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ARTICLE INFO ABSTRACT

Communicated by Hau-Tieng Wu Given only a finite collection of points sampled from a Riemannian manifold embedded in
a Euclidean space, in this paper we propose a new method to numerically solve elliptic and

Ih;eév}vffris; parabolic partial differential equations (PDEs) supplemented with boundary conditions. Since the
Partial differential equations construction of triangulations on unknown manifolds can be both difficult and expensive, both
Heat equation in terms of computational and data requirements, our goal is to solve these problems without a
Riemannian manifolds triangulation. Instead, we rely only on using the sample points to define quadrature formulas on
Boundary detection the unknown manifold. Our main tool is the diffusion maps algorithm. We re-analyze this well-

known method in a variational sense for manifolds with boundary. Our main result is that the
variational diffusion maps graph Laplacian is a consistent estimator of the Dirichlet energy on the
manifold. This improves upon previous results and provides a rigorous justification of the well-
known relationship between diffusion maps and the Neumann eigenvalue problem. Moreover,
using semigeodesic coordinates we derive the first uniform asymptotic expansion of the diffusion
maps kernel integral operator for manifolds with boundary. This expansion relies on a novel
lemma which relates the extrinsic Euclidean distance to the coordinate norm in a normal collar of
the boundary. We then use a recently developed method of estimating the distance to boundary
function (notice that the boundary location is assumed to be unknown) to construct a consistent
estimator for boundary integrals. Finally, by combining these various estimators, we illustrate
how to impose Dirichlet and Neumann conditions for some common PDEs based on the Laplacian.
Several numerical examples illustrate our theoretical findings.

1. Introduction

The goal of this paper is to analyze the diffusion maps algorithm in a weak (variational) form and to introduce a completely
rigorous method to solve elliptic and parabolic partial differential equations (PDEs) with boundary conditions. These PDEs are posed
on an m-dimensional Riemannian manifold (M, g) embedded in an ambient Euclidean space via : : M — R¢. We assume that the
Riemannian metric g on M is inherited from the ambient space R¢ via the embedding.

Motivated by applications to machine learning or emergent structures in high-dimensional problems such as inertial manifolds,
we will assume that we have no explicit description of the embedded Riemannian manifold. Instead, we assume only that we have
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a collection of sample points, {x;} l’i L, CiM C R¢ which, together with equal weights, form a consistent weighted quadrature rule.
Namely, for any square integrable function f € L?>(M, g), we assume that

N
lim X /60= / F()a(0 dvol .1
- M

almost surely. In the statistical context the weight function ¢ is called the sampling density. Ultimately our method will be inde-
pendent of ¢, meaning that we do not require any specific density and if a grid of samples is used this grid is not required to be
uniformly spaced. This is critical when the nodes are data points (which are typically not sampled from the density that corresponds
to the volume form), but is also an advantage for synthetic data sets where creating uniform grids on manifolds can be challenging
(uniform in this context means that (1.1) holds with a constant g¢). There are several situations where this may arise:

» Random data on an unknown manifold, where ¢ is the sampling density.
+ Attractors and inertial manifolds for dynamical systems, where ¢ is the invariant measure.
+ Known but complex domains that are difficult to mesh, and difficult to sample uniformly.
+ Known but moderate dimensional manifolds if one cannot afford a mesh.

There is a wide literature starting with the Laplacian eigenmaps [3] and the diffusion maps [10] algorithms which give a method
of approximating the intrinsic Laplacian operator on an unknown manifold. In this manuscript we let A be the negative definite

Laplacian, also known as the Laplace-Beltrami operator. The basic strategy for estimating the Laplacian starts with a kernel function
_lx=yl?

K (e, x,y) which approximates the heat kernel on a manifold, for example K(e,x,y)=e 42 , where we choose ¢? in the denominator

so that e has units of distance. Then for any f we can estimate the integral operator

If(x):= / K(e,x, ) f(»q(y)dvol 1.2)
yEM

by our quadrature formula

N
Kfx)= % ZK(E, x,x;)f(x;) =1 f(x) + Errorgu.q(N, f.q) (1.3)
i=1

where the Errorg,q term is assumed to go to zero as N — co. In fact, when the data, x;, are independent identically distributed
random variables it can be shown that Errorg,,q = O(N ~1/2y with high probability [29,4]. The qualifier ‘with high probability’ is
required because the data set is random and there is a finite (but extremely small) probability of all the data points landing in for
instance, a small ball on the manifold. This would clearly lead to a significant error in the quadrature formula in most cases. However,
the probability of all such high-error events can be made arbitrarily small as N~'/2 approaches zero [4,29]. Finally, notice that if we
represent f by a vector f, = f(x;) then we can represent K with the matrix with entries K;; = K(e, x;, x;) so that (K f ) =K f(x)).

The intuition behind the kernel function is that the exponential decay localizes the integral to an e-ball around x, and in this
neighborhood the Euclidean distance dga(x,) = ||x — yl|ra is close to the geodesic distance d,(x, y) (under appropriate assumptions
on the manifold and embedding). Thus, as € — 0 the integral 7 f(x) can be shown [3] to converge to the semigroup A associated
to the intrinsic (negative definite) Laplace-Beltrami operator A, so that

K F (x) = mye™e B (£ g)(x) + O€™2) + Errorguag (N, £, ).

In fact, a more detailed asymptotic analysis [10,16] reveals that for any kernel function of the form

llx = 112,
Ke.x.) =k ——2-
€2

where k : [0, 00) — [0, c0) is sufficiently regular and has exponential decay (k(z) < a~%* for some a, b > 0), we have

€K S (x) = my f(x)q(x) + € % (@(x) f(x)q(x) + A(fg)(x))
+0(e*) + e Errorgya(N. f.9). 1.4)

for all x with distance greater than ¢ from the boundary. The constants m, and m, are the zeroth and second moments of the chosen
kernel functions, namely,

my 1= / k(|z|») dz and my 1= / 22k(|z)?) dz (1.5)
zER™M zER™M
where the domain of integration is determined by the intrinsic dimension of the manifold, m, rather than the extrinsic dimension of
the embedding space, d.
The expansion (1.4) is commonly used for estimating the density function [20,23,24] by applying the operator K to the constant
function f =1 to find,
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e 0, €
—K1(x) =q(x) + O(e”) + —ErrorQuad(N, £.9.
mo mo

However, it is well-known that for manifolds with boundary this does not hold. This leads to the well known bias of Kernel Density
Estimators (KDEs) near the boundary [8,17-19,22,25]. In [6], the authors developed a method to estimate the distance to the
boundary of a manifold from data. They then used this estimate to correct the bias of the KDE near the boundary. A significant
advance of the method of [6] is that the location of the boundary does not need to be known beforehand, and it is effectively learned
from the data.

A much more challenging and powerful use of (1.4) is for estimating the Laplace-Beltrami operator, A, and this expansion is
the key component of justifying the diffusion maps algorithm [10]. The Laplace-Beltrami operator is ubiquitous, especially when
a physical process is modeled using PDEs. For such applications, it is critical that one be able to specify the appropriate boundary
conditions. Moreover, while it is widely observed that the diffusion maps algorithm produces Neumann eigenfunctions [10], this
empirical observation has not been adequately explained. In this paper we will show that the estimator defined by the diffusion maps
algorithm is consistent in the weak sense even for manifolds with boundary, and that Neumann eigenfunctions are observed because
of the naturality of the Neumann boundary conditions for the eigenproblem. Finally, allowing arbitrary boundary conditions to be
specified requires us to introduce a new tool, namely a boundary integral estimator, which may have uses beyond these applications,
and the consistency of this estimator is one of our key results.

