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On the Sample Complexity of Decentralized
Linear Quadratic Regulator With Partially
Nested Information Structure

Lintao Ye ¥, Member, IEEE, Hao Zhu

Abstraci—In this article, we study the problem of con-
trol policy design for decentralized state-feedback linear
quadratic control with a partially nested information struc-
ture, when the system model is unknown. We propose
a model-based learning solution, which consists of two
steps. First, we estimate the unknown system model from a
single system trajectory of finite length, using least squares
estimation. Next, based on the estimated system model, we
design a decentralized control policy that satisfies the de-
sired information structure. We show that the suboptimality
gap between our control policy and the optimal decentral-
ized control policy (designed using accurate knowledge of
the system model) scales linearly with the estimation error
of the system model. Using this result, we provide an end-
to-end sample complexity result for learning decentralized
controllers for a linear quadratic control problem with a
partially nested information structure.

Index Terms—Decentralized control, large-scale sys-
tems, optimal control, reinforcement learning, system iden-
tification, statistical learning.

[. INTRODUCTION

N LARGE-SCALE control systems, the control policy is
I often required to be decentralized, where different controllers
may only use partial state information, when designing their
local control policies. For example, a given controller may only
receive a subset of the global state measurements (e.g., [1]), and
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there may be a delay in receiving the measurements (e.g., [2]). In
general, finding a globally optimal control policy under informa-
tion constraints is NP-hard, even if the system model is known
at the controllers [3], [4], [5]. This has led to a large literature on
identifying tractable subclasses of the problem. For instance, if
the information structure describing the decentralized control
problem is partially nested [6], the optimal solution to the
state-feedback linear quadratic control problem can be solved
efficiently using dynamic programming [7]. Other conditions,
such as quadratic invariance [8], [9], have also been identified
as tractable subclasses of the problem.

Howeyver, the classical work in this field assumes the knowl-
edge of the system model at the controllers. In this work, we are
interested in the situation when the system model is not known a
priori [10]. In such a case, the existing algorithms do not apply.
Moreover, it is not clear whether subclasses, such as problems
with partially nested information patterns or where quadratic
invariance is satisfied are any more tractable than the general
decentralized control problem in this case.

In this article, we consider a decentralized infinite-horizon
state-feedback linear quadratic regulator (LQR) control problem
with a partially nested information structure [1], [7] and assume
that the controllers do not know the system model. We use
a model-based learning approach, where we first identify the
system model, and then use it to design a decentralized control
policy that satisfies the prescribed information constraints.

A. Related Work

Solving optimal control problems without prior system model
knowledge has receive much attention recently. One of the most
studied problems is the centralized LQR problem. For this prob-
lem, two broad classes of methods have been studied, i.e., model
based learning [11], [12], [13], and model-free learning [14],
[15], [16], [17]. In the model-based learning approach, a system
model is first estimated from observed system trajectories using
some system identification method. A control policy can then be
obtained based on the estimated system model. In the model-free
learning approach, the objective function in the LQR problem
is first viewed as a function of the control policies. Based on
zeroth-order optimization methods (e.g., [18], [19]), the optimal
solution can then be obtained using gradient descent, where the
gradient of the objective function is estimated from the data
samples from system trajectories. Moreover, the model-based
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learning approach has also been studied for the centralized linear
quadratic Gaussian control problem [20]. In general, compared
to model-free learning, model-based learning tends to require
less data samples in order to achieve a policy of equivalent
performance [21].

Most of the previous works on model-based learning for
centralized LQR build on recent advances in nonasymptotic
analyzes for system identification of linear dynamical systems
with full state observations (e.g., [22], [23], [24], [25], [26]).
Such nonasymptotic analyzes (i.e., sample complexity results)
relate the estimation error of the system matrices to the number
of samples used for system identification. In particular, it was
shown in [23] that when using a single system trajectory, the least
squares approach for system identification achieves the optimal
sample complexity up to logarithmic factors.

There are few results on solving decentralized linear quadratic
control problems with information constraints, when the system
model is unknown. In [27], the authors studied a decentralized
output-feedback linear quadratic control problem, under the as-
sumption that the quadratic invariance condition is satisfied. The
authors proposed a model-free approach and provided a sample
complexity analysis. They focused on a finite-horizon setting,
since gradient-based optimization methods may not converge to
the optimal controller for infinite-horizon decentralized linear
quadratic control problems with information constraints, even
when the system model is known [28], [29]. In [30], the authors
proposed a consensus-based model-free learning algorithm for
multiagent decentralized LQR over an infinite horizon, where
each agent (i.e., controller) has access to a subset of the global
state without delay. They showed that their algorithm converges
to a stationary point of the objective function in the LQR
problem. In [31], the authors studied model-based learning for
LQR with subspace constraints on the closed-loop responses.
However, those constraints may not lead to controllers that
satisfy the information constraints considered in this article
(e.g., [32]).

There is a line of research on online adaptive control for cen-
tralized LQR with unknown system models, using either model-
based learning [11], [26], [33], or model-free learning [34], [35].
The goal is to adaptively design a control policy online when new
data samples from the system trajectory become available, and
bound the corresponding regret.

B. Contributions

Here, we summarize our contributions and technical chal-
lenges in the article.

* In Section III, we provide a sample complexity result for
estimating the system model from a single system trajectory
using a least squares approach. Despite the existence of a sparsity
pattern in the system model considered in our problem, we adapt
the analyzes in [26] and [36] for least squares estimation of
general linear system models (without any sparsity pattern) to
our setting, and show that such a system identification method
for general system models suffices for our ensuing analyzes.

* In Section IV, based on the estimated system model, we
design a novel decentralized control policy that satisfies the
given information structure. Our control policy is inspired by [7],

which developed the optimal controller for the decentralized
LQR problem with a partially nested information structure and
known system model. The optimal controller therein depends
on some internal states, each of which evolves according to an
auxiliary linear system (characterized by the actual model of
the original system with a disturbance term from the original
system) and correlates with other internal states. Accordingly,
this complicated form of the internal states makes it challenging
to extend the design in [7] to the case when the system model
is unknown. To tackle this, we capitalize on the observation
that the optimal controller proposed in [7] can be viewed as a
disturbance-feedback control policy that maps the history of past
disturbances (affecting the original system) to the current control
input. Thanks to this viewpoint, we put forth a control policy that
uses the aforementioned estimated system model and maps the
estimates of past disturbances to the current control input via
some estimated internal states. More importantly, we show that
the proposed control policy can be implemented in a decentral-
ized manner that satisfies the prescribed information structure.

* In Section V-B, we characterize the performance guarantee
(i.e., suboptimality) of the control policy proposed in Section IV.
When we compare the performance of our control policy to
that of the optimal decentralized control policy in [7], both the
estimates of the past disturbances and the estimated internal
states contribute to the suboptimality of our control policy, which
creates the major technical challenge in our analyzes. We over-
come this challenge by carefully investigating the structure of
the proposed control policy, and we show that the suboptimality
gap between our control policy and the optimal decentralized
control policy (designed based on accurate knowledge of the
system model) provided in [7] can be decomposed into two
terms, both of which scale linearly with the estimation error
of the system model.

* In Section V-C, we combine the above results together and
provide an end-to-end sample complexity result for learning
decentralized LQR with a partially nested information structure.
Surprisingly, despite the existence of the information constraints
and the fact that the optimal controller is a linear dynamic con-
troller, our sample complexity result matches with that of learn-
ing centralized LQR without any information constraints [13].

An extended version of this article that includes all the omitted
proofs and details can be found on arXiv as [37].

Il. PRELIMINARIES AND PROBLEM FORMULATION
A. Notation and Terminology

The sets of integers and real numbers are denoted as Z and
R, respectively. The set of integers (resp., real numbers) that
are greater than or equal to a € R is denoted as Z>, (resp.,
R>,). The space of m-dimensional real vectors is denoted by
R™, and the space of m X n real matrices is denoted by R""*"™.
For a matrix P € R™*", let P', Tr(P), p(P), and {o;(P) :
i €{1,...,n}} be its transpose, trace, spectral radius, and set
of singular values, respectively. Without loss of generality, let
the singular values of P be ordered as o1 (P) > --- > 0,(P).
Let || - || denote the ¢5 norm, i.e., ||P| = o1(P) for a ma-
trix P € R™ ", and ||z|| = Va Tz for a vector x € R™. Let
||P||7 = /Tr(PPT) denote the Frobenius norm of P € R"™*"™.
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A positive semidefinite matrix P is denoted by P = 0, and
P = Qif and only if P — @ = 0. Let S} (resp., ", ) denote
the set of n x n positive semidefinite (resp., positive definite)
matrices. Let I denote an identity matrix whose dimension can
be inferred from the context. Given any integer n > 1, we define
[n] ={1,...,n}. The cardinality of a finite set .A is denoted
by |A|. Let N'(u, X) denote a Gaussian distribution with mean
i € R™ and covariance X € S'.

