off distance
of the repulsive potential with a minimum of adjustable parameters. The effective repulsive
diameter D obeys the condition

urep(D) = kBT . (3)

The temperature 7' is set at 300 K throughout. For numerical calculations, the geometric

k3152 modeling DJ with a discretization of their

parameters are chosen from our earlier wor
surfaces using a PW model. Specifically, D = 220 nm, ¢ = 50 nm and A = 170 nm. Hence,
the form of Eq. suggests that tep(r) = 0 if 7 > rpy, &~ 226.1 nm, and the condition
in Eq. implies that uy = kgT/ (1 — 2[o /(D — A)]®)* = kgT. The width of the nontrivial
part of the repulsive potential, 7, — D, constitutes around 3% of the diameter in our case.
This is relatively small and consistent with that seen in experiments.>%¢0

The current work is focused on developing an analytical expression for the electrostatic
potential part, eec(r, N1, ng), within the framework of the DA. We will denote it U for
both simplicity and distinguishing it from the rigorous PW model, Eq. . The repulsive

interaction is used in the free energy calculations only (Sec. [3.2.2)).

2.2 Derjaguin’s approximation

The DA in the DLVO theory allows one to derive the potential energy between two spheres
from the potential energy between two parallel plates. According to it, each sphere is assumed
to be made of an infinite number of rings with infinitesimal dimension. The sum-total of
potentials between all these rings constitutes the final result for the potential between the
spheres.

For the potential energy of two isotropic spheres with radii a; and as, the DA givesg®3 20461

27Ta1 ag

U= [ vty an, @

a1+a2




where H is the distance of closest approach between the surfaces of the spheres, and V;(h)
is the interaction energy (related to the unit area) between two parallel infinitesimally small
opposing annular rings directly facing each other separated by a distance h. The assumption
about the short interaction range enables the upper integration limit to be extended to
infinity in usual practice. However, the actual limit is H + a1 + as, and for practical reasons,

we will use this limit for the integration in Eq. :

U

271'@1(12 /H+a1+a2

= Voi(h) dh . )
e a(h) )

H

Since beyond this upper limit the contribution of the potential is insignificant, its use does
not change the result. In the case of identical particles, a; = ay = a, the potential reduces
to

H+2a
U= 7ra/ Voi(h) dh . (6)
H

For simplicity, below we continue to define the energy Vj,; for the interaction between two
parallel unit plates which have the same charge densities including signs in all of the cases
considered below. Because of this definition, V}; is always positive. In the next section, the
DJ anisotropy will be incorporated in the integral in Eq. @ through a multiplier which cuts
off a part of the contribution from the energy V}; due to fact that negative and positive

charges seen in the general case partially offset.

2.3 Modified Derjaguin’s approximation for Janus interactions

We now develop the theoretical expression for the potential energy between two DJ particles.
The strategy is inspired by the DA approximation in which we consider the directly facing
annuli from each DJ particle and map them to the corresponding planes. In the simplest
case, each annuli are uniform with the same charge, but as particles are rotated, they will
have multiple regions with alternating sign. In what follows, we consider the different relative

rotations of the DJ particles going from cases with the simplest such overlaps to the most



complicated case for an arbitrary rotation.

To begin, let’s consider Janus particles in three dimensions, as they are shown in Fig. [I]
For each particle, the dividing plane (DP) divides the sphere into two hemispheres: positively
(red) and negatively (blue) charged, each having an even surface charge density with an

absolute value p. The total positive and negative charges are

gy = 2ma’p = q/2
(7)
q- = —2ma*p = —q/2
The unit vector n is perpendicular to the DP and is parallel to the dipole moment of the

particle.

Figure 1: Orientation coordinates of two Janus particles relative to the structure in which the DP
—which divides oppositely charged hemispheres— is orthogonal to the z axis. At left, the DP is
only rotated around the y axis, and at right, the DP is first rotated around the y axis and then the
x axis. The vectors n; for i € (1,2) are normal to their respective DP and make an angle 6; with
the z-axis; ¢ is the azimuthal angle describing the rotation of ny around the z-axis. Each 6; spans
the area between —m and 7; ¢ goes around the ring from 0 to 2.

