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1 Introduction

Evolutionary game theory has been applied in economics, social and biological sciences where phenomena are typically
aggregate outcomes of recurring strategic interactions in large populations of agents (see, e.g., Friedman [1998],
Gintis et al. [2003], Broom and Krivan [2016], Harms and Skyrms [2008]). In nature, those interactions are frequency-
dependent that is the success of a player with a particular strategy depends on the number/frequency of agents
adopting each strategy (see,e.g., Aydogmus et al. [2020], Wakano and Aoki [2007]). Even though there are some
exceptions (see, among many, Taylor et al. [2004], Hwang et al. [2013], Aydogmus et al. [2017], Wang et al. [2017]),
the largest portion of models in the literature of evolutionary games hypothesize a continuum of interacting agents
and identify the evolutionary processes as systems of ordinary differential equations [Sandholm, 2010]. Each equation
in a system keeps track of the population whose individuals are adopting one of the pure strategies. Replicator
equations, for instance, can be considered as one of the most noteworthy examples of such models. For a wide class
of game dynamics (including replicator equations), it was shown that evolutionary and non-cooperative games are
strongly connected. In particular, the relationship between the steady states of the system of ODEs and the Nash
equilibria of the game is given by the folk theorem of evolutionary game theory [Cressman and Tao, 2014, Theorem
1] (see also Weibull [1997] for similar results). As an example, one may consider the result stating that time averages
of trajectories of replicator equations approximate the mixed strategy Nash equilibrium of the game provided that
there exists only one such Nash equilibrium [Hofbauer and Sigmund, 1998, Weibull, 1997]. This implies that even
if a solution trajectory of the replicator equation fluctuates in time, the vector of time averages of the population
shares constitutes a Nash equilibrium.

Regarding the relevance of the above-mentioned results, Benaim and Weibull [2003] tried to answer an important
question that is whether these deterministic models are good approximations of more realistic stochastic population
processes used to model finite but large populations rather than infinite populations. Together a game played by a
finite population of agents and a revision protocol that is used by agents to revise their strategies define a stochas-
tic in particular, Markovian game dynamics [Sandholm, 2010]. Additionally, as noted by Sandholm [2010], these
stochastic and deterministic models can be derived from a single foundation, i.e., the above-mentioned deterministic
evolutionary game models can be obtained as fluid limits or mean-field equations of the Markovian processes. Such a
result can be proved by showing the probability that the trajectories of two processes (deterministic and stochastic)
stay together up to some finite time T approaches 1 as the population size goes to infinity (see, e.g., Sandholm
[2010]). Yet these results are not sufficient to decide whether deterministic models are good approximations for their
stochastic counterparts or not. The result obtained by Benaim and Weibull [2003], on the other hand, shows that
the probability of large deviations of two processes exponentially approaches to zero. This result was classified as
the strongest deterministic approximation result by Sandholm [2010]. These approximations were used to obtain
results regarding the behavior of the Markovian evolutionary processes. All of the above-mentioned results regarding
the fluid limits and large deviation bounds are also valid for general Markov processes (not necessarily related to
evolutionary games) and can be found in Kurtz [1970], Ethier and Kurtz [2009] and Darling and Norris [2008]. Ex-
cept for the above-mentioned studies, mean-field approximations for evolutionary games has been studied by many
authors (see, e.g., Binmore and Samuelson [1997], Binmore et al. [1995], Boylan [1995], Borgers and Sarin [1997],
Corradi and Sarin [2000])

Here we would like to note that the above results are only valid if the Markov property (i.e., memoryless agents)
is assumed. This property implies that the payoff (or fitness) of a player at a certain time can be calculated if
the population share of each pure strategy is known at that time. This assumption does not only imply that an
agent ignores the recent population states when she updates her strategy but also means that she knows the exact
frequencies of each phenotype at the time of the update. The assumption of memoryless agents might be more relevant
in a biological setting. For an evolutionary birth-death process in which the players’ reproduction rate depends on the
fitness of each phenotype as considered by Taylor et al. [2004] and Fudenberg et al. [2006], this assumption makes
more sense, since agents do not need to calculate their fitness and decide accordingly in such a scenario. The prisoners’
dilemma game played by RNA viruses can be considered as an example of this biological setting [Turner and Chao,
1999]. Considering individuals with cognitive abilities deciding how to update their strategies, on the other hand,
requires to relax this assumption and consider time-delayed and/or averaged information acquisition into account.
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This problem has been pointed out by many authors (see, e.g., Alboszta and Miekisz [2004], Miekisz and Wesolowski
[2011], Moreira et al. [2012], Wang et al. [2017], Yi and Zuwang [1997], Bodnar et al. [2020]) studying deterministic
evolutionary dynamics in infinite populations via delay differential/difference equations. In particular, Miekisz [2008]
notes the importance of considering delayed information as follows:

“It is very natural, and in fact important, to introduce a time delay in the population dynamics; a time delay
between acquiring information and acting upon this knowledge or a time delay between playing games and
receiing payoffs.”

The above explanation is more relevant when the imitation dynamics between individuals with cognitive abilities is
considered. Wang et al. [2017] studied such deterministic imitation dynamics and suggested studying the stochastic
imitation dynamic for finite populations.

In this study, we consider a general class of revision protocols that takes the history of the population states into
account in modeling evolution in large but finite populations. Specifically, a non-Markovian process considered here is
a direct generalization of the model studied by Benaim and Weibull [2003] relaxing the assumption of the memoryless
agents. So we consider a population of N agents adopting one of the pure strategies in a d-player normal form game.
The evolution takes place by allowing only one player to revise her strategy at times labeled by 0, 4,24, - - - where
d = N1, Agents revise their strategies according to the payoffs they obtain, i.e., by combining their knowledge of
payoff matrix and the state of the population. The state of this population process is determined by the set of m
consecutive d-dimensional vectors in the d — 1 dimensional unit simplex denoting the history of population shares
for the last m updates. The state of the process may be used to calculate the payoff or fitness of an individual
by considering a discrete-time delay (i.e., the strategy revision at time ¢ depends on the population shares at time
t —md) or a distributed time delay (i.e., the strategy revision at time ¢ depends on a weighted average of population
shares of these m consecutive vectors).