B. Decentralized LQR With Sparsity and Delay
Constraints

In this section, we sketch the method developed in [1] and
[7], which presents the optimal solution to a decentralized
LQR problem with a partially nested information structure [6],
when the system model is known a priori. First, let us consider
a networked system that consists of p € Z>; interconnected
linear-time-invariant (LTI) subsystems, and let ) = [p] be the
set that contains all the p subsystems. Letting the state, input,
and disturbance of the subsystem corresponding to node i € [p]
be z;(t) € R™, u;(t) € R™, and w;(t), respectively, the sub-
system corresponding to node i is given by

xi(t+ 1) = ZAijxj(t) + Bijuj(t) + wi(t) VieV
jeN;

(1
where \V; C [p] is the set of subsystems whose states and inputs
directly affect the state of subsystem 4, A;; € R"*", B;; €
R™>*™i and w;(t) € R™ is a white Gaussian noise process
with w; () ~ N(0,021) for all t € Z>q, where a,, € R+.!
For simplicity, we assume throughout this article that n; > m;
for all ¢ € V. We can also write (1) as

xi(t+1) = Ajzn, (t) + Biuy, (1) +wi(t) YieV  (2)
where A; = [Ayj, -+ Ay |, Bi = [Bij, -+ Bijy, ], a (1)
£ ['Ijl (t) zj\,\g\(t)]—r’ and UN; (t) = [uj1 (t) t uj\/vi\(t)]—r7
with N; = {j1,...,jn;|}. Further letting n =%, ,n; and
m =Y, m;,and defining z(t) = [z1(£)" -+ () "], u(?)
= [wa(®)" - up(t) ], and w(t) = [wi(t)" - -wp(t)']7, we
can compactly write (1) into the following matrix form:
z(t+1) = Az(t) + Bu(t) + w(t) 3)
where the (4, j)th block of A € R™*™ (resp., B € R™*"™), i.e.,
A;j (resp., B;j) satisfies A;; = 0 (resp., B;; = 0)if j ¢ N;. We
assume that w;(¢1) and w, (¢2) are independent for all 4,5 € V
with ¢ # j and for all ¢1,t2 € Zx¢. In other words, w(t) is a
white Gaussian noise process with w(t) ~ N(0,02 1) for all
t € Z>o. For simplicity, we assume that 2(0) = 0 throughout
this article.”

Next, we use a directed graph G(V, A) with V = [p] to char-
acterize the (time-delayed) information flow among the subsys-
tems in [p] due to communication constraints on the subsystems.
Each node in G(V,.A) represents a subsystem in [p], and we
assume that G(V, A) does not have self loops. We associate any

The analysis can be extended to the case when w; () is assumed to be a
zero-mean white Gaussian noise process with covariance W € Sil In that
case, our analysis will depend on max;cy o1 (W;) and min;ey o (W5).

2The analysis can be extended to the case when x:(0) is given by a zero-mean
Gaussian distribution, as one may view z(0) as w(—1).

edge (i,7) € A with a delay of either 0 or 1, further denoted as

i jori L j, respectively.’ Then, we define the delay matrix
corresponding to G(V, A) as D € RP*P such that:

i) ifi # j and there is a directed path from j to: inG(V, A),
then D;; is equal to the sum of delays along the directed
path from node 5 to node ¢ with the smallest accumulative
delay;

ii) if ¢ # j and there is no directed path from j to i in
G(V, A), then D;; = 400;
iii) D;; =0 foralli € V.

Here, we consider the scenario where the information (e.g.,
state information) corresponding to subsystem j € ) can propa-
gate to subsystem s € V with a delay of D;; (in time), if and only
if there exists a directed path from j to ¢ with an accumulative
delay of D;;. Note that as argued in [7], we assume that there
is no directed cycle with zero accumulative delay; otherwise,
one can first collapse all the nodes in such a directed cycle into
a single node, and equivalently consider the resulting directed
graph in the framework described earlier.

To proceed, we consider designing the control input u(t) for
the LTI system in (3). We focus on state-feedback control, i.e., we
can view u(t) as a policy that maps the states of the LTI system
to a control input. Moreover, we require that u(t) satisfy the
information structure according to the directed graph G(V, .A)
and the delay matrix D € RP*P, described earlier. Specifically,
considering any ¢ € V and any ¢ € Zx(, and noting that the con-
troller corresponding to subsystem ¢ € V) provides the control
input u;(t) € R™i, the state information that is available to the
controller at 7 € V is given by

where V; £ {j € V: D;; # +o0}. In the sequel, we also call
Z;(t) the information set of controller i € V at time ¢ € Z>o.
Note that Z;(¢) contains the states corresponding to the sub-
systems in V' that have enough time to reach subsystem 7 € ) at
timet € Z>, due to the sparsity and delay constraints described
earlier. Now, based on the information set Z; (¢), we further define
S(Z;(t)) to be the set that consists of all the policies that map
the states in Z;(¢) to a control input at node 4. The goal is then
to solve the following constrained optimization problem:

T-1
1
min lim E | —= (T 02 + u®) Rult
w(©),u(1),... Too0 | T ;( (t) Qz(t) +u(t) Ru(t))

5
s.t. x(t+ 1) = Az(t) + Bu(t) + w(t) ®
u;(t) € S(Z;(t)) YieV VtelZs
where @ € S} and R € S, are the cost matrices, and the ex-
pectation is taken with respect to w(t) for all t € Z~g. Through-
out this article, we always assume that the following assumption
on the information propagation pattern among the subsystems
in V holds (e.g., [7], [38]).
Assumption 1: For any i € V, it holds that A; = {j € V:
D;; < 1}, where N is given in (1).
Assumption 1 says that the state of subsystem+ € Vis affected
by the state and input of subsystem j € V, if and only if there is

3The framework described in this article can also be used to handle G(V, .A)
with larger delays; see [7] for a detailed discussion.
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1 A\
0
{1,2,3}
1 A /N
i i , {1} {12} 3}
Fig. 1. Directed graph of Example 1. Node ¢ € V represents a subsys-
tem with state z;(¢) and edge (i, j) € A is labeled with the information
propagation delay from i to j. wy (1) wy(t) ws(t)

a communication link with a delay of at most 1 from subsystem
jtoiin G(V,.A). As shown in [7], Assumption 1 ensures that
the information structure associated with the system given in
(1) is partially nested [6]. Assumption 1 is frequently used in
decentralized control problems (e.g., [1], [7] and the references
therein), and one can see that the assumption is satisfied in
networked systems where information propagates at least as fast
as dynamics. To illustrate our arguments above, we introduce
Example 1.

Example 1: Consider a directed graph G(V,.A) given in
Fig. 1, where V = {1, 2, 3} and each directed edge is associated
with a delay of O or 1. The corresponding LTI system is then
given by

z1(t+1 Ay A Agg| |z(2)
T2 (t + 1) = 0 A22 A23 i) (t)
z3(t+1) 0 Az Asz| [73(t)
Bi1 Bz Bz |ui(t) wy (1)
+ 0 B22 B23 (5] (t) + w2 (t) . (6)
0 B32 B33 us (t) ws (t)

Now, in order to present the solution to (5) given in, e.g., [7],
we need to construct an information graph P (U, H). Consid-
ering any directed graph G(V, A) with V = [p], and the delay
matrix D € RP*P as we described earlier, let us first define
s;(k) to be the set of nodes in G(V, A) that are reachable from
node j within & time steps, i.e., s;(k) = {i € V : D;; < k}.The
information graph P (U, H) is then constructed as

U={s;(k):k>0,7€V}

H={(s;j(k),sj(k+1)):k>0,j €V}
Thus, we see from (7) that each node s € U corresponds to a set
of nodes from V = [p] in the original directed graph G(V, A).
Using a similar notation to that for the graph G(V, A), if there is
an edge from s to r in P(U, H), we denote the edge as s — 7.
Additionally, considering any s;(0) € U, we write w; — $,;(0)
to indicate the fact that the noise wj () is injected tonode i € V at
time ¢t € Z¢.* From the above construction of the information
graph P (U, H ), one can show that the following properties hold.
Lemma 1: [7, Prop. 1] Given a directed graph G(V, A) with
V = [p], the information graph P (U, H) constructed in (7) sat-
isfies the following:
i) For every r € U, there is a unique s € U such that
(r,s) € H,ie.,r —s;
ii) every path in P (U, H) ends at a node with a self loop;

@)

“Note that we have assumed that there is no directed cycle with zero accu-
mulative delay in P (U, H). Hence, one can show that for any s;(0) € U, w; is
the only noise term such that w; — s;(0).

Fig. 2. Information graph of Example 1. Each node in the information
graph is a subset of the nodes in the directed graph given in Fig. 1.

i) n < U] <p* —p+1.

Remark 1: One can see from the construction of P(U,H)
and Lemma 1 that P (U, H) is a forest, i.e., a set of disconnected
directed trees, where each directed tree in the forest is oriented
to a node with a self loop in P(U,H). Specifically, s;(0) for
all i € V are the leaf nodes in P (U, H), and the nodes with self
loop are root nodes in P(U, H).

The information graph P (U4, H) corresponding to Example 1
is given in Fig. 2. Note that the information graph P(U,H) in
Fig. 2 contains two disconnected directed trees, one of which
is an isolated node {1} € U with a self loop. Also notice that
s1(0) = {1}, s2(0) = {1, 2}, and s3(0) = {3}.

Throughout this article, we assume that the elements in
V = [p] are ordered in an increasing manner, and that the el-
ements in s are also ordered in an increasing manner for all
s € U. Now, for any s, € U, we use A, (or A, ;) to denote
the submatrix of A that corresponds to the nodes in s and r.
For example, Ay 11,2y = [A11 A1z]. In the sequel, we will
also use similar notations to denote submatrices of B, @, R
and the identity matrix I. We will make the following standard
assumptions (see, e.g., [7]).

Assumption 2: For any s € U that has a self loop, the pair
(Ass, Bss) is stabilizable and the pair (A, Css) is detectable,
where Q5 = CJ.Cys.

Leveraging the partial nestedness of (5), the authors in [7]
obtained the optimal solution to (5).