In order to solve diffusion type PDEs in the weak-sense and specify boundary conditions we need consistent discrete estimators
of the following bilinear forms,

§(¢,f)=/¢de01, 8(¢,f)=/V¢~Vde01, 3(¢,f)=/¢fdvola, (1.6)
M oM

M

where G and & correspond to mass and stiffness matrices respectively. The L? inner product on the boundary, B, arises in case of
Neumann or Robin boundary conditions [27]. The first bilinear form, G, is simply the L? inner product on the manifold, which can
be represented by a diagonal matrix with entries D; = (Ng(x;))~! since by (1.1) we have,

N
1

N
]giinmquDf:]&iiIlmg;Dﬁjiﬁ: lim _ZM

N—eo N q(x;)

i=1

- / $f dvol=G(e. /)
M

where ¢ can be estimated as in [6] (the method is summarized in Appendix B).

In this paper, we show that the graph Laplacian (as constructed by the diffusion maps algorithm [10]) is a consistent estimator
of the Dirichlet energy, &, even for manifolds with boundary (Theorem 6.2). Moreover, we introduce a novel consistent estimator
for the boundary integral (Theorem 5.1). These results rely on the first uniform asymptotic expansion of kernel integral operators
in a neighborhood of the boundary (Theorem 4.6). This in turn requires a subtle new distance comparison (Lemma 4.3) which
expands the ambient space Euclidean distance between local points near the boundary of an embedded manifold with respect to
semigeodesic coordinates. This new distance comparison is the direct analog of the expansion of the ambient space distance with
respect to geodesic normal coordinates [31] which holds in the interior, but Lemma 4.3 carries out this expansion for points near the
boundary using semigeodesic coordinates.

Recently, the diffusion maps estimate of the Laplacian has been used for solving PDEs such as —Au = f [13,15] where f is now
the data and one is solving for u. We should note that in [13] a more general class of elliptic operators are considered using a more
general class of kernel functions introduced in [5]. In this paper we restrict our attention to the Laplace-Beltrami operator in order
to focus on the boundary conditions, however the theory and methods introduced here can also be used to impose new boundary
conditions on the operators considered in [13]. We should also point out that [13] compared the diffusion maps approach to another
popular meshless method based on radial-basis function (RBF) interpolation [26]. The RBF method outperforms the diffusion maps
when an appropriate global coordinate system is available in which to form the basis functions. However, as pointed out in [13],
extending the RBF method to arbitrary manifolds would require extensive modifications, such as finding local coordinate systems
and approximating the desired differential operators. The diffusion maps approach provides a large class of operators directly with
a global representation. Thus, when more information about the manifold structure is known, approaches such as [26] may have
superior results (just as mesh-based methods may have better results when a mesh is available), so it should be emphasized that our
focus is on mesh-free methods on an unknown manifold as motivated above.

A key aspect of our approach is that the location of the boundary is also unknown and must be estimated as in [6]. Since the
boundary is a measure zero subset, we do not expect any data samples to lie exactly on the boundary, so rather than making a
binary choice (‘on’ or ‘off’ the boundary) we instead locate the boundary implicitly by estimating the distance to the boundary for
each data point. For completeness, we summarize the method of [6] for finding the distance to the boundary in Appendix B. This
distance-to-the-boundary function turns out to be the key to building the boundary integral estimator that converges to 8. Together
these results yield a collection of consistent estimators for G,&, and B that can be used to solve the heat equation with various
boundary conditions given only a set of points lying on the unknown manifold.

The paper is organized as follows: In Section 2 we define the class of manifolds required for our theoretical results and establish
bounds on the ratios of the intrinsic distance and the distances in coordinates near the boundary that will be required later. In
Section 3 we use these bounds to show that kernel integral operators of the form (1.2) with kernels having fast decay can be
localized to a small neighborhood of x (up to an error that is small with respect to the bandwidth, ¢). In Section 4 we present the
first asymptotic expansion of the kernel integral operator (1.2) that holds uniformly in a neighborhood of the boundary (meaning
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e is independent of x). In Section 5 we introduce the first boundary integral estimator (making use of the distance to the boundary
function) which gives a consistent estimator of 8. In Section 6 we use the asymptotic expansion from Section 4 together with
the boundary integral estimator in Section 5 to construct consistent estimators of the operators in (1.6). By analyzing the existing
Laplacian estimators in light of our new results we show why these standard constructions result in Neumann boundary conditions,
as observed empirically going back to [10]. Finally in Section 7 we show how to impose standard boundary conditions using these
operator estimators.

2. Preliminaries

The contents of this section are devoted to establishing some coordinate computations which will be used several times in
subsequent sections. We begin by setting some notation and recalling some fundamental properties from Riemannian geometry.

In what follows, we let M be a C? compact manifold with nonempty boundary smoothly and properly embedded into R via the
map ¢ : M — R?. We endow M with the pullback metric g = *gR" so that 1 is an isometric embedding. We let dvol be the Riemannian
volume element defined by this metric and we let ¢ : M — R denote a C> probability density function that is absolutely continuous
with respect to dvol.

We also recall that in any local coordinates (s',...,s”) on M, the pullback metric evaluated on vector fields X = x 9;,Y =70 ; is
given by
. . a® ol . .
(x’()i,y’aj >g = 6aﬁ£ ﬁx’y’

where we are using Einstein notation so that indices appearing in both a superscript and subscript are implied to be summed over a
common index. For convenience, we let Greek characters such as «, § range from 1 to d and Roman characters such as i, j range from
1 to m =dim(M).

We recall that the Riemannian metric on M induces a metric space structure on M with the metric by letting d,(x,y) denote
the infimum of all piecewise smooth regular curves connecting x to y in M. If x and y are not in the same component, we define
d g(x, y) = +00.

Recall that the Laplace-Beltrami operator A on M is defined by A f = Div(grad f) and has coordinate expression

1 -,
Af =———0;(VIdetglg"o,;f
Vldetg| l( ! )

in any coordinate system. In particular, when the metric is flat, g;; = §,; this corresponds to the standard Euclidean Laplacian

2.1. Kernel regularity

We let k : R,y — Ry be a C? real valued function. We furthermore assume for the remainder of the paper that ,|k'|, and ||
have exponential decay and k(0) = 0. We also assume that ¢ : M — R is a strictly positive C3 probability distribution function which
is absolutely continuous with respect to the Riemannian volume element. These assumptions are identical to those found in [16].

We define a family of kernel averaging operators 7, indexed by parameter e € (0, ) by:

llx = yli3,
I.f= / k <%> Faly) dvol.
M

We remark that this choice of kernel operator differs from the one originally used in [10] in that we choose to use squared
distance over ¢2. This is simply to avoid issues of smoothness when x = y. For simplicity of exposition, we will state the results of the
following section assuming that ¢ = 1. This presents no loss of generality, since one may make the substitution f — f¢ and obtain
the needed results.

2.2. Normal coordinates

Normal coordinates are a set of coordinates which are used extensively in the asymptotic analysis of manifold learning algorithms
on Riemannian manifolds. In this section, we review several of the important properties used later in the paper.