We extend the deterministic approximation results for the Markov processes via ODEs by showing that fluid limits
of above-described population processes are delay differential equations and that the probability of large deviations of
trajectories of two processes is also exponentially bounded above. To the best of our knowledge, this is the first study
deriving such a large deviation bound for non-Markovian processes. Using these approximations we also obtained an
exponentially increasing lower bound in population size for the absorption (or fixation) times when the trajectory
of the delay differential equations is bounded away from the boundary of the unit simplex. We obtain replicator
equations with discrete and distributed delays from a microscopic update rule taking the history of the process into
account. We show delayed replicator equations also satisfy time averaging property, and an extension of this result
for the stochastic model is also given.

The text is organized as follows: In Section 2, the notation and the model will be introduced. In Section 3, the
deterministic approximation results and their implications for the stochastic process in terms of absorption times
will be given. In Section 4, delayed replicator equations will be obtained and implications of our results will be given
for the snow-drift game. We conclude the paper in Section 5 and defer the proofs to Section 6.

2 Notation and the Model

Let d > 2 be a fixed integer and introduce the vector notation x = (x1,z2,---,24) € R%. We start by considering a
symmetric two-person games with a pure strategy set S = {1,2,...,d} and the mixed strategy simplex

Ad:{xeR‘H in=1},
€S

where R is used to denote the set of non-negative real numbers {y € R|y > 0}. The pure strategies of the game are
identified with corners of the simplex. In particular, i € S is identified by the unit vector e; = (0,...,0,1,0,...,0) €
Aq whose only non-zero component is 1 at the i*" place.

Throughout the paper we use the maximum (L°°) norms for vectors in Ag and functions in C'(Ay), the space of
real-valued continuous functions on Ay that are defined as follows:

||x]]:= max|z;| for x € Ay and I fll:= max|f(x)| for f € C(Ag).
€S XEAg
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In addition to these norms, we frequently employ the norm defined on the function space C := C([—r,0], Ay) defined
as follows:

[¢llo= sup{l|@(0)[| : —r <& <0} for any ¢ € C

In the following lines, we describe our stochastic and deterministic models, and give some of their properties.

2.1 Stochastic model

Stochastic processes we study in this paper describe the evolution in time of a population of N individuals. Here
N € N is a constant number, and we are mostly interested in the behavior of the system for large but finite values
of N.

Suppose that each individual is associated with a pure strategy in S at any instance of time and the players’
strategies evolve in time stochastically. Rules of this evolution are determined through an interaction between the
players as specified in the following lines. An individual in the population is said to be an i"-strategist if she is
presently associated with the pure strategy ¢. Only at times 7 € T = {0,4,26,---}, where 6 = 1/N, exactly one
randomly chosen individual is given an opportunity to change her strategy.

Specifically, we will concentrate on the sequence of d-dimensional vectors X (™) (1) = (XEN) (1), XQ(N) (1),..., X;N) (1)),
7 € T, with

#{it" strategists at time 7}

N
XM = N ,

i€ 8.

We refer to XM (1) as the population profile at time 7. To define the state space of the process, we need the following
set:
1 2 N -1 d
Mw=fo L 2 Nolpe
aN =05 T
Using this we define the state space: XN (1) € Al == AgnAy N for all 7 € T. The specific model to be studied here
forms a not-necessarily Markov process yet it is a generalization of the Markov chain studied by Benaim and Weibull

[2003]. For any pair 4,j € S, the transition probabilities of the aforementioned Markov process is determined by a
function p;; : Ag — [0, 1] satisfying p;;(x) = 0 if z; = 0 and defined as

Dij = Pr [X(N)(T +0) =x+d(e; —e;)| XN (1) =x
Benaim and Weibull [2003] supposed that the conditional probability that a j"-strategist will become an i*"-
strategist (and hence p;;) is continuous in the current state .

Employing the above-given memoryless process in a social model implies that the agents can collect the data
regarding the frequencies (or numbers) of each type of agent X(N) () and process this information instantaneously
to calculate the imitation probabilities. Here, we assume that these individuals imitate another agent’s strategy with
a probability depending on payoffs of each type calculated using past frequency vector X ™) (t —r) for some r > 0
or some weighted average of these vectors. Here r = md for some constant m € N. Hence we define the following set
of integers: M ={k€Z : —m <k <0}.

To incorporate a time delay in our model, we start by considering the o-algebra F,, 7 € T generated by

(XM(k8) = &, | k € M} U{X™ (k) | 0 < k < 7N}
for vectors & € RZ. We use this filtration to define the following set indicating the difference of two o-algebras:
A = ]:T\J:T—r—é, TeT.

A, contains all the information necessary to determine the solution to the stochastic process XM (o) for all o >
7 (0,7 €T).
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Now we consider the following conditional probability
= Pr [X<N> (r+8) = XN (1) + 5(e; — ej)‘AT]

satisfying pi7 = 0 if X ](N)(T) = 0. This implies that the probability that an i*"-strategist imitates a j*-strategist
is positive only if there exists at least one j*-strategist in the population. Then the transition probabilities of the
stochastic process for any v € R? are

ifv=e;—e

Pr[X®)(r 4 6) = XMN(7) + v| 4, ] = {p;;, (1)

0, otherwise .

Here we would like to note that above defined transition probabilities reduce to that of the Markov process studied
by Benaim and Weibull [2003] if m = 0. If, on the other hand, m € Z,, then the stochastic process is no more
Markovian and it can be used to study the effects of information delays on the game dynamics. In the latter case,
the conditional probabilities p;; are not simply a function taking values from A, and having images in [0, 1], since
the initial condition depends on vectors & € Ap.

To obtain the mean-field equations of this process in the following section, we need to specify probabilities p}; given
in (1). It is clear that p}} and hence the transition probability at time 7 € T depends on the values of X N (1 + k&)
for all —m < k < 0. Hence we denote this quantity as follows:

po = pt (X‘(’_N)) (2)
where
X,(,_N)(/C(S) _ X(N)(T + k(S), kecM = {—m, -m+1,--- ,O}. (3)

Clearly for m = 0, we have p%— = p;;. If the transition probabilities depend only on the discrete time delays then the
formulation of p;} given in (2) would be enough to obtain the mean-field equations. To get results concerning models
taking more general delays into account, we need to consider a continuous time version of p}’; defined for any ¢ € Ry
as follows:

Dij (XEN)) = pij (X.(,_N)) for t € [r,7 +0) (4)
where KEN) is defined for any 6 € [—r, 0] as follows:

KiN) (0) = XN (o) for t + 6 € [0,0 + 6). ®)

This notation is borrowed from the delay differential equations literature and will be used frequently in the remainder
of the paper.
Finally we would like to state the following assumption regarding the vectors & :

A- ||&k — Ekt1]| < 26 for any k € M.

