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ABSTRACT 

Optical second harmonic generation (SHG) is a nonlinear optical effect widely used for nonlinear optical microscopy and 
laser frequency conversion. The closed-form analytical solution of the nonlinear optical responses is essential for 
evaluating the optical responses of new materials whose optical properties are unknown a priori. Many approximations 
have therefore been employed in the existing analytical approaches, such as slowly varying approximation, weak reflection 
of the nonlinear polarization, transparent medium, high crystallographic symmetry, Kleinman symmetry, easy crystal 
orientation along a high-symmetry direction, phase matching conditions and negligible interference among nonlinear 
waves, which may lead to large errors in the reported material properties. To avoid these approximations, we have 
developed an open-source package named Second Harmonic Analysis of Anisotropic Rotational Polarimetry (♯SHAARP) 
for single interface (si) and in multilayers (ml) for homogeneous crystals. The reliability and accuracy are established by 
experimentally benchmarking with both the SHG polarimetry and Maker fringes predicted from the package using standard 
materials. SHAARP.si and SHAARP.ml are available through GitHub https://github.com/Rui-Zu/SHAARP and 
https://github.com/bzw133/SHAARP.ml, respectively. 
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1. INTRODUCTION
 Since the discovery of coherent light sources in the 1960s, nonlinear optics have attracted significant interest in a wide 
range of applications, such as sensing, communication, wavelength conversion, surface chemistry, medical treatment, and 
biological and tissue imaging. In the recent two decades, quantum communication and quantum computing have leveraged 
nonlinear optics. Second harmonic generation (SHG) is a second-order nonlinear optical process that converts two photons 
at lower energy to a single photon at twice the photon energy. Electric-dipole optical SHG is defined as 𝑷𝑷2𝜔𝜔 =
𝜀𝜀0𝝌𝝌(2)𝑬𝑬𝜔𝜔𝑬𝑬𝜔𝜔, where 𝝌𝝌(2) is the intrinsic nonlinear optical susceptibility tensor that converts two electric fields, 𝑬𝑬𝜔𝜔, at 𝜔𝜔 
frequency to a nonlinear polarization,  𝑷𝑷2𝜔𝜔, at 2𝜔𝜔 frequency. Since 𝝌𝝌(2) is a third-rank tensor, SHG has also been widely 
used as a sensitive probe of non-centrosymmetric structure and polar orders. 

Characterizing absolute nonlinear coefficients requires precise modeling as well as reference material with known 
coefficients, such as Potassium dideuterium phosphate (KDP) or LiNbO3. Since the early developed nonlinear optical 
models by Bloembergen & Pershan and Maker et al.,1,2 many research efforts have been devoted to developing 
comprehensive nonlinear optical models to precisely determine intrinsic nonlinear optical susceptibilities. However, due 
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to the complex wave mixing process, established models often adopt many assumptions to make the derivation tractable, 
such as high symmetry of studied materials, transparent media, and easy orientations. Since the discovery of polar metals,3,4 
traditional methods of obtaining absolute SHG coefficients are no longer accessible due to the strong absorption, lower 
symmetry, and naturally grown facets. Moreover, as more novel materials are discovered with variations in material 
properties, structures, number of interfaces, etc., a more generalized nonlinear optical model that can suit various material 
systems and probing conditions is in critical need. Thus, in this work, we have developed an open-source software package 
named ♯SHAARP (Second Harmonic Analysis of Anisotropic Rotational Polarimetry) that can deliver both analytical and 
numerical nonlinear optical solutions in an on-demand modality.5,6 ♯SHAARP’s results have been benchmarked by many 
well-studied materials systems, proving the high accuracy of ♯SHAARP. 

2. METHODOLOGY
Light propagations at the linear frequency (𝜔𝜔) inside an anisotropic medium are governed by the wave equation at the 

corresponding frequency, as shown below, 
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where 𝜀𝜀𝐿𝐿𝑖𝑖,𝐿𝐿𝑗𝑗
𝜔𝜔  is the dielectric permittivity tensor at frequency 𝜔𝜔 in the lab coordinate system, and the 𝝁𝝁𝜔𝜔 represents the 

magnetic permeability tensor at 𝜔𝜔, which is assumed to be vacuum permeability 𝜇𝜇0 for a non-magnetic medium.7 Due to 
the nature of birefringence, the light can be decomposed into two rays with different displacement vectors 𝑫𝑫e,𝜔𝜔  and 𝑫𝑫o,𝜔𝜔, 
where superscript e and o are extraordinary and ordinary waves, respectively.  

