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The anomalously low thermal expansion of Fe-Ni Invar has long been associated with magnetism,
but to date, the microscopic underpinnings of Invar behavior have eluded both theory and experi-
ment. Here, we present nuclear resonant X-ray scattering measurements of the phonon and magnetic
entropy under pressure. By applying a thermodynamic Maxwell relation to these data, we obtain
the separate phonon and magnetic contributions to thermal expansion. We find that the Invar be-
havior stems from a competition between phonons and spins. In particular, the phonon contribution
to thermal expansion cancels the magnetic contribution over the 0 – 3GPa pressure range of Invar
behavior. At pressures above 3GPa the cancellation is lost, but our analysis reproduces the positive
thermal expansion measured separately by synchrotron X-ray di↵ractometry. Ab initio calculations
informed by experimental data show that spin-phonon interactions improve the accuracy of this
cancellation over the range of Invar behavior. Spin-phonon interactions also explain how di↵erent
phonon modes have di↵erent energy shifts with pressure.

INVAR ANOMALY AND ITS
INTERPRETATIONS

Invar is a magnetic alloy of iron and nickel with an
anomalous near-zero thermal expansion at ambient tem-
perature and pressure. It has long been used in precision
instrumentation and mechanical devices that require di-
mensional stability against changes in temperature [1].
Although the anomalous thermal expansion known as the
“Invar e↵ect” was discovered in Fe65Ni35, it has since
been found in Fe-Pd, Fe-Pt, and other crystalline and
amorphous alloys of iron with transition metals. The
1920 Nobel Prize in physics was awarded to its discov-
erer, C.E. Guillaume, who realized that the Invar e↵ect
is related to magnetism [2, 3]. Curiosity about the role
of magnetism in this anomalous thermal expansion has
stimulated thousands of studies of the Invar e↵ect and
related phenomena.

A general expectation for Invar materials is that mag-
netism causes a negative thermal expansion coe�cient to
counteract a positive thermal expansion of the lattice.
This magneto-volume e↵ect arises from the rich mag-
netic landscape of iron, and its dependence on volume
and local atomic configurations. In the closed-packed fcc
structure, the spin alignment of pure iron varies from
anti-ferromagnetic at low volumes to ferromagnetic at
larger volumes, as found by ab inito calculations [4, 5]
and Mössbauer experiments [6]. Early explanations of
the Invar e↵ect proposed a two-state picture, in which a
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thermally-induced electronic transition from a high-spin
state to a low-spin state with smaller volume was as-
sumed to compensate a conventional thermal expansion
[7].
Calculations using local-spin-density approximations

predicted di↵erent ferromagnetic phases (non-magnetic,
high-moment, and low-moment) as a function of volume
in fcc Fe [8] and Fe-Ni alloys [9, 10]. These phases co-
existed in limited ranges of volume. A microscopic pic-
ture of the magneto-volume e↵ect is provided by spin-
polarized band calculations: when electrons near the
Fermi energy in majority-spin t2g orbitals are excited into
unoccupied minority-spin eg orbitals, there is a simulta-
neous reduction of magnetism and volume [10]. More re-
cent ab initio calculations revealed increasingly complex
interactions between non-colinear spins [11, 12], with sev-
eral competing magnetic states and spin arrangements
[13], including magnetic short-range order [14]. Temper-
ature complicates the picture by inducing more interac-
tions between electrons, their spins, and coupling with
lattice vibrations. Consequently, there is still no widely
accepted microscopic model of temperature-dependent
magnetism in Invar. Additionally, the appealing explana-
tion of Invar behavior as a magneto-volume e↵ect, where
a low-spin state has a smaller atomic volume has not had
quantitative success.
Today the electronic structure of Invar is well estab-

lished [9–11, 13–16], and it is known to change under
pressure [17, 18]. Since the volume of Invar depends
on magnetism, much research on the Invar e↵ect has fo-
cused on electrons and their spins. However, phonons
(quantized modes of atom vibrations) play a central role
in the thermophysical properties of materials, includ-
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ing thermal expansion. An early analytical model of
Invar behavior was developed with phonons and mag-
netostriction [19], but accurate treatments of thermal
expansion should account for phonon behavior beyond
adaptations of harmonic phonons to changes in volume
[20]. Computational work on phonons in Fe-Ni alloys in-
dicate an electron-phonon coupling, where phonons may
assist the electronic transition from spin-up t2g to spin-
down eg states, lowering the frequencies of transverse
phonons [9, 21]. More recently, the e↵ects of magnons on
phonon energies were studied from first-principles [22].
Phonon instabilities may also be at the core of a struc-
tural martensite transformation experienced by Fe-Ni al-
loys at large Fe concentrations (> 70% Fe) [9, 23]. In this
region, the anti-Invar e↵ect is observed, where the ther-
mal expansion is enhanced relative to a non-magnetic
crystal [15]. The phonon dispersions in Invar have been
measured by inelastic neutron scattering along high sym-
metry directions [24, 25]. Nevertheless, with few excep-
tions, the thermal expansion from phonons is missing in
explanations of the Invar e↵ect.