Lemma 2: [7, Corollary 4] Consider the problem given in (5),
and let P (U, H) be the associated information graph. Suppose
Assumption 2 holds. For all » € U, define matrices P, and K,
recursively as

K,= — (R + B, P.B.)"'B] P,A,, (8)
Pr = QT"I‘ + K:RT’I‘KT
+ (Ayr + By K,) " Py(As, + B, K, 9)

where for each r € U, s € U is the unique node such thatr — s.
In particular, for any s € U that has a self loop, the matrix Ps is
the unique positive semidefinite solution to the Riccati equation
given by (9), and the matrix Ay + B4 K is stable. The optimal
solution to (5) is then given by

Glt+1) = (Aw + By K)G () + > I gaywi(t)

r—s wi—§

(10)
and
wi(t) =Y Ijy . KoGo(t)

31

1)
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for all t € Z>(, where (,(t) is an internal state initialized with
Cs(0) = >, s Ls,(iyzi(0) = O for all s € U. The correspond-
ing optimal cost of (5), denoted as J,, is given by

J, = 0'721) Z Tr (I{i},sPsIs,{i}) .
i€V
wi—rS

(12)

Letus use Example 1 to illustrate the results in Lemma 2. First,
considering node {1} € U/ in the information graph P(U,H)
given in Fig. 2, we have from (10) that

Gt+1)= (A1 +BuK1)G(t) + Z Iy pywi(t)

w;—{1}

= (A11 + B K1) (t) + wi(t).

Next, considering node 2 € V in the directed graph G(V, A)
given in Fig. 1, we see from (11) and Fig. 2 that

ub(t) = Y Iy o KoGo(t) = T2y, 1,2 K 1,21 G2 (8)

32

+ Ii2y,1,2,3) K{1,2,3)C(1,2,3y (1)
where K, is given by (8).

Remark 2: Obtaining the optimal policy u} (t), forany i € V,
given by Lemma 2 requires global knowledge of the system
matrices A and B, the cost matrices () and R, and the directed
graph G(V, A) with the associated delay matrix D. Moreover,
u*(t) given in Lemma 2 is not a static state-feedback controller,
but a linear dynamic controller based on the internal states ¢,.(-)
for all » € U. For any controller ¢ € V and for any t € Z>,
the authors in [7] proposed an algorithm to determine (,.(t)
for all » € U such that ¢ € r, and thus u}(¢), using only the
memory maintained by the algorithm, the state information
contained in the information set Z;(¢) defined in (4), and the
global information described earlier.

C. Problem Formulation and Summary of Results

We now formally introduce the problem that we will study in
this article. We consider the scenario where the system matrices
A and B are unknown. However, we assume that the directed
graph G(V, A) and the associated delay matrix D are known.
Similarly to, e.g., [13], [20], we consider the scenario where
we can first conduct experiments in order to estimate the un-
known system matrices A and B. Specifically, starting from
the initial state (0) = 0, we evolve the system given in (3)
for N € Z~; time steps using a given control input sequence
{u(0),u(1),...,u(N — 1)}, and collect the resulting state se-
quence {z(1),2(2),...,z(N)}. Based on {u(0),...,u(N —
1)} and {x(0),...,2(N)}, we use a least squares approach to
obtain estimates of the system matrices A and B, denoted as A
and B, respectively. Using the obtained A and B, the goal is
still to solve (5). Since the true system matrices A and B are
unknown, it may no longer be possible to solve (5) optimally,
using the methods introduced in Section II-B. Thus, we aim to
provide a solution to (5) using A and B, and characterize its
performance (i.e., suboptimality) guarantees.

In the rest of this article, we first analyze the estimation error
of A and B obtained from the procedure described earlier. In

Algorithm 1: Least Squares Estimation of A and B.

Input: parameter A > 0 and time horizon length N
1: Initialize 2(0) = 0

2: Fort=0,...,N—1do

3 Play u(t) " N0, 021)

4: Obtain O(N) using (14)

5: Extract A and B from ©(N)

particular, we show in Section III that the estimation errors ||A —
Al and ||B — B|| scale as O(1/y/N) with high probability.’
Next, in Section IV, we design a control policy 4(-), based on A
and B, which satisfies the information constraints given in (5).
Supposing ||A — A|| < ¢ and |B — B|| < &, where ¢ € R,
and denoting the cost of (5) corresponding to (-) as J, we
show in Section V-B that
J—J, <Ce

as long as ¢ < Cj, where J, is the optimal cost of (5) given by
(12), and Cy and C' are constants that explicitly depend on the
problem parameters of (5). Finally, combining the abovemen-
tioned results together, we show in Section V-C that with high
probability and for large enough /N, the following end-to-end
sample complexity of learning decentralized LQR with the
partially nested information structure holds

A ~ 1
J-J,=0|—].
( VN )
[ll. SYSTEM IDENTIFICATION USING LEAST SQUARES

As we described in Section II-C, we use a least squares
approach to estimate the system matrices A € R™*" and B €
R™*™ based on a single system trajectory consisting of the con-
trol input sequence {u(0), ..., u(N — 1)} and the system state
sequence {x(0),...,z(N)}, where 2(0) =0 and N € Z>;.
Here, we draw the inputs «(0),...,u(N — 1) independently
from a Gaussian distribution A'(0,021), where o, € R~g. In
other words, we let u(t) =" N(0, o2I) for all t € {0,...,
N — 1}. Moreover, we assume that the input u(¢) and the
disturbance w(t) are independent for all ¢ € {0,..., N —1}.
Note that we consider the scenario where the estimation of A
and B is performed in a centralized manner using a least squares
approach (detailed in Algorithm 1). However, we remark that

Algorithm 1 can be carried out without violating the informa-

tion constraints given by (4), since u(t) N (0,021) is not a

function of the states in the information set defined in (4) for
any t € {0,..., N — 1}. In the following, we present the least
squares approach to estimate A and B, and characterize the
corresponding estimation error.

A. Lest Squares Estimation of System Matrices
Let us denote

©=[A Blandz(t) = [z(t)" wu(t)"]" (13)

SThroughout this article, we let O(-) hide logarithmic factors in N.
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where © € R™*("*™) and z(t) € R"*™. Given the sequences
{2(0),...,2(N — 1)} and {z(1),...,2(N)}, we use regular-
ized least squares to obtain an estimate of © as

é)(N) = arg MiNy cRnx(ntm) {)\|Y||%“

N-1
+) 0l +1) - Yz(t)Q} (14)
t=0

where A € R+ is the regularization parameter. We summarize
the above least squares approach in Algorithm 1.

B. Least Squares Estimation Error

For the analysis in the sequel, we will make the following as-
sumption, which is also made in related literature (see, e.g., [20],
[391, [40D).

Assumption 3: The system matrix A € R™*" is stable, and
| A% < Kok for all k € Zsg, where ko > 1 and p(A) <
Yo < 1.

Note that for any stable matrix A, we have from the Gelfand
formula (e.g., [41]) that there exist kg € R>; and vy € R with
p(A) < 70 < Lsuchthat||A¥|| < kg forall k € Zso.Inorder
to characterize the estimation error of ©(N) given by (14), we
combine ideas from [25], [26], [36], and show that the following
result holds.

Proposition 1: Suppose Assumption 3 holds, and ||A| < ¢
and || B|| < 9, where ¢ € R~¢. Consider any 6 > 0. Let the in-
put parameters to Algorithm 1 satisfy N > 200(n + m) log 48
and A > g2 /40, where ¢ = min{o,,, 0, }, and

0z (512 + m ) tog 2

— 4
where kg and 7y are given in Assumption 3, and T =
max{cy,, 0y, }. Then, with probability at least 1 — ¢, it holds that
|A— A|| <egand||B — B|| < &0, where A and B are returned
by Algorithm 1, and

Zp =

160 N+ 22/
€0 = 4\/N02 <2n012u (n+m)log %b/

Proof: We provide a sketched proof here and defer the com-
plete proof to [37]. The general idea of the proof is to define a
probabilistic event £ and show that several favorable properties
hold on the event £. By showing that the event £ holds with
probability at least 1 — 4, the result of the proposition follows.
Specifically, one can first show that under the event &, z(t)
defined in (13) satisfies that || z(¢)|| < z, forallt € {0,..., N —
1}. Then, using [26, Lemma 6] (which is a consequence of [25,
Th. 1]), one can then show that under the event £, é)(N ) returned
by Algorithm 2 satisfies that ||©(N) — ©|| < o, where © is
defined in (13). Since Algorithm 1 extracts A and B from
O(N), ie., O(N) = [/1 B], one can show that |A — A|| <

1©(N) — O] and [|B - B[] < |©(N) - ©]. -

Several remarks pertaining to Algorithm 1 and the result in
Proposition 1 are now in order. First, note that while considering
the problem of learning centralized LQR without any infor-
mation constraints, the authors in [13] proposed to obtain A

+ An192> .

and B from multiple system trajectories using least squares,
where each trajectory starts from x(0) = 0. They showed that
|A— Al = O(1/y/N,) and B — B| = O(1/V/N;), where
N, € Z>; is the number of system trajectories. In contrast, we
estimate A and B from a single system trajectory, and achieve
|A - A = O(1/VN) and [B - B|| = O(1/VN).

Second, note that we use the regularized least squares in
Algorithm 1 to obtain estimates Aand B. Although least squares
without regularization can also be used to obtain estimates A
and B from a single system trajectory with the same O(1/v/N)
finite sample guarantee (e.g., [23]), we choose to use regularized
least squares considered in, e.g., [25], [26], [36]. The reason is
that introducing the regularization into least squares makes the
finite sample analysis more tractable (e.g., [26], [36]), which
facilitates the adaption of the analysis in [26] and [36] to our
setting described in this section; more details can be found
in [37]. Moreover, note that the lower bound on A required in
Proposition 1 is merely used to guarantee that the denominator of
the abovementioned expression for € contains the factor 1/ VN
choosing an arbitrary » € R leads to a factor of 1/+/N — 1.
In general, one can show that choosing any A € R+ leads to
the same O(1/+/N) finite sample guarantee.