Recall the assumption that exactly one randomly chosen individual is given an opportunity to chance her strategy
at times 7 € T, which implies that | X™)(7) — X®™ (7 4 §)|| < 26. Hence Assupmtion A is a natural extension of this
property for the history of the process XN (k6) for k € M.
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2.2 Mean-field equations and semiflows

Hereafter, we assume that m € Z; or r > 0. Our aim is, now, to obtain the mean field equations of the above given
process. To do this we need to determine N - E[Xi(N) (r+9)— Xi(N)(T)‘AT] (i.e. the expected net increase in the

number of it"-strategists from one transition time to next conditioned on .A,) which is given by
Fi(xt) = pir(x) = > pri(xt) (6)
k#i ki
where x; is defined by
x¢(0) :=x(t+0), —r<0<0.
Hence the associated mean-field equations are
;= Fij(xy), 1€ S,x€C (7)
x0(0) = ¢(0), —r<6<0
where &; is used to denote the derivative of z; with respect to ¢t and ¢ € C' is the initial function.

We assume that F' : C — R? satisfies the following Lipschitz condition which is required for the existence and
uniqueness of solutions:

(Lip) For any M > 0, there exists a K > 0 such that
IF(¢) —F(@)[I< K¢ —9llc, for any [|¢]lc, [¢¥lc< M

where ||¢||c is the sup norm defined in C.
We have the following result on the existence, uniqueness, and continuation of solutions to (7) which follows from
Smith [2011, Theorem 3.7 and Proposition 3.10]

Lemma 1 Suppose that F is continuous and satisfies the Lipschitz condition (Lip) for some M > 0. If ||¢p|lc< M
then there exists a unique solution x(t) = x(t, @) of (7) defined for all t > 0.

A sketch of the proof is given in Section 6.1 and it basically follows Smith [2011].

When dealing with ordinary differential equations (or Markov processes), the state of the ODE corresponds to
its solution. For delay differential equations, we no longer have this flexibility. The solution through (¢, ¢) is denoted
by x(t,$). We, on the other hand, denote the state of delayed system (7) by x; which contains all the necessary
information to determine x(s) = x(s, ¢) for s > ¢. In particular, we have

xi(¢)(0) = x(t + 0, ¢)

for 8 € [—r,0]. Using the fact that the system is autonomous, the system of equations (7) defines a semiflow as
follows:

(t,¢) = z(¢) = S(t)9

satisfying S(0)¢p = ¢ and S(t)S(s)¢p = S(t+s)¢ fort,s > 0 and ¢ € C (see, e.g., Smith [2011], Sell and You [2013]).
Hence the positive trajectory through ¢ is defined as

7 (@) ={S()¢ : t=0}.
Similarly, for any set B C C, we define trajectories through B as
YH(B)={S(t)u : ue€ B, t>0}.

Here we say the set A is invariant if y+(4) = A.
We say that the set A attracts B if for any € > 0 there exists a T = T (¢) such that

de(S(t)B,A) <eforanyt>T

where d¢ is the metric induced by the supremum norm of C.
Hence, we say A is an attractor provided that
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— A is a compact invariant set in C;
— There is a neighborhood U C C of A such that A attracts every bounded set in U.

Lastly, we define the basin of attraction of an attractor A as follows:
B(A)={¢cC : dc(S(t)p,A) — 0 ast— oo}.

The above given definitions regarding semiflows can be found in Kuang [1993] and Sell and You [2013].

3 From Finite to Infinite Populations and Back Again

In this section, we aim to understand how the non-Markovian stochastic process and its mean-field equations are
linked. In the literature, such approximation results are well-established for processes having Markovian property
and ordinary differential equations [Ethier and Kurtz, 2009, Kurtz, 1981, Darling and Norris, 2008]. In particular,
these results were used to reveal the relationship between Markovian game dynamics in finite populations and their
mean-field equations (see, e.g., Benaim and Weibull [2003], Binmore and Samuelson [1997], Binmore et al. [1995],
Boylan [1995], Borgers and Sarin [1997], Corradi and Sarin [2000], Sandholm [2010]). To the best of our knowledge,
deterministic approximations to non-Markovian stochastic processes have not been studied.

3.1 Delay differential equation approximation

Here we aim to find a heuristic law of large numbers result stating that the trajectories of the non-Markovian stochastic
process with high probability stay in close proximity of solutions to the associated deterministic delay equations
during any given bounded time interval, provided that the population is large enough. A similar heuristic law of
large numbers result showing the link between Markovian population game models and their mean-field equations
is given by Benaim and Weibull [2003], and Sandholm [2010] states that this result is the strongest deterministic
approximation result in the literature.

To measure the fit of the deterministic approximations over bounded time intervals, we rewrite the the stochastic
process (1) in continuous time by defining the interpolated process as follows:

t__T(

Y™ (1) = X®N(7) + XM (7 46) - XMN (7)) VtelrT+0) (8)

which is defined for all 7 € {—md, (1 —m)d,---, -5} UT.
Using this process, we define the stochastic variable describing the maximal deviation in any population share on
the bounded time interval I := [0,7] as follows:

DT, ¢) = max| Y™ (1) — x(t, 6)|. )

Regarding this stochastic variable we have the following result:

Theorem 1 Suppose that Assumption A holds and the initial function ¢ € C satisfies ¢p(kd) = & for all k € M.
Then, for any e >0, T > 0 and large enough population size N € N, there exists a constant ¢ > 0 such that

Pr|D(T, ¢) > ¢ | XN (ko) = ¢(ko), k € M} < 2d exp(—e%eN)

The proof of this theorem, which is an extension of the result obtained by Benaim and Weibull [2003] for Markov
processes, is in Section 6.2.
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3.2 Results on Absorption Times

Here, we use Theorem 1 to obtain results regarding absorption times. Such results heavily depend on the results
regarding the exit times from subsets of A4 (see, Section 6.3).

