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Abstract

This article surveys the development of nonparametric models and methods
for estimation of choice models with nonlinear budget sets. The discussion
focuses on the budget set regression, that is, the conditional expectation of a
choice variable given the budget set. Utility maximization in a nonparamet-
ric model with general heterogeneity reduces the curse of dimensionality
in this regression. Empirical results using this regression are different from
maximum likelihood and give informative inference. The article also con-
siders the information provided by kink probabilities for nonparametric
utility with general heterogeneity. Instrumental variable estimation and the
evidence it provides of heterogeneity in preferences are also discussed.
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1. INTRODUCTION

There are important individual choices whereby prices vary with individual purchases and budget
sets are nonlinear.A leading set of examples are labor supply and the choice of howmuch income to
earn.With progressive taxation marginal, after-tax wages depend on the tax law and total income
earned.These examples are very pertinent to economists, with tax policy being an important issue.
Other labor supply examples also exist.Transfer payments by governments are often tied to higher
marginal tax rates. Social security benefits, disability benefits, Aid to Families with Dependent
Children (AFDC) payments, and food stamps all have highmarginal tax rates associated with them
that create nonlinearities in the budget sets. Electricity prices are another example of nonlinear
budget sets. Many electric utilities engage in declining block pricing, wherein the marginal price
of successive kilowatt hours of electricity decrease at a given number of points determined by total
demand. Thus, the budget set is piecewise linear.

Figure 1 illustrates the case of a budget set that could arise with progressive income taxation.
We consider a two-good case where taxable income is given on the horizontal axis and consump-
tion of the composite good is given on the vertical axis. In this simplified example, the consumer
is faced with four distinct tax rates, with high tax rate (low slope) at low income levels, when the
intercept of nonlabor income includes government support, followed by a sharp reduction in tax
rate and then increasing marginal rates (decreasing slopes). Here each consumer chooses their
taxable income to maximize utility so that variation in taxable incomes results from heterogene-
ity of preferences and possibly measurement and/or optimization errors, even if there were just a
single budget set. This is a random utility model where the word “random” refers to variation in
preferences across individuals.

Other kinds of nonlinearities are also present in consumer choices. Intended utilization of
a durable good will often depend on the cost per unit of output; for example, the price per mile
driven depends on the fuel efficiency of the car being used.When consumers face the joint decision

c

y

Figure 1

Nonlinear budget set. The figure illustrates a two-good case; taxable income is given on the horizontal axis
and consumption of the composite good is given on the vertical axis.
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of purchasing the durable along with its intended utilization, they face a nonlinear budget set
that is further complicated because the purchase price of the durable good usually varies with
its utilization efficiency as well as other features. Two-part tariffs also give nonlinear budget sets.
Here a consumer can subscribe to a different type of service where a fixed payment is levied and
the price of a unit of demand varies accordingly to the type of service chosen. Telephone service
has this character in the United States, where a monthly fee is charged and a given price is charged
per local call after an initial allowance of free calls is surpassed. Electricity demand may also have
this characteristic when more than one type of service is offered with different rate schedules. The
focus of this article is on choices that can be well represented as being over a single good with a
nonlinear budget set. Taxable income and labor supply are examples of this type of choice that are
very important and motivate this review.

The development and use of nonparametric models and methods are important innovations
in econometrics. These methods allow one to avoid errors that can arise from functional form
misspecification. There are limits to these methods associated with the so-called curse of dimen-
sionality, which refers to the potential inaccuracy of nonparametric estimation of functions of
many variables. Modeling and estimation of choice with nonlinear budget sets is a potentially
important area for nonparametric approaches.Themodels are quite nonlinear, with results poten-
tially depending on the distribution of preferences and measurement and/or optimization errors.
Nonparametrics can help avoid errors resulting from incorrect specification of distributions and
functional forms. Also, utility maximization can help avoid the curse of dimensionality, as we
will discuss. This article focuses mainly on the development and use of nonparametrics for es-
timation with nonlinear budget sets. We consider the implications of utility maximization with
nonparametric utilities and general heterogeneity across individuals—i.e., of a nonparametric ran-
dom utility model (RUM) like those of McFadden & Richter (1991), Blomquist & Newey (2002),
McFadden (2005), Blomquist et al. (2014, 2015), Blundell et al. (2014), Manski (2014), Hausman
& Newey (2016), Kline & Tartari (2016), and Kitamura & Stoye (2018).

A particular focus of this article is the budget set regression that is the conditional expectation
of an outcome variable that is either labor supply or taxable income, given the budget set, under
RUM. This regression is the average over preferences and measurement and/or optimization er-
rors of the outcome given the budget set. This regression can be used to identify policy effects that
are changes in averages resulting from changes within the range of budget sets observed in the data.
This regression is subject to a potentially severe curse of dimensionality because the conditioning
variable—i.e., the budget set—is a high-dimensional object. Blomquist & Newey (2002) showed
that with scalar,monotonic heterogeneity this regression is only a three-dimensional function, and
Blomquist et al. (2014, 2015) showed that the same results hold for the RUMmodel with general
heterogeneity when the budget set is piecewise linear and convex. To the best of our knowledge,
that makes the tax policy estimates of Blomquist & Newey (2002) the first that are valid for the
RUM. Using this implication of the RUMmeans that the curse of dimensionality can be avoided
for the budget set regression. Also, some nonconvexities can be allowed without increasing the di-
mension too much, making the budget set regression potentially useful for estimating the effects
of policy changes. Furthermore, it is possible to check the restrictions implied by the RUM using
the budget set regression.

The endogeneity of budget sets is a potentially important specification concern for the budget
set regression and for earlier parametric models of labor supply and taxable income. Blomquist
et al. (2014, 2015) showed, and we discuss here, that control variables can be used to estimate
budget set regressions with endogeneity in the RUM, as shown in earlier versions of the model by
Hausman&Newey (2016) and Kitamura & Stoye (2018). Also, instrumental variable methods can
be used to control for endogeneity in the linear instrumental variable (IV) models common in the
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taxable income literature (e.g.,Gruber& Saez 2002,Blomquist & Selin 2010,Burns&Ziliak 2017,
Kumar&Liang 2020).Although the choicemodels here aremuchmore restrictive than the RUM,
the ability to account for endogeneity is a very attractive property. In addition, models of taxable
income must control for productivity growth in data from different time periods. Productivity
growth is an important determinant of changes in taxable income over time. Blomquist et al.
(2015) showed how productivity growth that varies over individuals according to their effort can
be controlled for, as discussed here.

The RUM also helps clarify what can be learned from bunching, as proposed by Saez (2010),
Chetty et al. (2011), and Kleven & Waseem (2013). Blomquist et al. (2015) showed that in the
RUM the probability of a kink is a weighted average over the heterogeneity of a compensated tax
effect for individuals located at the kink.This weighted average is not identified because it depends
on the preferences of individuals located at the kink.McCallum & Seegert (2017) gave identifica-
tion results when covariates are present and preferences have a Gaussian distribution. Blomquist
& Newey (2017) showed that for a parametric, isoelastic utility function, the distribution of tax-
able income for one convex budget set provides no information about the elasticity and provided
identification bounds.These results are presented by Blomquist et al. (2021). Bertanha et al. (2017)
considered nonidentification results and gave bounds based on variability of the preference density.
This article describes the RUM results of Blomquist et al. (2015).