Third, note that we do not leverage the block structure (i.e.,
sparsity pattern) of A and B described in Section II-B, when we
obtain A and B via Algorithm 1. Thus, the sparsity pattern of
Aand B may potentially be inconsistent with that of A and B.
Nonetheless, such a potential inconsistency does not play any
role in our analysis later. The reason is that the control policy to
be proposed later in Section IV does not depend on the sparsity
pattern of Aand B. Moreover, when analyzing the suboptimality
of the proposed control policy in Section V, we only leverage the
fact that the estimation error corresponding to submatrices in A
(resp., B) will be upper bounded by || A — A|| (resp., | B — B|)).
Specifically, considering any nodes s, r in the information graph
P (U, H) given by (7), one can show that || A, — A,,.|| < ||A —
Al

Finally, we remark that one may also use system identification
schemes and the associated sample complexity analysis dedi-
cated to sparse system matrices (e.g., [42]). Under some extra
assumptions on A and B (e.g., [42]), one may then obtain A and
B that have the same sparsity pattern as A and B, and remove the
logarithmic factor in IV in £¢ defined in Proposition 1. However,
the assumptions on A and B made in e.g., [42] can be restrictive
and hard to check in practice.

[V. CONTROL PoLicy DESIGN

While the estimation of A and B is performed in a centralized
manner as we discussed in Section III-A, we assume that each
controlleri € V receives the estimates A and B after we conduct
the system identification step described in Algorithm 1. Given
the matrices A, B, ), and R, and the directed graph G(V, A)
(V = [p]) with the delay matrix D, in this section, we design
a control policy that can be implemented in a decentralized
manner, while satisfying the information constraints described
in Section II-B. To this end, we leverage the structure of the
optimal policy u*(-) given in Lemma 2 (when A and B are
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Algorithm 2: Control Policy Design for Node i € V.

Input: estimates A and B, cost matrices ) and R, directed
graph G(V, A) with V = [p] and delay matrix D, time
horizon length T'

1:  Construct the information graph P (U, H) from (7)
2:  Obtain K for all s € U from (8)
3: Initialize M; « M,
4: fort=0,...T —1do
5. fors e L(T;) do
6: Find s;(0) e U s.t. j € Vand s;(0) = s
7: Obtain w;(t — D;; — 1) from (25)
8: Obtain (¢ — D;;) from (24)
9: M; +— M; U{((t— Dyj)}
10:  for s € R(7;) do
11: Obtain C,(t — Dinay) from (24)
12: M M; U{l(t — Diax)}

130 Play @(t) = 3, L K6 (8)
14: M1 <~ Mz \ ({és(tAf 2Dmax - ]-) HERS ‘C(,];)}
U{¢(t— D 1) :s e R(T)})

max

known). Note that the optimal policy u*(+) cannot be applied to
our scenario, since only A and B are available.

First, given the directed graph G(V, A) with V = [p] and the
delay matrix D, we construct the information graph P(U, H)
given by (7). Recall from Remark 1 that P (U, H) is a forest
that contains a set of disconnected directed trees. We then let £
denote the set of all the leaf nodes in P (U, H), i.e

L={s;(0) el :ieV} (15)
Moreover, for any s € U, we denote
Li={veL:v~ s} (16)

where we write v ~» s if and only if there is a unique directed
path from node v to node s in P (U, H). In other words, L; is
the set of leaf nodes in P(U4, H) that can reach s. Moreover, for
any v, s € U such that v ~» s, let [,,s denote the length of the
unique directed path from v to s in P(U, H); we let [, = 0 if
v = s. For example, in the information graph (associated with
Example 1) given in Fig. 2, we have £ = {{1},{1,2},{3}}.
L2 = {15 AL,2h, and Ly o8y = 1.

Next, in order to leverage the structure of the optimal policy

u*(-) given in (8)—(11), we substitute (submatrices of) A and B
into the right-hand sides of (8) and (9), and obtain K and P
for all » € U. Specifically, for all » € U, we obtain K, and P,
recursively as

K,= —(R..+ Bl P,B! )"'B] P,A,, (17)
pr = er + K;‘FRT‘TK’I’
+ (Asr + BS7’KT)TP€(AST + Bsrkr) (18)

where for each r € U, we let s € U be the unique node such
that » — s, and Asr (resp., BST) is a submatrix of A (resp.,
B) obtained in the same manner as Agr (resp., Bs,) described
earlier. Similarly to (10), we then use K, forallr e U together
with A and B to maintain an (estimated) internal state ¢,.(¢) for

all r € Y and for all t € {0,...,T — 1}, which, via a similar
form to (11), will lead to our control policy, denoted as ;(t),
foralli € Vandforallt € {0,...,T — 1}. Specifically, for all
1 € Vin parallel, we propose Algorithm 2 to compute the control

policy
t) = Zl{i},rf(rér(t)

31

vt e {0,...,T —1}.

19)

We now describe the notations used in Algorithm 2 and
hereafter. Let us consider any ¢ € V. In Algorithm 2, we let
T: denote the set of disconnected directed trees in P (U, H) such
that the root node of any tree in 7; contains 4. Slightly abusing
the notation, we also let 7; denote the set of nodes of all the trees
in 7;. Moreover, we denote

L(T)=TiNnL

where L is defined in (15), i.e., £(7;) is the set of leaf nodes
of all the trees in 7;. Letting R C U be the set of root nodes in
P(U,H), we denote

(20)

R(T)) =T:NR 2

where we recall from Lemma 1 that any root node in P(U, H)
has a self loop. We then see from the information graph P (U, H)
given in Fig. 2 that

L(Tr) = {{1},{1,2},{3}}, L(T2) = L(T5) = {{1,2}, {3}}
R(’Tl) = {{1}’ {15 273}}7 R2(7—2) = R(IF’)) = {17273}'

Note that if any node s € 7; is a leaf node with a self loop (i.e.,
s is an isolated node in P (U, 1)), we only include s in £(7;)
(i.e., s € L(T;) but s & R(T;)).

Remark 3: For any s,r € L(T;), let j1,j2 € V be such that
55, (0) = s and s, (0) = r. In Algorithm 2, we assume that the
elements in £(7;) are already ordered such that if D;;, > D,
then s comes before 7 in £(7;). We then let the for loop in lines
5-9 in Algorithm 2 iterate over the elements in £(7;) according
to the abovementioned order.

Furthermore, we denote

(22)

Drn X — Di'
T ey

Jt
where we write j ~~ ¢ if and only if there is a directed path
from node j to node i in G(V, A), and recall that D;; is the sum
of delays along the directed path from j to ¢ with the smallest

accumulative delay. Finally, the memory M, of Algorithm 2 is
initialized as M; = M, with

M; = {Co(k) : k € {~2Dpax — 1,...,—Dj; — 1},
s € L(T;),j €V,s;(0) =s}
U{C(—Dmax — 1) : s € R(T)} (23)

where we initialize {, (k) = 0 for all {,(k) € M,.

Remark 4: Considering the scenario with only sparsity con-
straints (e.g., [1]), i.e., all the edges in G(V,.A) have a zero
delay, we see that D;; = Oforall¢, 7 € Vsuchthat j ~ 4, which
implies via (22) that D ,,x = 0.
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For any r > 4, the dynamics of the internal state (AT (t) is given
by

Gt +1) =D (A + BroKo)Go(t) + Y L yyts (1)

V=T w —T

(24)
where w;(t) is an estimate of the disturbance w;(t) in (2)
obtained as

0ift < —1
wi(t) = { a;(0)ift = —1
2j(t+1) — Aja, (t) — By, (t) if t > 0

(25)
where we replace A; and B; with the estimates Aj and Bj in
(2), respectively, and 4, (t) is the vector that collects 1, (t)
for all j; € N;, with \/; given in Assumption 1. We note from
(24) to (25) that {,(0) = ijﬁr I 1j375(0), where z(0) = 0
as we assumed previously. We emphasize that (24) and (25)
are the keys to our control policy design, and they also enable
our analyzes in Section V, where we provide a suboptimality
guarantee of our control policy. As we mentioned in Section I,
the motivation of the control policy @(-) given by (19), (24),
and (25) is that the optimal control policy given in Lemma 2
can be viewed as a disturbance-feedback controller. Since the
system matrices A and B are unknown, the control policy a(-)
constructed in (19), (24), and (25) maps the estimates of the past
disturbances given by (25) to the current control input via the
estimated internal states given by (24).

Observation 1: From the structure of the information graph
P(U,H) defined in (7), the following hold.

(a) If r is not a leaf node in P (U, H), (24) reduces to fr (t+
1) = Zq;—)r(Arv + Brva)Cv(t>'

(b) If r is a leaf node in P (U, H) that is not isolated, (24)
reduces to G (¢ + 1) = >0, Lp 5305 ().

(c) If 7 is an isolated node in P (U4, H), (24) reduces to ¢,.(t +
1) = (Arr =+ BMKT’)CT(t) + ijﬂr Ir,{j}wj (t)

We will show that in each iteration ¢ € {0,...,7 — 1} of
the for loop in lines 4—14 of Algorithm 2, the internal states
¢-(t) for all r € U such that i € r (i.e., for all 7 3 4) can be
determined, via (24), based on the current memory M; of the
algorithm and the state information contained in (a subset of) the
information set Z; () defined in (4). As we will see, Algorithm 2
maintains, in its current memory M;, the internal states (with
potential time delays) for a certain subset of nodes in I/, via the
recursion in (24). Given those internal states, CAT (t) forallr >4
can be determined using (24). Moreover, the memory M, of
Algorithm 2 is recursively updated in the for loop in lines 4-14
of the algorithm.