Yet we need to make sure our process modeling the imitation dynamics has absorbing states. Following the
discussion on metastability in [Benalm and Weibull, 2003, pp. 885-886], we assume the followings to guarantee
existence of absorbing states:

C1- XIEN)(T) € (0,1) implies py; (X.(,-N)) > 0 for some k # j.
c2- XM (7) = 0 implies pj? (X.(,N)) — 0 for all k # j.

C1 implies that if some but not all individuals in the population uses k' strategy at time 7 then a k** strategist is
able to adopt another strategy at time 7 + . C2, on the other hand, implies that probability that a k" strategist
change her strategy to j is zero at time 7+ § if there is no j** strategist in the population at time 7. As pointed out
in [Benaim and Weibull, 2003, Remark 2], if both of these conditions are satisfied the stochastic process reaches the
boundary of the simplex and stays there forever. Hence, the population distribution stays put if all individuals adopt
the same strategy. This phenomenon is called as the fixation of the population in the literature. An important quantity
of interest in the dynamics of finite populations is the average time until fixation occurs (see e.g., Traulsen and Hauert
[2009], Ewens [2004]).
Through this section, we have the following assumption regarding the attractor A :

A- Ac C:=C(]-r,0],D) where D C int(Ay) is a closed set. Here, int(-) is used to denote the interior of a set. This
implies that ¢(0) # e; for any i € S and 6 € [—r, 0] provided that ¢ € A.

This assumption states that functions contained in the attractor of the semi-dynamical system never touches the
boundaries of Ay. This guarantees that the trajectory of the deterministic process stays away from the boundary
of the unit simplex given the initial condition. In this case, Theorem 1 states that the sample trajectories of the
stochastic process should be close to that of the deterministic process which implies that the sample paths should
be away from the boundaries of the simplex containing the absorbing states. To study this phenomenon analytically,
define the absorption/fixation time as follows:

TN —inf{r € T : XM (7) = e; for some i € S}
Now we state our first result concerning the mean absorption probability.

Corollary 1 Suppose that Y) € B(A) for all N. Then there exists a constant a > 0 such that

1
E[TN] > @eO‘N —1.

The proof of this result is given in Section 6.3.1. This result tells us that the mean time to absorption ex-
ponentially increases with the population size N. Similar results are given for Markovian evolutionary games by
Benaim and Weibull [2003] and for extinction time of an epidemic model by Aydogmus [2016]. In addition, results
obtained in Theorem 1 allow us to utilize Borel-Cantelli Lemma to show that the absorption time exceeds any upper
bound as the population size goes to infinity.

Corollary 2 Suppose that Y € B(A) for all N. Then we have
Pr [lim inf T(fv = —|—oo} =1.
N—o00

A sketch of the proof of this assertion is given in Section 6.3.2.
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4 Delayed Replicator Equations
4.1 Replicator Equations with Distributed and Discrete Delays

Here our aim is to obtain delayed mean-field equations for a known imitation rule, i.e., replicator rule. We, first,

th th th

determine p;} which is the probability that an i** strategist becomes j** strategist. Suppose that, at time ¢, an ¢

strategist is chosen with probability x;(t) who choose a jth strategist to imitate with probability z;(¢). As in the
case of Markovian setting, we suppose that the former individual imitates the latter with a probability proportional

to [fi(x¢) — fj(x¢)] where f;(x;) is the history dependent fitness of the ith strategists. Using this rule an agent
imitates the opponent only if the opponent’s payoff is higher than her own. Thus we have

pij ~ wi(t)a; ()[fi(xe) = f5(xe)]
Hence, the delayed vector field (6) for this type of comparison rules can be determined as follows
Fi(xe) = i) (Filxe) = D wu () fulx1)). (10)
kes

With this nonlinear function, (7) determines the delayed replicator equation. The simplest form of this equation can
be determined by considering a single discrete delay as follows:

fi(@) = el Ap(—r)

where ¢ € C, A € R4 is the payoff matrix and e/ is the transpose of the vector e;. With this function, the replicator
equation with a single discrete delay is given by

x(t) = x(t) - (Ax(t — ) = X' (1) Ax(t = 7)) (11)

where - is used to denote the component wise (or Hadamart) product of two vectors and x’ is used to denote the
transpose of the vector x.

We would like to note that it is also possible to get a replicator equation using distributed time delays. In
particular consider a probability measure p satisfying ffr du(s) = 1, and let %(t) = ffr x(t + s) du(s). Then the
replicator equation with distributed time delays is given by

x(t) = x(t) - (A)‘: - x’(t)/b‘c). (12)

We would like to note that both of these delayed replicator equations reduce to replicator ODE for » = 0. For both
of these models (11) and (12), we have the following time averaging property:

Theorem 2 Let 2:(t) be a solution to one of the delayed replicator equations (11) or (12).

a If there is no interior equilibrium of replicator ODE, then x(t) approaches the boundary of the simplex Ay asymp-
totically.
b If there exists a unique interior equilibrium p of the replicator ODE, then

T—o0

1 /7
p; = lim —/ x;(t) dt
0

provided that the solution x(t) in the interior of the simplex Ay remains bounded away from the boundary of the
simplez.

The proof of this result is in Section 6.4.1. The above-given result is well-known for the replicator ODEs. We show
that it is also valid for delayed replicator equations. A corollary of this is given as follows:
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Corollary 3 Suppose that p is the unique interior rest point of the replicator ODE. Let B.(p) be a ball with radius
€ > 0 centered at p then for any € > 0 there exists 7. € T such that

Pr(% Z XM (o) ¢ Bg(p)> < 2dexp(—€207N)

0<o<T
for any T > 7.

In Section 6.4.2 we give a proof of this corollary which is a simple modification of the proof of the Theorem 1.