Recall that the exponential map based at a point x is a mapping exp, : U C T, M - M which maps a tangent vector v to the
endpoint of the geodesic based at x with initial velocity v. On a small star-shaped neighborhood of T, M, exp, is a diffeomorphism
onto its image. The smallest value inj(x) > 0 such that Biy(,,(0) € Ty M is a diffeomorphism is called the injectivity radius of M at x.
The infimum of injectivity radii over all x € M is called the injectivity radius of M and it can be shown that for a compact manifold
without boundary, inj(M) is positive.

By identifying T, M with R™ using an orthonormal basis, one can use the exponential map to construct Riemannian normal
coordinate charts centered at x € M, which are a system of coordinates (s', ..., s™) with the following nice properties:
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Proposition 2.1. Let x € M and let (s, .., s™) denote a system of normal coordinates centered about x. Then

(a) The coordinates of x are (0, ..,0).
(b) The components of the metric at x are g;;(x) = 6;;.
(c) For every vector v=1'0; at x, the radial geodesic with initial velocity v is represented in coordinates by:

YD) = I(U1 e UM

(d) The Christoffel symbols and first partial derivatives of g;; vanish at x.

In particular, the geodesic distance between x and a point y in normal coordinates corresponds to the 2-norm of the coordinate
representative s of y in normal coordinates:

dg(x,y) = lIsligm-

This expression for the intrinsic distance is the foundation of the asymptotic expansion (4.4) in [10] as well as many related papers
[4,6,16,32,30,12].

In the case of manifolds with boundary, we remark that the exponential map may be less well-behaved near the boundary than
in the non boundary case. Since geodesics may intersect the boundary, there is no longer a nice one-one relationship between initial
velocity vectors and geodesics through a given point.

As an illustrative example of this behavior, consider the closed two dimensional annulus A C R? and let x be an interior point of
A, y be a boundary point for which the straight line segment Xy in R? is not contained in A.

2.3. The normal collar and semigeodesic coordinates

We instead use semigeodesic coordinates, which will be more amenable to calculations for points near the boundary. We outline
the needed results here, for more details on semigeodesic coordinates see [21]. Since M is compact, it admits a normal collar [21],
which is a mapping ¢ : IM X [0,r-) > M defined by:

P(x,1) = exp,(—tn,)

where r¢ > 0, and —7, is the inward-facing unit normal vector field at x. Such a mapping is a diffeomorphism onto its image, which
we will denote as N. For each ¢ € [0,r), we note that the set IM, := ¢~ (AIM x {r}) is the hypersurface of points distance ¢ from the
boundary. Such d M, are embedded submanifolds of M for each t € [0, ().

Inside of the normal collar, we can now construct semigeodesic coordinates centered at x. To do so, one first fixes a point x in the
normal collar, and constructs normal coordinates (', ...,u"~!) in the (m — 1)-dimensional hypersurface parallel to dM which intersects
x. We shall refer to such a hypersurface as d M(x). One then uses the m-th coordinate u™ to parameterize the geodesic distance in M
from d M(x). Thus semigeodesic coordinates are formed through a composition of the exponential map of 0 M and the inward-facing
exponential map exp,(—u"#n) of M. We now list a few of their properties in contrast to the previous section.

Proposition 2.2. Let x € M and let (u', ..,u™) denote a system of semigeodesic coordinates centered at x. Then

(a) The coordinates of x are (0, ..,0).
(b) The components of the metric at x are g; (0 =6
(c) For every vector v=1v'0; at x, the radial geodesic in M, with initial velocity Zf’:ll v' is represented in coordinates by:

y(0) =10, ...,v"1,0).

The geodesic starting at x which intersects each M, orthogonally is represented in coordinates as:

y(@) =10,...,0,0™).

We remark that in contrast to the case in normal coordinates, the norm in semigeodesic coordinates no longer measures a well-
defined distance. The first m — 1 coordinates parameterize geodesic distance in the parallel hypersurface, while the last coordinate
entry parameterizes geodesic distance in M in the direction orthogonal to the hypersurface. Moreover, whereas the geodesic ball
is a sphere, a semigeodesic chart may be viewed as a hypercylinder which intersects the boundary orthogonally. The cylinder is
symmetric in the coordinates u',...,u"~! with respect to any (m — 1)-dimensional rotation but the symmetry does not extend the u™
which is the ‘height’ of the cylinder. Moreover, since u™ parametrizes the geodesic toward the boundary, the cylinder is truncated to
u™ > b, =—d(x,0M). Finally, we note that following [21], u™ is oriented along an inward-facing pointing normal, so for any vector v
we have v" = —v - 5, since 7, is outward-pointing.
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2.4. Coordinate estimates

Although the Euclidean norm in semigeodesic coordinates no longer corresponds to geodesic distance from x, the goal of this
section is to relate the norm in such coordinates to the geodesic distance in M.

We first note that compactness of M implies an upper and lower bound on the sectional curvature of the interior of M as well
as bounds on the inward-facing sectional curvature of 0 M. From the Gauss equation, it also follows that each parallel hypersurface
oM, for t € [0, %’c] has inward-facing sectional curvature bounded above and below. We let K be an upper bound on the sectional
curvature and inward facing sectional curvatures of such parallel hypersurfaces such that —K is also a lower bound on such curva-
tures. By the results of [11], one also obtains a single lower bound r, > 0 on the injectivity radius of each parallel hypersurface oM,
for all ¢t € [0, %’c]-

The following lemma may be proven by an application of the Rauch comparison theorem (for normal coordinates) and Warner’s
generalization of the Rauch comparison theorem [33] (for semigeodesic coordinates. Such an argument was done in Proposition 2.6
of [28] and needs only slight modification for semigeodesic coordinates.

Lemma 2.3. [28] Suppose M is a compact Riemannian manifold, then there exist constants C, > 0,C, > 0 such that in any geodesic chart
in M,
lgi;l < Cpand |g”| <C,

Using Lemma 2.3, we can now show that the norm in geodesic coordinates approximates the extrinsic distance induced by
1 M- RY

Proposition 2.4. There exists a C,, C; > 0 such that in any geodesic chart centered at x, and any point y in that chart,

Colul® <d2,((x), 1) < C;Juf?

where u is the coordinate representative of y in either normal or semigeodesic coordinates.

Proof. From Lemma 2.4, there exist positive constants C, and C, such that

lg;j| < Cy and |g”| < C

for any geodesic coordinate chart. Since the matrices with entrees g;; and g/ are symmetric and positive definite, this implies that
there exist positive bounds C; and C; on the largest eigenvalue of (g;;) and (¢"/) in any geodesic coordinate chart.

We now let x be a point in M, and choose either normal or semigeodesic coordinate charts for M centered at x, depending on
whether x is in the normal collar. We then choose a normal coordinate chart for «(x) in R?, which is simply centering i(x) at zero. In
these coordinates, we have that

dga (1), 1) = g5 () ()’ (),

where u is the coordinate representative of y in these coordinates. We then perform a Taylor expansion of 1(u), recalling that in these
coordinates 1(0) = 0. Therefore there exists a point & in the domain such that:

. bl .
i ) J
§u> <l O+ ou 5" )

RY o apy By RE o o
8up (O " (W) = g, (0) <l )+ Wi

N R R
_gaﬂ (O)dui 0w ﬁu w.
Since gf; )= gf; (1(@)) = 8,5, we have:
R4 _ R, el dzﬁ i
8y O () = g7 W35 S5 ﬁu'u/

= g‘.//\.'I @',

We now note that the expression g,.’}"(ﬁ)u" w is maximized by the maximum eigenvalue of the matrix gi’}”(ﬁ) and minimized by the

maximum eigenvalue of (g*)" (). Since we have previously show that these are bounded by C; and C, regardless of choice of
geodesic chart, we have that

d
Colul® < gy O ()P (5) < C ul?

and therefore

Colul® <dZ, GGy < Cylul’. O
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Thus, we have established a relationship between the norm in semigeodesic coordinates and the extrinsic distance defined by the
embedding 1 : M — R?.