Beginning with Feldstein (1995, 1999) and continuing with Gruber & Saez (2002), Blomquist
& Selin (2010), and Burns & Ziliak (2017), the focus of the econometrics of nonlinear budget sets
shifted to IV estimation of preference parameters, especially taxable income elasticities. A recent
contribution is by Kumar & Liang (2020), who used IV to estimate different weighted averages of
taxable income elasticities and thus provided convincing evidence of important preference hetero-
geneity.We discuss some of this work in this article. The evidence of preference heterogeneity in
this work motivates the use of RUM, which allows for general heterogeneity and nonparametric
utilities.

Section 2 describes some of the contributions of the pioneering work on the econometrics of
nonlinear budget sets and the sensitivity to parametric assumptions by Blomquist &Newey (2002)
and Kumar (2008). Section 3 gives the budget set regression under RUM and outlines how it can
be used to estimate interesting policy effects. Section 4 considers endogeneity of the budget set
and how the budget set regression may be used with endogeneity. Section 5 gives a RUM formula
for kink probabilities and considers partial identification from kinks. Section 6 considers what can
be learned from IV with partially nonparametric models. Section 7 offers some conclusions and
points to open problems.

This article cites theorems for the RUM with nonlinear budget sets by Blomquist et al. (2015)
as propositions to help provide a coherent account of econometrics for nonlinear budget sets.
These results are not original to this article but are provided and discussed here for expositional
purposes. For simplicity, we do not state the exact conditions that are sufficient for these results,
which can be found in the original paper by Blomquist et al. (2015).

2. PARAMETRIC MODELS

Early econometrics for nonlinear budget sets was based on using parametric models of prefer-
ences and distributions to specify the distribution of labor supply given budget sets and other
observable variables. Maximum likelihood was used to estimate the parameters of these models,
and simulation methods based on the specified distributions were used to predict the effects of
tax changes. This literature includes works by Burtless & Hausman (1978), Wales & Woodland
(1979), Hausman (1981), and Blomquist (1983). Some of the models included multidimensional
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preference heterogeneity, including the random income effect specifications of Burtless &
Hausman (1978), Hausman (1981), and Blomquist (1983). These papers are important pre-
cursors to RUM specifications in emphasizing the theoretical and empirical importance of
multidimensional preference heterogeneity and measurement and/or optimization errors.

The earliest work was focused on budget frontiers that were piecewise linear and concave.
Hausman (1979) gave a general solution procedure for individual choice in these models. This
procedure was applied to labor supply by Hausman (1981) in a subsequent paper in which non-
convexities were also allowed. Later work on parametric models further developed approaches
for nonconvex budget sets. Hausman (1985) formulated parametric models where indirect utility
functions determined the choices between different budget segments, and the choice within a seg-
ment followed from utility maximization over the segment. MaCurdy et al. (1990) contributed to
this literature by using smooth budget set approximations for estimation. Eklöf & Sacklen (2000)
and Keane (2011) showed that differences between the estimates of Burtless & Hausman (1978)
and MaCurdy et al. (1990) could be attributed to differences in variable definitions between the
two papers. Blundell et al. (1998) used IV estimation combined with ignoring data near a kink and
correcting for the resulting sample selection.

Dagsvik (1994), Aaberge et al. (1995), van Soest (1995), and Keane &Moffitt (1998) developed
parametric models in which hours are restricted to a finite set of points. These models constitute
discrete choice models that are estimated by maximum likelihood. Variants of these models are
widely used in policy analysis. Blundell & Shephard (2012) and Beffy et al. (2019) provide more
recent studies using this approach along with innovative preference specifications. An advantage
of these types of models is that they can easily handle complicated, sometimes nonconvex, budget
constraints. A disadvantage is that they do not allow for measurement errors in hours of work. A
potentially serious consequence of this is illustrated by the results presented by van Soest et al.
(2002), who perform Monte Carlo simulations for two values of the standard deviation of an ad-
ditive measurement error in hours of work. For the larger value of the standard deviation, the
change in hours of work of a hypothetical tax reform is overestimated by 140%.

There are several potential sources of specification error in parametric models, as pointed out
by Hausman (1985). These include (a) deviation between desired and actual hours due to un-
expected events, (b) measurement error in the labor supply variable, (c) unobserved variation in
preferences by the specification of disturbances and their distributions, and (d) specification er-
ror to the extent that the labor supply function or utility function for desired hours is incorrect.
Because the models and estimators are quite nonlinear, the empirical conclusions could be very
sensitive to any or all of these specification errors.This sensitivitymotivates nonparametricmodels
and methods like those that are the focus of this article.

Sensitivity to specification was found by Blomquist &Newey (2002) in estimating labor supply
for Swedish data. That paper compared parametric estimates like those of Burtless & Hausman
(1978) and Blomquist (1983) with nonparametric budget set regression estimates that, as shown
by Blomquist et al. (2014, 2015), are correct for the RUM and allow measurement and/or opti-
mization errors in desired or actual hours of work. Nonparametric estimates of wage elasticities
and the effect of the Swedish tax reform from 1980 to 1991 were found to be much lower than
parametric estimates,with differences that were statistically significant. Specifically, the parametric
estimate of the uncompensated wage elasticity was 0.123, while, for example, the nonparametric
estimate for one rich, Gaussian power series specification was 0.0819, with standard error 0.0200.
Based on Hausman (1978), the standard error for the nonparametric estimate is an upper bound
for the standard error of the difference, so the difference in elasticities, 0.123−0.0636 = 0.0596,
has a standard error bounded above by 0.0200, and hence the difference is statistically significant
at conventional levels. Similarly, the parametric estimate of the effect of tax reform is a 5.46%
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increase in the average labor supply, while the nonparametric estimate for the same specification
as the elasticity is 3.31% with standard error 0.795, also giving a statistically significant differ-
ence. The sensitivity to specification found in this application motivates interest in nonparametric
methods such as those discussed in the rest of this article.

Some differences between nonparametric and parametric estimates are also present for US
data. Kumar (2008) estimated wage and income elasticities of 0.14 and −0.04, respectively, from
the cross-sections of observations in the Panel Study of IncomeDynamics (PSID) before and after
the tax reform of 1986.Hausman (1981) estimated wage and income elasticities of 0.00 and−0.17,
respectively, from earlier years of the PSID.These elasticity estimates are quite different, although
the compensated wage elasticity estimates should be much closer.We are not aware of any studies
that compare the nonparametric and parametric estimates using the same US data.

Manski (2014) and Kline & Tartari (2016) also gave estimates of effects of interest for labor
supply based on RUM. Manski (2014) found it was difficult to obtain useful estimates of some
policy effects using choice among discrete labor supply alternative without allowance for mea-
surement and/or optimization errors. The empirical results of Blomquist & Newey (2002) cited
above demonstrate that useful estimates of other interesting policy effects can be obtained for a
RUM with measurement and/or optimization errors. Kline & Tartari (2016) used a more general
nonparametric model of choice to partially identify interesting counterfactual effects of an exper-
iment.Our focus is on nonparametrically estimating interesting effects of changing the budget set
from more common observational data.