Proposition 2: Suppose any controller ¢ € ) at any time step
t € Z=g has access to the states in Z;(t) C Z;(t) defined as

j-l(t) = {.’Iﬁj(ki) 1 j € Vi, k € {t —Dpax —1,...,t— Dz]}}
(26)

where V; = {j € V : D;; # 400}, and Z;(t) is defined in (4).

Then, the following properties hold for Algorithm 2.

(a) The memory M; of Algorithm 2 can be recursively

updated such that at the beginning of any iteration ¢ €

{0,...,T — 1} of the for loop in lines 4—14 of the algorithm
M; = {(s(k) 1 k € {t = 2Dpax — 1,...,t — Dy — 1},

s € L(T;),j €V,s;(0) =s}

U{Es(t_Dmax_ 1) -8 GR(IE)} (27)
(b) The control input ;(¢) in line 13 can be determined using
(24) and the states in the memory M; after line 12 (and before
line 14) in any iteration ¢t € {0,...,T — 1} of the for loop in
lines 4-14 of Algorithm 2.

Since the proof of Proposition 2 is technical and requires care-
ful investigations of the structures of the directed graph G(V, A)
and the information graph P (U, ) described in Section II-B,
we use Example 1 to illustrate the steps of Algorithm 2 and the
results and proof ideas of Proposition 2. The complete proof can
be found in [37].

First, we note from Fig. 1 and (22) that Dy ,x = 1. Con-
sider Algorithm 2 with respective to node 2 in the directed
graph G(V, A) given in Fig. 1. We see that Vo = {j € V:
D;; # o0} = {2,3}, which implies via (26) that Z»(t) =
{.132(15 — 2),$2(t — 1),.132(t), l‘g(t — 2),$3(t — 1)} for all t €
{0,...,T — 1}. One can check that the initial memory My of
Algorithm 2 given by (23) satisfies (27) for t = 0, which implies
that the memory M satisfies (27) at the beginning of iteration
t = 0 of the for loop in lines 4-14.

To proceed, let us consider iteration ¢ = 0 of the for loop in
lines 4-14 of the algorithm. Noting that £(72) = {{3}, {1, 2}}
from Remark 3, Algorithm 2 first considers s = {3} in the
for loop in lines 5-9, which implies j =3 in line 7. We
see from (25) that in order to obtain ws(t — 2), we need to
know .Z'g(t — 1), xg(t—Q), Jig(t—Q), ﬁ3<t—2), and ’llg(t—Q),
where x5(t — 1), z3(t — 2), 22(t — 2) € Zy(t), and Gy (t — 2),
G3(t — 2) are given by (19). One can then check that the in-
ternal states (,.(t') that are needed to determine iy (¢ — 2) and
G3(t — 2) are available in the current memory My of Algo-
rithm 2 or become available via further applications of (24).
After w3 (t — 2) is obtained, we see from (24) that 5{3}(15 -1)
can also be obtained. Algorithm 2 then updates its current
memory Mo in line 9 and finishes the iteration with respect to
s = {3} in the for loop in lines 5-9. Next, Algorithm 2 considers
s = {1, 2} in the for loop in lines 5-9, which implies j = 2 in
line 7. Following similar arguments to those above and noting
that the current memory M of Algorithm 2 has been updated,
one can show that 6{172} (t) can be obtained from (24), based on
the current memory of the algorithm. Algorithm 2 again updates
its current memory My in line 9 and finishes the iteration with
respect to s = {1, 2} in the for loop in lines 5-9.

Now, recalling that R(72) = {1, 2,3} from Fig. 2, we see
that Algorithm 2 considers s = {1,2,3} in line 10. One can
also check that 5{1,273}@) can be obtained from (24), based
on the current memory of the algorithm. Finally, based on the
current memory M of Algorithm 2 after line 12, one can check
that the control input @5 (t) can be determined from (19). Note
that Algorithm 2 removes certain internal states from its current
memory in line 14 that will no longer be used. One can check
that after the removal, the current memory My of Algorithm
2 will satisfy (27) at the beginning of iteration ¢ + 1 of the for
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loop in lines 4-14 of the algorithm, where ¢ = 0. One can then introduce another control policy @(t) given by
repeat the above arguments for iterations ¢t = 1,...,7 — 1. 5ox )

P & e 1) = Iy Klot) Viey (30)

Several remarks pertaining to Algorithm 2 are now in order.
First, since |£(7;)| <p and |R(7;)| < p, one can show via
the definition of Algorithm 2 that the number of the states in
the memory M; of Algorithm 2 is always upper bounded by
(2Dmax + 2)p + 2p, where we note that Dy, defined in (22)
satisfies Dax < p, and p is the number of nodes in the directed
graph G(V, A). Moreover, one can check that Algorithm 2 can
be implemented in polynomial time.

Second, it is worth noting that the control policy ;(-) for
all © € U that we proposed in (19) is related to the certainty
equivalence approach (e.g., [43]) that has been used for learning
centralized LQR without any information constraints on the
controllers (e.g., [12], [13], [36]). It is known that the optimal
solution to classic centralized LQR (i.e., problem (5) without
the information constraints) is given by a static state-feedback
controller u*(t) = Kx(t), where K can be obtained from the
solution to the Ricatti equation corresponding to A, B, ), and
R (e.g., [44]). The corresponding certainty equivalent controller
simply takes the form @(t) = Kx(t), where K is obtained from
the solution to the Ricatti equation corresponding to /1 E Q,
and R, with A and B to be the estimates of A and B, respectively.
While we also leverage the structure of the optimal control policy
u*(-) given in (11), we cannot simply replace K, with K, for
all 7 € U in (11), where K, is given by the Ricatti equations
in (17)—(18). As we argued in Remark 2, this is because u*(-)
is not a static state-feedback controller, but a linear dynamic
controller based on the internal states ¢,.(-) for all » € U, where
the dynamics of (,.(-) given by (10) also depends on A and B.
Thus, the control policy () that we proposed in (19) is a linear
dynamic controller based on K, and the estimated internal states
¢,(+) for all 7 € U, where the dynamics of (,.(-) given by (24)
depends on A and B. Suchamore complicated form of @; () also
creates several challenges when we analyze the corresponding
suboptimality guarantees in the next section.

V. SUBOPTIMALITY GUARANTEES

In this section, we characterize the suboptimality guarantees
of the control policy %(-) proposed in Section IV. To begin with,
in order to explicitly distinguish the states of the system in (3)
corresponding to the control policies v*(-) and (-) given by
(11) and (19), respectively, we let Z(¢) denote the state of the
system in (3) corresponding to the control policy 4(-) given by
(19), for t € Z>o, i.e.,

Z(t+1) = Az(t) + Bu(t) + w(t)

where we note from (19) that a(t) = >, Iy oK Cy(t) with
K, and (,(t) given by (17) and (24), respectively, for all s € U.
We let z(t) denote the state of the system in (3) corresponding
to the optimal control policy u*(¢) given by (11), for t € Z>,
ie.,

(28)

z(t+1) = Az(t) + Bu*(t) + w(?) (29)

where u*(t) = Y Iy s Ks(s(t) with K, and (s(t) given by
(8) and (10), respectively, for all s € U. In (28)—(29), we set
Z(0) = x(0) = 0. Moreover, for our analysis in the sequel, we

$31

fort € Zs(, where forany s € U, K, is given by (17), and fs(t)

is given by
5s(t + 1) = Z(Asr + BST‘K Cr Z Is {z}wz
w;—S

r—S

€29)

with (,(0) = Y w, s Loy i(0) = 0. We then let Z(t) denote

the state of the system in (3) corresponding to @;(+), fort € Z,
ie.,

Z(t+1) = Az(t) + Bu(t) + w(t) (32)
where 4(t) = > Iy,sksfs(t) from (30), and we set Z(0) =
2(0) = 0. Roughly speaking, the auxiliary control policy u;(-)
and the corresponding internal state 55() introduced earlier
allow us to decompose the suboptimality gap J —J, of the
control policy @(-) into two terms that are due to K, and (,(-),
respectively, for all s € V. We then have the following result; the
proof follows directly from [7, Lemma 14] and is, thus, omitted.

Lemma 3: For any t &€ Z>q, the following hold: (a)

E[Cs(t)] =0, for all seU; (b) Z(t) = Yoseulv, $Cs(1): (0
(s, (t)and C,, (t) areindependent forall s, so € U with sy # sg.

Using the abovementioned notations, the cost of the optimiza-
tion problem in (5) corresponding to the control policy 4(-) (i.e.,
J ) can be written as

J= annsupE %i (2(t)"Qz(t) +a(t) Ra(t))| (33)
—00 =0

where we use lim sup instead of lim since the limit may not
exist. Furthermore, we let J denote the cost of the optimization
problem in (5) corresponding to the control policy @(-) given in
(30)
1 - THs = NT P
T Z (z(t)'Qa(t) + a(t) Ra(t))

t=0

Now, we recall from Lemma 2 that for any s € U that has
a self loop, the matrix Ags + Bys K is stable, where K is
given by (8). We then have from the Gelfand formula that
for any s € U that has a self loop, there exist x5 € R>; and
vs € R with p(Ass + BssKs) <7s <1 such that ||(Ass +
BssK)¥|| < kgy® for all k € Zs. For notational simplicity,
let us denote

fy:max{max%mo}, ﬁ:max{maxm,ﬁo} (35)
sER SER

where R C U denotes the set of root nodes in U/, and kg € R>;
and 79 € R with p(A) < 79 < 1 are given in Assumption 3.
Thus, we see from Assumption 3 and the abovementioned
arguments that || (Ags + Bss K, )¥|| < k" forall s € R and for
all k € Z, and || A*|| < k" for all k € Zs¢, where k € Z>1
and 0 < v < 1. Moreover, we denote

J = lim E (34)

r- max{Au B||,max||Ps,max||Ks|}
seld seld (36)

I=I+1.