Here we use a thermodynamic Maxwell relation to sep-
arate explicitly the contributions to thermal expansion
from phonons and spins. These two contributions were
measured by nuclear resonant X-ray scattering on Invar
under pressure. We find that a competition with phonons
is necessary to complete the explanation of the near-zero
thermal expansion of Invar. In the range of Invar behav-
ior, our ab initio simulations reveal spin-phonon interac-
tions that improve the accuracy of this cancellation of
phonon and spin contributions to thermal expansion.

The volume coe�cient of thermal expansion is the frac-
tional change in volume, V , with temperature, T ,
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allows a rigorous expression of the thermal expansion as
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Phonons, spins, and electrons contribute to the entropy
as Sph, Smag, and Sel, so the thermal expansion also has
contributions from the vibrational, magnetic, and elec-
tronic degrees of freedom as
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An advantage to Eq. 4 is that the two main components
of the thermal expansion, phonon and magnetic, can be

obtained experimentally by nuclear resonant X-ray scat-
tering.

First principles calculations, which explicitly incorpo-
rate the temperature and pressure dependencies of lattice
and spin sub-systems, and spin-lattice coupling [26, 27],
were performed to support the experiments and complete
the analysis of Eq. 4. Excellent agreement between exper-
iment and theory is found. There is a remarkable spin-
lattice coupling, and a precise cancellation of the phonon
and spin contributions that causes the anomalously low
thermal expansion in Invar near ambient conditions of
T and P . Furthermore, the transition to a more typical
thermal expansion at higher pressures is shown to arise
from the magnetic transition to the paramagnetic state
that quenches the negative contribution from the spin
system. Finally, the electronic contribution is found to
have only a small e↵ect on the thermal expansion.

MEASUREMENTS

The experiments were performed at sectors 3 and 16 of
the Advanced Photon Source (APS) at the Argonne Na-
tional Laboratory. Details are presented in the Methods
section, but su�ce to say that the small size of the X-ray
beam at the APS allows for measurements on small sam-
ples under controlled pressures in diamond anvil cells. To
use Eq. 4, the pressure range of Invar behavior must be
known. Measurements of lattice parameter versus pres-
sure at two temperatures showed that there is no de-
tectable thermal expansion between room temperature
(RT) and 390K for pressures below 3GPa (see Fig. 4c
and Supplementary Fig. S1). At higher pressures, how-
ever, the volume increases with temperature, becoming
a more typical � = 3.4 · 10�5 K�1.

Nuclear forward scattering (NFS) measurements show
clear magnetic beats at low pressures. These were fit-
ted to temporal interference patterns of photons emit-
ted from 57Fe nuclei with di↵erent hyperfine magnetic
fields (HMF) [28] (measurements and fits are shown in
the Supplementary Figs. S2 and S3). Pressure reduces
the HMF, following a decreasing magnetization of the
lattice. Phonon spectra were measured at pressures up
to 21.3GPa by nuclear resonant inelastic X-ray scatter-
ing (NRIXS), which gives the phonon partial density of
states of 57Fe atoms [29]. For consistency, NRIXS and
NFS spectra were collected sequentially from the same
sample under identical experimental conditions. Since
these nuclear resonant techniques are sensitive only to
57Fe, Invar materials were prepared using this isotope as
57Fe65Ni35.
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THEORY

A challenge in treating Invar from first principles is the
lack of an accepted microscopic model for its magnetism.
Previous theories [7, 11] postulated mechanisms for the
drop in magnetization, but these have been called into
question [13, 14]. Here we remain agnostic about the
physical mechanism of the magnetic transition, and in-
stead allow experiment to guide the theory. We adopted a
hybrid approach that integrates measured magnetization
data into the calculations, as detailed in the Methods
section. Upon integrating input from experiment, the
calculations were performed from first principles. The
absence of an accepted model for magnetic interactions
including spin-lattice coupling in Invar precluded ab ini-
tio calculations of the magnetic entropy.

The calculations were performed at RT within the
framework of the Temperature Dependent E↵ective Po-
tential (TDEP) approach [26, 30, 31]. This method
incorporates the renormalization of phonon modes by
(i) chemical disorder (i.e. alloys), (ii) temperature and
pressure-induced vibrational and magnetic disorder, (iii)
spin-lattice coupling, and (iv) local environment e↵ects.
Fully non-collinear magnetism with spin-orbit coupling
was included [27].