The relative configuration of the DJ colloids placed along the z-axis can be described by
a set of four coordinates (H, 601,62, ¢) in indicated in Fig. [I] Here, 6; € [—7, @] is the angle
between the vector n; and the z-axis, and ¢ € [0,27] is the azimuthal angle between the
z-axis and the plane spanned by the vector n, and z-axis. The vector n; always lies in the
xz-plane, so that the azimuthal angle for the first particle is always 0. In the parametric

space (61,02, ¢) describing the relative orientation, the transformation n; — —n, is equivalent



to 6; — 6, — m with ¢ kept constant.

The potential U calculated within the DA necessarily satisfies the conditions obeyed by

the electrostatic potential:

Uelec (’I“, ng, 112) = Uelec (T, n;, nl)
uelec(rv ng, 112) = _uelec(rv —1, 1’12) (8)

Uelec (7“, ni, n2) = —Ueglec (7“, ni, —112) .

2.3.1 Case 1: Axial symmetry

When ¢; = 7 and 6, = 0, as shown in Fig. , the potential takes the form of Eq. @ with
positive values of Vi(h). If both angles are equal to m (or 0) (Fig. 2B), then the potential

changes its sign. The general expression for the potential in this case can be written as

H+2a
U = —ma - sign(cos 64 cos 05) / Vo(h) dh, 9)

H

where the function, sign(-), in the prefactor defines whether the potential is positive or

negative, depending on the mutual orientation of the vectors n; and ns.
A
B
‘ ‘
Figure 2: Relative orientations of pairs of Janus particles in the case of axial symmetry (case 1)
when the facing surfaces either have the same charge (panel A) or have opposite charge (panel B).




H + 2a H + 2a

Figure 3: Relative orientations of Janus particles in case 2 when the left particle rotates around
the y axis, and the right particle remains fixed with its DP orthogonal to the x axis. Panel A:
0 < 6; <7m/2. Panel B: 7/2 < §; < 7. Panel C: —7/2 < 6; < 0. Panel D: —7 < 6; < —7/2. The
values of a are kept the same. H is the minimal distance between the surfaces; H; is the distance
between the point on the DP of the left particle, which is the closest to the right particle, and an
opposing point on the right particle; a is the particles’ radius.

2.3.2 Case 2: Fixed 0, =0 (or 6, =)

We now consider the case when one of the particles is fixed with its DP perpendicular the x
axis (that is, when 0y equal 0 or 7), and the other particle is allowed to rotate with varying
6, for ¢ = 0. Figures BA-D show four different orientations of the vector n; within four
quadrants of the zz-plane in which the (positive) angle o = ||6;| — 7 /2| has the same value,

and Ay = 0. The distance H; is the same in all four of these orientations and given by

Hy =H+2a(1 —cosa) = H +2a(l — |sinb,]). (10)

Due to symmetry, the interaction energies corresponding to these configurations have the
same absolute values but may have different signs. We first derive the expression for the
energy in reference to the configuration shown on panel A of Fig.[3| and then generalize for

three other possible orientations by including for the appropriate sign.

10



The strategy for determining the total energy through successive integration over the
corresponding rings (or annuli) is illustrated in Fig. {4 for the case in which there are three
different overlapping cross sections of particle 1. We introduce angle v € [0,7/2] as it
uniquely identifies each cross section and simplifies the formulas. In Fig. 4 this angle also
marks location of the BBy ring. The distance h between the opposite rings on the spheres

is connected to angle v as

h=H +2a(l —sinv) . (11)

Figure 4: Particle 1 (left) and its cross sections AA;, BBy and CCy (three annular rings on the
right). The sections which correspond to the negatively charged part of each ring are denoted
by angle 5. The AA; ring defined by the lower point of the DP is fully positively charged (thus
B = 0); together with its negative counterpart ring on particle 2 (not shown), it contributes to the
attraction part of the energy U. The BB; ring has both negative and positive charges. The CCy
ring is the largest cross section. It is half positively and half negatively charged.

The integration procedure is subdivided into two steps. The first step integrates the
energy Vpi(h) from distance H to H; (y changes from 7/2 to /2 — a). At this stage fully
positively charged red rings of particle 1 face matching fully negatively charged blue rings
of particle 2. The interaction between these rings contribute to the integral giving the first
—negative— term of Eq. . Second, when h changes from H; to H 4 2a (and v changes
from 7/2 — a to 0), rings of particle 1 bear charges of both signs, whereas adjacent rings

of particle 2 are all negatively charged. Thus, only a part of the interaction of those rings

11



contributes to the result. This part is

x1 = (2m —2f)/2m, (12)

since the upper and lower segments cancel each other (see the BB; and CC; annuli in Fig. [4).

