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ABSTRACT: The stiffness in the top surface of many biological
entities like cornea or articular cartilage, as well as chemically cross-
linked synthetic hydrogels, can be significantly lower or more
compliant than the bulk. When such a heterogeneous surface comes
into contact, the contacting load is distributed differently from
typical contact models. The mechanical response under indentation
loading of a surface with a gradient of stiffness is a complex,
integrated response that necessarily includes the heterogeneity. In
this work, we identify empirical contact models between a rigid
indenter and gradient elastic surfaces by numerically simulating
quasi-static indentation. Three key case studies revealed the specific
ways in which (I) continuous gradients, (II) laminate-layer
gradients, and (III) alternating gradients generate new contact mechanics at the shallow-depth limit. Validation of the
simulation-generated models was done by micro- and nanoindentation experiments on polyacrylamide samples synthesized to have a
softer gradient surface layer. The field of stress and stretch in the subsurface as visualized from the simulations also reveals that the
gradient layers become confined, which pushes the stretch fields closer to the surface and radially outward. Thus, contact areas are
larger than expected, and average contact pressures are lower than predicted by the Hertz model. The overall findings of this work
are new contact models and the mechanisms by which they change. These models allow a more accurate interpretation of the
plethora of indentation data on surface gradient soft matter (biological and synthetic) as well as a better prediction of the force
response to gradient soft surfaces. This work provides examples of how gradient hydrogel surfaces control the subsurface stress
distribution and loading response.

1. INTRODUCTION
The mechanics of soft systems with changing, or gradient,
properties near the surface are of interest in both biological and
synthetic systems. In biological systems, local properties provide
critical information about the health and function of cells and
tissues.1 However, cells and tissues often exhibit a layered, or
laminate, structure.2 This structure can facilitate a variety of
functions including mass transport,3−5 thermal insulation,6 and
managing mechanical stress.7,8 One system of particular
interest is that of the eye: the tough sclera maintains the
intraocular pressure, but that mechanically strong tissue is
topped with the more compliant layer of stratified epithelial
cells, which is again topped by flexible microvilli and
glycocalyx, finally manifesting in the viscous, aqueous gel of
the tear film9 (Figure 1A). From a mechanical perspective, the
monotonic increase in compliance through these layers can be
considered a gradient of stiffness decreasing toward the outer
surface. In synthetic systems, work has identified a property of
hydrogel surfaces that is remarkably similar to laminate
biological tissues: a very compliant layer atop a stiffer one.
While contact lens companies have started using this to design
more comfortable products,10,11 there is evidence that softer
layers also inherently appear: early hydrogel work showed a
difference in hydrogel composition near mold surfaces,12,13

implicating the physics of the polymerization process.14 Probe-
based techniques used to assess properties of polyacrylamide
hydrogels revealed a less-dense surface layer which controls the
shallow-depth indentation properties as measured by AFM.15

Work by Sudre et al.16 predicted that all acrylamide hydrogels
synthesized by simultaneous chain extension and cross-linking
would exhibit a less-dense surface layer unless specific actions
were taken to suppress it. For polyacrylamide molded against
polystyrene, the “brushy” layer is estimated to be on the order
of 20 μm in thickness.17 While it would be ideal if this soft
surface layer were homogeneous, providing a clear laminate
structure, that is unlikely due to its formation at the interface
between the prepolymer solution and a mold. The process of
chemical cross-linking could involve effects from the surface
energy of the mold material, adsorbed species on the mold, and
the depletion of available polymer and cross-linker as the
synthesis comes to completion.18 Thus, this soft surface layer
also has a gradient of density from the bulk out to the most
superficial polymer chains extending into an aqueous bath
(Figure 1B).
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Probe-based techniques on sample surfaces provide one of
the most suitable approaches for assessing the mechanical
response of gradient-property surfaces; this is because the
depth of interrogation is controlled. However, the confounding
problem of interpreting the force−depth data is that the
integrated force response at a particular depth necessarily
includes the mechanics of the surface to that depth and below.
In response, researchers have taken a variety of approaches,
starting with the most simple of fitting data to classical and
established contact models: Hertz, JKR, and others.19−23

Others have moved beyond homogeneous models to acknowl-
edge a single softer layer atop a stiffer one,11,24,25 with
associated elastic foundation models. Whether a half-space or a
single laminate surface, both of these models assume
homogeneity and linear elasticity. For many biological samples,
their inherent heterogeneity is the biggest limit to appropri-
ately interpreting the forces and displacements measured by
using these probe-based techniques. While homogeneity of
some pseudo-isotropic tissues can be assumed at the micro- or
nanoscale, most materials of interest have heterogeneity that
exists down to the smallest scales. For example, tissues are
composed of cells and their extracellular matrix�cells are lipid
membranes encapsulating fluids, and the extracellular matrix is
deposited and grown from the molecular scale. Thus, contact
models that allow for depth-dependent properties may
significantly increase the ability to diagnose medical conditions
which disproportionately affect a particular tissue layer.
Similarly, the softer surface skin layers on hydrogels have
been shown to control their lubricating ability,26,27 so the
characterization and exploitation of these layers will be
necessary for design of soft surfaces that interface with delicate
biological tissues.