4.2 Hawk-Dove Game as an Example

Here we consider a two-player game with strategies A and B with payoff matrix:

A B
Ala b
Bl ec¢ d

To describe the fitness of each phenotype, consider a population of N individuals. If the frequency of type A
individuals at time 7 € T is denoted by ZN )(7‘), then the average frequency of this type is given by

ZMN(r) =Y ki ZM(r — i6)
1=0

where k = (ko, k1, - -, ki) is a discrete probability distribution. Using this average, we calculate the payoffs of these
two phenotypes as follows:

fa=aZM(7) +b(1 = 2™ (7)) and fp = cZN(7) +d(1 - 2N (7).

If two individuals are randomly chosen from the population at each time in T, then the following actions take
place: One of these individuals is chosen as a role model and the other (focal) individual adopts the strategy of the
role model with a probability depending on the payoff difference.

In particular, the specific form of the probability that a randomly chosen individual with strategy B adopts
strategy A is given by

pip =ZWN (1)1 = ZW(7)[fa - f5],-

We would like to note that this probability is the imitation rule taking time delays into account (see, e.g. Hofbauer and Sigmund
[1998]).

The above-mentioned process describes a Markov-chain for m = 0. However, in reality, it is not easy to imitate
the role model’s strategy according to the comparison between the current payoffs to her own and to role model’s
strategies, i.e., calculating f4 and fp for m = 0 requires the knowledge of the immediate frequency of each type.
In particular, calculating such payoffs requires collecting the data regarding the frequencies (or numbers) of each
type of agents Z(V )(t) instantaneously. A more reasonable assumption is that an individual imitates its role model’s
strategy with a probability depending on past payoffs of focal and role model agents’ strategies. Such an assumption
leads us to investigate the effect of time delay in imitation dynamics.

Using the probability function p’y; we obtain the following delayed replicator equations as the mean-field equa-
tions:

2:zﬂ—zmm—b—c+®2+b—@ (13)
where z := z(t) is the frequency of type A individuals at time ¢ and Z := f_OT z(t+ s)K (s) ds is the average frequency

of individuals of type A. Here, note that the discrete probability distribution k is a discretization of the probability
kernel function K (s) satisfying f?r K(s)ds=1.
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Now we would like to study how this delay term effects the dynamics. In particular, we linearize the delayed
replicator equation by taking z(¢) = e 4+ e((t) for small € > 0, where e is an equilibrium point of (13). Plugging this
ansatz into the equation, at level O(e), we obtain

(=(b-d)]¢ and (= (a—c)

for e = 0, 1, respectively. Hence the delayed term does not affect the stability of the pure strategy equilibria 0 and 1.
On the other hand, if e € (0,1) is an interior equilibrium, then we have

¢ =e(a—c)C.

For the above-given linear equation we look for a solution of the form ¢ = pe* where p is a constant and the
eigenvalues A are the solutions to the equation:

0
A—e(a—rc) K(s)e** = 0. (14)
Here we consider the parameter values b > d and ¢ > a resulting in snowdrift games which are classified as a type of
social dilemma game (see, e.g., Aydogmus et al. [2020]). For these parameter values, the replicator ODE has a unique
stable interior equilibrium e = %. Following [Ruan, 2006, Theorem 9] we have the following result regarding
the stability of this equilibrium under replicator DDE:

Proposition 1 If

1
e(c—a)

/OTSK(s)ds<

then the interior equilibrium e of (13) is asymptotically stable.

Here the quantity fOT sK(s) ds is generally called as the average delay. The above result implies that the interior Nash
equilibrium is stable under the delayed replicator equations provided that the average delay is sufficiently small.

Note that (13) reduces the discrete delay replicator equations if Kernel K (s) is the Dirac function §(r — s). In
particular, we obtain the following replicator equations:

A(t) = 2(£)(1 —z(t))((a—b—c—i—d)z(t—r) +b—d) (15)
For this equation we have the following results regarding the stability of the interior equilibrium:

Proposition 2 Let R:=e 1(c —a)~t. Then we have

(i) If 0 <r < R% then e is stable.

(i) If r > RT then e is unstable.

(iii) If 1 = R% a Hopf bifurcation occurs at z = e; that is, periodic solutions bifurcate from z = e. This implies
periodic solutions exist for r > R% and they are stable.

The proof of this result can be obtained by following the discussion by Ruan [2006, p. 481].

This implies that the interior equilibrium of the replicator equations may loose its stability when the underlying
game is a snowdrift game. On the other hand, both pure strategy equilibria 0 and 1 remain unstable. Then we have
a unique interior equilibrium (which may or may not be stable under delayed replicator dynamics) and solutions are
bounded away from the boundary of the Ay (i.e. 0 and 1). Hence both hypotheses of Theorem 2 hold and the time
average of z converges to e. This also implies by Corollary 3 the existence of a constant time 7. such that

Pr(% Z ZWMN(0) ¢ Ba(p)> < 2dexp(—€207N)

0<o<T

for any 7. < 7.
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Fig. 1: The cahnge of frequency of type A individuals for different values of the delay and different population sizes.

To verify above-given results numerically we considered a Hawk-Dove game with parameters a = 0.5, b =
0.5, ¢ = 1.5 and d = 0. Hence the unique interior Nash equilibrium of the game is given by e = 1/3. When the
delayed replicator dynamics (15) is considered, R = 3 (see Proposition 2). This implies that the critical value for
the delay term r is approximately 4.71. In our numerical simulations, we considered r = 4 and r = 5. In Figures
the upper figures( i.e. Figures 1(a), 1(b)), we observe solution to the replicator equation approaches to the constant
solution e = 1/3 for » = 4 which is less than the critical value. On the other hand, Figures 1(c) and 1(d) indicate that
the periodic solutions emerge for r = 5 that is larger than the critical value as noted in Proposition 2. In all of these
figures, we compare numerically obtained trajectory of delay replicator equation (15) with the trajectories obtained
from non-Markovian process Z for population sizes N = 1000 (see Figures 1(a) and 1(c)) and N = 10000 see Figures
1(b) and 1(d) up to time 200. As seen from the figures trajectories of deterministic and stochastic processes gets
closer as the population size increases. The algorithms to simulate these deterministic and stochastic processes are
given in Appendix A.
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Fig. 2: Logarithm of Extinction times for different population sizes.