Assumption 4: The cost matrices R and () in (5) satisfy that
on(R) > 1and 0,,(Q) > 1.
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Note that the abovementioned assumption is not more restric-
tive than assuming that R and () are positive definite (e.g.,
[12], [13], [26]). Specifically, supposing R = 0 and @ > 0,
one can assume without loss of generality that o,,(R) > 1 and
om(Q) > 1. This is because one can check that scaling the
objective function in (5) by a positive constant does not change
K, in the optimal solution to (5) provided in Lemma 2, for any
rel.

A. Perturbation Bounds on Solutions to Ricatti Equations

Supposing ||A — A|| < eand || B — B|| < ewithe € R+, in
this section, we aim to provide upper bounds on the perturbations
| P, — P.|| and || K, — K, || for all 7 € U, where P, (resp., P,)
is given by (9) [resp., (18)], and K, (resp., K,) is given by
(8) [resp., (17)]. First, we note from Lemma 2 that for any r €
U that has a self loop, (9) [resp., (18)] reduces to the Ricatti
equation in P, (resp P,). The followmg results characterize
the bounds on
proofs can be found in [37] Wthh use 1deas from [12], and
algebraic manipulations based on (8)—(9) and (17)—(18).

Lemma 4: Suppose Assumptions 2 and 4 hold, and Hfl —
A| < eand | B — B|| < e, wheree € Rx. Then, forany r € U
that has a self loop, the following hold:

. 1
| P, > (1+o (R 1))k < s GD
> K2 =g 1
HKT_K’I‘H < 1817721—‘ (1+0'1(R_ )>€§ 1 (38)
and
- \k YH+1k
under the assumption that
(11— 72)2 P11 —1y\-2
< —— 7’7 1 R 40
7687 Al (140 (B)) “0)

where P, (resp., PT) is given by (9) [resp., (18)], K. (resp., KT)
is given by (8) [resp., (17)], v and x are defined in (35), and r
is defined in (36).

Lemma 5: Suppose Assumptions 2 and 4 hold, and ||A —
A|| < eand||B — B|| < e, wheree € R+. Then, forany r € I
that does not have a self loop, the following hold:

18k218 ~
||K - K, < 8H (1 +01(R’1))(20F901(R)) remle <
41
and
6£2T5 o ~ o L 1
||P Pl < 72(1 +01(R7))(20I01(R)) e < 6
(42)

under the assumption that

e < (1_72)21?—11(1_’_0_1(R—1))—2

20070 (R)) ™ Prmax
= 768k (20001 (R))

(43)

where [, is the length of the unique directed path from node r

tonode s in P(U, H) with s € U to be the unique root node that
is reachable from r, and D, .. is defined in (22).

Consider any r € U with a self loop and suppose (40) holds.

One can show via (39) and [12, Lemma 12] that K, - given by (17)

is also stabilizing for the pair (AT,., B,.T), ie., A, + B K, is
stable (see our arguments for (72) in the Appendix for more
details). Moreover, it is well-known (e.g., [44]) that a stabilizing
solution P, to the Ricatti equation in (18) exists if and only if
(ATT7 BTT) is stabilizable and (ATT, Crr) (With Q. = CL.C,.)
is detectable.® The abovementioned arguments together also
imply that (/1,»,«, éw) is stabilizable and (/1,% Crr) (With @, =
C:T C,.r) is detectable for all » € U, under the assumption on &
given by (40).

B. Perturbation Bounds on Costs

Suppose ||[A — A|| < e and || B — B|| < ¢, where ¢ € R+.
In this section, we aim to provide an upper bound on J—J.,
where .J, and J are given by (12) and (33), respectively. To this
end, we first provide upper bounds on J — J,and J — .J, where
J is given by (34), which will lead to the upper bound on J—J..
We start with the following result; the proof can be found in the
Appendix.

Lemma 6: Suppose Assumptions 2 and 4 hold, and ||A —
Al <eand | B — B|| < e, where e € Ry satisfies (43). Then,

forany s € U
- 4po2 [4Pmax 2
i T < FPwr v
Jim B [G0G0T] =

where p = |V|, k, and 7 are defined in (35), I is defined in (36),
and Dy, is defined in (22).

For our analysis in the sequel, we further define P, recursively,
forall r € U, as
Pr = er + K;Rrrkr"_(Asr + BSTKT)TPS(AST—’_BSTXT)

(45)

where f(r is given by (17), and s € U is the unique node such
that » — s. We then have the following result, which gives an
upper bound on J—J,.

Proposition 3: Suppose Assumption 2 and 4 hold, and Hfl —
Al <e and |B — B| < &, where € € Ry satisfies (43). It

holds that
j: 0'121) Z Tr (I{i},sps-[s,{i})

i€V
w;—S

I 44

(46)

where J is defined in (34). Moreover, consider the optimal cost
J,. given by (12). For any ¢ € R+,

72k%02 npq
(=)
x (200201 (R))Pmaxe + (47)

where p = |V| and ¢ = |U|, x and ~ are defined in (35), s
defined in (36), and D,y is defined in (22).

Proof: First, since ¢ satisfies (43) [and thus (40)], we have
from (39) in Lemma 5 that A, + BSSXS is stable forany s € U
that has a self loop. Now, using similar arguments to those for [7,
proofs of Theorem 2 and Corollary 4], and leveraging Lemma 3
and (30)—(31), (17), and (45), one can show that (46) holds.
Since the proof of (47) is more involved and technical, we defer it

J—J, < [4Pmaxt8(T3 L 5 (R))(1 + o1 (R7Y))

OA solution I3r to the Ricatti equation in (19) is said to be stabilizing if
Ay + Brr K, [with K. given by (18)] is stable.
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to [37] in the interest of space. The proof idea is to first telescope
the summation on the right-hand side of (34) properly. Using
the telescoped summation corresponding to J, one can leverage
Lemma 3 and [14, Lemma 12] and show that J— J, satisfies
that

2 74D ax 2
o< 4dpo, T’ K
1—1~2

Tr (Z(KT K"

reld
X (Rrr + BZTRGBST)(KT‘ - kr)) + 2

for all ¢ > 0. Note that ¢ is assumed to satisfy (43). Moreover,
recalling |U| = ¢ and n; > m,; for all i € V as we assumed
previously, and the fact that || K, — K,.|| < 1 for all € U, one
can then use Lemmas 4-5 and show that (47) holds. |

Next, we aim to provide an upper bound on J — J. We first
prove the following result. The proof can be found in [37], which
follows from Lemma 3 and similar arguments to those for the
proof of Lemma 6.

Lemma 7: Suppose Assumptions 2 and 4 hold, and ||A —
Al < eand||B — B|| < e, where ¢ satisfies (43). Then, for any
s €U and forany t € Z>¢

~ 4np0-12uf4Dmax ’{/2
E[IGO1] < =

where Co(t)is givenin (31), p = |V|, & and ~y are defined in (35),
I' is defined in (36), and D, is defined in (22). Moreover, for
any t € Z>o

(48)

4npgPo? [4Dmax 2

E [|z()|?%] < (49)
EGIN T2
and
) Anpa?o2 T4Dmax+2 .2
E [[la())?] < —24 2w (50)

1—1~2
where Z(t) and u(t) are given by (32) and (30), respectively, and
q = Ul

For notational simplicity in the sequel, let us denote

G = 4npaq2vf‘4Dmax K2
\/ 1—72

(1—7)°
T68Kk%pq

(G

E= T+ 1) %0 + oy (RY)) 2

x (20(F 4 1)207 01 (R)) ™ Pmax,
We then have the following results; the proofs of Lemma 8 and
Proposition 4 are included in the Appendix.

Lemma 8: Suppose Assumptions 2—4 hold, and |A— Al <&
and || B — B|| < &. Then, for all t € Z>o,

58/432 (f + 1)2Dm‘“‘+3p2q2

and
VETR0 =30 < BELE D o s3)

(1—=7)°
where 4(t) and Z(t) are given by (19) and (28), respectively.
The abovementioned result also implies the following.

Corollary 1: Suppose Assumptions 2-4 hold. and ||A—
Al < &and ||B — B|| < &. Then, forall t € Z>o,

58&3F(f‘ 4 1)2Pmax+3p242

E[[[2@®)[?] < TEE GE+ql (54
and
58k2(T 4+ 1)2Pmax+3p2,2 -
E ] < 2 217)2 PL e+ al. (55)

Proposition 4: Suppose Assumptions 2—4 hold, and |A -
Al <z and |B — B| < & Then, for J and .J defined in (33)
and (34), respectively,

696x%02 nptq® -
(L=*'1=9%)
x (01(Q) +o1(R))e
where « and v are defined in (35), p = |V| and ¢ = ||,
defined in (36), and Dy .y 18 deﬁped in (22).
Suppose [|[A — Al < eand [|B — B|| < e withe € R5(. We
see from the results in Propositions 3—4 that J — J, < Ceife <

Cy, where C and Cj are constants that depend on the problem
parameters.

J—J < 4Dmx+2(f + 1)2Dmax+3

(56)

C. Sample Complexity Result

We are now in place to present the sample complexity result
for learning decentralized LQR with the partially nested infor-
mation structure described in Section II-B.