3. THE RANDOM UTILITY MODEL FOR TAXABLE INCOME

We consider preferences defined over after-tax income c (value of consumption) and before-tax
income y (cost of effort). As pointed out by Feldstein (1995, 1999), this specification allows for
individuals to have margins of choice other than hours worked, such as effort, that help determine
y. For this reason, the choice of taxable income has been widely considered in the public finance
literature for some time.We follow this trend and focus onRUM for taxable income choice inmost
of the rest of this article. The results also apply to labor supply if we consider y as corresponding
to hours worked, though the form of the budget set is different in that case.

We assume that before-tax income and after-tax income are related by

c = y− T (y) = A(y),

where T ( y) is the amount of taxes paid when income is y and A( y) is the after-tax income. The
utility function of an individual will be

U (c, y, η),

where η is a possibly multidimensional vector representing individual preferences. We will as-
sume throughout that for each η the utility function U(c, y, η) is increasing in c, decreasing in y,
and strictly quasi-concave. Strict quasi-concavity is equivalent to U(R + ρy, y, η) having a unique
maximum for all positive R and ρ, that is, to utility-maximizing choice of taxable income choice
being unique for any linear (affine) A( y). Strict quasi-concavity is a common assumption in the
applied literature.

For an individual with preferences η, we denote the choice of y that maximizes utility
U(A( y), y, η) by

y(A, η),

where we assume that the maximizing value exists and is unique with probability 1 in the distribu-
tion of η. In general, the choice y(A, η) may depend on the whole after-tax function A. Figure 1
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illustrates this choice for a particular after-tax function A( y). An individual with preferences η will
choose the point on the budget set where their utility is highest. Different individuals may have
different η and so may choose different taxable incomes. The distribution of taxable income for a
given budget set comes from variation in preferences. Heterogeneity of preferences is necessary
in order to have a distribution of taxable income when there is a single A( y). If preferences were
homogeneous, we would have one point on a single budget constraint.

An important example is the isoelastic utility function considered by Saez (2010),

U(c, y, η) = c − η

1+ 1
β

(
y
η

)1+1/β

, η > 0, β > 0, 1.

where η is a scalar. Maximizing this utility function subject to a linear budget constraint A( y) =
ρy + R with slope (net of tax rate) ρ and intercept (nonlabor income) R gives the taxable income
function y(ρ, η) = ρβη. The taxable income elasticity �ln y(ρ, η)/�ln ρ = β is constant for this
specification and there is no income effect of changing R. The variable η represents unobserved
individual heterogeneity in preferences. We note that y(ρ, η) is decreasing in β (by ρ < 1) and
increasing in η and ρ. Allowing β to vary with individuals (i.e., β is included in η) is a speci-
fication with multidimensional heterogeneity. The Burtless & Hausman (1978) specification is
also included as a special case where income and level effects can vary separately and η is two-
dimensional. The RUM includes such specification as well as those with more general functional
forms with any or all parameters varying over individuals. In the fully nonparametric specifica-
tion, we allow η to be of unknown dimension. We do need to restrict η and U(c, y, η) so that
probability statements can be made, but these are technical side conditions that do not affect our
interpretation of η as representing general heterogeneity and are given by Blomquist et al. (2015).

Themodel here is a RUM forU(c, y, η) that is strictly quasi-concave, with strict quasi-concavity
being equivalent to a single-valued choice of taxable income for any linear A( y). Some of the
results we discuss also impose smoothness on the taxable income function. Single-valued, smooth
specifications are often used in applications, and so we adopt this assumption here. In particular,
smoothness has often proven useful in applications of nonparametric models, as it will be here.

The taxable income for a linear budget set will be

y(ρ,R, η) = argmax
y

U (ρy+ R, y, η), y ≥ 0, ρ ≥ 0, R ≥ 0.

This taxable income for linear taxes has an important role in the identification and estimation
results to follow. Define F (y|ρ,R) = Pr(y(ρ,R, η) ≤ y), where the probability statement is with
respect to the distribution of η. McFadden (2005) derived restrictions on F( y|ρ, R) that are nec-
essary and sufficient for a RUM. With choice over two dimensions (c and y) there is a simple,
alternative characterization of the RUM. The characterization is that the cumulative distribution
function (CDF) satisfies a Slutsky-like condition, referred to henceforth as the Slutsky condition.
The following result holds under additional technical conditions not given here and is presented
by Blomquist et al. (2015). Let Fρ ( y|ρ, R)= �F( y|ρ, R)/�ρ and FR( y|ρ, R)= �F( y|ρ, R)/�R when
these partial derivatives exist.

Proposition 1 (theorem 1 of Blomquist et al. 2015). For F( y|ρ, R) that is continuously
differentiable in ρ and R, we have

Fρ (y|ρ,R)− yFR(y|ρ,R) ≤ 0. 2.

Also, if (a) for all ρ, R > 0, F( y|ρ, R) is continuously differentiable in y, ρ, R; (b) the support
of F( y|ρ, R) is [yℓ, yu], �F( y|ρ, R)/�y > 0 on ( yℓ, yu); and (c) Equation 2 is satisfied, then
there is a RUM with CDF of taxable income conditional on (ρ, R) being equal to F( y|ρ, R).
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In the conclusion of this result, Fρ ( y|ρ, R) − yFR( y|ρ, R) is a compensated distribution effect
of a change in the slope ρ. In this sense, for two goods and single-valued smooth demands, the
revealed stochastic preference conditions are that this compensated distribution effect is nonpos-
itive. The compensated effect on taxable income will be positive because utility is decreasing in
taxable income (i.e., effort and/or hours of work), leading to a negative compensated effect on the
CDF (because the distribution of taxable income is shifted to the right).

This result will be useful in Section 5 and is of interest in its own right. Dette et al. (2011)
showed that each quantile of y(ρ, R, η) satisfies the Slutsky condition for demand functions under
similar conditions. Hausman &Newey (2016) observed that when a quantile function satisfies the
Slutsky condition there is always a demand model with that quantile function, and so they gave
a quantile version of Proposition 1. Proposition 1 is essentially the result of Hausman & Newey
(2016) combined with the inverse function theorem.The fact that scalar heterogeneity is sufficient
for the RUM model with two goods may explain why Blomquist & Newey (2002) obtained the
dimension reduction provided by the RUM using only scalar heterogeneity.

For taxable income, productivity growth can be incorporated by specifying that the utility
function in time period t isU(c, y/ϕ(t), η), where ϕ(t) is a relative productivity in the tth time period.
As shown by Blomquist et al. (2014, 2015), this specification allows for effects of productivity
growth that vary with individual preferences by effort level. This specification of productivity
growth leads to adjustments in the budget set regression described in Section 4.

4. BUDGET SET REGRESSIONS

The budget set regression is the expected value of taxable income Y conditional on an after-tax
function A( y). This regression can be used for estimating the average effect on taxable income of
changes in policy effects when the regression is stable across different policy regimes. It was used
to evaluate the effect of the Swedish tax reform by Blomquist & Newey (2002). In this section we
describe this regression when the budget frontier is piecewise linear and continuous.