Optical SHG is a nonlinear optical effect due to the second-order nonlinear polarization in a material with broken-
inversion symmetry, defined as  

𝑷𝑷2𝜔𝜔 = 𝜀𝜀0𝝌𝝌(2)𝑬𝑬T,𝜔𝜔𝑬𝑬T,𝜔𝜔 exp 𝑖𝑖(𝒌𝒌S ∙ 𝒓𝒓 − 𝜔𝜔𝑡𝑡) �2� 
where 𝑷𝑷2𝜔𝜔, 𝑬𝑬T,𝜔𝜔, 𝝌𝝌(2) are the nonlinear polarization at 2𝜔𝜔 frequency, the electric field at 𝜔𝜔 frequency, and the SHG 
susceptibility. 𝒌𝒌S is the wavevector of the source wave combining two electric fields at 𝜔𝜔 frequency. The nonlinear wave 
propagation is further governed by the wave equation at 2𝜔𝜔 frequency, written as,  
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where 𝜀𝜀𝐿𝐿𝑖𝑖,𝐿𝐿𝑗𝑗
2𝜔𝜔  represents the dielectric permittivity tensor at frequency 2𝜔𝜔 in the lab coordinate system, and the 𝝁𝝁2𝜔𝜔 

represents the magnetic permeability tensor at 2𝜔𝜔, assumed to be 𝜇𝜇0.7 The general and particular solutions of Eq.(3), 
respectively, correspond to homogeneous and inhomogeneous waves. The number of different 𝑷𝑷2𝜔𝜔, depending on the 
number of interfaces and nonlinear optical mediums involved in the modeling, will result in the same number of 
inhomogeneous waves propagating in the mediums. The electric field of inhomogeneous waves can thus be expressed as,  

𝑬𝑬𝑆𝑆,2𝜔𝜔 = 𝑪𝑪𝑆𝑆,2𝜔𝜔 exp 𝑖𝑖(𝒌𝒌𝑆𝑆,2𝜔𝜔.𝒓𝒓 − 𝜔𝜔𝑡𝑡) , �4� 
where 𝑪𝑪𝑆𝑆,2𝜔𝜔 is the field strength to be determined from Eq. (3) for a given 𝑷𝑷2𝜔𝜔. The homogeneous waves, denoted as 
𝒌𝒌e,2𝜔𝜔 and 𝒌𝒌o,2𝜔𝜔, can be evaluated in the same way as solving Eq.(1) but at 2𝜔𝜔 frequency. 

Solving boundary conditions is essential for evaluating both transmitted and reflected SHG intensities. The boundary 
conditions require the tangential components of wavevectors (𝑘𝑘∥), electric fields (𝐸𝐸∥) and magnetic fields (𝐻𝐻∥) to be 
continuous across the interface. At linear frequency (𝜔𝜔), the boundary conditions lead to Snell’s law and Fresnel equations, 
as written below, 
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Here, superscripts I, R, and T are incident, reflected, and transmitted waves in the air, respectively. 𝑁𝑁 represent the number 
of layers of the medium, and M𝑖𝑖 is the 𝑖𝑖𝑡𝑡ℎ layer of the medium. Superscript ℎ stands for the group of homogeneous waves, 
namely, eF, oF, eB, and oB, where e, o, F, and B are extraordinary, ordinary, forward propagating, and backward 
propagating. Φ and 𝑗𝑗 respectively, stand for the phase accumulated from the top interface to the bottom interface in M𝑖𝑖 and 
the imaginary unit (𝑗𝑗 = √−1). 

Similarly, at the nonlinear frequency (2𝜔𝜔), due to the absence of incident waves and the presence of nonlinear 
polarizations, a general boundary condition with all layers being SHG active can be expressed below, 
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Equations (12) – (18) share the same definition of parameters as in Equations (5) – (11). Additionally, superscript 𝑆𝑆 
represents the group of source waves, namely, eFeF, eFoF, oFoF, eBeB, eBoB, oBoB, eFeB, eFoB, oFeB, oFoB. The 
source waves (𝑆𝑆) are a combination of two waves at the linear frequency (𝜔𝜔). For example, the term eFoB represents the 
nonlinear source wave formed by the mixture of forward propagating extraordinary wave and backward propagating 
ordinary wave, and the corresponding wavevector is 𝒌𝒌eFoB,2𝜔𝜔 = 𝒌𝒌eF,𝜔𝜔 + 𝑘𝑘oB,𝜔𝜔. Figure 1 summarizes the nonlinear wave 
schemes as described above. Figure 1a describes the nonlinear optical model with a single interface (♯SHAARP.si), where 
the M1 is semi-infinite thick and has no backward propagating light contributing to the boundary conditions. A single 
interface can be applied to many cases, such as studying strongly absorbing materials and wedged samples. Thus, the 
reflected SHG intensity will be the primary focus when applying the single interface. For a more generalized case, 
examples such as thin films8, superlattices9, and quasi-phase-matching (QPM)10 will require multilayer models for the 
SHG analysis. Figure 1b demonstrates the ray diagrams used in the multilayer analysis in the ♯SHAARP.ml package, 
where ml stands for multilayers. 
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Figure 1. Ray diagrams used in ♯SHAARP. (a) Summary of waves in the SHG process generated at the single interface. The 
dashed optical axis indicates a second optical axis in biaxial crystals. (b) Summary of waves in the multilayer structure. Blue 
rays are nonlinear optical waves. (𝐿𝐿1, 𝐿𝐿2, 𝐿𝐿3) is the lab coordinate system with the plane of incidence defined in the 𝐿𝐿1 − 𝐿𝐿3 
plane. 