3. Localization of asymptotic expansions for manifolds with boundary

We begin by rigorously defining two regions of M which are “close” and “far” from the boundary respectively. For each ¢ > 0, we
let M, be the set of all points x € M such that d(x,dM) > e. We then define N, to be the points such that d(x,0M) < e. We refer to
M, as the interior region and N, as the closed collar region. Due to the generalized Gauss lemma [21], one has that if € is less than the
normal collar width r, the topological boundary dM, of M, is a hypersurface in M parallel to oM.

We first show that for each sufficiently small ¢, the manifold M admits an atlas of charts which are each “large enough” to contain
a metric ball of radius e. This will be proven in Proposition 3.2, which we list here.

Proposition 3.2. There exists a Cy > 0 such that for all 0 < € < Cy,, the preimage of an extrinsic ball Fl(Bf{d (i(x))) centered at a point
x € M is contained in a normal coordinate chart if x € M, or in a semigeodesic coordinate chart if x € N,.

We let oM, refer to the hypersurface of points distance ¢ from the boundary. Such hypersurfaces are parallel to d M in the sense
that geodesics with initial velocity normal to d M intersect the surfaces oM, orthogonally. Using this fact, each tangent space T, N
for x € N, admits a decomposition:

TN, =TN,®TIN,,

where TTN =T, «OMx.0m) s the tangent space of the parallel hypersurface intersecting x and TLN, is the space spanned by the unit
vector normal to the hypersurface in M.

For each x € M and each ¢ > 0, we define the semigeodesic hypercylinder B.(x) of radius and height ¢ as the set of all vectors
ve T, N such that:

@ [T, <
ONEH <€ if vt is inward-facing
© |t ¢ <dg(x,oM) if vt is outward-facing.

By this construction, we have that if e is less than the injectivity radius of the parallel hypersurface dM(x) = oM, (xom) through

IM(x) (v

x, then exp’, T) is well-defined for all v € B.(x). Similarly, if ¢ < '75 then equ(T;qM(X) vt) is well-defined for any ¢ in a normal

neighborhood of x in d M(x), where here T;,IM(")UL denotes the parallel translate of v* in dM(x) to the point g € IM(x) and rc is the
normal collar width. Thus we see that if € is sufficiently small, the semigeodesic cylinder of radius and height ¢ may be identified
with hypercylinder which is a submanifold of M through the exponential map of dM(x).

The next proposition shows that there is a constant rg;, > 0 such that if one chooses a radius smaller than some constant Cy, > 0,
then a metric ball of radius Cj, in M is small enough to fit inside any semigeodesic cylinder of radius and height rg,. This is an
essential step to show that one can uniformly localize the operator 7, to semigeodesic charts in the same way as normal coordinate

charts.

Proposition 3.1. Let r > 0 denote the normal collar width and let r; > 0 be a lower bound on the injectivity radii of all parallel hypersurfaces
oM, with e < %’c- Let K € R be an upper bound on the sectional curvature of M and the inward-facing sectional curvature of oM. Let

-1 -
Fsem = min{ %rc,ro, ﬁ } where /K is defined to be infinite if K <0 Then there exists a C m >0 such that for all xeN, __,

BM x)C B, (x).
CM sem

Proof. We first let X denote

X= H 0B, (%)

Tsem
XENeom

In other words, consider the disjoint union of the boundary of all semigeodesic hypercylinders centered about all points in x €N, .
It can be shown that such a set is a fiber bundle over N, _ with model fiber diffeomorphic to a hypercylinder with the interior of the
“bottom” face removed. Such a model fiber is compact and since N, is also compact, it follows that the fiber bundle X is compact.
Note that proof of existence of this fiber bundle follows in analogy to the construction of the unit tangent bundle on a Riemannian
manifold without boundary.

We now consider the function d, : X — R which assigns to each (x,v) the distance from x to the geometric realization of v in M.
Such a map is clearly continuous on x, and thus obtains a minimum value C,, on X by compactness. It can be easily argued using
properties of the exponential map that for each x € Niom> WE have that x ¢ 0B, (x) and thus d(x,v) > 0 for all (x,v) € X. Hence
Cp>0.
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Since we assume rg, < ﬁ, we have that ||v]|, < ﬁ for each (x,v) € X. It follows that the distance from x to the geometric

realization of v is less than

L3 . . . . . . T
e From Corollary 2 of [2], it follows that every pair of points (x, y) in a metric ball of radius W has

a length-minimizing curve y connecting x and y in M.

Now, fix x € N, and suppose that y € B¢, (x) but y ¢ Brsem (x). Denote the length-minimizing curve connecting x and y by v, (7).
A simple topological argument can be used to show that y,, eventually intersects the boundary of B,sem (p). Namely, there exists a
1o such that y,,(t)) € 0B, (p). It follows that d,(p,7,,(ty)) = Cy and hence the length of y,, > Cy. This contradicts the fact that
yE BC-M (x) and implies the result. []

Since in general the kernel function k. (x, y) is defined using extrinsic distance in R? instead of distance in M, we need to improve
the result in Proposition 3.1 to account for extrinsic distance. We also wish to improve the result to hold for both semigeodesic and
normal coordinates and hold for all e sufficiently small. Most of this can be done by simply observing that the embedding map : has
a uniformly continuous inverse. The main remaining obstacle is that the region M, grows as ¢ approaches zero. We therefore need
to show that the injectivity radius of the region M, does not shrink too fast as ¢ approaches zero.

Proposition 3.2. There exists a Cy, > 0 such that for all 0 < € < C),, the preimage of an extrinsic ball I (de (1(x))) centered at a point
x € M is contained in a normal coordinate chart if x € M, or in a semigeodesic coordinate chart if x € N.,.

Proof. First we consider the value
inj(M,) := inf inj(x).
nj(M,) xle% 1j(x)

We first show that for sufficiently small ¢, the value of inj(M,) > e. Consider the double D(M) of M formed by gluing identical
copies of M along the boundary of M. It follows that D(M) is compact and one may extend the metric on M arbitrarily to a metric
on D(M). In such a case, geodesic balls of radius e or less on M, coincide with geodesic balls of radius e or less on D(M). Since D(M)
is compact, it has positive injectivity radius and thus if e < inj(D(M)), then exp, is bijective on B,(x) in M,. Hence, if ¢ < inj(D(M)),
M, may be covered by normal coordinate charts which contain a metric ball of radius e. By Proposition 3.2 if € < Cy,, then N, may
be covered in semigeodesic charts each of which contain a metric ball in M of radius e.