Further theoretical and experimental advances have been
made toward the indentation response of soft and hydrated
materials. First, work has focused on more accurate constitutive
models, specifically considering hyperelasticity,28 hyperelasticity
with adhesion,29 viscoelasticity, and poroelasticity applied to
systems that are expected to exhibit those properties.
Combined viscoelasticity and poroelasticity models have
been applied with success;30 however, complications arise
when considering possible interdependencies of these proper-
ties, and most necessarily assume isotropy of the sample.
Another approach is to treat the sample as continuous but
orthotropic,31 which can describe fiber-reinforced materials.
Properties of very compliant or biologically derived samples
can be fit with these models given the volume being probed is
sufficiently small to be described by a particular, homogeneous
constitutive response. Second, work has recast a continuous

gradient into a variety of discrete lamina, with progressive
model fitting to ascertain stiffnesses at various stages of the
indentation.32,33 The most thorough mechanics treatment of
gradient, or graded, surfaces is from the functionally graded
materials (FGM) community, appearing most relevantly in
Giannakopoulos and Suresh34 as well as Perriot and Barthel.35

In these works a gradient of stiffness E is assigned to a half-
space through a simple power law changing with depth z: E =
E0zk, and the resulting stress and deformation fields are
derived. Importantly, the force−depth relation deviated from
the Hertz contact case F d( )3/2 with a power associated with
the extent of stiffness change, k, initially assigned to the half-
space: F d( )k3 /2+ . A variety of analytical elasticity solutions
exist,36−40 and may be helpful, but they have limited
applicability to solve for local gradient properties of complex
biological and soft samples because of the advanced
approaches and solution methods required. Zelentsov et al.41

attempted to bridge this by providing simplified solutions, but
they still require simplification of a gradient surface into
pseudo-homogeneous regions. The authors believe that the
complexity of the theoretical approaches or the reliance on
elasticity in the small-strain limit has prevented adoption to the
indentation data taken on biological and soft materials. Thus,
on the basis of the current state of the field, there is a need to
provide translatable definitions and guidance to inform
interpretation of extensive indentation data being generated
from both biological and soft materials for potentially
transformative advancements in health science.

In this work, we hypothesize that gradient soft surface layers
have contact models whose power relationships between force
and indentation depth are determined by the functional form
of the gradient and the thickness of the gradient layer with
respect to the size of the indenting probe. To prove this
hypothesis, we identify three case studies with specific
gradient-stiffness surfaces to discover the particular effects of
the following: (A) the functional form of the stiffness, i.e., the
rate of change of stiffness with depth; (B) the extent of the
gradient with respect to probe size; and (C) how accurately
laminate composites approximate a continuous linear gradient.
We find that the outer layer affects the entirety of the force−
depth curves. The stiffness of the bulk beneath the softer
surface layer can be extracted from the data of latter segments
by using the Hertz contact model; however, it fails to fit at
shallow depths, and surface properties are overlooked. By use
of a derivative method, the gradients in stiffness at the surface
are revealed, and the deviation from expected models provides
a quantitative connection between the stiffness gradient and

Figure 1. Similar gradient layers in human corneal tissue and a hydrogel surface. (A) Histological section of central cornea (×17500) showing a
layer of mucus ∼ 1 μm thick at the outside of the corneal epithelium. The corneal gradient extends from the tough sclera through the epithelium to
the microvilli and mucus layer. Reproduced with permission from ref 9. Copyright 1985 Association for Research in Vision and Ophthalmology.
(B) A gradient in density of a hydrogel surface as it swells into an aqueous bath, shown as a polymer mesh network schematic.
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the integrated force response. For linearly graded layers,
simulated results allow a direct translation between the
contact-observed stiffness response and the input material
stiffness profile. We then compare the simulated data with
instrumented indentation of polyacrylamide surfaces with
spherical probes both at the microscale and at the nanoscale.
Finally, the experimental polyacrylamide indentations are
assessed by using the translation schema to determine an
approximate material stiffness profile of the experimental
hydrogel gradient layer. We conclude that simulation tools can
provide clear trends of the integrated contact response of such
gradient surface. In addition, it helps to interpret and to predict
the real contact responses of both synthetic and biological
materials that likely have gradient soft surfaces.

2. MATERIALS AND METHODS
2.1. Cases Studied. 2.1.1. Nomenclature and Reference Case.

The contact mechanics for soft materials have two controlling
dimensions: the radius of the indenter and the thickness of the sample
being indented. The ratio of these determines the regime, that is,
whether the sample can be treated as an infinite half-space with no far-
field effects or the sample may have substrate effects.42,43 For all
simulations in this work, the dimensions are all reported with respect
to the radius of the indenter, R. The total sample thickness in all cases
is 10R.

These controlling dimensions along the vertical direction interact
with the elasticity of the sample through the modulus of elasticity, or
Young’s modulus, E. Two anchoring moduli of elasticity were chosen

to bound these simulations: the highest modulus which typically
represents a bulk property is defined as Eb = 20 kPa; the lowest
modulus which typically represents a more compliant surface property
is defined as Es, which is 5 kPa for all considered cases except case III.
The Poisson ratio, ν, is considered as 0.499 for all cases. The cases are
described as follows:
2.1.2. Case I: Continuous Gradient Layer. If a gradient layer exists

at the surface of hydrogels due to molding, swelling, or grafting, it has
some elasticity distribution into the depth. Here, two parameters are
taken into consideration as case I: thickness of the gradient layer, dl,
and the functional form of the elasticity distribution in the gradient
layer. The depth of the gradient layer is investigated over a range of
1−20% of the slab thickness with a logarithmic increment (i.e., the
gradient layer extends to 1, 2.7, 7.4, and 20% of the total sample
thickness, 10R). Thus, the four gradient layer thicknesses are dl =
0.1R, 0.27R, 0.74R, and 2R. At each dl, three different functional forms
of the distribution are considered: linear, exponential, and parabolic
(see Figure 2C−E). In total, a matrix of 12 conditions (four depths
and three forms) are found. For all cases, the modulus at the extreme
surface and the modulus of the bulk layer are kept constant as Es = 5
kPa (Figure 2A) and Eb = 20 kPa (Figure 2B), respectively.
2.1.3. Case II: Laminate Gradient Layers. A layering of biological

tissue33,44 or synthesis of a laminate material also provides a
compelling case study of layers of discrete stiffness rather than a
continuous gradient as in case I. The ability of discrete layers to
approximate the integrated contact response of a continuous gradient
layer is assessed here as case II. To do this, the continuous gradient
layer with a depth of dl = 2R is replaced with a number of laminated
layers with modulus varied from Es = 5 kPa to Eb = 20 kPa. The
moduli of laminated layers are chosen in such a way that the depth-