These annuli give the second —also negative— term of Eq. :

U= —7ra/ 1 Voi(h) dh — Wa/ : anl(h) x1(v)dh , (13)

H Hy

where the value of y; can be expressed via v as (see Sec. S1 in the Supporting Information

(s1))
Xi(7) = = sin”(tany - | cot 61 (14)

and 7 is a function of h, according to Eq. .
For an arbitrary value of the angle #; and two possible orientations of colloid 2—which

in this subsection correspond to 6, = 0 and 6, = 7—Eq. can be recast as

Hq H42a

Voi(h) dh + /

H Hy

U = —ma - sign (cos 61 cos 6) ( Vor(h) Xl(’y)dh) : (15)

where the sign(-) is defined as in Eq. [} and in accordance with conditions (§)).

2.3.3 Case 3: Arbitrary ¢, and 6, at ¢ =0

We now relax the constraint on the fixed particles imposed in case 2, and allow both particles
to rotate around their symmetry axes—that is y. As indicated in Fig. 5 three regions of
integration are now needed for the calculation of the energy U. Let’s assume that both
vectors n; and ny are in the first quadrant, and 6; > 65, which makes H; < H,. The first
two regions are similar to those from the previous section, except the upper integration limit
in the second term is now Hy = H + 2a(1 — |sin6y|). In the third (and last) region, the

integration is performed from Hs to H + 2a, where all adjacent rings of both spheres bear

12



Figure 5: Relative orientations of Janus particles in case 3 when both particles rotate around the
y axis with arbitrary values of 6, and 6y. The distances H, Hy and a are the same as in Fig. [3} Ho
is the distance between the point on the DP of the right particle, closest to the left particle, and
an opposing point on the left particle.

charges with different signs. Thus,

H+2a

U= —7ra< Vo dh+ [ Vi) Xl@)dh) + 7 / Va(h) xa(y)dh . (16)

H Hy Ho
The second kernel ys is derived in Sec. S2 of the SI and takes the form:

Ya(7) = 1 — 2 (sin~(tan - | cot 6y ) + sin™ (tan - | cot 6])) (17)
i

Taking into account all the possible orientations of the particles within the xz-plane, the

whole potential, according to conditions , takes the form

H-
U=ra (—Sign(cos 0, cos 03) / Voi(h) dh (18a)
H
Hy
— sign(cos 0 cos 6) Vor(h) xa()dh (18b)
H-

H+2a

+ sign(sin 0y sin 6y) /

Hy

Vou(h) xm)dh) , (18c¢)

where H_ = min(H,, Hy), H, = max(H;, Hy) and the first kernel is now defined by the

minimal distance H_ as

x1(7y) = 2 sin~! (tan~y - min (| cot 6], | cot 65])) . (19)
m

13



2.3.4 The general case

We now allow all possible rotations of both of the particles as indicated in Fig.[I} Although,
the special cases considered in the preceding sections sever to confirm the limiting cases of
this result, and they also helped define the terms that are useful in this gereralized case.
Using the same subdivision of the regions on integration employed in the previous section,
it is easy to see that first two terms, which correspond to the overall integration from H
to Hs, according to Fig. |5| and Eq. (or from H to H., according to Eqs. (18a)-(18b)),
are not affected by the rotation about the z-axis, since at least one of the adjacent rings is

monotonic, i.e., fully positively or fully negatively charged. Namely,

H_
U=ma (—sign(cos 0, cos 92)/ Voi(h) dh (20a)
H
Hy
— sign(cos 0 cos 6) / Vor(h) x1(7)dh (20b)
P;+2a
+ sign(sin #; sin 92)/ Vor(h) (x2(7) + Axa(v, ¢)) dh) : (20c)
Hy

The third term is the only one which depends on ¢. The detailed derivation of the correction

Axo to x2 is provided in Sec. S3 of the SI, and amounts to:

Axa(7, ) = % (‘y— 18— Bl ;M -

‘ B+ B2
p—1Tr2
2

- min(ﬁl,ﬂg)) : (21)

where v(¢) = ||¢| — 7| and B12(y) = 2cos™! (tan~y - | cot 6y 5|). Equation with Egs. ,
and constitute our main result. Substituting a correct form of the function V,(h)
(described in the next section) fulfills our goal to construct the Derjaguin potential energy
for DJ colloids.