We now let C;v( =min{C,,inj(D(M))}. Since the embedding : : M — R is continuous on a compact set, its inverse 1~! is uniformly

continuous on its domain. Thus, there exists a Cy( > 0 which does not depend on x € M for which z‘l(Bg; ((x)) € BC//M (x) for all

x € M. Therefore for all 0 < e < Cy and all x € M, we have z‘l(Bf{d(z(x)) is contained in a normal coordinate chart if x € M, and a
semigeodesic chart if xe N,.. [

We now put together Proposition 3.2 and Proposition 2.4 to show that for sufficiently small ¢, one may localize the kernel integral
operator to a geodesic coordinate chart up to order e* for arbitrarily large z € N.

Lemma 3.3 (Localization to a Geodesic Neighborhood). Let 0 <y < 1. For any € > 0 such that e’ < min{ rc—"?,C ‘M)

déd (), 1(y)
/ k a2 F»q(y) dvol| € O(e*)

M\E?;l(x)

where z may be chosen arbitrarily large in N.

Proof. If ¢’ < Cy,, we have that the preimage of an ¢” ball in R? centered about «(x) is contained in a geodesic coordinate chart
!

c <

centered at x. If e7 < c_M’ then by Proposition 2.4, BQ’I‘E,
1

M

any point in M outside of Ecler(x) has extrinsic distance no less than ¢’ from x.
Using exponential decay of the kernel, this implies that

(x) contains this preimage, and is also contained in the geodesic chart. Hence,

/ k (M) q dvol < / ae_ﬁwq dvol
B ¢ B,
< ae_ﬁf_zy
B

We then apply Cauchy-Schwarz inequality in g-weighted L?>(M):
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<k <M) ,f>2 g <k (de(l(Xz),l(y))> " <dwo()§>, ,<y>>>>2 o
€ € €

<{f. frae 200 / q dvol

aM
MBY ()

s(f,f)ae‘zﬁSZ(H)

We see that the term (f, f )ae’zﬁez(ﬂ) is asymptotically bounded by any polynomial ¢ with z>1. []

We have now shown that the value of 7, f(x) depends only on the behavior of f inside a single chart for small enough values
of the parameter e. If x is in the closed collar region N, for small enough ¢, this chart must be taken as a semigeodesic coordinate
chart, while if x contained in the interior region M, one may use a normal coordinate chart.

4. Uniform asymptotic expansion for manifolds with boundary

The results of the previous section show that the asymptotic analysis of 7, f(x) can be subdivided into two cases depending
on whether x is in the interior region M, or closed collar region N,. In this section, we derive new asymptotic expansions of
I.f in semigeodesic coordinates. When taken together with existing expansions in normal coordinates from [10,16], this yields an
asymptotic expansion of 7, that is uniform in ¢, meaning that for sufficiently small e, the expansion holds for each x € M. This
uniformity is necessary for our later proof of convergence.

We begin by deriving asymptotic expansions of 7, f in semigeodesic coordinates. The following lemmas are used to show that
the value of the constant in the leading order error term is related to the mean curvature of the boundary of M. They are largely
technical, but this specific value will give us some cancellation in the final expansion and is thus important.

We begin by observing coordinate expressions for the Levi-Civita connection on M.

Lemma 4.1. Let U be the vector field such that

(a) U, € T,M maps to the point u in semigeodesic coordinates centered at x.
(b) The coordinate representation U = u'9d; has constant component functions u'.

Then at the point p:

0% af  af 9%
Z(VUU,U)gzéaﬂ<—

uouC Jub | out Jubduc

Proof. Since :: M — R is an isometric embedding, we may relate the components of the metric in M to those in R? via:

My = g 5y 9 0 5 01® o
8ap )= 8y ) ous oub Oup oul Qub

We then take the partial derivative of both sides, noting that we are in normal coordinates in R and therefore all partial derivatives

of the metric components vanish at 0. This yields:

M R
%8O _ % D ot o ot o | gt 0 (200 g, (2L o0, o0 o
ou¢ ouc  oul ouc ou® gub  “%P " ouc \ du? gub P\ Quiouc qub * oud Qubouc
Given any u € T, M, we can extend u to the vector field U = u'0; on the coordinate chart where ' are constant functions and o; are
the coordinate vector fields. Using that the Levi-Civita connection is compatible with the metric, we obtain:

IR
u
du¢
as desired. [

W =U(U,U), =2(VyU,U),

Next we relate the Levi-Civita connection to the second fundamental form I, of the hypersurfaces oM, as a submanifolds of M.

Lemma 4.2. With u and U having the same conditions as above, decompose U into the vector field UT = Z:";ll u'; tangential to the
hypersurface M, and the normal vector field Ut = u™d,, = —u"7n,.. Then we have:

(VyU,U), =— <H(,Mr(UT, U, U¢> .
8

Proof. We decompose (V,U) ¢ into

(VU U)y = (Vs UT +UH), 0T + Ul)>g .
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Since the connection is linear in both components over R, and the component functions of U are constant, we may simply bilinearly
expand the above term. We also note that

Vu/[,j uo, = uiujV(,/ 0, = uiqu[’.‘j.ak.
Since many of the Christoffel symbols in semigeodesic coordinates are zero, we are left with:
_ T T T L LT T T
(VyU.U), =(VyrUTUT) +(VyrUTUY) +(VyrULUT) +(VyuUTUT),

Using the Gauss equation for the hypersurface embedded in M, we get that V,rUT =II(UT,UT). This implies that the first term

is zero and the second term is <H,,MI(UT, um, Ul> .
g
For the next two terms, we first note that since V is a symmetric connection,

Viigu'0; = W T 0, = u w0, = V 19,0/ 0;
and so V is a symmetric tensor over R. Thus, both of the remaining terms are equal. The Weingarten equation implies that:
LTy _ T Ty 7l
(VyrUtUuT) =-(nEn.unH.ut),.
Putting this all together, we are left with:

(VyU,U), = (Tap, @T.UT), Ui>g —2(nwT.unhuty, =~ (nwT.unH.ut), O

Putting the above three lemmas together, we now asymptotically compare the extrinsic distance in R? of two nearby points
1(x), 1(y) to the norm of the coordinate expression of y in semigeodesic coordinates centered at x. This result is analogous to Proposition
6 of [31] which makes a similar comparison, except in their case the comparison was between extrinsic and intrinsic distance instead
of semigeodesic norm.

Lemma 4.3. Let x € M and let y € M be such that ||i((x) — 1(y)|lra < Cpy. Let u denote the coordinate representative of y in semigeodesic
coordinates and let ||u|| denote the norm of u in semigeodesic coordinates. Then

ll1Ge) = )IIZ, = llell®

1m
luf3 >0 fluel 3

- —(HBMI(UT,UT), Ui>
g

Proof. Since [|1(x) — 1(y)||ra < Cyy, it follows from 3.2 that y has a coordinate representative u in semigeodesic coordinates centered
at x. We thus choose such a coordinate system and apply Taylor’s theorem and apply Lemmas 4.1 and 4.2.

o1 orf 1
@2, = 8ap(0) T S uub + = g,5(0)
R 2

041" aif Wbt of 9%
ou® oub

—u'u’u" + 1 0)—
outuc Jub 2848 50 dubuc

wubu® +O(lul*)

agh0)
= el + 3 ==l + Ol
=l + (VU U, +OCllull*)

=y = (Mony WT.UD.U*) -+ 00l

where the final equations follow from the previous two lemmas. []

We note that the analogous expansion done in Proposition 6 of [31] has order d y,(x, y)* instead of ||u||* and depends on the second
fundamental form of the embedding of M into the ambient space. Thus, one of the tradeoffs for using semigeodesic coordinate charts
is a lower order error term.