PHONON ENTROPY

The measured phonon densities of states (DOS) shown
in Fig. 1 are in excellent agreement with the calculations,
as seen by the agreement in the energies of their Van
Hove singularities (and in their nearly equal integrated
areas between these singularities). The NRIXS technique
uses 57Fe nuclei to give a partial phonon DOS of the Fe
atoms. We measured inelastic neutron scattering (INS)
spectra on Fe65Ni35, for which Ni has a 50% larger cross-
section than Fe for phonon scattering. INS measure-
ments at ambient conditions were performed with the
ARCS instrument at the Spallation Neutron Source of
the Oak Ridge National Laboratory (see Methods for de-
tails). The neutron-weighted DOS agrees with the Fe
partial DOS from the NRIXS measurements (Fig. 1), so
both are representative of the true phonon DOS (see Sup-
plementary Fig. S5 for details). The phonon entropy, Sph,
is determined from the phonon DOS, g("), as [32]:

Sph = 3kB

Z 1

0
g(")

⇥
(1 + n",T ) ln(1 + n",T )

� n",T lnn",T

⇤
d" , (5)

where " is the phonon energy, and n",T = (exp("/kBT )�
1)�1 is the Planck distribution for phonon occupancy.

Figure 2 shows the agreement between theory and ex-
periment for the pressure-dependent Sph(P ). The ex-
perimental data between 5.7 and 10.7GPa have smaller

FIG. 1. Phonon DOS of Invar at di↵erent pressures as labeled.
Experimental partial DOS curves measured by NRIXS (black
curves) are compared to the calculated DOS (orange curves),
both are normalized to 1. Error bars show the standard devi-
ation of sequential NRIXS scans (on average, a total of 39,480
counts were recorded for each inelastic spectrum). At ambient
conditions, the NRIXS measurement is in excellent agreement
with the DOS measured by INS (blue markers).



4

FIG. 2. Phonon entropy of Invar as a function of pressure.
The entropy, Sph(P ), was calculated with Eq. 5 using the ex-
perimental (Exp) and calculated (Calc) phonon density of
states. Calc: full calculation using M(P ) according to Fig. 3.
Calc (fixed M): magnetization artificially fixed at the am-
bient value. Calculated curves are shifted so their volumes
coincide with the experimental at ambient volume. Experi-
mental error bars were propagated from the DOS errors and
represent the standard deviation of sequential measurements.
They were calculated using Eq. 5 from an ensemble of 200
DOS curves generated from the error bars of Fig. 1 by a
Monte-Carlo method. The standard deviation in pressure was
computed from two pressure probes (ruby spheres) inside the
diamond anvil cell, measured before and after each spectrum
(see Methods).

errors because of an improved count rate (see Methods).
The experimental and theoretical Sph(P ) curves both dis-
play a dip near the pressure corresponding to the Curie
transition at 4.6GPa. The calculations are able to re-
produce this dip only if the magnetism is allowed to col-
lapse at that pressure. To elucidate the significance of
this behavior, we note that the two main mechanisms
for the change in Sph with pressure are (i) those that
result purely from volume changes, and (ii) those re-
sulting from the pressure-induced changes in magneti-
zation. The hybrid first principles calculations including
both e↵ects give the orange curve in Fig. 2. To identify
the importance of (ii), we also performed calculations
of Sph vs. volume with the magnetization fixed artifi-
cially at its value at ambient volume (teal curve in Fig. 2).
Near ambient pressure, calculations of Sph that include
the pressure-induced reduction in magnetization (orange
curve) have approximately a 30% smaller slope. This
shows how the disordering of magnetic spins suppresses
significantly the change of phonon entropy, and conse-
quently, the phonon contribution to the thermal expan-
sion of Invar through Eq. 4. Spin-lattice coupling plays,

FIG. 3. Magnetization of Invar as a function of pressure.
(a) Exp: normalized 57Fe hyperfine magnetic field (HMF)
vs. P from NFS experiments, with Model fit (full data set
and fits are shown in Supplementary Figs. S2 and S3). Er-
ror bars show the standard deviation of the pressure inside
the diamond anvil cells between two pressure probes near the
sample, measured before and after each data collection. Calc:
calculated M(P ) as described in text. The calculated curve
is shifted so the calculated equilibrium volume corresponds
to the measured ambient volume. Gray symbols: Literature
data from di↵erent M(P ) measurements (references are la-
beled [33–37]). (b) Calculated spin configurations at the Fe
(orange) and Ni (blue) atoms for the fully ordered ferromag-
netic (0K), ambient, and paramagnetic states. Arrow sizes
are proportional to the calculated magnetic moments.

therefore, an important role in the Invar e↵ect.

MAGNETIC ENTROPY

Figure 3a compares the calculations of normalized
magnetization as a function of pressure to those from ex-
periment and to data published in the literature. Starting
near a ferromagnetic spin arrangement at ambient con-
ditions, the magnetization decreases with pressure. The
Curie transition from a ferromagnetic to a paramagnetic
state occurs at a pressure of 4.6GPa, as found by fitting
a mean-field model to the measured data. Examples of
the calculated magnetic spin configurations for the fully
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ordered (ferromagnetic), ambient, and fully disordered
(paramagnetic) conditions are shown in Fig. 3b. It is ev-
ident that most of the bulk magnetization originates at
the Fe atoms (orange), with only a small contribution
from Ni (blue).