In applications, most tax systems have a finite number of rates that change at certain income
values. In such cases the after-tax function A( y) is piecewise linear. A piecewise linear A( y) with J
segments, indexed by j, can be described by a vector (ρ1, . . . , ρJ, R1, . . . , RJ, ℓ1, . . . , ℓJ−1) of net-
of-tax rates ρ j (slopes), virtual incomes Rj (intercepts), and kinks or notches ℓj, with ℓ0 = 0 and
ℓJ = ∞. We can represent a piecewise linear A( y) as

A(y) =
J∑
j=1

1(ℓ j−1 ≤ y < ℓ j )(R j + ρ j y),

where we assume that tax rates can change at y = ℓj, ( j = 0, . . . J).
For a continuousA( y), the endpoints of the budget segments are determined by the intersection

of neighboring linear segments, where ℓj = (Rj+1 − Rj)/(ρ j − ρ j+1), (1≤ j≤ J− 1). Such anA( y) is
given in Figure 1. It is completely parameterized by the 2J+ 1 vector B= (J, ρ1,R1, . . . , ρJ,RJ,)′.
We focus first on increasing marginal tax rates and give generalizations that allow for marginal tax
rates to decrease. To describe the budget set regression, recall that F( y|ρ, R) is the CDF of taxable
income for a linear budget set. Define

ȳ(ρ,R,F ) =
∫

yF (dy|ρ,R), 3.

ν(ρ,R, ℓ,F ) =
∫

1(y < ℓ)(y− ℓ)F (dy|ρ,R), λ(ρ,R, ℓ,F ) =
∫

1(y > ℓ)(y− ℓ)F (dy|ρ,R).
The first object is the conditional mean of taxable income for a linear budget set with slope ρ

and intercept R. The other objects are integrals over values of Y below or above a possible kink
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point ℓ. Note that all of these objects are known functions of the conditional CDF F( y|ρ, R) of
taxable income for a linear budget set. Thus, these objects depend only on F( y|ρ, R).

The budget set regression is given in the following result. Let µ(B) = E[Y|B].
Proposition 2 (theorem 5 of Blomquist et al. 2015). If +|y(ρ, R, η)|G(dη) < ∞ for all ρ,
R > 0, ρ1 > · · · > ρJ, and B is independent of η, then we have

µ(B) = ȳ(ρJ,RJ,F )+
J−1∑
j=1

[ν(ρ j ,R j , ℓ j ,F )− ν(ρ j+1,R j+1, ℓ j ,F )] 4.

= ȳ(ρ1,R1,F )+
J−1∑
j=1

[
λ(ρ j+1,R j+1, ℓ j ,F )− λ(ρ j ,R j , ℓ j ,F )

]
.

This result shows that the budget set regression depends only on a single three-dimensional
function, the CDF of taxable income F( y|ρ, R) for a linear budget set. Based on this feature, we
give a three-dimensional series approximation in this section, which is a much smaller dimension
than the 2J + 1 dimensions of B. In this way, utility maximization reduces the dimension of the
budget set regression.

Proposition 2 generalizes theorem 2.1 of Blomquist & Newey (2002) by allowing general
heterogeneity, whereas Blomquist & Newey (2002) assumed scalar η. Proposition 2 shows that
the decomposition of the budget set regression into the sum of a two-dimensional and a three-
dimensional function holds without the restriction of scalar heterogeneity. Consequently, the
empirical conclusions drawn by Blomquist & Newey (2002) about the average labor supply ef-
fect of the 1980 to 1991 Swedish tax reform are valid under nonparametric utility and general
heterogeneity, as stated in Section 2. To the best of our knowledge that makes the tax policy esti-
mates of Blomquist & Newey (2002) the first that are valid with nonparametric preferences and
general heterogeneity.

Proposition 2 differs from Blomquist & Newey’s (2002) theorem in that the budget regression
depends only on the single three-dimensional function F( y|ρ, R). One can think of this as a cross-
function restriction between the two-dimensional function ȳ and the three-dimensional function
v, with each function depending on F( y|ρ, R) in a known way. This more parsimonious specifi-
cation makes the budget set regression easier to estimate than in Blomquist & Newey’s (2002)
model.

Measurement and/or optimization errors can be allowed for by specifying that Y∗ = Y(A, η) is
desired taxable income (or hours) and that actual taxable income Y departs from desired taxable
income in such a way that

E[Y |Y ∗,B] = Y ∗ = Y (A, η).

Then, by iterated expectations and Proposition 2, we have

E[Y |B] = E[Y ∗|B] = µ(B).

Allowing for such a departure of actual taxable income from desired taxable income is consistent
with the fact that in most data sets there is no bunching at kink points of budget sets, as proposed
by Burtless & Hausman (1978) and Hausman (1981). This specification also allows for random
measurement error in taxable income (or hours), an important robustness feature of the taxable
income regression. It is true that this specification would not generally arise from optimization
errors as modeled by Chetty (2012), but optimization errors need not have that form. The type of
errors allowed here is plausible in allowing random departures of taxable income (or hours) from
utility maximization. Such random errors could be more plausible than errors obtained by solving
a complicated optimization problem involving limits on utility departures from rationality.
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It is common practice to measure behavioral effects in terms of elasticities. Often the object of
interest is the elasticity with respect to the net of tax rate for a linear budget constraint. A problem
with nonlinear budget constraints is that this elasticity may not be identified. The elasticity for
a linear budget constraint would often be thought of as corresponding to ȳ(ρ,R). As discussed
by Blomquist et al. (2015), stringent conditions are required to identify this function. The au-
thors show that the set of net of tax rates where this function is identified can be very small, even
empty. Furthermore, since everyone generally faces a nonlinear budget set, and policy changes are
not likely to eliminate this nonlinearity, effects from changes in nonlinear budgets are important
objects of interest.

The budget set regression is µ(B) = µ(J, ρ1, . . . , ρJ, R1, . . . , RJ). We consider the effect on
expected taxable income of an increase in all slopes of the budget set segments. When µ(B) is a
differentiable function of the slopes, this object is

θρ0 = E
[

∂µ(J, ρ1 + a, . . . , ρJ + a,R1, . . . ,RJ )
∂a

]
= E

 J∑
j=1

∂µ(J, ρ1, . . . , ρJ,R1, . . . ,RJ )
∂ρ j


by the chain rule. It is plausible that this object could be identified from variation in the overall
slopes in the data. Such variation could arise from changes in overall tax rates. Similarly, one could
consider a nonlabor income effect that is the average effect of increasing each Rj:

θR0 =
J∑
j=1

∂µ(J, ρ1, . . . , ρJ,R1, . . . ,RJ )
∂R j

.

The θρ0 is the average effect of rotating the budget frontier and θR0 is the average effect of shifting
the budget frontier vertically, both while holding fixed the kink points. For policy purposes, θρ0 is
like a change in a proportional tax rate, and θR0 is like a change in unearned income. Identification
of θρ0 and θR0 only requires variation in the overall slopes and intercepts of the budget constraint
across individuals and time periods. This is a common source of variation in nonlinear budget sets
due to variations in overall degree of taxation and in nonlabor income, so it is plausible that the
effects of such changes should be identified.