Figure 2. Schematics showing the change of modulus with depth for in case I (A−E), case II (F−I), and case III (J−L). Stiffness gradients are
indicated by a color scale from light to dark corresponding to a reduction of stiffness. All gradients are shown in (C−E) for the case of extending
into the sample to a depth of 0.27R. Samples of uniform modulus of E = 5 and E = 20 kPa are shown in (A) and (B), respectively. From (C) to (E),
three functional forms, such as linear, parabolic, and exponential gradient, are shown using both the color scale and a line plot for continuous
gradient layer (case I). From (G−I), schematics show the change of modulus with depth for samples in laminate gradient layers (case II). From (J−
L), schematics show the change of modulus with depth for samples in alternating laminate layers (case III).
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average elasticities for different laminated layers are approximately
equal to the continuous linear gradient sample with same dl. The
number of layers is varied as N = 1, 2, 4, and 8, and Eb = 20 kPa is
considered for all cases. The schematic shown in Figure 2G−I
represents the comparative thickness and the modulus of each layer.
The thickness of each layer in the overall gradient layer decreases as dl
= R, 0.67R, 0.4R, and 0.22R as the number of layers increases as N =
1, 2, 4, and 8, respectively. For case II, the control sample is defined as
continuous linear gradient with a depth of dl = 2R, as shown in Figure
2F.
2.1.4. Case III: Alternating Laminate Layers. Materials of

structured compliance, such as alternating stiff−soft composites for
directing biological responses,45,46 are the final case of interest.
Alternating laminate stiffness is also found in biological tissues, for
example, in the cellular architecture of breast cancer.47 Thus, as case
III, we consider a composite layer structure of two alternating
laminates with different and constant moduli to investigate the overall
mechanical response. We consider three cases of N = 1, 2, and 3,
where N is the number of bilayers above the bulk layer having Eb = 20
kPa, which is identical with the prior cases. As shown in Figure 2J−L,
each bilayer contains a top stiffer layer followed by a softer bottom
layer with modulus of 20 and 10 kPa, respectively. The thickness of
each bilayer is constant as 0.67R.
2.2. Simulation Methods. An axisymmetric model of conven-

tional spherical indentation was created by using finite elements
(ABAQUS 6.14 software, 3DS, France). The horizontal and vertical
directions were chosen as the r-axis and z-axis, respectively, as shown
in Figure 3. A rigid spherical indenter of radius R ≡ 5 (SI base unit)

was translated progressively in the positive z-direction (vertically
downward) into a rectangular sample. Keeping the total number of
node constant, we have simulated samples with different widths and
found an optimum sample dimension as r × z = 5R × 10R, which has
higher sensitivity near contact and minimum lateral edge effect in
force response. As ABAQUS has no constitutive system for units, we
can interpret the results at different length scales, assuming there is no
length-scale effect. As such, we kept all dimensions in terms of R. We
assumed frictionless elastic contact for the simulation setup. The
following boundary conditions were applied: the bottom of the

sample was fixed, the left z-axis of the sample was chosen as the axis of
symmetry (and prohibited from any rotation and lateral movement),
and the indenter was constrained to vertical movement only. The
nodes of right vertical plane are defined as traction free boundary
condition.48,49

To introduce varying elasticity within the gradient layer of each
sample, we used an arbitrary pseudo-temperature as a proxy for
stiffness. A similar method has been used previously to model a
functionally graded material (FGM) with spatially varied proper-
ties.50,51 Here, we assigned different arbitrary temperatures to node
sets corresponding to layers at specific depths. Then, a discrete
stiffness value was assigned to each arbitrary temperature. Thus, the
simulation setup considered the sample to have varying elasticity with
depth. To improve sensitivity, a fine mesh was chosen, with further
mesh refinement near the vicinity of the contact (Figure 3). There
were 101 × 101 total nodes in the sample. The sample was modeled
by using ABAQUS’ CAX4RH elements, with 10000 total elements.52

The minimum node spacing (distance between two adjacent nodes)
was 0.0078R and 0.0157R in the r- and z-directions, respectively. The
increment of progressive indentation depth, d, was automatically
chosen by the solver such that the size of the subsequent z-increment
adjusted based on how quickly the solution converged. The reaction
force F from the sample due to the vertical displacement of the
indenter, d, was recorded and plotted as the F−d curve.
2.3. Experimental Methods and Materials. 2.3.1. Hydrogel