We determined the magnetization M(P ) from NFS
measurements of the 57Fe hyperfine magnetic field
(HMF), which is proportional to the lattice magnetiza-
tion at Fe atoms [38]. Although NFS spectra are sen-
sitive only to 57Fe atoms, prior studies [11, 13, 14] and
our present calculations have shown that the magnetic
moments of the Ni atoms are much smaller than those of
the Fe atoms. Furthermore, studies have shown that the
orientation of the Ni magnetic moments is less a↵ected
by pressure [11, 35]. The Ni atoms make only a small
contribution to the entropy of magnetic disordering in
Invar. At high pressures, above the Curie transition, the
magnetization goes to zero in accordance with previous
Mössbauer measurements [37] (details are explained with
Supplementary Figs. S2 and S3).

We measured the heat capacity CP (T ) of Invar by dif-
ferential scanning calorimetry (DSC). The magnetic com-
ponent, CP,mag(T ), was found by subtracting the elec-
tronic contribution and the phonon heat capacity (cal-
culated from the phonon DOS of Fig. 1) from the mea-
sured CP , as shown in the Supplementary Fig. S4. The
total change in magnetic entropy from ambient temper-
ature to the Curie transition was obtained as S

�T
mag =

R TC

300K CP,mag/T dT = 0.11 kB/atom. It was used to cal-
ibrate the entropy change associated with the demag-
netization of Fig. 3 from ambient pressure to the Curie
transition. The pressure dependence of the magnetic en-
tropy was determined as in [39], using a mean-field model
with a spin disordering that corresponds to the decreas-
ing magnetization M(P ) of Fig. 3:

�Smag(P ) = �
S
�T
mag

2 ln 2

⇣
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⌘
ln
⇣
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2

⌘

+
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1�M(P )

⌘
ln
⇣1�M(P )

2

⌘�
(6)

This model does not include magnetic short-range or-
der, so it is used only for the magnetic entropy below
the Curie transition. Figure 4a compares the resulting
change in magnetic entropy �Smag(P ) to the measured
phonon entropy Sph(P ).

THERMAL EXPANSION AND SPIN-PHONON
COUPLING

The essence of the near-zero thermal expansion of In-
var is the near-cancellation of contributions from phonons
and magnetism in Eq. 4. Figure 4 shows how the ex-
perimental entropies of phonons and spins change with

FIG. 4. Entropy contributions and thermal expansion. (a)
Experimental phonon entropy (Sph, left axis) compared to
experimental change in magnetic entropy (�Smag, right axis)
vs. P . The same scaling is used for the left and right axes.
Error bars represent the standard deviation of the pressure
inside the diamond anvil cell. The uncertainty of Sph is from
Fig. 2. (b) Entropy change by adding the changes in en-
tropy from phonons and magnetism. (c) Volumetric thermal
expansion coe�cient �. Results from X-ray di↵raction, XRD,
(see Supplementary Fig. S1) are compared to individual con-
tributions from phonons, and magnetic spins (calculated from
entropies of panel a with Eq. 3) and their sum (from panel b).
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FIG. 5. Calculated phonon DOS below the Curie transition.
Full calculations include a pressure dependent M that de-
creases with P , and calculations with fixed M , maintain its
ambient value for all pressures. The pressures are labeled in
GPa.

pressure. Their opposing changes give a nearly pressure-
independent sum below 3GPa as shown in Fig. 4b. This
same pressure range coincides with the near-zero ther-
mal expansion region measured by synchrotron X-ray
di↵raction, included in Fig. 4c. From 0 to 3GPa the
individual contributions to thermal expansion of Eq. 4
from phonons and magnetism both increase in magni-
tude. Their individual magnitudes rise from 2 to approxi-
mately 4⇥10�5 K�1, values even larger than the thermal
expansion at higher pressures of 3.4⇥10�5 K�1. Since
their signs are opposite, however, they cancel each other
out, giving a near-zero total thermal expansion. At pres-
sures above 3GPa, the accurate cancellation is lost. The
sum �Sph+�Smag changes with P , and � becomes pos-
itive, even below the Curie transition at 4.6GPa. At
8GPa, a pressure well above the Curie transition, the
thermal expansion of Fe65Ni35 is calculated with Eq. 4
to be about � = 3 ⇥ 10�5 K�1, in agreement with the
value of 3.4⇥ 10�5 K�1 measured by synchrotron X-ray
di↵raction.