Generally speaking, the size of the contribution of the three terms in Eq. , decreases
from to . This is because the contribution of each term is defined by a particular
stage of integration: h € [H,H_], h € [H_,H,] and h € [Hy,H + 2a]. The first stage

corresponds to the interaction of charged spherical segments with the same charge; the

14



second stage occurs when the charge of parts of one of the segments starts to flip so that
its variation in charge stands in opposition to the other uniformly-charged segment; and the
third stage contains segments with charges that vary both particles. As we move through
these stages, the value of V,;(h) becomes smaller because the points on the segments are
farther away. In addition, the factors y1, x2 and Ay, reduce the amplitude of the interaction
potential. The accuracy of the approximation is less for stages which include non-uniformly
charged segments because our implementation of Derjaguin’s approach in the context of DJ
particles assumes uniformly charged segments. However, as these are precisely the terms
that are small, the overall approximation of the interaction term between the DJ particles

can be quite good as we report below.

3 Results & Discussion

3.1 The effective potential between planar surfaces for nonuni-

form spherical surfaces

The interaction energy between DJ particles aligned as in Figure is equivalent to the
interaction between uniform spheres, and hence the usual DA is applicable directly. Once
the DJ particles rotate, the faces are no longer uniform and the results of the previous
section provide an estimate of how the interactions are effectively modified by the sum of
contributions with mixed sign. However, we still need an estimate for the potential between
planar surfaces, V,(h) of Egs. —@, that effectively renormalizes the contributions from
the original potential between spherical surfaces, and that is what is elaborated here.

The screened Coulomb potential for small ions is known from Debye-Hiickel theory:

—RT

_ dgidg, e
 dreger (1 + kay)(1 + kaj)

where dg,(;) is the charge of ion i(j), a;; is its radius, & is the reciprocal screening length,

15



r is the distance between the ions, € is the absolute permittivity and e, is the permittivity
of the medium. The latter is chosen to correspond to pure water, e = 80.1.

A discretization (or tiling) of the surface of a colloidal particle into infinitesimally small
charges (such that a;(;) = 0) located on the surface provides a basis for constructing the over-
all interaction between the spheres as an integration between the charges. This integration
over the two surfaces (similar to those performed in Ref. [57) gives the following expression

for the screened Coulomb potential for identical spherically-symmetric colloids:

Upi(r) = e (Smh(““))z | (23)

4meger Ka

where ¢ is the total charge of a particle, and r = H + 2a is the distance between the centers
of colloids.

On the other hand, the DA in Eq. @ can also be used to calculate the energy. One only
needs the interaction energy per unit area between two plates, Vj;(h), which must first be
found. For the elementary potential , when the charge is uniform across the spheres,
V,1(h) has an exponential form®*

Vo(h) = Ae™™, (24)

where A is a constant proportional to the prefactors in Eq. and & is equal to .2 Our
strategy is thus to introduce a renormalization in which we redefine the parameters A and
K in such a way as to obtain the correct result after substituting V;,(h) into Eq. @

The integration of Eq. (6) with V,(h) from Eq. gives
U(H) = maAi e ™ (1 — e %) (25)

The parameters A and k, not specified in Egs. and , can now be obtained by equating

potential energies and and their derivatives at the same interparticle distance:

Upi(H +2a) = U(H) (26)

16



dUpu(H + 2a)/dH = dU(H)/dH (27)

The result is

K + ! (28)
K=K
H 4+ 2a
Ao q R «31_2’7“1~ sinh(ka)\” ’ (20)
dmege ma(H + 2a) 1 — e=2Ra Ka

where the charge is defined via the charge density as g = 4ma?p.

Substitution of Egs. and back into Eq. immediately retrieves the De-
bye—Hiickel equation . The purpose of the renormalization is to make Eqs. ,
and , with the orientation-dependent factors yi, x2 and Ay, taken into account, as
close to the correct electrostatics as possible. All the integrations can now be performed

numerically for different orientations and distances.