Theorem 1: Suppose Assumptions 2—4 hold, and Algorithm 1
is used to obtain A and B. Moreover, suppose || A|| < ¢ and
IB|| <9, where ¥ € Ry, and Dyyax < D, where Diax is
defined in (22) and D is a universal constant. Consider any § > 0.
Let the input parameters to Algorithm 1 satisfy N > «/& and
A > a2 /40, where

SKo _
1_

Zp —

4N
7 /(1B 2m -+ m -+ m)log LY

and

]

where ko and 7y are given in Assumption 3, 0 = min{o, o, },
o = max{o,0,}, and € is defined in (51). Then, with proba-
bility at least 1 — ¢

62

1 N+ 22 /A
o= 60 (2710 (n+m)log Ntz/ + Am?z)
Q

K ‘Twnp q 11D+5 2D+3
< - -
J—J. < 1= 2)2 r T+1)
5 «
X (I + 01(R) + 01(Q)) o1 (R)” ~ ©D

where J and J, are given in (33) and (12), respectively, C'; is a
universal constant, x and ~y are defined in (35), and I" and I are
defined in (36), p = |V|, and ¢ = |U|.

Proof: Note that the results in Propositions 3—4 hold, if
|A— Al <& and |B - B| <& with £ given in (51). Thus,
letting N > £ and A > ¢ /40, one can first check that N >
200(n + m) log ¢, and then obtain from Proposition 1 that with
probability at least 1 — 4, A and B returned by Algorithm 1 sat-
isfy |A — A|| < and | B — B|| < &. Noting that Dy, < D,
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where D is a universal constant, and setting » = 1/+/N in
Proposition 3, one can show via Propositions 3—4 that (57) holds
with probability at least 1 — 4. [ |
Thus, we have shown a O(1/v/N) end-to-end sample com-
plexity result for learning decentralized LQR with the par-
tially nested information structure. In other words, we relate
the number of data samples used for estimating the system
model to the performance of the control policy proposed in
Section IV. Note that our result in Theorem 1 matches with the
O(1/+v/N) sample complexity result (up to logarithm factors in
N) provided in [13] for learning centralized LQR without any
information constraints. Also note that the sample complexity
for learning centralized LQR has been improved to O(1/N)
in [12]. Specifically, the authors in [12] showed that the gap
between the cost J corresponding to the control policy they
proposed and the optimal cost .J, is upper bounded by O(g?) if
e is sufficiently small, where ||A — A|| < e and || B — B| <.
Due to the additional challenges introduced by the information
constraints on the controllers (see our discussions at the end of
Section IV), we leave investigating the possibility of improving
our sample complexity result in Theorem 1 for future work.

VI. NUMERICAL RESULTS

In this section, we illustrate the sample complexity result
provided in Theorem 1 with numerical experiments, where
the numerical experiments are conducted based on Example 1.
Specifically, we consider the LTI system given by (6) with the
corresponding directed graph and information graph given by
Figs. 1 and 2, respectively. Under the sparsity pattern of A and B
specifiedin (6), we generate the nonzero entriesin A € R3*3 and
B € R3*3 independently by the Gaussian distribution N(0, 1)
while satisfying Assumption 3. We set the covariance of the
zero-mean white Gaussian noise process w(t) to be I, and set
the cost matrices to be () = 21 and R = 5I. Moreover, we set
the input sequence used in the system identification algorithm
(Algorithm 1) tobe u(t) "= A(0, I) forallt € {0,..., N — 1}.
In order to approximate the value of J defined in (33), we
simulate the system using Algorithm 2 for 7" = 2000 and ob-
tain J ~ * t o (2()TQ&(t) + u(t)T Ra(t)). Fixing the ran-
domly generated matrices A and B described earlier, the numer-
ical results presented in this section are obtained by averaging
over 100 independent experiments.

In Fig. 3(a), we plot the estimation error || [A B]—[A B] I
corresponding to Algorithm 1 when we range the number of the
data samples used in Algorithm 1 from N = 20 to N = 280.
Similarly, in Fig. 3(b), we plot the curve corresponding to
the cost suboptimality J— Jx, where J, is obtained by the
closed-form expression given in (12). According to Fig. 3, we
observe that the estimation error and the cost suboptimality share
a similar dependency pattern on N. The similar dependency on
N aligns with the results shown in Proposition 1 and Theorem 1
that both the estimation error and the cost suboptimality scale
as O(1/v/N), which is a consequence of the results shown in
Propositions 3—4 that the cost suboptimality scales linearly with
the estimation error. The results presented in Fig. 3 then also
imply that our suboptimality results provided in Propositions

4
©
IS

°
o

I
S
Cost suboptimality
w

Estimation error

N

°
N
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N N
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Fig. 3. Both the performance of Algorithm 1 and the performance of
Algorithm 2 are plotted against the number of data samples used for
estimating the system model, where shaded regions display quartiles.
(a) Estimation error versus N (b) Cost suboptimality versus N.

3—4 can be tight for certain instances of the problem. Finally,
we observe from the shaded regions in Fig. 3 that the cost
suboptimality is more sensitive to the randomness introduced
by the random input u(t) " N°(0,1) for t € {0,...,N — 1}
and the noise w(t) g N(0,I) for t € Z>(p, when we run
the 100 experiments described above. This is potentially due
to the fact that we approximated the cost suboptimality as
ST @ ()T Qi) + at)T Ra(t)) — J, with T = 2000.

VIl. CONCLUSION

In this article, we considered the problem of control policy
design for decentralized state-feedback linear quadratic control
with a partially nested information structure, when the system
model is unknown. We took a model-based learning approach
consisting of two steps. First, we estimated the unknown system
model from a single system trajectory of finite length, using
least squares estimation. Next, we designed a control policy
based on the estimated system model, which satisfies the desired
information constraints. We showed that the suboptimality gap
between our control policy and the optimal decentralized con-
trol policy (designed using accurate knowledge of the system
model) scales linearly with the estimation error of the system
model. Combining the above results, we provided an end-to-
end sample complexity of learning decentralized controllers for
state-feedback linear quadratic control with a partially nested
information structure.

APPENDIX
PROOFS FOR SUBOPTIMALITY GUARANTEES

Proof of Lemma 6

First, let us consider any s € U/ that has a self loop. Noting
the construction of the information graph P = (U4, H) given in
(7), one can show that (31) can be rewritten as

Gt +1) = (Ass + BosK)G (1)

+ Z H(U,S) Z Iv,{j}wj(t

veLy w;—v
where L, = {v € L : v ~ s}isthe setofleaf nodesin P (U, H)
that can reach s, l,s is the length of the (unique) directed
path from node v to node s in P(U,H) with [,; =0if v = s,
and H (v, s) £ (A, + BsmKn) o (Ar,, et Bn,,,erv)

- lvs) (58)
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with H(v,s) = I if v = s, where K is given by (17) for all
rel,andv,7,,1,...,71,s are the nodes along the directed
path from v to s in P (U, H). Recalling from (31) that ,(0) =
Y w, s Lo qiyri(0) = 0, in (58), we set w;(t—1l,) =0
if ¢ — s < 0. Now, under the assumption on ¢ given in (43),
we see from (41) in Lemma 5 that |K,|| <T, which implies
that || Ay, 4+ By, K, || < T2, for all » € U with r # s. Noting
that I, < Dyyax from the construction of P (U, H), we have
| H (v,s)|| < T2Pmex, forall v € L,. Considering any t € Z
and denoting

)= H(vs) Y Lguwilt—Lls) (59
veELg wj—v
we have
E [775( ) 9 Z Z ’U S I {J}’u}](tf lvs)
VELs Wj—V
X wj(t — lq,s)TI{j},UH(’U, S)T

where we use the fact from w(t) ~ N(0, 02 I) that wy, (t) and
wj, (t) are independent for all j1, jo € V with j; # jo, and the
fact that for any v € U with s;(0) = v, w; is the only noise term
such that w; — v (see Footnote 2). Moreover, we see that 1, (¢1)
and 7(t2) are independent for all ¢1,ty € Z>o with ¢1 # to,
and that 7,(¢) is independent of (,(t) for all ¢ € Z=o. Now,
considering any k € Z>( such that £ — [, > 0 for all v € L,
and noting that w(t) ~ N(0,021) forall t € Z>(, we have

E [ns(k)ns(k)"] =02, Z Z (v, 8) Ly (4 Iy 0 H (v,8) T

veELg Wi —v
. (60)
Let us denote the right-hand side of (60) as W, and denote
iss = Ass + Bssf(s-

Fixing any 7 € Z> such that 7 — [, > 0 for all v € L, and
considering any ¢ > 7, one can then unroll (58) and show that

E [G@0GM] = LLTE |GG T L)
t—7—1 B
k=0
Under the assumption on ¢ given in (43), one can obtain

from Lemma 4 that [|L% || < x(2E1)* for all k > 0, where
0< %’Ll < 1, which implies that Ess is stable. It follows that
: Ry 4| W |52
T < 277 sty
Jim B G060 <50
Noting that |£,| < p from the definition of P(U,H) given in
(7), and that for any v € U with s;(0) = v, w, is the only noise

term such that w; — v, as we argued above, we have from (60)
that

(61)

1.

Wl < oupmax | H(v, 5)|* < o, Ll Pme

where the second inequality follows from the fact that
|| H (v, s)|| < T?Pmax as we argued above. It then follows that
(44) holds.

Next, let us consider any s € U that does not have a self loop.
Similarly to (58), one can rewrite (31) as

s(t+1) ZHUS Zl{j}w]

veL wj—v

—lys)-

Using similar arguments to those above, one can show that (44)
also holds. |
Proof of Lemma 8

Due to the space constraint, we omitted some technical details
in this proof; the complete proof can be found in [37].
For notational simplicity in this proof, we denote

6}1 — p(f + 1)2Dmax_1’ /8 — f‘QDmax

105

((ﬁ + 1) +1) + 5h> b

A = F(an(ﬁJrl)
L—v
and
2quH
I—vy

16°pgl(I +1) (zq(f 1)+ 2) G-

(1—7)?