To verify the result regarding the exponentially increasing bound in population size for the fixation times given in
Corollary 1, we simulated the process for different population sizes (N = 10, 25,40, 55, 70, 85 and 100). The process
is simulated until it reaches one of the absorbing states and this procedure is repeated 500 times for each population
size. The average fixation times are found by taking the mean over these 500 samples and logarithm of fixation times
log(TN) versus the population size N are illustrated in Figure 2. The bar graph shows the existence of a linear
relation between the logarithm of the fixation times and the population size. Hence this result verifies our theoretical
finding given in Corollary 1.

5 Conclusion and Discussion

We introduce a generalized class of birth-death processes that are used to model the imitation dynamics in finite
populations of interacting individuals by relaxing the assumption of memoryless agents. This class includes models
in which individuals decide to change their strategies with a probability conditioned on the history of the process. In
particular, strategy update of an individual corresponds to pairwise payoff comparison between individuals. Here we
obtained mean-field equations of history dependent (i.e., non-Markovian) processes and showed that these determin-
istic equations are good approximations to the finite population stochastic models in the sense that their trajectories
stay arbitrarily close to each other up to a finite time 7" with a probability approaching to one as the population
size increases. Using this approximation result, we obtained two results regarding the fixation time of the process
when the delayed replicator equations are bounded away from the boundary of the simplex: (1) The average fixation
time increases exponentially with the population size and (2) the probability that the process never hits any of the
absorbing states as the population size goes to infinity is one.

A well-known example of imitation dynamics is the replicator rule or replicator equations. In particular, it is
shown that the fluid limits of so called replicator rules with the assumption of memoryless agents are replicator
equations (see, e.g., Hofbauer and Sigmund [1998], Traulsen et al. [2005]). The replicator equations with discrete
delays for specific two strategy and three strategy games are studied by Alboszta and Miekisz [2004], Yi and Zuwang
[1997], and Wesson and Rand [2016], respectively. Here, we showed that these equations are the fluid limits of the
replicator rule taking the history of the process into account. In particular, we obtained replicator equations with
discrete and distributed delays from the history dependent microscopic update rules for general d-strategy games
and showed that the time averaging property of replicator ODEs (see, e.g., Hofbauer and Sigmund [1998]) is also
valid for the delayed replicator equations.
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Our model and analyses have limitations to keep the presentation of the paper simple. In particular, the results
obtained here are not only valid for two player symmetric games. Multi-player asymmetric games can be considered
following Benaim and Weibull [2003]. Delayed replicator equations for three player games has been considered in
Bodnar et al. [2020]. It is also possible to extend the model using infinite delays. Yet in a population of individuals
imitating each other it is more realistic to assume that the agents use a recent and finite part of the history. It is also
possible to study the exit times from sets as done by Benaim and Weibull [2003] instead of studying the fixation times.
Yet such an extension requires to determine the basin of attractions of the deterministic equations which is in the
space of continuous functions (denoted by C). Since both determining such a subset of C' and attributing any meaning
to exit time from this set have no reasonable implications in the applied sciences, these results are not presented here.
In addition, evolution of populations with strategy dependent time delays has been considered in Miekisz and Bodnar
[2021]. Fluid limits of corresponding microscopic models of these processes may also be studied. The effect of delays
on the dynamics of spatial models (see, e.g. Aydogmus et al. [2017], Hwang et al. [2013], Aydogmus [2018]) can also
be studied.

We extended the deterministic approximation results for Markov processes by Benaim and Weibull [2003]. Ac-
cording to Sandholm [2010], these are the strongest approximation results in the literature. Our results can also
be extended to continuous time non-Markovian processes following Darling and Norris [2008]. Here we considered a
stochastic imitation (social) dynamics. Yet our results can be extended to study stochastic dynamics in population
biology provided that a delay term is needed to model the growth of a population. The application areas include evolu-
tionary games with biological-type time delay [Miekisz, 2008], ecological models including Lotka-Volterrra equations
[Kot, 2001, Kuang, 1993] and epidemic models [Arino and Van Den Driessche, 2006].

6 Proofs
6.1 Proof of Lemma 1

The existence and uniqueness of solutions to (7) on an interval [—r, A] for some A > 0 directly follows from Theorem
3.7 of Smith [2011].

Proposition 3.10 of Smith [2011] states that if a solution x : [-r, A) — R to (7) with 0 < A < oo is noncontinuable
then the solution must blow up as t — A. Hence, it is enough to show that the solutions to (7) are bounded
which implies that solution to it can be extended to [—r, 00). When defining p;; above, we assumed that it satisfies
pij(x) = 0 if z;(¢) = 0. By (6), this implies that @;(¢t) = F;(x¢) > 0 for x;(t) = 0 and hence the non-negativity of
the solutions. Note also that Z';:l F; = 0 which implies the sum of all frequencies (>, g x;) remains constant all
the time. Therefore, for any initial data ¢ € C satisfying ¢(0) € Ay, for all § € [—r, 0] the solution x(t) stays in the
simplex A4 and is bounded. This implies that a unique solution to the equation defined on [—r, A) can be extended
to a solution defined on [—r, 00). O

6.2 Proof of Theorem 1

Here we follow the proof of Lemma 1 by Benalm and Weibull [2003] and extend it to non-Markovian processes defined
in Section 2.1. We start by introducing the following notation for the intorpolated process (8):

YN =Y™N(t+0), —r<6<0.

The following lemma is used in the proof.

Lemma 2 For aforementioned processes YEN) and K,(;N), we have

(N)

N
YN - Xl < 26
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Proof Recall from (5) that X(N)(s) = XMN)(g) for any s € [0,0 + d). In addition, denote the extended set of

transition times as follows: T, = {—mJd, (1 —m)d,---,—0,0,6,20,---}. and define I := (t —r — §,t+ ). Then we have

N) @) <(N)

YN =X o= sup [YN(5) =X (9)]
t—r<s<t
< YN (g) — XN }
< max { s IY™E) ()]
s—0o
— S0 x™N) X }
i { s |25 (X (0 +0) - XM (o)

<26

where one needs to employ Assumption A if ¢ — r < 0. This completes the proof. a

We denote the difference between the step taken by the stochastic process from 7 to 7+ 0 by
U, = N[XM (7 4 6) = XN ()] — F (XD
where
Fr(xX®) =% pi(X™) = 3 o (xX4Y) (16)
ki ki

is the discrete version of (6).
Following Benaim and Weibull [2003], we give the following result which will be useful in proving Theorem 1.