3. ♯SHAARP, SECOND HARMONIC ANALYSIS OF ANISOTROPIC ROTATIONAL
POLARIMETRY 

With the most generalized SHG modeling approach described in the previous section, we have developed a series of 
open-source packages to streamline and facilitate nonlinear optical analysis. The ♯SHAARP packages, abbreviated for 
second harmonic analysis of anisotropic rotational polarimetry, contain two versions, namely ♯SHAARP.si and 
♯SHAARP.ml, for addressing single interface and multilayer conditions, respectively. From a materials properties
perspective, ♯SHAARP features in analyzing materials with arbitrary orientation, symmetry, birefringence, absorption,
dispersion, number of SHG active layers, and number of interfaces. ♯SHAARP also features in handling various probing
and measurement conditions, including an arbitrary polarization state of light (linear, circular, or elliptical), Maker fringes
analysis, and polarimetry analysis. The analytical and numerical solutions provided by ♯SHAARP empower nonlinear
optical analysis from optical simulation to experimental characterization of novel materials systems. Furthermore, the
graphic-user-interfaces (GUI) of ♯SHAARP packages provide easy and direct access to the nonlinear optical solutions
without the prerequisite of coding skills, as shown in Figure 2.

Three well-studied nonlinear optical materials from all three optical classes, i.e., GaAs, LiNbO3, and KTiOPO4 (KTP), 
are selected to benchmark the analysis. Excellent agreement has been achieved between this work and literature covering 
all three optical classes, both transparent and absorbing systems. This agreement suggests ♯SHAARP can be applied to a 
broad range of material families and can carry out robust derivations and analysis. The first-experimental identified  Weyl 
semimetal, TaAs (112), is further selected for the study, and near five-time difference in 𝑑𝑑33 is found, originating from 
misorientation in published literature.11 The robust analysis and user-friendly GUI of ♯SHAARP are designed to promote 
the comprehensive SHG analysis in an on-demand modality, benefiting nonlinear optical studies in exploring new 
materials, understanding structural properties relations, and advanced optical system design. The software is freely 
available using Mathematica® and Wolfram Player®, where the latter does not require a license. The ♯SHAARP packages 
are freely available to everyone through GitHub with links below, 

♯SHAARP.si:
GitHub:              https://github.com/Rui-Zu/SHAARP 
Documentation:  https://shaarp.readthedocs.io/en/latest/ 

♯SHAARP.ml:
GitHub:              https://github.com/bzw133/SHAARP.ml  
Documentation:  https://shaarpml.readthedocs.io/en/latest/ 
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Figure 2. GUIs of ♯SHAARP packages. (a) Simulation of Z-cut LiNbO3 using ♯SHAARP.si. (b) Simulation of a Z-cut 
Quartz//Y-cut KTP heterostructure using ♯SHAARP.ml. 

4. CONCLUSION
In summary, we have developed a comprehensive theoretical framework and open-source packages for nonlinear 

optical analysis, aiming to advance and unify the current theoretical understanding used for nearly seven decades, improve 
the precision and accuracy for numerical simulation, and enhance characterization capabilities toward new material 
systems that vary in their dimensionalities and properties. Two versions of ♯SHAARP are subsequently developed, namely 
♯SHAARP.si (single interface) and ♯SHAARP.ml (multi layers), to fulfill the versatile material systems that are studied
from materials that only one interface contributes to the obtained signal or mixed nonlinear optical response from a
complex heterostructure. Ten essential features are addressed and integrated into ♯SHAARP, namely any number of
interfaces, complete interference among waves, multireflection of waves at ω and 2ω frequencies, arbitrary materials
properties including symmetry, orientation, absorption, birefringence and dispersion, polarization state of light, and
flexible probing geometries. The ♯SHAARP packages are suitable for analyzing a broad range of materials, from single
crystals to heterostructures. Looking forward, we believe the ♯SHAARP packages will benefit the nonlinear optical
community.
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