One can also specify an elasticity object corresponding to θρ0 by multiplying θρ by a constant
ρ̃ that summarizes the vector of net-of-tax rates in a single number and then dividing by µ(B) to
obtain

eρ = ρ̃θρ0/µ(B).

The construction of ρ̃ can be done in many different ways. We use the averages of the net-of-tax
rates and virtual incomes for the segments where individuals are actually located. The elasticity
eρ is an aggregate elasticity, which is a policy-relevant effect, as argued by Saez et al. (2012). For
nonlabor income, we stick with θR0 as an income effect because there is more ambiguity in how to
construct an income elasticity.

An important feature of Proposition 2 is that the budget set satisfies more restrictions than
those identified by Blomquist & Newey (2002), as noted following Proposition 2. As a result,
the budget set regression can be approximated with fewer regressors. This improvement can be
carried out by specifying a linear in parameters approximation to the conditional CDF and then
applying the known transformations in Proposition 2 to obtain an approximation for the budget
set regression. To do so, let M be a positive integer and F1( y), . . . , FM( y) be CDFs chosen by the
researcher. For example, these CDFs could be chosen to give more weight to different intervals
of taxable income values. They are used here to approximate the counterfactual distribution of
taxable income given a linear budget set, but they could be based on the observed taxable income.
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In particular, F1( y) could be the empirical CDF of taxable income in the data, and Fm( y) could be
empirical CDFs for upper and lower parts of the data. The use of data in this way will not bias the
budget set regression because all that is required to estimate the regression is a sufficiently rich
approximation.

Also let x := (ρ, R) and let r1(x), . . . , rK(x) denote approximating functions such as splines or
power series. For example, a linear approximation could specify

(r1(x), . . . , rK (x))′ = (1, ρ,R).

Let βmk, (m = 2, . . . , M; k = 1, . . . , K ), be coefficients of a series approximation to be speci-
fied below, and let wm(x,β ) =

∑K
k=1 βmkrk(x). An approximation to the conditional CDF can be

constructed as

F (y|x,β,K ,M ) = F1(y)+
M∑

m=2

wm(x,β )[Fm(y)− F1(y)] 5.

=
M∑

m=1

wm(x,β )Fm(y), w1(x,β ) = 1−
M∑

m=2

wm(x,β ).

This could be thought of as a mixture approximation to the conditional CDF with weights
wm(x, β), (m= 1, . . . ,M), that are linear in parameters. The normalization that the weights sum to
1 is imposed by the formula forw1(x,β). This leads to a CDF approximation having the important
property that for all β, we have

lim
y−→∞

F (y|x,β,K ,M ) = 1.

The conditional probability density function (pdf ) could also be restricted to be nonnegative by
requiring that wm(x, β) ≥ 0 on a grid of values for x. For computational simplicity we do not
require that this nonnegativity restriction hold.We are primarily interested in approximating the
budget set regression, and the CDF approximation in Equation 5 gives a linear in parameters
approximation to the budget set that can be estimated by linear regressions. Imposing nonnegative
weights would complicate the estimation of the budget set regression.

We obtain an approximation to the budget set regression by plugging the CDF approximation
into the respective formulas for ȳ(ρ,R) and ν(ρ, R, ℓ) and then plugging these into the formula for
conditional mean in Proposition 2. Let

ȳm =
∫

yFm(dy), νm(ℓ) =
∫

1(y < ℓ)(y− ℓ)Fm(dy), (m = 1, . . . ,M ).

Substituting the CDF approximation in the expression for the conditional mean µ(B) in
Proposition 2 gives

µ(B,β,K ,M ) = ȳ1 +
M∑

m=2

wm(xJ,β )(ȳm − ȳ1 )

+
M∑

m=2

J−1∑
j=1

[wm(x j ,β )− wm(x j+1,β )][νm(ℓ j )− ν1(ℓ j )]

= ȳ1 +
M∑

m=2

K∑
k=1

βmkpmk(B),

pmk(B) = rk(xJ )(ȳm − ȳ1 )+
J−1∑
j=1

[rk(x j )− rk(x j+1 )][νm(ℓ j )− ν1(ℓ j )].
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This has a linear regression form where the regressor with coefficient βmk is pmk(B). Each such
regressor is a linear combination of the kth approximating function evaluated at the last segment
rk(xJ) and the differences rk(xj)− rk(xj+1), ( j= 1, . . . , J− 1), for adjacent segments.The dimension
reduction is achieved by the regressors being linear combinations of differences across adjacent
segments.

For example, with three segments and a linear approximation where (r1(x), . . . , rK(x)) =
(1, ρ, R), there are three regressors for each m given by

ȳm − ȳ1, ρ3(ȳm − ȳ1 )+ (ρ1 − ρ2 )[νm(ℓ1 )− ν1(ℓ1 )]+ (ρ2 − ρ3 )[νm(ℓ2 )− ν1(ℓ2 )],

R3(ȳm − ȳ1 )+ (R1 − R2 )[νm(ℓ1 )− ν1(ℓ1 )]+ (R2 − R3 )[νm(ℓ2 )− ν1(ℓ2 )].

Also, the regressors for each m will include a constant and it is only necessary to include one
constant term in the regression, so the total number of regressors in this example is 2(M − 1) +
1 = 2M − 1.

These regressors will vary through variation in the budget sets across individuals. The
regressors described here are specific to individual budget sets and so vary with those budget sets.
These regressors may vary across individuals by the number of segments J and by slopes and
intercepts ρ j, Rj, and hence also by ℓj and vm(ℓj), (m = 2, . . . ,M). For each individual there will be
(M − 1)(K − 1) + 1 regressors, with the form of those regressors depending on the individual’s
budget set.

This specification of the regressors must be modified to account for productivity growth in
taxable income. As discussed in Section 3, we allow for productivity growth by assuming that
in period t the individuals are maximizing utility over Ỹ = Y/ϕ(t ) for a utility function of the
form U (c, ỹ, η), where η is drawn from the same distribution in each time period and for every
individual. Consequently, each individual in time period twill behave as if each of their ρ j was ρ̃ j =
ϕ(t )ρ j with corresponding kink points ℓ̃ j (t ) = (R j − R j+1 )/(ρ̃ j+1 − ρ̃ j ) = ϕ(t )−1ℓ j . Moreover, the
budget set regression is that for Ỹ, which must be multiplied by ϕ(t) to obtain the regression
for Y. Consequently, with productivity growth the budget set regression depends on t and for
x̃(t ) = (ϕ(t )ρ,R) is given by

µ(B,β,K ,M, t ) = ϕ(t )

{
ȳ1 +

M∑
m=2

wm(x̃J(t ),β )(ȳm − ȳ1 )

+
M∑

m=2

J−1∑
j=1

[wm(x̃ j (t ),β )− wm(x̃ j+1(t ),β )][νm(ℓ̃ j (t ))− ν1(ℓ̃ j (t ))]

}

= ϕ(t )ȳ1 +
M∑

m=2

K∑
k=1

βmkpmk(B, t ),

pmk(B, t ) = ϕ(t )

{
rk(x̃J(t ))(ȳm − ȳ1 )+

J−1∑
j=1

[rk(x̃ j (t ))− rk(x̃ j+1(t ))][νm(ℓ̃ j (t ))− ν1(ℓ̃ j (t ))]

}
.