We first prove (52). Note that ﬁ > 1, and that g+ 1<
[2Pmaxt! gince I' =T’ + 1 > 2, where the inequality follows
from the fact via (9) and (36) that I" > 0,,,(Q) > 1. Based on

the abovementioned notations, one can then show that
2(T 2D max+3,,2 2
58k*(I'+ 1) . p°q G ©2)
(1—=7)
Thus, in order to show that (52) holds for all ¢t € Zx, it suf-
fices to show that E[||u(t) — @(t)|?] < (1.1A2£)? holds for all
t € Z>o. To this end, we prove via an inductionont = 0, 1,.. ..
For any t € Z>(, we recall from (19) and (30) that 4;(t) =
Zrai I{i},TK'fgr(t) and ﬂb( ) - Zraz I{ hr K Cl( )’ respec-
tively, for all ¢ € V, where (T( ) and (,(t) are given by (24)
and (31), respectively, and K, is given by (17), for all r € U.
As we argued before, in (24) and (31) we have Q( ) = Q( )=
> w, sr Ir(iywi(0) for all 7 € U. Hence, we have 4(0) = @(0),
which implies that (52) holds for ¢ = 0, completing the proof of
the base step of the induction.

For the induction step, suppose E[||i(k) — u(k)|?] <
(1.1A52)? holds for all k € {0,...,t}. Now, considering any
k €{0,...,t}, we can unroll the expressions of & (k) and Z (k)
given by (28) and (32), respectively, and obtain

Ay =

1.1A5 <

&(k) )+ Z AR Ba(K) + w(k'))
(k) )+ ZA’“ ML Ba(k) +w(k')
k=0
where we note that £(0) = 50(0) = 2(0). It then follows that

VETTE)
k-1
< 3 B 1A B — (k)2
k'=0

(F)11?]
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k-1

STLIAE S [|AFF 1) < 11T Age—2

> 14 -

where the first inequality follows from [37, Lemma 14]. To

obtain the first inequality in (63), we use the induction hy-

pothesis. To obtain the second inequality in (63), we use the

fact that || A% || < k¥ (with0 < v < 1), forall ¥’ € Z>, from

Assumption 3. Recalling from our arguments in Section IV
[particularly, (25)], one can show that

(k) =2k +1) — A (k) —

(63)

Ba(k)
-
where (k) = [zi)l(k)T w,(k)T| is an estimate of
w(k) in (3). From (28), we see that

w(k) = &k +1) — Az(k) — Ba(k).

Recall from Lemma 7 that E[||z(k)|?] < ¢*¢f and
E[||a(k)||?] < ¢°T2¢2, for all k € Z>o. One can use (63)
and [37, Lemma 14] and show that

2
) -

1. IFAQK
E [||2(k)|*] < [ ——
latl?] < (B2
Moreover, noting the induction hypothesis, one can show that
E [||la(k)|?] < (1.1A26 + qT'G)>.

Combining the abovementioned arguments and using [37,
Lemma 14], one can now show that

E [[l(k) — w(®)]?]

< <Q(f + 1) +

Denoting

1.1ITA 2

el L 1A2> 22,
1 _

11T Agk

1 g+ 1 1A2€

+1)¢ + (64)

we have
E [[li(k) — w(k)|?]
Moreover, note that
E [Juw(k)[?] = E [Tr(w(kyuw(k) )] = Tr (E [w(k)uw(k) 7])
=no2 <G Vk € Zs.

To proceed, let us consider any s € U that has a self loop.
Recalling the arguments in the proof of Lemmas 6, we can
rewrite (31) as

<628 Vke{0,... t}.

ES (t + 1) = (Ass + Beqf(‘;)ge (t) + N5 (t) (65)
with
t> = Z H(”? S) Z Iv,{j}wj(t - lvs) (66)
vEL wj—v

where L, = {v € L : v ~ s}isthe setof leaf nodesin P (U, H)
that can reach s, [, is the length of the (unique) directed path
from node v to node s in P(U, H) with l,s = 0if v = s, and

H(v,8) = (Agr, + B Kpy) - (A 1o+ Broy 10 Ky)

with H(v,s) = I if v = s. We also recall from the arguments
in the proof of Lemma 6 that || H (v, s)|| < fforallv € L,. We
then see from (60) in the proof of Lemma 6 and the definition

of (3 in (51) that
E [|lns(F)I?] =E [Te(ns (k)ns (k) ")] = Tr (B [ns(k)ns(k)])
< o2npB? < (G Vk € ZLso.

Similarly, one can rewrite (24) as

Gt +1) = (Ao + B KOG () +0s(t) - (67)
where
= Z H(v,s) Z wj — vl (W (= lys)
veLl
where
H(v,8) = (Agr, + Br, Kr,) -+ (Anyy o + Bry10Ky)

with H (v, s) = I'ifv = s. Forany k € {0, ...,
show via the abovementioned arguments that

VE [[ns(k) = 25 (R)[?] < (3nCo2 + (64 + B)3uE)

t}, one can then

(68)
and
E [[[9s(B)[1?] < p (6nGp& + (0n€ + B)0wE) + b (69)

Now, let us denote Les = Ass + BSSK and LSS = ASS +

By K. Recalling that Cé( ) = Cs( )= Zwﬁs s{i1ri(0),
where x(0) = 0 as we assumed before, one can unroll (65) and

(67), and show that
t

> (L

k=0

tkA

Gt +1) = G+ 1) = 3 (Eikas(k) = LEFiu(R) ) -

(70)
Since ||A — A|| < & and || B — B|| < &, where ¢ satisfies (40),
as we argued above, we have from Lemma 4 that

k
~ 1
25 < (150) v e e

where K€ Rgl and v € R, with AO <7< 1. Moreoyer,
Since ||Lss - Lss” = ||Ass - Ass + KS(BSS - Bss)” S (F +
1)&, one can use [12, Lemma 5] and prove that

(71)

k—1
ILE, — L3 < ke <T”> (T +1) Vk € Zsy (72)

based on the choice of € in (51). Combining (68)—(72), one can
then show that

2Kp

VBl + -G+l < 22

_16k*(T +1)p
+op(p) e+ —————

) (1=9)?
Now, substituting (64) into the right-hand side of (73), one can
show that

VE[IGE D Gl i) < X aiaa 1 002
! (74)
where we note that A; > 0 and A5 > 0 by their definitions.
Next, considering any s € U that does not have a self loop,
we have from the arguments in the proof of Lemma 6 that (31)
can be rewritten as C,(t + 1) = 1, (t), where 7,(t) is defined in
(66). Using similar arguments to those above, one can then show
that (74) also holds.

(B4 1)du

(200, 4+ 2C,) . (73)
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Further recalling (19) and (30), we know that a(t + 1) =
Yoseu v s Kot +1)anda(t + 1) =3 Iy s K (s(t +1).
Using (74), one can show that

VE [la(t +1) — a(t + 1)[]2] < (A1(1.1A28) + Ag) &.

Moreover, one can prove that £ given in (51) satisfies that 0 <
£ < —%—, which further implies that

11A,°
Ay (1.1A28)E + Agé < 1.1A5¢

completing the induction step.

Next, using similar arguments to those for (63), we have
VE[IZ®) —2(#)]]?] < %éforallt € Z>.Itthen follows
from (62) that (53) holds for all ¢t € Z>y. |

Proof of Proposition 4
For notational simplicity in this proof, we denote
58k2 (T + 1)2Dmax+3p242
- (1=7)?
For all t € Z>(, we then see from Lemma 8 that
E [[la(t) — a()]*] < (AGE)?

A

(75)

and

2
K.

E[l6(0) - 30)17] < ({2 Ae)

where 4 (k) (resp., u(k)) is given by (19) [resp., (30)], Z(k)
(resp., Z(k)) is given by (28) [resp., (32)], and (; is defined in
(51). Similarly, we see from Corollary 1 that

. kI _ 2
Ele1P] < ({2-A0e+ 06
and
E [[[a(t)]|] < (AGE +ql'Gy)?
forall t € Z>(. To proceed, we have the following

T-1

T 7 . 1 A T2 ~ T~
J—J=limsupE T Z (2(t) ' Qa(t) — &(t) Qx(t)

T—00 =0
(76)

Now, considering any term in the summation on the right-hand
side of (76), and dropping the dependency on ¢ for notational
simplicity, we have the following:

E[2'Q% — ' Q7]
<E[|Qz[[llZ -z} + E [z — z[[lQz]
< VE[IQZIPE (12 - () + VE [z — 2 E [ Qz[|?]

01(Q) (I{lFACbs + qu;) ﬁlllAibé +01(Q) HlFAib £qG

(@) (”’“C”H 2q<b) ~TAG,
- -y

where the first two inequalities follow from the Cauchy-—
Schwartz inequality, and the third inequality follows from the

(77)

upper bounds on E[||Z||?], E[||# — /%], and E[||Z||?] given
above and in Lemma 7. Similarly, one can prove that

E [a'Ri— ' Ri] < o1(R)(AGE + 2q0'G)AGE. (78)
Combining (77) and (78) together, we obtain from (76) that

J—J<o1(Q) (anAcbg + 2q<b) ’jF_AC”é

+ 01 (R)(AGE + 2qT'¢)AGE
N

< () %+ 200)(00(@) + or(R))e
f‘ 2
< f_c" 3Apq(01(Q) + o1(R))2 (79)

where the second inequality follows from the fact that % > 1.

To obtain (79), one can show that A%2Z < Apgq. Finally sub-
stituting the expressions for (, and A given in (51) and (75),
respectively, we obtain from (79) that (56) holds. |
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