Synthesis. Polyacryalmide hydrogels were synthesized from a solution
of acrylamide (Aam) monomer, methylenebis(acrylamide) (BisAam)
cross-linker, tetramethylethylenediamine (TEMED), and ammonium
persulfate (APS). These solutions were combined to create a
prepolymer solution of 7.5% Aam (all on a weight-per-weight
basis), 0.3% BisAam, 0.15% TEMED, and 0.15% APS. This solution
was quickly poured into full-contact polystyrene or glass molds: AFM
experiments used samples with diameter 15 mm and thickness 2 mm
(Figure S1B), while microscale experiments used hydrogel slabs of
diameter 25 mm and height 5 mm (Figure S1A). After the samples
were allowed to cure in the mold for 30 min, they were placed in a
bath of deionized water for at least 24 h prior to testing. All testing
was done in a submerged configuration.
2.3.2. Microscale Tribometer Indentation. Short-duration dis-

placement-controlled indentation was performed by using a custom
tribometer described in previous work by Dunn et al.11 This
tribometer uses a box cantilever flexure with normal stiffness of
49.14 μN/μm and a steel probe of radius 2 mm (Figure S1A).
Indentation was conducted at a constant loading rate of 25 μm/s
(Table S1), reaching a peak load of 1000 μN; the dwell time was zero.
Signals representing the normal force and stage displacement were
acquired at a rate of 100 Hz. Experiments were performed on areas of
the gel at least 4 mm away from each other, with 10 min in between
each indentation to ensure no history-dependent results.
2.3.3. AFM Nanoindentation. Cantilever Calibration. Colloidal-

probe nanoindentation was performed on molded hydrogel samples
to investigate the surface mechanical properties by using a Cypher
AFM (Asylum Research, Santa Barbara, CA). A borosilicate glass
colloidal probe with a diameter of 10 μm (confirmed via optical
microscope) was used for the indentation experiments (model:CP-qp-
CONT-BSG-B, NanoAndMore, Watsonville, CA). A well-established
noncontact two-step calibration method53 was used to estimate the
normal spring constant k and the InvOLS (inverse optical lever
sensitivity, units: nm/V) in liquid. As a first step, the spring constant k
in air was measured by using the GetReal routine (this routine uses
both the thermal noise and Sader methods54), a proprietary software
feature to the Cypher AFM. We also calculated k using an alternative
method called the Sader GCI method55 and found similar values. As k
is a geometric and material property, it does not change when the
experimental medium is changed from air to water. Thus, as a second
step, InvOLS in liquid was estimated by using the thermal Sader
method while keeping k constant, equal to the value calculated for air.
Nanoindentation. The polymerized, swollen hydrogel sample was

kept at room temperature for an hour before the indentation to avoid
any temperature effects during the experiment. The sample was

Figure 3. Schematic of the simulation setup with all necessary
dimensions and boundary conditions. The indenter radius R and the
sample dimensions are drawn to scale. The 2D rectangular sample
section had dimensions of r × z = 5R × 10R, consisting of the
gradient layer and the bulk layer. The comparative thickness of each
layer varied for each of the three cases. A refined mesh in the vicinity
of the contact was used. Here, 11 × 11 nodes are shown in the
schematic to represent the 101 × 101 nodes in the actual setup.
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attached to the AFM sample holder by using underwater epoxy
adhesive (Mr. Stick’s, Fair Oaks, CA), and during the experiment, the
AFM tip and the sample were submerged in water. During tip
calibration, the tip was kept far away from the sample to avoid any
surface interaction between them. Then, during the indentation, the
indent speed was kept constant as 2 μm/s as used in similar
experiments by Shoaib et al.56 For each sample, indentation was
performed on at least 10 different spots at least 50 μm apart. All 10
measurements were used to estimate the mean and standard deviation
of the modulus of elasticity as fit to the measured data as described in
section 2.4.
2.4. Indentation Analysis Method. Traditionally, indentation

analysis involves curve fitting of a contact model to determine both
the reduced modulus and the initial point of contact. For example, in
the Hertzian contact model (eq 1), the force response is dependent
on the probe geometry and the reduced modulus E* as well as the
probe indentation depth d.57As shown in Figure 4A, our simulated

force response for homogeneous sample closely agrees with Hertz
model (difference is less than 5%) up to d < 0.3R. Other researchers
from different groups also reported d < 0.3R as a safe limit for
predicting Hertz behavior in soft materials.29,43,58,59 In addition, we
have performed simulation with hyperelastic materials of Mooney−
Rivlin (MR) type, and for d < 0.3R, the force response of MR sample
is overlapped with the homogeneous sample (results not shown here).
Such Hertzian behavior of hyperelastic material up to d < 0.3R due to
small-strain approximation is also reported by Zhang et al.60 Thus, we
will restrict our analysis within d < 0.3R for all cases.

The accuracy of Hertz fitting largely depends on finding the initial
point of contact, which is hard to find for extremely compliant
surfaces of pAAM hydrogel. In this regards, Garcia et al.61 developed
the dF/du vs F relation (eq 2), derived from the Hertz model, which
is free from indentation depth. For our micro- and nanoscale
experiments, we use this method. In the first step of the method, a
derivative of the force with respect to the arbitrary depth dF/du
allows the contact relation to be expressed independently of the depth
of contact (Figure 4).

F E R d4
3

1/2 3/2= *
(1)

F
u

K Fd
d

n
G=

(2)

Here, the true indentation depth = d, the point of first contact = d0,
and any arbitrary position of the indenter u = d − d0. The derivative
used for fitting is a direct function of force F to power n and a
coefficient capturing other parameters, KG (eq 2). Here, KG = PK1/P

and n = (P − 1)/P. K is a coefficient containing the constants
associated with the force−displacement relationship of a particular

contact model. The coefficient K can represent any power-based
contact model. For example, in the Hertzian model, K = (4/3)E*R0.5.
The converted power P is the exponent relationship between the force
and displacement for the contact model. For instance, Hertzian
contact has P = 3/2 and n = 1/3. The reduced modulus is found from
fitting a power-law model to the data by using least-squares error
minimization and solving for E* (and subsequently E) from the
coefficient KG. As a final step, the contact point can be fit on the
traditional F − d curve following the fit for E*. In the case of fitting for
E* as a bulk material property, points at larger depths were only
considered, and points at shallow depths only show the deviation
from Hertz prediction in the dF/du vs F curve.