Lemma 3 Let ||-||2 denote the Ly norm of a vector in R:. Then there exist a T > 0 for which we have
T
E[el®U)| E] < exp (5]013)

for any © € R4,

Proof By (3), F™ is a function of m d-dimensional vectors in Ag4. Denote its maximum over these vectors as || F||2
and take I'? = (v/2 + || F||2). The desired result follows from [Benaim and Weibull, 2003, Lemma 3]. O
In the following lines we give a proof of Theorem 1.

Proof Let U : R, — R? be a map defined by U(t) = U, for 7 <t < 7+ 6. Suppose that 7 be the largest element in
T satisfying 7 < ¢ then we clearly have the following equality:

71577

Y1) = $(0) = —— XN (7 + 6) - XD (7))

+ Y XM (o) = XN (o - 9)]. (17)

oeT
6<o<t

where we used equality X(™)(0) = ¢(0). For any ¢ € T we have
o+8
XM (g 4 6) — XN () = / NX™ (g 4 6) — XN ()] ds
o+d 7
- / [F7(X09) + NX® (5 4 8) ~ XO(o)] ~ B (X)) ds
o+6 .
_ / [FE™) +U(s)] ds (18)
where the last equality follows from (4) and (16). Similarly it can be shown that
t—T1

XM (r +8) = XMN(7) = / t [FEY) +UGs)| ds. (19)

T
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Using (18) and (19) in (17) gives the following equality:

Y™ (1) — ¢(0) = /0 t [FXY) +Us)] ds

(20)

In addition, we know that the continuous solution to (7) satisfies the following integral equation (see, e.g., Smith

[2011]):

X(ta d)) - d)(O) = /0 F(Xs)ds'

Therefore, by equations (20) and (21), we have

Y™ (1) - x(t, ¢) = /0 t [FEY) - Fix,) +U(s)] ds

Thus, for any t < T, we have

Y™ ) -

<

<

where K is the Lischitz constant for the map F' and the last inequality is due to Lemma 2. Now we let

Then inequality (22) leads us to

where

By Gronwall’s lemma, we have

In particular, for § < ;7=xe

—-KT

- /t [F(XS‘”) “FYM™) + F(Y™N) - F(x,) + U(s)} ds
0

/Ot {F(XiN)) “FY™) + F(Y™) — F(x,) + U(s } dsH

/0 t U(s) ds
/O t U(s) ds

™)
1[I =Y Y - o] ds
0

t

267+ [ max Y™ ()~ x(u, )| ds
0 —r<u<s

+ K

v(s) == max Y™ () = x(u, d)]-

—r<u<s

(t) < (T) + K[%T + /Ot u(s) ds}

Y(T) = max H/ U(s)ds
te[0,T]

D(T,¢) < o(T) < ($(T) + 2K6T)e™ "
, we have

sexp(—KT)}

P[D(T, }) < €] < P[\IJ(T) > 5

(21)

(22)

where this equation is identical to equation (38) given of Benaim and Weibull [2003]. In addition by Lemma 3, we
have the following super-martingale:

2.©)=esp( Y (©,U,)~ sri|e]}).

0<o<T
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Following the proof [Benaim and Weibull, 2003, Lemma 1] we get

—2KT

€
< 2 )
< 2dexp (s ST

P[\IJ(T) - 5exp(—KT)}

€—2KT

Hence, for ¢ = , we have the desired result. a
8T(V2 + |[F|[2)1/2

6.3 Exit times from sets

The results concerning the absorption times depends on the exit time from sets. For a Borel subset U C Ay and an
integer N € N, we denote

Y = inf{T >0: XMN(7) ¢ U}.

Here T[JJV is the exit time of the stochastic process X(N)

result.

from the set U. Regarding this quantity, we have the following

Lemma 4 Let A C C be an attractor of the semiflow ® with the basin of attraction B(A) and suppose that B C B(A)
is a compact set with YY' € B for all N. Then there exist a constant o > 0 and a set U C A4 such that

i Pr[TY <t] <2(t+1)dexp(—aN)

ii BT} > ﬁeo‘N -1
Proof (i) Provided that A is an attractor of the semiflow, it is a compact set. Since C' is a subset of a normed
vector space, it is path connected [O’Searcoid, 2006, p. 200]. This implies that A is connected if and only if B(A) is
connected [Sell and You, 2013, p.32 |. Since B is also a compact set, we can find a bounded open neighborhood V

of AU B satisfying V C B(A) where we used openness of B(A) (see [Sell and You, 2013, Lemma 23.2]). Since V is
attracted to A, we have

S(to)V CcV CV C B(A)

for some tg > T . Hence for small enough &, we have

N:(S(tg)V) CV C N(V) C B(A)

Consider the time-ty map of the continuous time flow S(tg)¢ for some tg > T. For any K € N, we define the following
stochastic quantity

— (N)
Dgy, = oX D(to, Yy¢,)-

where D(-, ) is as defined in (9). Then we have

PrDy, >¢] <Y Pr [D(to,YffR) > 5}
k=0
K-—1
<N E [PT[D(tO,Yfo) > dejQ]]
k=0
< 2Kdexp(—e?cy,N) (23)

where the last inequality follows from Theorem 1.



18 Ozgur Aydogmus, Yun Kang

Hence, Dk, < € implies YEN) € V for any t < K tyg. Now we define the following set

U=t loc v}
where U C Aq4. Therefore, YEN) € V for any t < K to implies that Y™ (¢) € U. Then, for any ¢ < Ktq, we have the
following inequality
Pr(TH <t] < Pr[Dgq, > ¢] < 2Kdexp(—e®c;, N).