The electronic entropy at 300K was calculated ab ini-
tio from the electronic DOS. At ambient pressure, a small
value of 9.5 ⇥ 10�6 eV/K/atom (0.11 kB/atom) was ob-
tained. Over the range of Invar behavior, the change in
electronic entropy with P is about an order-of-magnitude
smaller than changes in the phonon and magnetic en-
tropies.

The spin disordering below the Curie transition causes
a monotonic increase in the magnetic entropy. As de-
scribed with Fig. 2, this magnetic disordering changes
the phonon energies, altering the shape of Sph(P ) to
counteract more precisely the pressure-dependence of the

FIG. 6. Mean energy of longitudinal mode and longitudi-
nal interatomic force constants. Left axis: Energy shift of
high energy peak with pressure, �E, from longitudinal modes
of the experimental and calculated phonon DOS of Fig. 1.
The experimental energy shifts were obtained by fitting three
Lorentzians to the phonon DOS of Fig. 1. Right axis: Bond-
stretching irreducible IFC (along the bond direction) vs pres-
sure. IFC (calc): full calculation. IFC (fixed M): M fixed at
ambient value.

magnetic entropy. Without the spin-phonon interactions,
Fig. 2 shows that the phonon entropy would change ap-
proximately linearly with P , as given by a Grüneisen pa-
rameterization, for example. Such a linear decrease with
P would not counteract so e↵ectively the concave curve
of magnetic entropy. The e↵ect of magnetization on the
phonon DOS is shown in Fig. 5, where the phonon DOS
curves from full calculations are compared to calculations
with a fixed magnetization. When M is fixed artificially,
the entire phonon spectrum shifts to higher energies with
P . The full calculations, in contrast, show that for pres-
sures from 0 to 4GPa, the position of the high-energy
peak from longitudinal modes remains fixed in energy, as
shown in detail in Fig. 6 (�E, left axis). This indepen-
dence of pressure is unlike the smooth increase in phonon
energies typical of the sti↵ening of chemical bonds with
decreasing crystal volume (which is observed above the
Curie transition). It suggests that the spin-phonon cou-
pling serves to decrease the energy of the longitudinal
modes with increasing P , counteracting the usual in-
crease with P . We validated this interpretation with
calculations where the volume was held fixed while the
orientational disorder of the Fe and Ni magnetic moments
in the supercell was artificially increased. These calcu-
lations confirmed that a decreasing magnetization shifts
the high-energy peak in the phonon DOS monotonically
to lower energies.
The fixed position of the peak from the longitudinal

modes suppresses the change of phonon entropy at low
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pressure, shown in Fig. 4a. The observed decrease in en-
tropy below the Curie transition comes from the upwards
shift of the transverse modes (see Fig. 5), which reduces
the available states at low energies where the Planck dis-
tribution of phonon occupancy (n",T in Eq. 5) is largest.

The spin-phonon coupling is also evident in the e↵ect
of magnetic disorder on the chemical bonding. The first-
nearest-neighbor interatomic force constants (IFC) are
also plotted against pressure in Fig. 6. This IFC is for
stretching along the bond direction and dominates the
behavior of longitudinal phonon modes. Below 3GPa,
the IFC is nearly constant with pressure, consistent with
a minimal shift of the longitudinal peak in the phonon
DOS. An abrupt change occurs near 4GPa beyond which
the IFC decreases monotonically, consistent with the ob-
served upward shift of the longitudinal peak. When
the magnetization is held constant for all pressures, the
IFC simply strengthens monotonically, corresponding to
a continuous upward shift of the longitudinal peak, con-
trary to the experimental behavior.

CONCLUSIONS

At room temperature, synchrotron X-ray di↵raction
showed that Fe65Ni35 Invar has near-zero thermal ex-
pansion from 0 to 3GPa. Experimental determinations
of spin and phonon entropies gave the individual com-
ponents of thermal expansion from magnetism and atom
vibrations. Both these contributions increase in magni-
tude with pressure up to the Curie transition at 4.6GPa,
but they have opposite signs. A spin-phonon interaction
below TC causes the pressure dependence of the phonon
entropy to better oppose the nonlinear trend of the mag-
netic entropy with pressure. The most accurate cancel-
lation of the phonon and spin contributions to thermal
expansion occurs in the pressure range of the Invar e↵ect,
and this cancellation gives the Invar e↵ect.
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FIGURE CAPTIONS

Fig. 1. Phonon DOS of Invar at di↵erent pressures
as labeled. Experimental partial DOS curves measured
by NRIXS (black curves) are compared to the calculated
DOS (orange curves), both are normalized to 1. Error
bars show the standard deviation of sequential NRIXS
scans (on average, a total of 39,480 counts were recorded
for each inelastic spectrum). At ambient conditions, the
NRIXS measurement is in excellent agreement with the
DOS measured by INS (blue markers).
Fig. 2. Phonon entropy of Invar as a function of pres-

sure. The entropy, Sph(P ), was calculated with Eq. 5 us-
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ing the experimental (Exp) and calculated (Calc) phonon
density of states. Calc: full calculation using M(P ) ac-
cording to Fig. 3. Calc (fixed M): magnetization artifi-
cially fixed at the ambient value. Calculated curves are
shifted so their volumes coincide with the experimental
at ambient volume. Experimental error bars were prop-
agated from the DOS errors and represent the standard
deviation of sequential measurements. They were calcu-
lated using Eq. 5 from an ensemble of 200 DOS curves
generated from the error bars of Fig. 1 by a Monte-Carlo
method. The standard deviation in pressure was com-
puted from two pressure probes (ruby spheres) inside the
diamond anvil cell, measured before and after each spec-
trum (see Methods).