3. RESULTS AND DISCUSSION
3.1. Simulation Results. 3.1.1. Case I Results. First, the

effect of gradient depth and functional form of the gradient were
evaluated. For a linear gradient first described in Figure 2C, the
maximum depths of the gradient layer were dl = 0.1R, 0.27R,
0.74R, and 2R. On the force versus depth curve, the shallowest
gradient did not deviate from the constant modulus of
elasticity E = 20 kPa until the depth was d > 0.8, or d/R >
0.16 (Figure 5A). The intermediate depths show an overall
more compliant response, though not reaching the compliance
of the reference situation of a Hertz contact with constant
modulus of E = 20 kPa. In this view, the greatest differences in
the force response appear to the greatest extent for greatest d,
and the compliant surface layer affects the force response even
to a depth of 0.2R for gradient layers extending to at least dl >
0.1R.

Replotting the indentation curves by using the force
differentiated by vertical displacement more appropriately
shows the effect of the gradient layer on the overall force
response (Figure 5B). All curves are bounded by the Hertz
model for samples with homogeneous modulus Es and Eb, and
both these curves have a power of n 0.3= . The curves span in
between the two, with the thickest gradient (dl = 2R)
resembling the sample of constant low modulus Es for F <
10. In addition, each curve shows a power of n 0.3> . With
increasing d, the curves approach n 0.3= , though not
necessarily reaching the same magnitude of dF/du. The
sample with thinner gradient layers approaches n 0.3= at
lower forces.
3.1.2. Case II Results. Laminated samples (case II) showed a

similar mechanical response to those with a continuous
gradient layer when the number of layers was sufficiently
high. As shown in Figures 5C and 5D, all force responses in
case II were bounded by the Hertz response with two limiting
elastic moduli of Es and Eb. The control sample for comparison
was chosen as the “linear: dl = 2R” from case I due to having
the same gradient depth dl. At shallow indentation depths, all
samples including the control had a similar force response that
overlaps with a Hertz response of stiffness Es (with shallow
defined as d ≤ 0.05R in Figure 5C and F < 50 in Figure 5D).
At this shallow depth, the force response was mainly from the
top few layers where there was little difference in elasticity for
all cases, which might cause similar response. At progressively
larger indentation depths, the underlying layers of different
stiffness contributed to the cumulative response. Hence,
greatest deviation from Hertzian contact occurred at larger d
values. For samples with higher laminated layers (N ≥ 4), the
local elasticity differed little compared to a sample with a
continuous gradient. As a result, the force response of a sample
with a large number of laminates emulated the response of a
linear gradient layer.

Figure 4. (A) Plot showing force vs indention depth for two reference
Hertz contacts using a modulus of E = Eb = 20 kPa and E = Es = 5
kPa. For validation, the simulation result for a sample with constant
modulus of E = 20 kPa is also shown. A second x-axis is added in (A)
as a reference to the depth d/R associated with each force value F to
show the maximum allowable depth according to a typical Hertzian
model application. (B) Data plotted on a log−log scale using the
Garcia method (eq 2). Units are SI base units.
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3.1.3. Case III Results. Force responses of alternating
laminated layer samples (case III) are shown in Figure 5E,F.
All of these samples had a noticeably softer response than a
theoretical Hertz response of homogeneous modulus of 20
kPa. At d < 0.15R, the integrated response came mainly from

the top bilayer due to shallow extension of the stretch field into
the sample. Thus, samples with identical top bilayer, but
different sublayers had identical force responses at shallow
depth. With increasing d, the stretch field extended further into
the depth and caused each alternating bilayer to contribute to

Figure 5. Simulated force response of samples with continuous linear gradient (A, B), laminated gradient (C, D), and alternating laminated
gradient (E, F). (A, C, E) Force vs depth curves on a linear scale. (B, D, F) Force derivative with respect to arbitrary indentation depth vs force
magnitude. Insets in (B, D, and F) show the schematics and input moduli in each case.

Figure 6. Stretch field contour for linear gradient elasticity samples and the homogeneous sample (A) at an indentation depth, d ≈ 0.29R. The
depth of the gradient layer (dl) ranges from 0.1R to 0.74R and shown in (B) to (D). The location of the maximum developed stretch is shown as a
white bold circle on each of the contour plots. In the case of gradient layers, for dl smaller than the applied d, the stretch field expands both
horizontally outward (r-axis) and vertically downward (+z-axis) with increasing dl (B, C). Once the location reaches to the center with the increase
of dl, a further increase in dl results only in downward vertical expansion of the stretch field (D).
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the overall response, resulting in deviation of the integrated
force response. The power fit for all curves resulted in a smaller
exponent than the Hertzian exponent n( 0.3)= due to the
softer sublayers. The increasing number of softer sublayers N
reduced the exponents n as 0.3212, 0.3137, and 0.3092 for N =
1, 2, and 3, respectively.
3.2. Simulation Discussion. 3.2.1. Stretch Profile in

Gradient Layers. The stretch distribution in a gradient layer
under a given indentation was found to be significantly
different in magnitude and distribution compared to that of a
homogeneous sample. For a progressively increasing d on any
of the linear gradient samples, the stretch field initially expands
into the depth (+z-axis). Once the stretch field has a significant
presence in the soft layer, the stiffer bulk restricts further
downward propagation of the stretch field. This causes the
stretch field to preferentially extend radially along the r-axis.
For a fixed indentation depth (d ≃ 0.29R), logarithmic
stretches for linear gradient samples with different layer
thicknesses (dl) are illustrated in Figure 6 alongside the
homogeneous sample. For the homogeneous sample (Figure
6A), the location of maximum stretch (white circle in the
contour plot) and the maximum von Mises stress (not shown)
were colocated at (r, z) = (0, 0.25R). With increasing d, this
location moved vertically downward.