Here the regressor pmk(B, t) depends on both the budget set variables B and the time period t. It
is important to note that none of these regressors is constant over time, even when rk(x) = 1 for
some k. Because the conditional mean of Ỹ = Y/ϕ(t ) has been multiplied by ϕ(t), any regressors
for Ỹ that are constant have been multiplied by ϕ(t).

The regressors here, plus additional control variables and covariates, can be combined us-
ing the automatic debiased machine learner of Chernozhukov et al. (2022) to estimate policy
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effects like the tax and nonlabor income effects discussed previously in this section. Lasso can
be used to estimate the regression of taxable income on the budget set variables, controls, and
covariates. An average derivative or difference quotient “plug-in” estimator can be constructed
as the average derivative or difference quotient for this and with a bias correction term added,
with cross-fitting for the plug-in and for the bias correction term (see Chernozhukov et al. 2022,
section 3).

The budget set regression we have described can be theoretically justified by showing that
the specification provides an approximation rate to the true regression that is uniform in in-
dividual budget sets. For simplicity we do this for specific choices of distributions Fm( y) and
approximating functions rk(x).We expect that this approximation result would also apply to other
distributions and approximating functions. We consider Fm( y) to be integrals of b-splines that
are positive and normalized to integrate to 1 and rb(x) that are also splines. We also require that
y and x be contained in bounded sets Y and X and that the conditional pdf of taxable income
for a linear budget set f ( y|x) be smooth. For simplicity we state the result assuming there is no
productivity growth, with the understanding that the conclusion also applies with productivity
growth.

Proposition 3 (theorem 6 of Blomquist et al. 2015). If Y and X are compact, f ( y|x) is
zero outside Y × X and is continuously differentiable to order s on Y × X , and dFm( y)/dy,
(m = 1, . . . , M) and rk(x), (k = 1, . . . , K ) consist of tensor product b-splines of order s on
Y × X , then there exist a constant C and βkm such that for all piecewise linear, concave
budget frontiers with x j ∈ X, ( j = 1, . . . , J), we have∣∣∣∣∣µ(B)− ȳ1 −

M∑
m=2

K∑
k=1

βmkpmk(B)

∣∣∣∣∣ ≤ CM1−sK (1−s)/2.

This result shows that the series approximation described here does approximate the expected
value of taxable income for piecewise linear budget sets with increasing marginal tax rates. We
emphasize that the approximation rate is uniform in the number J of budget segments and other
aspects of the budget set under the conditions given here.Thus, budget sets may vary over individ-
uals in quite general ways while maintaining low bias from using the budget set regressions given
here. The rate of approximation corresponds to a multivariate b-spline approximation to a func-
tion and its derivative, where approximating the derivative is useful for making the rate uniform
in the number of budget segments.

We can also make allowance for nonconcave budget frontiers, similar to what Blomquist &
Newey (2002) do. For example, suppose that the budget frontier is nonconcave over only two
segments. As shown by Blomquist et al. (2015), the distribution over those segments will depend
only on the slope and intercept of those two segments. Because the budget set regression is a sum
of integrals over different segments, it would take the form

E[Y |B] = ȳ(ρJ,RJ,F )+
J−1∑
j=1

[ν(ρ j ,R j , ℓ j ,F )− ν(ρ j+1,R j+1, ℓ j ,F )]+ ς (R j̃−1, ρ j̃−1,R j̃ , ρ j̃ ),

where j̃ and j̃ − 1 index the segments where the nonconcavities occur. The ς term represents
the deviation of the mean from what it would be if the budget frontier were concave. It can
be accounted for in the approximation by separately including series terms that depend just on
R j̃−1, ρ j̃−1, R j̃ , and ρ j̃ . If the nonconcavities are small or few people have taxable income where
they occur, then ς will be small and including terms to account for ς will lead to little improve-
ment. The integration across individuals to obtain the expected value reduces the importance of
nonconcavities.
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5. BUDGET SET ENDOGENEITY AND PRODUCTIVITY GROWTH

Two important specification issues for the budget set regression are endogeneity and productivity
growth. Endogeneity of budget sets is a potentially important problem to overcome. Nonlabor
incomemay be endogenous due to the inclusion of spouses’ income or in other ways.Also, tax rates
vary across locations, creating endogeneity due to correlation between preferences for location and
the choice of taxable income.

Control variables can be used to make the budget set regression robust to endogeneity in the
RUM. A control variable is ξ such that B and η are independent conditional on ξ and the condi-
tional support of ξ given that B equals the marginal support of ξ . In that case it follows, as shown
by Blundell & Powell (2006) and Hausman & Newey (2016), that∫

E[Y |B, ξ ]Fξ (dξ ) = µ(B),

where Fξ (ξ ) is the marginal CDF of ξ . This integral can be estimated by letting the functions
rb(x, ξ ) depend on ξ and letting the regressor corresponding to coefficient βmk be

pmk(B, ξ , t ) = ϕ(t )

{
rk(x̃J(t ), ξ )(ȳm − ȳ1 )+

J−1∑
j=1

[rk(x̃ j (t ), ξ )− rk(x̃ j+1(t ), ξ )][νm(ℓ̃ j (t ))− ν1(ℓ̃ j (t ))]

}
.

A budget set regression with endogeneity controls is then obtained from regressing taxable income
on these budget set regressors to obtain coefficients βmk, (m= 1, . . . ,M; k= 1, . . . , K ). Integrating
over the control variable then gives an approximation to the average taxable income function
obtained by integrating over the marginal distribution of preferences, that is,

µ(B) ≈ ϕ(t )ȳ1 +
M∑

m=2

K∑
k=1

βmk p̄mk(B, t ), p̄mk(B, t ) =
∫

pmk(B, ξ , t )Fξ (dξ ).

Although conditions for the existence of a control variable are quite strong (see Blundell &
Matzkin 2014), this approach does provide a way to allow for some forms of endogeneity.

One can use this approach to control for endogeneity of nonlabor income by including a con-
trol variable that is a residual from the regression of nonlabor income on an instrument and
covariates. Blomquist et al. (2015) did so using an instrument represented by benefits at zero
spouse income. To obtain precise estimates it may be difficult to fully interact this control variable
with the budget set regressors, suggesting the possible importance for practice of more parsimo-
nious specifications. Similarly, to control for endogeneity of location one could estimate a separate
budget set regression for each locality. Generally one will not have enough data to make this ap-
proach practical, so one could just include location dummies to control in part for endogenous
location.

There may be other sources of endogeneity that are not amenable to using control variables.
In US data, one possible problem arises from the choice of whether to own or rent a home, which
has large effects on budget sets. If that choice is unrelated to the choice of labor supply or taxable
income this will not be a problem, but it could be otherwise. It may be that a control variable could
be found here that has not been investigated. In other settings, the possible endogeneity of home
ownership may not be a problem. For example, in Swedish data the choice of owning or renting
only affects the lowest segment of the budget set and so is not relevant for the choice of taxable
income for many individuals. In this case one would expect little effect of endogeneity on budget
set regression estimators.