Fig. 3. Magnetization of Invar as a function of pres-
sure. (a) Exp: normalized 57Fe hyperfine magnetic field
(HMF) vs. P from NFS experiments, with Model fit (full
data set and fits are shown in Supplementary Figs. S2 and
S3). Error bars show the standard deviation of the pres-
sure inside the diamond anvil cells between two pressure
probes near the sample, measured before and after each
data collection. Calc: calculated M(P ) as described in
text. The calculated curve is shifted so the calculated
equilibrium volume corresponds to the measured ambi-
ent volume. Gray symbols: Literature data from di↵erent
M(P ) measurements (references are labeled [33–37]). (b)
Calculated spin configurations at the Fe (orange) and Ni
(blue) atoms for the fully ordered ferromagnetic (0K),
ambient, and paramagnetic states. Arrow sizes are pro-
portional to the calculated magnetic moments.

Fig. 4. Entropy contributions and thermal expan-
sion. (a) Experimental phonon entropy (Sph, left axis)
compared to experimental change in magnetic entropy
(�Smag, right axis) vs. P . The same scaling is used for
the left and right axes. Error bars represent the stan-
dard deviation of the pressure inside the diamond anvil
cell. The uncertainty of Sph is from Fig. 2. (b) Entropy
change by adding the changes in entropy from phonons
and magnetism. (c) Volumetric thermal expansion co-
e�cient �. Results from X-ray di↵raction, XRD, (see
Supplementary Fig. S1) are compared to individual con-
tributions from phonons, and magnetic spins (calculated
from entropies of panel a with Eq. 3) and their sum (from
panel b).

Fig. 5. Calculated phonon DOS below the Curie tran-
sition. Full calculations include a pressure dependent M
that decreases with P , and calculations with fixed M ,
maintain its ambient value for all pressures. The pres-
sures are labeled in GPa.

Fig. 6. Mean energy of longitudinal mode and longitu-
dinal interatomic force constants. Left axis: Energy shift
of high energy peak with pressure, �E, from longitudinal
modes of the experimental and calculated phonon DOS
of Fig. 1. The experimental energy shifts were obtained
by fitting three Lorentzians to the phonon DOS of Fig. 1.
Right axis: Bond-stretching irreducible IFC (along the

bond direction) vs pressure. IFC (calc): full calculation.
IFC (fixed M): M fixed at ambient value.
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METHODS

Sample Preparation

The Fe65Ni35 Invar materials were prepared by arc-
melting Fe with high-purity Ni (99.99%) under an argon
atmosphere with a titanium getter. NRIXS and NFS are
sensitive only to the 57Fe isotope, which has a natural
abundance of 2.2%. To enhance the measured signal, al-
loys were enriched with 95.73% 57Fe (from Isoflex). The
arc-melted ingots were rolled into 10-15µm foils and an-
nealed at 600�C for 15 h in vacuum-sealed quartz am-
poules. Their fully fcc crystal structure was confirmed
by X-ray di↵ractometry. Samples were cut into squares
of approximately 50⇥50µm and loaded into the diamond
anvil cells.

Diamond Anvil Cells (DACs)

Panoramic and symmetric-type DACs were used to
achieve high pressures for the NRIXS, NFS, and XRD
measurements. To ensure hydrostatic pressures at the
sample, the DACs were loaded with helium as the pres-
sure medium using the gas loading system at Sector 13
of the APS (GSECARS). Beryllium gaskets are used in
the DACs to minimize the absorption of the X-ray sig-
nals emitted from the sample. Sample chambers were
created by drilling holes in the Be gaskets with a laser
micro-machining system at Sector 16 of the APS (HP-
CAT) [40].

The pressure inside the sample chamber is determined
by measuring the optical fluorescence spectra from ruby
spheres placed near the sample. We used 2-3 ruby spheres
in our DACs and acquired their fluorescence spectra be-
fore and after each NRIXS and NFS measurement. The
pressure error bars of Figs. 2, 3 and 4 show the standard
deviation of the central wavelengths of these spectra. The
mean error was �P = 0.26GPa.