For a continuous gradient sample, unlike the homogeneous
one, maximum stress and stretch developed at different
locations. With changing dl, the location of the maximum
von Mises stress was not strongly affected and developed under
the contact in between z = 0.22R and 0.29R. However, for dl <
d, the location of maximum stretch started near the outer
periphery of contact and moved toward the center (r = 0) with
increasing dl (Figure 6B,C). In the case of dl ≫ d, maximum
stretch occurred once again under the indenter (r = 0) and
moved vertically into the depth with further increases to dl
(Figure 6D). The location (r, z) of maximum stretch for d ≃

0.29R occurred at (0.46R, 0.05R), (0.381R, 0.11R), and (0,
0.1R) for a gradient layer size of dl = 0.1R, 0.27R, and 0.74R,
respectively. Thus, lateral movement of the stretch field
occurred even for thin gradient layers compared to the
indentation depth, which likely caused the observed higher
contact radius compared to a Hertz prediction. Contact areas
larger than models would predict have been experimentally
observed in hydrogels with a thin surface layer of gradient
cross-link and polymer density.17 This further supports the
notion that the structure and relative stiffness of the surface are
major factors in the resulting contact profile and the
distribution of stress and stretch in the substrate.
3.2.2. Contact Radius for Gradient Layers. The actual

contact radius, a, in simulation was calculated as the radial
coordinate of the first node at top surface where the contact
pressure dropped to zero for a particular indentation depth, d.
For all continuous (case I) and laminated (case II) gradient
samples, a was higher than a Hertz prediction (shown in
Figure 7). However, a followed the Hertzian relation for all
alternating laminated (case II) samples. Three representative
samples from three cases were chosen for the sake of
discussion. Figure 7 shows a/R versus d/R for three samples.
Except for the alternating laminated sample, the simulations
showed higher contact radii compared to a Hertzian
prediction. Stretch profiles at d ≈ 0.08R are shown in the
bottom part of Figure 7. For both continuous and laminated
samples, a softer top surface causes significant stretch in the
radial direction. This results in an increasing deviation from the
Hertzian model. In contrast, the top surface of the alternating
laminated sample has a stiffer top layer in contact with the
indenter. While indenting, maximum stretch occurs within the
softer sublayers, which does not significantly affect the contact
radius. Thus, a softer top surface on a stiffer substrate surface
results in a higher contact radius. A single parameter fitting
using a = R0.5 × dx was performed to establish an empirical

Figure 7. (top) Representative normalized contact radius (a/R) vs depth (d/R) curve for three different samples: continuous gradient (case I),
laminated gradient (case II), and alternating laminated gradient (case III). The input modulus E for each case is shown at the top right. (bottom)
Contour plots showing the stretch field while indenting at d ≈ 0.08R. Aside from the alternating laminated case, the samples showed a higher
contact radius compared to a Hertzian model. A single parameter power fit was used to establish an empirical relation between a and d and showed
in tabular form in the graph.
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relation between a and d. Samples with softer top surface show
a lower exponent (≈0.43−0.44) on d compared to the Hertz
exponent (0.5) on d. Johnson and Dunn17 also reported higher
experimentally derived contact radii for the case of a hydrogel
with a softer gradient surface using confocal microscopy. Thus,
softer top gradient layers in hydrogels stretch more in the
radial direction when subjected to indentation, which results in
a higher contact radius, a, compared to the Hertz prediction.
3.3. Experimental Results. 3.3.1. Microscale Indentation

Results. Microscale results confirm the simulation results and
provide more insight into how the integrated force response
changes with scale. Specifically, these larger-scale experiments
revealed how the perceived thickness of the gradient layer is
sensitive to the scale of the probing technique. As shown in
Figure 8A, the force response for both hydrogel samples shows
an almost similar response in the F-curve. By use of the Garcia
analysis method, indentations of glass-molded and PS-molded
hydrogels revealed the noticeable presence of a soft surface
layer for the PS-molded hydrogel, but not for the glass-molded
hydrogel. The stiffness response at bulk for both the glass-
molded and PS-molded hydrogels was similar, with Ebulk = 27
kPa (orange dotted line in Figure 8B). The major difference
between the hydrogels occurred during the initial tens of
micrometers of indentation, where the PS-molded sample
experienced non-Hertzian contact behavior spanning a depth
of 12 μm after the Hertz-predicted point of first contact. The
glass-molded sample showed non-Hertzian behavior within a
probe displacement smaller than the displacement interval of
2.2 μm.