3.2 Comparison between theory and bottom-up constructions

To verify our analytical result numerically, we have adopted a rigorous PW=! model, where
the electrostatic interaction in Eq. is calculated as follows. We consider n = 2000
point charges evenly distributed across the spherical surfaces of each particle in a pair. The

potential energy takes the form

2 n n
4
Uelec (T, 1y, Mj) = ° Z Z sisjc(|pi — pyl) (30)
i

4mege,

c(z)=e"/x, (31)

where {p;} and {p,} represent the positions of point charges on the first and second spheres.
Each point has a charge magnitude of gy = ¢/n (see Eq. (7)) and a charge sign of s = £1 to
model the positive and negative hemispheres of a DJ particle.

The surface density is calculated via Eq. @ with a = 100 nm. Its values listed in Table

1

correspond to the screening lengths k=" = 5, 10 and 20 nm and the free energy minima

17



Apin/ksT = —1, —2 and —3 (see Sec. [3.2.2)).

3.2.1 The modified DA Electrostatic Potential

The PW (curves) and modified-DA (symbols) electrostatic potentials as a function of distance
at several fixed mutual orientations are compared. Because of symmetry, we need only focus
on two orientations #; of the first particle while varying the orientation of the second particle:

(i) When #; = 0, a single positively charged hemisphere of particle 1 points toward
particle 2. A comparison of the resulting PW and modified-DA electrostatic potentials for
various orientations of the second particle (6) are shown in Figs. [f]A, [fC and [6E for three
representative screening lengths, respectively. When 6, = 0° or 45°, for example, the two
DJs particles face each other primarily through uniformly charged surfaces. Consequently,
the interaction is then determined by the most significant and accurate term of the
potential energy. The modified-DA and PW results are almost indistinguishable. When
0y = T75°, the less-accurate second term in Eq. starts to contribute to the result, and
leads to a deviation between the PW and modified-DA. At 6, = 90°, the interaction reduces
to zero because of the T-shaped geometry. In between 6, = 75° and 05 = 90°, use of
Eqgs. and provides an effective potential that interpolates well between these
limits as can be seen in Fig. S5A in the SI.

(ii)) When the angle 6; = 90°, the first two terms in Eq. vanish, and the modified-DA
is at its worse. The resulting PW and modified-DA electrostatic potentials for various orien-
tations of the second particle (fy) are shown in Figs. , @D and @F for three representative
screening lengths, respectively. When 6y = 0° or 45°, for example, the T-shaped geometry
leads to vanishing values of the energy and now corresponds exactly to #; = 0° (black) and
practically to 45° (blue). The deviations across the entire range of 6y are shown in Fig. .
At 0y = 90° (270°) when both dipoles are perpendicular to the z-axis and parallel to each
other, so that the edges of the DPs of the Janus particles are directly opposed, the difference

between the modified-DA and PW becomes most noticeable. Namely, the modified-DA leads

18



to higher (lower in the case of 270°) energies. Therein, the modified-DA approach accounts
only for the oppositely located surface areas, omitting the crossed-area interactions. Since
the opposed areas have charges of the same sign (or opposite sign in the case of a 270° ori-
entation), the calculated energy is equivalent to the orientation with ¢; = 0° and 6, = 180°
(or 81 = 6y = 0°). Thus, certain relative orientations will be avoided by the Janus particles

during MD simulations while other orientations will be preferred.
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Figure 6: Comparison of the electrostatic potential between the modified-DA of Eq. (curves)
and the PW calculation of Eq. (symbols) in units of kgT as a function of r at H = 10 nm,
¢ = 0° and different values of 01, 6> and k. The relative orientation of the spheres in each case is
shown in the legend at the right, with the left and right spheres indicating the angles 61 and 65,
respectively. The values of xk and 6, are indicated in each panel. Colors indicate the angle, 65 of the
sphere at the right: black for 6o = 0°, blue for 5 = 45°, green for 6y = 75°, and red for 6, = 90°.
The charge density corresponds to Apin = —3kpT'. (see Fig. |8 and Table .

In between these two limiting cases, the modified-DA is a good approximation to the PW
electrostatic potential as shown in Fig.[7] Notably, the modified-DA is better with decreasing
Debye length, but appears to be good enough to characterize a broad range of interaction
distances and orientations. The cases when the edges of the DPs of the Janus particles are
directly opposed lead to peaks in the electrostatic potential (see Figs. —E). The absence

of smoothing from the modified-DA in these cases is reflected in small deviations that are
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suppressed in the overall potential of mean forces (PMFs) reported below.