Productivity growth is another important specification issue when the outcome Y is taxable
income. It may be possible to identify the productivity growth term ϕ(t) from the budget set
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regression for simple specifications, such as a growth rate that is constant across individuals and
over time, as discussed by Blomquist et al. (2015), where plausible empirical results are obtained
using this specification. More general specifications would seem to require the use of auxiliary
information such as estimates of productivity growth from data other than those used by the
budget set regression. An advantage of some IV specifications is that they allow for individual
specific productivity growth by including individual specific constants for differenced panel data.

6. BUNCHING

There has been work on identification and estimation of taxable income effects from bunching
at or near a kink. In this section we describe the implications of the RUM for bunching at a kink
and how that affects identification of average compensated elasticities. To simplify the analysis
and exposition, we do not treat the complications arising from optimization/measurement er-
rors. Presence of such errors makes it even harder to deduce anything about the taxable income
elasticity from bunching at a kink.

There is a RUM formula for the probability of a kink that helps to clarify what can be learned
from a kink probability. Consider a budget set with kink K and slopes ρ1 > ρ2 of A( y) at K from
the left and right, respectively. Consider ρ with ρ2 ≤ ρ ≤ ρ1 and let R(ρ) = R1 + K(ρ1 − ρ) be
the virtual income for the linear budget set with slope ρ passing through the kink. Assuming that
y(ρ, R(ρ), η) is continuously distributed as η varies, let f ( y|ρ, R(ρ)) = �F( y|ρ, R(ρ))/�y denote its
pdf and define

β (ρ,K ) = E
[

ρ

K

{
∂y(ρ,R, η)

∂ρ
− K

∂y(ρ,R, η)
∂R

}∣∣∣∣ y(ρ,R, η) = K
]
R=R(ρ )

, ϕ̃(ρ ) = K
ρ

f (K |ρ,R(ρ )),

where the expectation is taken over the distribution of η and existence of derivatives is assumed.
The β(ρ, K ) is the average compensated taxable income elasticity for those individuals facing a
linear A( y) with slope ρ that passes through the kink point who choose K. The ϕ̃(ρ ) is a multiple
of the pdf of individuals who would choose K for the linear budget set. The following result gives
a formula for the kink probability PK = Pr(Y = K ) in terms of β(ρ, K ) and ϕ̃(ρ ).

Proposition 4 (theorem 4 of Blomquist et al. 2015). The probability of a kink is

PK =
∫ ρ1

ρ2

ϕ̃(ρ )β (ρ,K )dρ and ϕ̃(ρ )β (ρ,K ) = −Fρ (K |ρ,R(ρ ))+ K · FR(K |ρ,R(ρ )). 6.

The compensated elasticity appears in the formula because virtual income is being adjusted as
ρ changes to stay at the kink. The virtual income adjustment needed to remain at the kink cor-
responds locally to the income adjustment needed to remain on the same indifference curve, as
shown by Saez (2010). The formula for PK in Proposition 4 bears some resemblance to the kink
probability formulas of Saez (2010) but differs in important ways. Proposition 4 is global, is non-
parametric, takes explicit account of general heterogeneity, and allows for nonlabor income effects,
while the results of Saez (2010) are local or parametric, account for heterogeneity implicitly, and
do not allow for the effects of nonlabor income.

This result helps clarify what can be nonparametrically learned from kinks. First, the compen-
sated effects that enter PK are only for individuals (i.e., values of η) who would choose to locate at
the kink for A( y) = R(ρ) + ρy, with ρ � [ρ2, ρ1]. Thus, using kinks to provide information about
compensated effects is subject to the same issues of external validity as, say, the regression discon-
tinuity design (RDD). Just as RDD only identifies treatment effects for individuals at the jump
point, so kinks only provide information about compensated effects for individuals who would
locate at the kink.
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Second, the kink probability depends both on the average compensated elasticity β(ρ, K ) and
on a pure heterogeneity term ϕ̃(ρ ). Intuitively, a kink probability could be large because the elas-
ticities are large or because preferences are distributed in such a way that many like to be at the
kink, that is, so that ϕ̃(ρ ) is large. Consequently, it is not possible to separately identify compen-
sated tax effects and heterogeneity effects from a kink. For example, consider the weighted average
elasticity

β̄ (K ) =
∫ ρ1

ρ2
ϕ̃(ρ )β (ρ,K )dρ∫ ρ1

ρ2
ϕ̃(ρ )dρ

= PK∫ ρ1
ρ2

ϕ̃(ρ )dρ
.

Evidently, β̄ (K ) depends on the denominator
∫ ρ1

ρ2
ϕ̃(ρ )dρ, which is needed to normalize so that

β̄ (K ) is a weighted average of elasticities. This denominator is not identified because no ρ �

[ρ2, ρ1] is observed in the data. Indeed, ϕ̃(ρ ) can be any positive function over the interval, so
the denominator can vary between 0 and ∞, meaning that any β̄ (K ) ∈ (0,∞) is consistent with
the data. This result is analogous to that of Blomquist et al. (2021) for isoelastic utility, showing
that a single budget set is not informative about the taxable income elasticity. Similarly, PK is not
informative about the size of β̄ (K ) for the nonparametric model with general heterogeneity.

Third, nonparametric restrictions on ϕ̃(ρ ) can make PK informative about β̄ (K ). For exam-
ple, if the slope of the budget set is ρ1 on an open interval to the left of K, and f ( y|ρ1, R(ρ1)) is
continuous in y at K, then we have ϕ(ρ1) = limy↑Kf ( y|ρ1, R(ρ1)), so that ϕ(ρ1) is identified. Sim-
ilarly, ϕ(ρ2) is identified if the slope of the budget set is ρ2 on an interval to the right of K and
f ( y|ρ2, R(ρ2)) is continuous at K. If, in addition, ϕ(ρ) is monotonic on [ρ2, ρ1], then we have
max {ϕ(ρ1), ϕ(ρ2)} ≤ ϕ(ρ) ≤ max {ϕ(ρ1), ϕ(ρ2)}, and hence there are identified upper and lower
bounds to ϕ(ρ) on the interval [ρ2, ρ1]. Substituting these bounds in the denominator and
integrating gives

PK/[K ln(ρ1/ρ2 )max{ϕ(ρ1 ),ϕ(ρ2 )}] ≤ β̄ (K ) ≤ PK/[K ln(ρ1/ρ2 )min{ϕ(ρ1 ),ϕ(ρ2 )}].
Of course, such a bound depends on themonotonicity of ϕ(ρ),which generally may not be credible
a priori. Also, in practice kinks often do not have positive probability due to measurement and/or
optimization errors, making it difficult to estimate PK.