The initial non-Hertzian contact regime of the indentation
into the PS-molded gel is fitted to exponent n (eq 2), showing
a larger exponent value of 0.5+ compared to the Hertzian

model exponent value of n 0.3= . This corresponds to a
stronger relationship between the force and displacement P in
eq 2 of F ∝ d2 or greater. An n exponent of 0.5 corresponds to
the Winkler foundation model, also termed the “bed of
springs” model as it describes the elastic response of a beam or
film atop a rigid substrate. Such a structure can result in these
samples due to the rigid substrate being the analogy to the stiff
bulk, topped by the vanishing density of polymer and cross-
links toward the outer surface. This was shown to imparted by
the oxygen content of the contacting mold surface.15 Previous
indentations on these same gels showed n = 0.7 for rigid-probe
indentation by Johnson and Dunn.17 However, this exponent
value produces a force−depth relationship of F ∼ d3.33, which
does not correspond to any well-known contact models. The
latter portion of both indentation curves fits well to the
n 0.3= Hertzian model prediction, proving that the response
of the bulk polymer is accurately described by Hertzian contact
principles.
3.3.2. Nanoscale AFM Indentation Results. AFM nano-

indentation reveals the difference in force response due to the
thickness variance in gradient layer of chemically equivalent
samples. The colloidal probe AFM nanoindentation results for
glass- and PS-molded pAAm hydrogels are shown in Figure
8C,D. Force vs depth plots are shown in Figure 8C. The raw
data across 20 nm intervals of z-sensor displacement (depth)
were averaged to obtain each point in the graph. The glass-
molded sample showed a clearly stiffer response compared to
the PS-molded sample, which aligns with previous reports from
other researchers.15 The log−log plot of dF vs F in Figure 8D
shows that the glass-molded hydrogel had a linear trend at
higher force. Points above F ≥ 10 nN (orange shaded area in
Figure 8D) were used to fit for modulus at bulk (Ebulk) using

Figure 8. Representative indentation plots of polystyrene (PS) and glass-molded pAAm hydrogels of the same composition at the micro- and
nanoscale. Force vs depth data for both samples at microscale (shown in A) and nanoscale (shown in C) indentation. (B) Force derivative with
respect to depth vs force, dF vs F, curve for microscale (shown in B) and nanoscale (shown in D) indentation is shown on log−log axes. The red
dashed straight lines in (B) and (D) are the single parameter (elastic modulus) fit using eq 2 with a slope of 0.3 . For the glass-molded sample, the
Hertzian response is observed at the microscale, whereas the non-Hertzian response (light blue dashed line in (D) with n = 0.72) is observed at
shallow indentation depth for nanoscale indentation. For the PS-molded sample, the non-Hertzian response is observed at both microscale (black
dashed line in (B) with Winkler fitting (n = 0.5)) and nanoscale (dark blue dashed line in (D) with power fitting (n = 0.62)) indentation. Data
points within the orange and gray shaded region are used for the Hertzian n( 0.3)= fit and power fit (n = 0.62), respectively.
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the Garcia method61 described in section 2.4. For the glass-
molded pAAm hydrogel, we obtained Ebulk = 11.65 ± 0.445
kPa. The mean and the standard deviation were calculated
from the experiments at 10 different spots as described in the
Materials and Methods section. Gombert et al.26 also reported
similar modulus (11 kPa) for the glass-molded pAAm hydrogel
with the same composition. The red dashed line in Figure
8C,D shows the Hertz model. At shallow indentation depths in
the dF−F plot, the force response for the glass-molded sample
deviated from the Hertz response, and the fitted line has a
slope of n = 0.72 (light blue dashed line in Figure 8D). In
Figure 8D, power fitting was done on all data points less than 3
μm (0.6R, Hertzian limit for soft material43) depth (gray
shaded area in the Figure 8C,D) for the PS-molded sample and
found n = 0.62.

The experimental results can be interpreted further within
the framework of simulated cases, described in section 3.1.1.
For the glass-molded sample, the thickness of the top gradient
layer was comparable to R (similar to case I, except with a
gradient to 2R). Hence, it showed a gradient response at
shallow depths and a Hertzian response at larger indentation
depths. For the PS-molded sample, the thickness of the
gradient layer was much larger than the indenter radius (5
μm), which results in this entirely non-Hertzian response.
However, the power fit (n) for continuous gradient layer of 2R
(case I) in simulation was around 0.36−0.38, depending upon
the functional form of gradient, whereas we found n = 0.72 for
the PS-molded sample. The possible reasons for this
discrepancy were the presence of extremely compliant top
layer compared to bulk (in simulation, Etop was only 25% of
Eb) in the PS-molded sample. In addition, the depth of the
gradient layer was far below that in the simulated cases
(discussed in section 2.3.2), which results in a further increase
in the power fit exponent.

For a progressive indentation into a sample with softer
gradient layer(s), a non-Hertzian response occurred at shallow
indentation depths (d), which transformed into a Hertzian
response with increasing d. In the F − d and dF − F curves

shown in the Results section, the initial non-Hertzian force
response was dominated by the top gradient layers (n 0.3> in
the dF − F plot). The experimental results at both scales also
followed this phenomenon as long as the depth of the gradient
layer (dl) was comparable to the indenter radius (R). With
increasing d, the bulk layer significantly contributed to the
integrated force response, which followed the Hertzian relation
n( 0.3). To quantify the minimum indentation depth
(dHertz) required to obtain the Hertz response, we set a
quantitative criterion. In the F − d curve, we estimated the
apparent contact modulus for each data point by using the
Hertz relation. This apparent contact modulus increases with
d, starting from Es, due to the softer top gradient layer. The
minimum indentation depth at which this apparent contact
modulus reached Ebulk was defined as dHertz. From our
simulated results of a continuous linear gradient layer, it
could be clearly inferred that dHertz was smaller than the actual
extent of the gradient layer (dl). In addition, the contact
stiffness Ebulk was also smaller than the material modulus of the
bulk layer (Eb). An empirical linear relation between each pair
from the simulation results was established and is shown in
Figure S4. This information allows layer properties, such as
thickness dl and minimum/maximum moduli Es/Eb, to be
found from contact-derived values of dHertz and Ebulk.
3.4. Experimental Discussion. Our experimental hydro-

gels with gradient surface layers have an unknown material
stiffness profile, which means that the modulus at the top
surface (Es), modulus in the bulk (Eb), functional form of the
stiffness variation, and extent of the gradient layer (dl) are not
known. In the absence of any suitable model for evaluating the
real material’s modulus profile, we employ an experiment-to-
simulation approach, where the aforementioned simulation-
derived relationship between material stiffness and contact
stiffness is used to determine the material’s modulus profile by
using the experimental contact data. We have performed this
approach on our experimental data to characterize the gradient
layer profile assuming a linear grading, which we refer to as
“deconvolution”. The simulated force response of a sample