Next, we expand the volume form dvol in semigeodesic coordinates. In contrast, we first note that in normal coordinates the
volume form has the expansion

dvol=1+R;;s's/ + O(s]%)

where R;; are the components of the Ricci curvature tensor [21]. In semigeodesic coordinates, an analogous result follows from the
first variation formula for the area of hypersurfaces.

Theorem 4.4 (First variation of area, [9,14]). Let 0 M, be a hypersurface in M with x € M and outward facing normal .. Let o(t) :
(—€,€) > M be a geodesic with initial velocity &(0) = —n, Then for y = o(t) we have

dvol(y)=1—(m—=1D)H )t + 0(1?)

where H is the mean curvature of OM,.

10
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We note that [9] defines the mean curvature as simply the summation, whereas we follow [21] in including the factor ﬁ For
points y that are not along the geodesic ¢ the first order term will be the same since semigeodesic coordinates are the same as normal
coordinates on the submanifold oM’ which contains no first order term. Thus for y not along the geodesic we have,

dvol(y)=1—-(m—-1)Hx)u™ + m3(x)l-juiuj +0(lu)®)

for some smooth tensor w;. The next result will be required to simplify some expressions in the theorem which involve the derivative
of the kernel.

Lemma 4.5. Integrating over a cylinder B = {u| Z,m=_11 W')? < 2,u" € [~b, /e, €]} which is symmetric in coordinates u' for | <i<m—1 we
have

/k’(|u|2)<n,,M (UT,UT),UL> du:—(m_l)H(x)/k(|u|2)umdu
d g 2
B B
_(m=1)
)

m?(x)H (x) + O(¢?) (4.1

for any z > 1, where H(x) is the mean curvature.
Proof. Linear expansion of <Ha MI(UT, U"),U l> in terms of the coordinate basis at x yields:
8

(Mop WT.UTLU) = (Mypi(01.0)).0,,), el

since the domain B is symmetric in the coordinates u' for 1 <i <m— 1, all of the terms v's/ with i # j will integrate to zero. Thus, we
have

/k’(|u|2)<H0MI(UT’UT)’UJ-> du:(H{)M(ai,ai),am>g/k’(|u|2)uiuiumdu
g
B B

and by the symmetry of the kernel, the integrals are equal for all 1 <i <m — 1, so we only need to compute

/k’(|u|2)ululu'"ds=/l ik(|u|2) ulumdulduz-ndum:—l/k(|u|2)umdu
2\ oul 2
B B B

where the last equality follows from integration by parts with respect to «'. Finally, pulling the integral out of the sum, we have,

-1

1 m
/k’(|u|2)<H0M1(UT,UT),UJ'>g du:—z/k(|u|2)umduz (H()M(ai,a,.),am)g
B B =1

m—1

and since the mean curvature is defined as H(x) = ﬁ I (Topm(9;.0)), 6m)g the first equality in (4.1) follows. Finally, substituting
u™ = —u -5, and extending the integral to all of {u|u™ > —b,} = {u|u-#n, <b,} by Lemma 3.3 we obtain the second equality of

4.0. O

We now compute the asymptotic expansion for points inside of N,. We introduce the following definition from [6] for the
moments of a kernel function near the boundary,

by/e
md(x) = (z-r,x)fk(|z|2)dz=/ /z;jk(|z|2) dzy,dzy - dz,_, (4.2)
{z€ER™ | z-n,<by [€} Rm-1 —co

where 7, is a smooth extension of the boundary normal vector field into the normal collar of the boundary. For more information on
these moments, see Appendix B. We can now state and prove the following theorem which includes a uniform asymptotic expansion
for points near the boundary.

Theorem 4.6 (Expansion near the boundary). Let M C R" be a compact m-dimensional C3 Riemannian manifold with a C3 boundary. Let

k : R — R have exponential decay. Suppose that for fixed y € (0, 1), that €’ < min{ rcﬂ,CM} Thenforallxe N, :={xe M :d(x,o0M)<¢e},
1

we have

2
—m - -1
e / k (%) £ dvol = ml(x)f (x) + em?(x) (nx VS G+ P H ) f(x)) +0(e?) (4.3)
yEM
where the moments mg(x) are defined in (4.2) and H(x) is the mean curvature of the hypersurface parallel to d M intersecting x (which
depends on the second fundamental form of oM C M).

11
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Proof. First, by Lemma 3.3 we localize the integral to a semigeodesic e-ball, B making an error of higher order than O(e?). Note that
B is exactly the domain of the integral defining the coefficients m(;,(x) in (4.2). We then multiply three expansion. First, the kernel
expansion,

2 2

€ €

2 T 17Ty 7L 5
k<“x_y”%d>=k a3 = (Topt, T UL U ) 41,0 +O0)

AR o
=k =) -0 — €—2<nm(u LUHU >g+0(e [ul®)

which follows from Lemma 4.3. Second, the Taylor expansion of f,

af
F +0(jul?)

and finally, by Theorem 4.4 we have the following expansion of the volume form

fW=rx+

dvol(y)=1—(m—=1D)H@u" + O(|ul?).

The product of these three terms appears inside the integral, so multiplying the three expansions and making the change of variables
u > eu, we find the order-¢° term is k (|u|?) f(x) which integrates to mg(x) f(x). The order-¢! term is,
n(9f i _ m\ _ (112 T 7Ty 77l
e [ k(lul?) P F)(m — 1) H (x)u K (lul*) (TMop UT,UT), U , f(x)du
B

=em?()V £ (x) - 1, +em? (x)m — DH (x).f (x) — em?(x) " L

HE)f ()
=enl(0) (V00 + T HS ()

where the first equality comes from noting that ' integrates to zero by symmetry for 1 <i <m—1 and then applying Lemma 4.5. []

Having proven an asymptotic expansion for the points in the boundary region N,, we now turn our attention to the interior region
M.. The expansion in this region was computed previously in [10,16]. Combining these previous results together with the bounds
on ¢ proven in Lemma 3.3 yields the following uniform expansion.

Theorem 4.7 (Expansion in the interior due to [10,16]). Let M C R" be a compact m-dimensional C* Riemannian manifold with a C>

boundary. Let k : R — R have exponential decay. Suppose that for fixed y € (0, 1), that € < min{ rcﬂ Cyp} Thenforallxe M, :={xeM:
1

d(x,0M) > ¢, we have

2
e / k (%) f) dvol = mqf(x)+ %8 (S f(x)+ Af(x) +O) (4.9)

yemM

where my = me k(|u])du and m, = me u%k(lul)du are the zeroth and second moments of the kernel and S(x) = %(—R(x) + %II > 11(0,,0,)| %)
depends on the scalar curvature R and the second fundamental form 11 at x.

The results of Theorems 4.6 and 4.7, when taken together, provide a uniform asymptotic treatment of the operator 7. That is,
show that for ¢ sufficiently small, the asymptotic behavior of 7, f(x) can be computed for all points x € M. This subtle but important
notion of uniformity comes from Lemma 3.3.

We remark that for small enough values of ¢, the both expansions (4.4) and (4.3) hold in normal collar N,C but outside of N,. To
reconcile these two expansions, notice that for b, > ¢ we have mg =mg and m? =0 up to higher order terms in e. Thus, outside of the

1
e neighborhood of the boundary (4.3) reduces to my f(x) + O(e?) which is consistent with (4.4).