Proposition 4 can be used to relate positivity of the kink probability PK to the Slutsky condi-
tion.We see from the integral formula for PK and the second equality that the Slutsky condition is
sufficient for PK ≥ 0. However, the Slutsky condition is not necessary for PK ≥ 0. The integral of
ϕ̃(ρ )β (ρ,K ) may be positive even when β(ρ, K ) is negative over some interval. Thus in the RUM
setting the Slutsky condition is sufficient but not necessary for a kink probability to be nonnega-
tive. Blomquist (1995) showed this result in a parametric likelihood setting. Blomquist et al. (2015)
extend the nonparametric analysis to show that a coherent nonparametric model, one with a pos-
itive pdf and kink probabilities, can be constructed without imposing all the conditions of utility
maximization. In particular, the distribution of taxable income implied by a particular F( y|ρ, R)
consistent with the RUM and a smooth, concave budget frontier can be coherent without the
Slutsky condition being satisfied.

An important feature of identification is that variation in the after-tax schedule across time
and place will generally not suffice to identify elasticities from kink probabilities. In particular, if
different kinks always have different individuals, then kinks provide no information about how a
change in the budget set affects any individual. Furthermore, Proposition 4 clearly shows that the
kink is a weighted average of elasticities over different individuals, so kinks can provide at most
partial identification of elasticities from budget set changes.The order condition for identification
posed by Blomquist et al. (2021) also suggests that it is impossible to identify a taxable income
elasticity from the effect of budget set changes on bunching. A finite number of kinks will not
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suffice to identify a taxable income elasticity, because the distribution of preferences is an infinite
dimensional nuisance parameter.

7. INSTRUMENTAL VARIABLES ESTIMATION

IV estimation can provide useful estimates of preference parameters. For example, there is a large
literature on IV estimation of the taxable income elasticity, beginning with Feldstein (1995, 1999).
This literature includes the works of Gruber & Saez (2002), Blomquist & Selin (2010), and Burns
& Ziliak (2017), among others. IV seems less useful for estimating policy effects, like the effect
of changes in the tax schedule on taxable income, but information about preferences is impor-
tant. A recent example is provided by Kumar & Liang (2020) in regard to the IV estimation of
weighted averages of heterogeneous taxable income elasticities. In this section we summarize those
interesting results and discuss the use of IV in relation to the RUM.

Kumar & Liang (2020) allow the elasticity of taxable income (ETI) to vary across individuals
and propose potentially valid instruments. The model they consider is the isoelastic utility model
of Equation 1, where β varies with individuals. In that model the choice of taxable income for a
linear budget set is given by

lnY (ρ,R, η) = β (η) ln ρ + η1,

where β(η) is the ETI for individual η. This model allows for heterogeneity of the ETI across
individuals, though it is not the full RUM.

Kumar & Liang (2020) use IV constructed from the net of tax rate at fixed values of y, that
is, they use dA( yk)/dy at fixed yk for a set {y1, . . . , yK} of fixed values of taxable income. They use
panel data IV where the left-hand side variable is the difference of Y across time periods, the
right-hand side variable is the difference of ln (dA(Y)/dy) across the same time periods, and the IV
is the difference of fixed income net of tax rates across the same time periods. The differencing
eliminates any fixed effect in η2 that is allowed to be correlated with the instrumental variables
while also controlling for a common time trend that would generally be present due to productivity
growth. They show that, under certain plausible monotonicity conditions, IV estimates weighted
averages of η1, with weights that depend on the choice of instrumental variable.

Using the NBER tax panel for 1979–1990, they estimate a weighted average ETI of 0.57 when
using all available variation in budget set changes provided by the tax reforms in the data. This
estimate represents a weighted average of local average ETI estimates from single fixed-dollar
instruments ranging between 0.28 and 1.48. These estimates correspond to different weighted
averages of the ETI, so the results indicate important economic variation in individual taxable
income elasticities. The standard errors of their ETI estimators are quite small, suggesting that
variation in elasticities across individuals is highly significant statistically as well as economically.
Their finding of large preference heterogeneity motivates the use of RUM in estimating policy
effects.

The budget set exogeneity assumptions of Kumar & Liang (2020) and most of the taxable
income IV literature are weaker than those for the budget set regression. Most of the taxable
income literature relies on panel data to estimate taxable income effects and on linear models.
The linear model and panel data allow for individual additive effects that are endogenous and
are “differenced out” in the panel data estimation. The budget set regression is nonlinear, and so
additive individual effects are not a natural feature of that regression.

The labor supply and taxable income literatures have used quite different econometrics. The
labor supply literature focused on nonlinear models is based on utility maximization that takes
careful account of the nonlinearity of the budget sets. Starting with Feldstein (1995, 1999), the
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taxable income literature focused on estimation of linear models. IV econometrics is simpler but is
not fully consistent with utility maximization. Typically, the net of tax rate used as the right-hand
side variable for IV is the net of tax rate for the chosen income value. At or near a kink this is
incorrect. The correct variable for those who are at a kink is the slope of the indifference curve at
the kink point, which is not observed. It is true that in many data sets positive kink probabilities
are not observed. Burtless & Hausman (1978) and others have explained this phenomenon by the
presence of measurement/optimization errors. If taxable income of each individual is a utility-
maximizing value plus an independent measurement error, then using the net of tax rate at the
chosen income is incorrect. This claim is straightforward to verify in the isoelastic specification of
Equation 1 with ETI that does not vary over individuals. The bunching near kinks that is observed
in some data sets suggests that this misspecification could be important in some applications. It
could be useful to check for sensitivity to this misspecification. To the best of our knowledge, such
checks are not available. Blundell et al. (1998) did IV estimation combined with ignoring data near
a kink and correcting for the resulting sample selection.

An interesting extension of previous results would be to analyze IV estimation in the RUM
model. Instruments could be formed from budget set variables that are slopes at fixed income
values. Smooth approximation of budget sets as done by MaCurdy et al. (1990) and use of the
marginal net of tax rate at the chosen taxable income, rather than the marginal rate for the ac-
tual budget set, could partially correct the kink misspecification problem noted in the previous
paragraph, though that does not allow for measurement and/or optimization errors.

Measurement error is a potentially important problem in any IV specification based on differ-
encing panel data. Nonlabor income may have this problem, and the gross wage may also have it.
Differencing the data, especially first-differencing, may cause significant errors in variables prob-
lems, as shown by Griliches & Hausman (1986). The use of IV could help with this problem,
as long as the instruments were independent of the measurement error. Explicit allowance for
measurement error would be useful to consider in IV estimation with nonlinear budget sets.

8. CONCLUSION

Among topics that might be considered for future research are the properties of IV estimators,
the effect of costs of work (i.e., the extensive margin) on the budget set regression, and panel
versions of the budget set regression. The effect of measurement error on IV could be studied.
Also, it would be interesting to see if adjusting for misspecification near kinks had an effect on
IV estimation. It would also be interesting to seek an interpretation of IV estimates in terms of
the RUM. Furthermore, cost of work effects could change the budget set regression, and it would
be good to know how this happens in the RUM context, especially for the study of groups of
individuals in which many do not work. Also, panel data versions of the budget set regression
could potentially control for endogeneity of the budget sets.
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Errata

An online log of corrections to Annual Review of Economics articles may be found at
http://www.annualreviews.org/errata/economics
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