Figure 9. Deconvolution of the material modulus profile using both experimental and simulation data. Normalized Force (F/R2) vs depth (d/R)
curve shows for glass- and PS-molded sample in (A) and (C), respectively. In (B) and (D), points for apparent elasticity are found from an
instantaneous Hertzian fit of each point shown in (A) and (C), respectively. Red solid lines in (B) and (D) show the predicted depth-dependent
elasticity profile for glass- and PS-molded samples, respectively. The apparent bulk contact modulus (Ebulk) is shown here as a dotted line and was
found by using the Garcia method.
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with a deconvoluted material modulus profile is plotted in a
normalized F − d curve (see Figure 9A,C) alongside
experimental data. Normalizing the data by using eq 3 allows
us to compare the force responses across indentations with
various R’s. The details of the deconvolution process are
described in the Supporting Information.
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The simulated force response for the predicted gradient
profile is plotted as a red dashed line in Figure 9A,C. The
simulated force responses for both scales have close agreement
with experimental data, which suggests that the linear stiffness
model for the hydrogel gradient layer is a suitable
approximation of the actual material stiffness profile. As
shown in Figure 9B,D, the estimated dHertz for the glass- and
PS-molded samples was 614 nm and 39 μm, respectively.
Gombert et al.26 also reported a gradient response in the initial
600 nm for a chemically equivalent glass-molded hydrogel. We
also estimated the actual depth of the gradient layer as 884 nm
and 142 μm for glass- and PS-molded hydrogels, respectively.
3.5. Contact Pressure in Gradient Surfaces. As

discussed above, the softer top gradient layer has two major
effects. First, it lowers the force response more than a
homogeneous sample with an elasticity of Eb. Second, it
increases the contact area, which cumulatively results in a more
significant decrease in contact pressure than the Hertz
prediction. To quantify the difference in contact pressure for
gradient sample over the Hertz prediction due to gradient
layers, we selected continuous linear gradient samples.

As shown in Figure 10, contact pressure developed on a
homogeneous sample under indentation closely followed the

Hertz relation ( )P d
R

0.5i
k
jjj y

{
zzz. On the contrary, pressures in

linear gradient samples were significantly smaller than the
Hertz prediction due to the aforementioned reasons. A simple

power fit ( )( )P A d
R

n
= could be useful to estimate the

indentation depth dependency on pressure. The exponent (n)
of the power fit for all gradient samples (0.63, 0.70, 0.72, and
0.71 for gradient depths of 0.1R, 0.27R, 0.74R, and 2R,
respectively) was found significantly higher than the Hertz
exponent (0.5). Thus, although the contact pressure develops
in a gradient layer sample under indentation is lower in
magnitude than homogeneous sample, it has higher sensitivity
(i.e., a smaller change in d/R results in a larger change in
pressure) on indentation depth.

4. CONCLUSIONS
For the continuous gradient samples in case I, the initial non-
Hertzian response n( 0.3)> is followed by a Hertzian
response n( 0.3)= as the indentation depth increases. The
indentation depth at which this transition occurs largely
depends on various factors such as the thickness of the gradient
layer compared to the indenter radius R, the rate of modulus
change over depth in the gradient layer, and the relative
compliance of the gradient layer versus the bulk layer. In
addition, the actual thickness of the gradient layer was larger
than the indentation depth at which the integrated Hertzian
response occurred. The actual modulus at the bulk layer is
larger than the estimated contact modulus from experiment
due to the presence of softer top layers.

Laminated samples in case II can closely mimic the force
response of a continuous layer if the layer thicknesses are small
compared to indenter radius (dl ≤ 0.4R); however, the
produced local strain field is significantly different even though
their force response is identical. The force response of
alternating hard and soft laminates (case III) is largely
controlled by the top layer. Looking at the local stretch field
for different cases, a softer top layer (in both the continuous
and laminated cases) stretches further radially compared to the
stiffer bulk layer, which results in a higher contact radius
compared to the Hertz prediction. Although the stretch field in
alternating laminated layers is different compared to a
homogeneous sample, they have similar contact radii as
predicted by the Hertz model due to the softer top layer.

The experimental indentation results at both the micro- and
nanoscale validate the cohort of simulation results. For
microindentation, both the glass- and PS-molded samples
showed similar Hertzian responses at higher indentation
depths. However, only the PS-molded sample showed a
significant non-Hertzian gradient response at indentation
depths up to 12 μm. The glass-molded sample showed a
fully uniform Hertzian response at the microscale but
experienced both non-Hertzian and Hertzian behavior at the
nanoscale. For the PS-molded sample at the nanoscale, only a
non-Hertzian response was observed. This phenomena aligns
with the previous discussion of the actual gradient layer
behavior with respect to the indenter radius R. Our
experiment-to-simulation approach is found to be a handy
tool to predict the gradient depth with necessary moduli at
different layers for glass- and PS-molded samples which is in
good agreement with others.17,26

These results facilitate a better understanding of indentation
into gradient samples. This also allows designs of hydrogel
samples with gradient layers to obtain a predetermined force
response.
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Figure 10. Pressure during indentation for linear gradient samples
with different depths of gradient layers (dl).
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