4.1. Uniformity and compactness

Before presenting numerical experiments supporting the expansions of the previous section, we will briefly comment on the
role of compactness of M and uniformity of the expansions in the variable ¢. The authors of this paper speculate that the uniform
expansions of this section should be obtainable in the noncompact case assuming some mild conditions such as sectional curvature
bounds on M, uniform normal collar, and positive injectivity radius lower bounds.

The expansion (4.4) in Theorem 4.7 was proven in [16] for noncompact manifolds with boundary assuming bounds on the
sectional curvature. However, the expansions hold nonuniformly, that is, for every x € M\ d M, there exists an ¢, > 0 depending on
x such that for all ¢ < ¢, the expansion holds. The only other requirement in their proof is that the embedding map : has uniformly
continuous inverse. This condition is equivalent to assuming a lower bound on minimum radius of curvature, which is the condition
that appears in [16].

12
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Fig. 1. Verifying (4.3) by extracting the Laplacian on the interval [—1,1] applied to the function f(x)= x*. Top, left: We show the estimate of b, and 7, from the
previous section, the b, estimate saturates when b, > h and the 5, estimate is very noisy far from the boundary. Top, right: Error rates for various estimators of A f
extracted from K f, for very small e the quadrature error dominates. Bottom: True A f = 12x*> compared to various estimates for ¢ = 0.4 (left) and ¢ = 0.1 (right). (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

The fact that expansion (4.4) is uniform in the variable ¢ is a consequence of Lemma 3.3 in this paper, which requires compactness
of M in two different parts, both of which could potentially be generalized to the noncompact case. First, one requires a universal
lower bound on the injectivity radii of M, for all ¢ as shown in the proof of Proposition 3.2. A sufficient condition for this to occur
in the noncompact case is to assume that the double D(M) admits a Riemannian metric which smoothly extends the metric on M
and has a positive injectivity radius. This is manifestly true in the compact case.

Second, the argument in the proof of Proposition 3.1 computing a positive lower bound on the d, function uses compactness of
the closed collar region N, . However, the authors conjecture that through using a triangle comparison argument using techniques
from geometry of CAT(x) spaces [2,1], one may be able to derive such a positive lower bound using only bounds on the curvature of
M and inward-facing sectional curvature of oM.

4.2. Examples

We now provide some simple numerical examples which verify the new boundary expansion in (4.3). We start with the interval,
which is a flat manifold with a zero dimensional boundary, so the mean curvature H(x) =0. We then consider a filled ellipse, so that
the boundary has nontrivial curvature, but the manifold is still flat in the Riemannian sense.

Example 4.8 (Interval). In Fig. 1 we verify (4.3) using a uniform grid of N = 5000 data points on the interval [-1, 1] and the function
f(x)=x*. Since the grid is uniform, the density is g(x) = 1/vol(M) = 1/2 so in this simple example we can correct for the density by
multiplying K by 2. After computing 2 f we subtract the analytical value of mg(x) f(x) and divide by ezmg(x) /2, which will agree
with Af in the interior of the manifold, but blows up like ¢~!' near the boundary as shown by the solid black curves in Fig. 1. In
order to obtain a consistent estimator we must also subtract the normal derivative term m‘l’ 1y - Vf(x) as shown by the dashed blue
curves.

In the next example, in order to eliminate the variance of a single random sample, we generated a uniform grid {x;} on M and
2
then a very large set of uniform sampled random data points {y;} and computed the kernel k <%> and the function f(y;) and

then estimated the expected value by

13
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Fig. 2. Left: Verifying the mean curvature H(x) in the order-e term of (4.3) on the ellipse. Right: Verifying the derivative terms in the expansion (4.3).

N

|x; = yI* |x; =yl 1 Ix; — ;1 _
/ < = >f(y)dV(y) [ ( = >f(y)]=ﬁ_2k<7’ S +ONT2),
M

Jj=1

Since the average can be computed iteratively, this strategy allows us to compute the average over N =5 x 107 points and eliminate
any variance (quadrature) error.

Example 4.9 (Ellipse). In this example we consider M = {(X, 7)| %2/a® + 7*/b*> < 1} with a=1,b=2/3 where we use %, to denote
the coordinates since x,y € R? denote vectors. We note that this example is easy to sample uniformly by simply sampling points
uniformly in [0, 1]> and then selecting only the points that satisfy the inequality. We start by extracting the mean curvature term
using the function f =1 so that Vf =0=Af and (4.3) becomes,

_ 2
e / k(—lx 2y| )dV m‘)(x)+€m‘)(x)
€

yEM

H(x) + —m2w(x) +0(e%) (4.5)

Using e = 0.1 (results were robust for e € [0.5,0.15]) we estimated the integral as described above and extracted the mean cur-
vature term by subtracting mg and dividing by em‘l’(m —1)/2. In Fig. 2(left) we compare the extracted mean curvature with the
following analytic derivation. Note that the boundary of the ellipse can be parameterized as 1(0) = (acos 8, bsin8) with first deriva-

tive (and tangent vector) V' = Di(d) = (—asin@, bcosd) so that the normal vector is V' = (bcosf,asinf) and second derivative
—ab

l
_— s
V4 Vb2 cos? 6+a2 sin® 6

However since we did not use a unit tangent vector we also need to divide by the norm-squared of the tangent vector which yields a
mean curvature of

_ _ ToT n B VT VT VJ_ >
(m—1)H(x) =trace ((TUT,UT),U >)—trace<<H<||VT“, IIVT||>’ ||Vl||>

D?1(0) = (—acos,—bsin ). Thus, the projection of the second derivative onto the normal direction is /() -

VJ.
trace (M7 v*)) Dy ab 4.6)
B VTRV TOIVTIR T (Bcos? 6+ @@ sin® 6)3/2 '

which is simply the standard (extrinsic) curvature of the parameterized curve. This function is shown as the solid grey curve in

Fig. 2(left) and compared to the empirically extracted curvature shown as red dots. This comparison is only valid for points near the

boundary, and in Fig. 2(left) we only show points with distance to the boundary less than /4.
Next we verify the derivative terms in (4.3) by defining a function on the ellipse by f(%,7) =

that (%, ) = (aRcos 0, bRsin9). The gradient Vf = (%, %) in the normal direction is

R3 where R=+1/%2/a% + 7 /b% so

2 )
Vf -, = 3R2(cos(0)/a,sin(0)/b) - vt -3 , (b/a)cos? @ + (a/b)sin* 6

Il b2 cos? 0 + a?sin @
and the Laplacian is
azf > 2 2 (ein2 2
Af =5+~ =3R(os’O) + 1)/a* + (sin?(9) + 1)/b2).
7?2

In order to eliminate the curvature terms, we note that multiplying (4.5) by f(x) matches many of the terms from (4.3), so subtracting
this from (4.3) we isolate the terms

14
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—y|? _ 2
(k7), - 10 (1), = [ (P28 porav - e [ (B ) av
i i € €
YEM yemM

. , my(x)
=em{(x)Vf(x)-n,+e TAf(x) 4.7)

where the convergence is as the number of data points, N — co. Using the averaging strategy described above to reduce variance,
we estimate (K f ) - f(x) (KT) and compare the analytic expressions derived above in Fig. 2(right). This validates the derivative
1

i

terms in (4.3).
5. Estimating boundary integrals

The purpose of this section is to use the distance to the boundary to construct a consistent estimator of the boundary integral
B(p, f) = /a MPCOf (x)dvol’ introduced in equation (1.6) as one of the key bilinear forms required for solving boundary value
problems. It will turn out that the key result of this section will also be required in the next section to prove consistency of the graph
Laplacian as an estimator of the Dirichlet energy, &, in the weak sense.