3.2.2 Potential of mean force

The PMF is calculated according to
A(r) = —kpT In (e~ Upa(rmime) kel (32)

where Upj includes both isotropic repulsive and screened electrostatic potential energy and
the brackets denote an average over the orientations of the vectors n; and n,. The compu-
tational times required for several cases of the modified-DA and PW calculations are shown
in Table S1 in the SI, and indicate a savings from hours to minutes. As in Ref. 31, we chose
4096 different mutual orientations of these vectors. The free energy profiles at three repre-
sentative screening lengths x~! are shown in Figs. [§A-C where different colors correspond to
different values of the potential minimum, A,,;, as noted in the caption. The charge densi-
ties are chosen such that the free energy minima A, reach —kgT', —2 kgT and —3 kgT (see
Table [1| for details). As can be seen, the modified-DA (symbols) is in an excellent agreement
with the PW model (curves), slightly deteriorating at the largest value of the Debye length,
20 nm. Note that the latter represents 10% of the particle’s diameter—a large distance in
terms of applicability of the Derjaguin approach. Similar agreement can be seen in Fig. S6

in the SI across a domain in the azimuthal angle ¢ for various values in x and 6s.

Table 1: The charge density, p, used in Fig. [§ chosen to equate the energy minima to
predefined numbers at various values of k.

_ . 10% eo/pum?
Panel | 1’ i Amin = -3 kBT Zmin = zg kBT Amin = _kBT
(Blue) (Red) (Green)
A 5 8.5006 7.9261 7.0975
B 10 1.7498 1.5578 1.2988
C 20 0.54218 0.47467 0.38548
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Figure 7: Electrostatic potential in the units of kg7 as a function of 3 at H = 10 nm, ¢ = 0 and
different values of 61 and k. Solid lines: the PW gl from Eq. . Dashed lines: the modified-
DA . Green curves: k' = 5 nm. Red curves: 7! = 10 nm. Blue curves: x~! = 20 nm.
The corresponding values of 61 are indicated in each panel. The charge density corresponds to
Anin = —3kpT (see Fig. |8 and Table .
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Figure 8: PMF in the units of kg7 as a function of r at different values of p and k. Open symbols
correspond to the modified-DA, Eq. , used in the overall potential energy Upy, Eq. . Colored
curves correspond to the PW, Eq. , used in the overall potential energy Upjy, Eq. . Blue
curves: Amin = —3kpT. Red curves: Apinm = —2kT. Green curves: Apin = —kpT. The
corresponding values of k! are indicated in each panel. Black solid curves represent the repulsive
interaction, Eq. . (All these parameters are listed in Table )
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4 Concluding remarks

Motivated by the DA, we have developed a modified theory for the screened electrostatic
interaction between Janus particles that extends the known form for particles with uniformly
charged surfaces from the bottom up. The theory is further improved by renormalizing the
interaction energy between two parallel plates according to the resulting interaction between
uniformly charged spheres.

The modified-DA electrostatic potential shows very good agreement with the PW model
used in earlier simulations across a wide range of screening lengths up to about 10% of the
particle size and perhaps even larger. Although the resulting formulas are expressed up to
a numerical quadrature, they nevertheless reduce the computation time significantly. For
example, the PW calculations of the PMF which usually take hours on current processors
can now be performed within a couple of minutes using the analytical form.

An equally significant result of this work is the demonstration that the phenomenological
form for the interaction potential between Janus particles used in our earlier work can be ob-
tained from the bottom-up starting at the underlying scale of pair-wise interactions between
the charges on the surfaces of the DJ particles. This provides a fundamental grounding to

not just our earlier PW model***# but also the related discontinuous potential models.™

Supporting Information

Derivations of Equations ([14)), and are available as Secs. S1, S2 and S3 in the
SI, respectively. Figure [7] is redisplayed as Fig. S5 in the SI grouped such that the results

! are in the same panel. Figure S6 in the SI shows the

for the same screening length, s~
electrostatic potential as a function of the azimuthal angle ¢ at several values of 0, 6, and
# indicating. The relative CPU times needed for the calculation of the PMF using typical

current computers are included in Table S1.
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