Nuclear Resonant Inelastic X-ray Scattering
(NRIXS)

The phonon DOS of 57Fe was measured by NRIXS at
beamline 3 ID-D of the Advanced Photon Source at the
Argonne National Laboratory. The incoherent inelastic
spectra were acquired with three avalanche photodiode
detectors positioned at the openings of the panoramic
DACs, approximately perpendicular to the incident X-
ray beam. Inelastic spectra were measured by scan-
ning the energy of the incident beam around the nu-
clear resonance of 57Fe at 14.413 keV. The high-resolution
monochromator sets the energy resolution of the inelas-
tic spectra at about 1.1meV. The phonon partial DOS
of 57Fe was obtained by using the PHOENIX software

package [28] to remove the resonant elastic peak, sub-
tract the background, and calculate the 1-phonon con-
tribution. Error bars were obtained as the standard de-
viation of sequential energy scans. The data at 5.7, 8.2,
and 10.7GPa were collected in a separate experimental
beamtime at the APS, with samples from the same ma-
terial, but with an improved NRIXS signal, and hence
smaller error bars. The strength of the NRIXS signal
depends on the optimization of the optics (monochroma-
tors and focusing KB mirrors), and of the detectors at
the synchrotron. Detectors placed slightly closer to the
sample, without the use of windows between the DAC
and detectors, and optimized optics can account for the
better statistics of these data points.

Nuclear forward scattering (NFS)

NFS measurements were performed at beamline 3 ID-
D of the APS. The spectra were acquired by tuning the
high-resolution monochromator to the nuclear resonance
of 57Fe (14.413 keV) and measuring the time-dependent
intensity modulations from interferences between emis-
sions from di↵erent nuclear excited states to their ground
states. The Supplementary Fig. S2 shows these modula-
tion patterns imposed on the exponentially decaying sig-
nal. Interference indicates that nuclear energies are split
due to the presence of a magnetic field at the nuclei (nu-
clear Zeeman splitting). These intensity modulation pat-
terns were analyzed to obtain distributions of hyperfine
magnetic fields (HMF) [41] using the CONUSS software
package [28]. The HMF distribution at each pressure was
approximated by two asymmetrized Gaussians, and fit to
the experimental data with CONUSS. The mean of these
distributions provided the data points in Fig. 3.

Inelastic Neutron Scattering (INS)

INS measurements were performed at ambient condi-
tions using the time-of-flight Wide Angular-Range Chop-
per Spectrometer (ARCS) at the Spallation Neutron
Source of the Oak Ridge National Laboratory. A plate
of Fe-36%Ni Invar with 1mm thickness was suspended
at a 45� angle with respect to the incident neutron beam
with an energy of 60meV. No background subtraction
was necessary. The data were reduced to a phonon DOS
after multiphonon scattering correction using Mantid and
the Multiphonon package [42, 43].

X-ray Di↵raction (XRD)

X-ray di↵raction patterns were collected at beamline
16-BMD (HPCAT) of the Advanced Photon Source. The
samples were loaded into symmetric-type DACs, which
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were placed in a heating block, enabling measurements
at room temperature (295K) and 390K. We fitted Gaus-
sians to determine the position of the measured di↵rac-
tion peaks and track how they change with pressure and
temperature. The (111) di↵raction gave the strongest
signal and most reliable fits, so the lattice parameters
shown in the Supplementary Fig. S1 were determined
from these peaks. By quantifying the change of the
lattice parameter between both temperatures, we deter-
mined the pressure dependence of the thermal expansion.

Di↵erential Scanning Calorimetry (DSC)

We measured the heat capacity of Fe65Ni35 using a
di↵erential scanning calorimeter (Perkin-Elmer DSC 7).
The samples were placed in aluminum crucibles and were
measured under a constant flow of nitrogen gas. The dif-
ferential heat flow to the Invar sample was compared to a
reference sapphire material while heating both materials
from RT to 873K. The instrument baseline, measured
with empty crucibles, was subtracted from the di↵eren-
tial signal. To minimize e↵ects of a changing baseline, we
measured each sample three times and performed empty
measurements before and after each run. The measured
heat capacity and its contributions from phonons, spins,
and electrons are shown in the Supplementary Fig. S4.

Computational

The pressure dependent phonon DOS and the phonon
contributions to the entropy were calculated with a
method that includes explicitly the temperature and
pressure dependence of the phonon and spin subsystems,
and the coupling between them. For phonons, the TDEP
[30, 31] Hamiltonian is

HTDEP = U0 +
X

i,↵

p
2
i,↵

2Mi
+

1

2

X

i,j,↵,�

�↵,�
i,j ui,↵uj,� , (7)

where pi,↵ is momentum and ui,↵ is the displacement
from equilibrium of the ith atom in the ↵th Cartesian di-
rection, and the �↵,�

i,j are e↵ective interatomic force con-
stants (IFCs) that include e↵ects of chemical and thermal
disorder, as well as spin-phonon coupling. The U0 varies
with temperature and volume.