Note that K can be chosen as [t/tg]. Note also that if 7 < 1, ¢y can be chosen as 1. This implies that K < ¢+ 1. If]
on the other hand, 7 > 1 then K < ¢+ 1. Thus, we have

Pr(TH <t] <2(t + 1)dexp(—e?cy, N). (24)

We get the desired result for o = e2¢,.
(ii) The expected value can be computed via integrating the tail method as done by [Benaim and Weibull, 2003,

Lmma 4]. Hence, we obtain E[T{Y] > 5 exp(aN) — 1. O

6.3.1 Proof of Corollary 1

Since, Y{¥ € B(A) we can find a compact set B containing Y{¥ and a bounded neighborhood V of B U A. With

these properties in hand, we know by Lemma 4 that E[T] > Le*™ — 1. If we show that e; € U for all i € S we get

id
TN > T} . Suppose ¢(0) = e; for some i € S. Then ®(t, @) is equal to the constant function e; € C for all ¢ > 0.
This implies that e; € A which contradicts assumption A. This completes the proof. O

6.3.2 Proof of Corollary 2

After noting that T > T}¥ for some set defined above, the proof basically follows from Borel-Cantelli Lemma and
(24) (for details see, [Benaim and Weibull, 2003, lemma 2]).

6.4 Delayed Replicator Equations
6.4.1 Proof of Theorem 2

For any 4 € S, both equations (11) and (12) can be rewritten as follows:

dl%t(xi) = e Ay — x/(t) Ay (25)

where y is a vector valued function. Denote an accumulation point of time averages of y; by

1 Tm
z; = lim —/ yi(t) dt
0

Ty —00 Tm

for i € S. Then we say that z = (21, 29, - -, 2zq) € R? is a rest point of the replicator ODE (which can be obtained by
taking r = 0 in any of the equations (11) or (12)) if it satisfies the following conditions:

i- ejAz = e/ Az for any i,j € S
ii- z € Ag.
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To show (i) is true, we integrate both sides of (25) up to time T to have

log(z:(T)) — log(2 (0 Zaw / y;(t) dt — / x'(t)Ay(t) dt

for all i € S. By dividing both sides to T" and letting T" — 0, the left hand side of the equation vanishes. Then we

get e;Az = fo (t)Ay(t) dt for all ¢ € S which completes the proof.
To show (ii) is correct we need to specify the function y.

— Suppose that y(t) = x(t — r) then (25) becomes (11). Moreover, we have

1 TTVL 1 TTVL
z;i:= lim —/ x;(t —r)dt = lim —/ x;(t) dt
0 ] 0

Hence z € Ay.
— Now suppose that y(¢) = X then (25) becomes (12) and we have

1 [Tm 0
z; = lim —/ / x;(t + s) du(s) dt

I
=
‘H
S—
~
3
8
=
&

where we used Fubini’s theorem and the dominated convergence theorem along with the fact that u is a probability
measure. This also implies that z € Ay.

Above discussion leads us to the following facts:

(a) If there is no interior equilibrium of the replicator ODE, any solution z(¢) of delayed equations (11) or (12)
approaches to the boundary of the simplex 0A, asymptotically.

(b) If there is a unique interior equilibrium p of the replicator ODE then any solution z(t) with z(0) € Ag\0Aq
of delayed equations (11) or (12) approaches to p i.e., p; = z; for all i € S.

6.4.2 Proof of Corollary 3

First, consider the following definition

Second, note that
3 XMy = Y / NX™(s)ds = N / XM (s)
0<o<T 1<o<T

Using this equality we have

0<o<T
Then, we have
4760 = A K) = |2 [ ") =X )
[ <™
< 17 e Jx(t) - X (o) s

o t€l0,7]
< ma [x(t) = YOO 0] + mac [ Y (1) ~X™ @)
te|0,T

tel0,7]
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By following the argument given in the proof of Lemma 2, we obtain the following inequality:
I1A- (x) — A, (X™)|| < D(7,N) + 25,
Hence, we have
PT[I\AT(X) — A XN > e} < Pr[D(7,N) > € — 28] < 2de~ (20"

by Theorem 1. By chosing € = 375 and assuming 0 < £ we have

Pr[HAT(x) — A, XN 3—25] < 2dexp(—€2cTN).

Suppose that ||Ag(z;) — Ap(X)||loo> 2. By Theorem 2, we can easily see that there exists a positive integer 7. such
that A, (z) € B./2(p) for any 7 > 7.. These two facts imply that || A (XV) — p||> €. Hence the desired result follows.

For the result regarding the absorption or fixation time Ty, take ¢ = min{||p — e;||/2 | ¢ € S}. For such an € > 0,
we have 7. such that

1
N (N) > _ 2
PT<TON Y XM(o) e Bg(p)> > 1 - 2dexp(—e%cr, N)

0<o<Tt

for any fixed 79 > 7.. For any T € R, define the variable ¢, := [T/7y] and observe that

1
P X B <2 —e%¢,N
r <2TaN 0<;T (U) ¢ 8(p)> — deXp( £ CT )

for any 7 > ..
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A Algorithms for simulations

In the following we provide a basic finite difference algorithm to integrate the delay differential equation. For more stiff problems, Runge-
Kutta methods can be employed or related libraries of any specific programming labguage may be used.

Algorithm 1: A finite difference algorithm to integrate the deterministic process
Data: Predetermine parameters of payoff matrix a, b, ¢, d, step size At, delay parameter r and a vector of
initial data y € R7/At
Result: A vector of the deterministic trajectory z € R(200+7)/At
z[0:7r - N]+y;
for i < r/At to (200 + r)/At do
z[i] + z[i — 1] + At(z[i 11 =z—-1])((a—b—c+d)*z[i —r/At] +b— d));

end

The following algorithm, on the other hand, can be used to obtain a sample path of the stochastic process.

Algorithm 2: An algorithm for simulating the stochastic process
Data: Predetermine parameters of payoff matrix a, b, ¢, d, population size N, delay parameter r and a vector
of initial data Y € R™¥
Result: A vector of the stochastic trajectory Z € R(200+7)N
Z0:r-N]«+Y;
for i< r-N to (200+7r)-N do
fA«—aZli—r-N]+b(1—Z[i—1r-NJ);
B+ cZli—r-N]+d(1—Z[i—r-NJ])
Generate a uniform random number p € [0, 1];
if Zli—1]-(1—=Z[i—1])-(fA— [B) is greater than p then
| Zli)« Z[i—1]+ N~
else if Z[i —1]- (1 —Z[i —1]) - (f B — fA) is greater than p then
| Zli)« Z[i—1] - N~
else
| Zli] «+ Z[i — 1];
end

end
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