The modern theoretic treatment of magnetism in a ma-
terial depends on the degree to which the electrons are
treated as localized in real space (fixed-length local mag-
netic moments with orientational disorder) vs localized in
reciprocal space (itinerant magnetism where magnetiza-
tion per atom varies due to electron spin-flip excitations).
A material may lie anywhere between these two limiting
cases; for instance, weakly ferromagnetic metals, with

low TC, lie in the intermediate region where magneti-
zation is degraded by thermally-excited long-wavelength
spin fluctuations. Another intermediate case is that of
metals with intermediate TC, which are treated with
variable-length local magnetic moments possessing ori-
entational disorder [44]. The disordered local moments
picture for finite-temperature itinerant electron systems
gives a microscopic mechanism of how such thermally-
disordered local moments may arise in itinerant electron
systems [45–47]. This is the picture we adopt for In-
var, assigning thermal disorder as described in the text.
When spin-lattice coupling is included in the Hamilto-
nian, the electron spins become coupled to atomic po-
sitions, whereby the spin configurations may a↵ect the
interatomic forces and, conversely, the atomic positions
may a↵ect spin energies. Such e↵ects are captured in
our approach within the DFT calculation of each spin-
lattice microstate. When magnon quasiparticles are well-
defined, this spin-lattice coupling may be treated per-
turbatively in the context of magnon-phonon coupling.
Our renormalization approach is non-perturbative and so
does not rely on the existence of well-defined magnons,
so we use the more general term, spin-lattice coupling.
Procedurally, a supercell of Fe and Ni atoms is first

constructed with atom arrangements from the special
quasi-random structure (SQS) method [48]. Thermal
atom displacements are imposed from phonons calculated
by TDEP. (Initial guesses for IFCs were obtained from
a single-parameter model adjusted to yield a maximum
phonon energy of approximately 9THz under ambient
conditions.) Calculations were performed in the canon-
ical ensemble at fixed volumes. The experimental pres-
sures were converted to volumes for theory calculations
using the measured lattice constant vs. pressure data,
shifted in volume such that ambient pressure corresponds
to the theory zero-pressure volume.
For each pressure (volume), snapshots of atomic dis-

placements and spin orientations were generated. In-
corporating only the spin orientations consistent with
the measured magnetization, as described below, ensures
that these snapshots represent the thermodynamically
relevant microstates of the system. First principles cal-
culations of the force on each atom in each supercell
snapshot are then performed within the framework of
Density Functional Theory (DFT) using the Vienna Ab-
initio Simulation Package (VASP) [49–52]. Spin-orbit
coupling was included and fully non-collinear magnetic
moment directions were constrained according to the
spin-lattice snapshots. The projector augmented-wave
method was employed [53, 54], the the exchange correla-
tion was treated with the generalized gradient approxi-
mation parameterized by Perdew, Burke, and Ernzerhof
[55]. In TDEP the e↵ective IFCs are calculated using a
least-squares optimization that best reproduces the DFT-
calculated forces in the ensemble of supercells at RT.
Phonon modes are then computed from these IFCs by



12

diagonalizing the dynamical matrix. These renormalized
phonon modes are used to generate a new set of ther-
modynamically relevant snapshots, as described in Ref.
[26], and the procedure is repeated until self-consistency
is achieved.

Over the range of pressures considered in the experi-
ments, sets of magnetic microstates are generated at the
corresponding volumes with di↵erent magnetic moment
orientations on the Fe and Ni atoms in the supercell.
Each configuration defines a di↵erent order parameter,
M/m, where M is the average magnetization per atom
in the supercell, andm is the corresponding average mag-
nitude of the local magnetic moment. For each macro-
scopic order parameter a set of inequivalent quasirandom
structures that correspond to the macroscopic state are
generated [48]. Due to the finite size of the sets of su-
percell configurations, a residual M/m of about 0.2 was
present in the fully-disordered (nominal M/m = 0) cal-
culations. This is not expected to be a problem because
for larger pressures, the calculated phonon modes are rel-
atively insensitive to variations in the amount of mag-
netic disorder for small values of M/m. Sets of di↵erent

magnetic supercell configurations are generated for sev-
eral di↵erent order parameters for each volume, defining
a grid in M/m versus volume. The path through this
space of M/m vs V gives an M(V ) that is chosen to best
match the measured magnetization, phonon DOS, and
phonon entropy curves as a function of pressure. As part
of this optimization procedure, an ambient pressure lat-
tice constant of 3.573 Å was taken, which is within 1%
of the measured value.

Data availability

All relevant data from experiments and calculations
are available at https://doi.org/10.5281/zenodo.7987363.

Code Availability

The computer code used to generate numerical results
is based on VASP and TDEP, both of which are publicly
available. The formulations and algorithms necessary to
reproduce the theory results of this study are described
in the Methods section and in Ref. [27].
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