We saw in the previous subsection that the standard graph Laplacian estimate of the Laplacian on a manifold is not consistent
near the boundary. We now consider the weak form of the operators that the kernel matrix and graph Laplacian are estimating which
requires a new result connecting the normal derivative term m?nx - Vf to a boundary integral. We first define a boundary integral
estimator by

N b2 »2
Th=— k| =) s ELT(N)] = / k(=) reoge dvol
eN €2 ! € €2

i=1 xeM

where K is a kernel with exponential decay as above, for instance K(z) = e is the prototypical example. The expectation of the J
functional is the integral over the entire manifold since we assume that the samples x; yield a weighted quadrature on the manifold.
However, the functional 7 uses the distance to the boundary b, to weight the data points, so that only points near the boundary
contribute significantly to the integral. In practice, in order to compute 7, we use the method described in Section Appendix B to
estimate the distance to the boundary. We first show that J is a consistent estimator of a boundary integral.

For this result, it will now be convenient to use boundary normal coordinates, which are the special case of semigeodesic coordinates
constructed on oM. In this special case, we also will only need to parameterize the “height” of such charts, and so we will let ¢
parameterize only the n-th coordinate " in these charts.

Theorem 5.1. In the same context as Theorem 4.6, let dvol, be the natural volume element on the boundary inherited from dvol, then we
have

E[T (] =my / Fay)dvol, + em, / FWaH ) =1, - V(f@)(y)dvol, +O(e?) (5.1)
yEIM yEIM

where my = [, k(u)du and m; = [;° uk(u)du and H(y) is the mean curvature of IM at y € oM.

Proof. Let 0 <y <1 and e >0 be such that ¢’ is less than the normal collar width Rc. In addition, let N,, = {y € M : b, <€’} denote
the normal collar of width ¢”. By using an identical argument as Lemma 3.3, one can localize the integral over N, so that

2

b b
! /k (—§> F()aG)dvol = 1 /k (—;) fa(y)dvol + O(e¥)
€ € € €
Ne

M

for any choice of z € N.

Now let U = {U,},c; be a covering of d M in boundary normal coordinate charts. By taking intersections and complements, we
can then generate a covering of M by measurable sets {V;},c; of M such that V; are disjoint, and each contained in a single U;. We
then extend each Vitoa measurable subset of M by letting I7J =¢(V; X [0,€)). Therefore each V; can be extended to a measurable
set V; of M which is contained in a boundary normal coordinate chart map ¢y,. The integral over the normal collar can then be
parameterized as:

b’ b’
/ k(= ) /Wa@) dvol= Y} / k( = ) fGaw) avol. (5.2)
€2 =y €2

Ner v;

In each of these charts, the coordinate representation of b, is u". We then perform an order 1 Taylor expansion about «” =0 of fq
as well as a Taylor expansion of dvol about u" =0 using the first variation of area:

I b I wn?
- /K —ﬁ Fq(y)dvol = - / k (—2> F@T uMq",u"y dvol(u”,u™)
€ € € ¢

4 b, (7))
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Zl( / <( i >f(u ,0)g(u",0) dvol(u™,0)
€
bu, (V)
[ ()
+ fa ,0)Hu",0)u" dvol(u',0)
¢U, D)
+ ( > ai @, 00" dvol(™,0)
)
ny2
+ <(u ) > "2 dvol(u",0)
bu; )
ny2
+ / k (%) o™, @) u"? dvol(uT,a"))
€
by, (V)

where w(u",i") is the sum of the second-order terms in both expansions with 0 <" < €. Since dvol = 4/|g| in coordinates, and the
n-th coordinate vector field 9, = —p, is orthogonal to each of the other coordinate vector fields, cofactor expansion of 4/|g| implies
that dvol(u",0) = dvol,(u"). We can then separate terms involving «" to obtain:

b2 u'=¢? .
1 1
—/K(—g>f(y)q(y)dvol=— / k("—)du” / f(a(y) dvol,
€ € € €
17]_ u"=0 YevV;
u'=e?
l n
o1 / (L) urau / FOMGIH) dvol,
€ €
u"=0 Vi
u'=e’
1 u" ng.n .
+2 / k(;)u du/ 1y - V.fq(y) dvol,
u"=0 V;
u=e’
1
W[ <(“) >(u")2du [ =1 Vrawao avol,
u"=0 yeV;
u=e’
+é / <(") >(u")2du /w(uT,a") dvol,
u=0 YEW;

Where W; is the coordinate image of OMZ" in these coordinates (recall that dM, indicates the hypersurface of points distance r away
from oM.)

Since the integral over V; does not depend on ¢, we may use exponential decay of the kernel to extend the integral over u" to
infinity. By then making a substitution u" > eu, and letting m, = f,~ k(u)du and m, = [ k(u)udu we are left with:

b
é / k <;y> Fq(y)dvol =m, / F(»q(y) dvol,

bu, (V)

J

+em, / FWMaWH ) —n, -V fq(y) dvol,
by, (V)

+0(e?)

We remark that To compute the integral over the entire normal collar, we return to the parameterization of the integral in (5.2):

bZ
/ ( >f(y)q(y) dvol =)’ / ( >f(y)q(y) dvol.
Ner ]EJ
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Fig. 3. Verifying (5.1) by extracting the boundary integral on the interval [-1, 1] applied to the function f(x) = x*. Left: We show the estimate of the boundary integral
compared to the true value, 2. Right: Error vs. bandwidth for various estimators of the boundary integral.

Summation over all 17J in the manner above, we are left with:

b2
é / k <€—§> F(»a(y)dvol =my, / Fa(y) dvol,
M

Ner

+emy / FOaMH@) —n, - V£q(y) dvoly + O(e?)
oM

from which the result follows. [

Theorem 5.1 allows us to reinterpret integrals weighted by functions such as m‘]’ o« e~¥%/¢* (for which my = +/7/2 and m, = 1/2) as
boundary integrals up to higher order terms. As in the previous section, this estimator is influenced by the sampling density ¢ and
we will correct this in the next section.

Returning to our example of the function f(x)=x* on the interval [—1,1], in this case the boundary is the set {—1,1} so the
boundary integral is simply [, x*dvol, = 1* + (=1)* = 2. Using the estimator from Theorem 5.1 we can estimate this boundary

integral as %5 (f) which will have error of order-e as shown in Fig. 3. The next order term in the expansion (5.1) is —em; /. comMx
0
V(f¢)(x)dvoly = —4e so the error in %\7 (f) + 4e should be order-¢? as shown in Fig. 3. Again, we emphasize that this example is
0
purely for verification of Theorem 5.1, we will return to practical computation methods in Section 7.

6. Estimating the weak Laplacian

The standard method of estimating the Laplace operator is with a graph Laplacian,

L=cD-K)
where ¢ = ¢" ™2 N~ and K;; = K(e, ;. x;) is the kernel matrix so that (Kf); x K f(x;) where fj = f(x;). The matrix D is diagonal
with D;; = (KT),- x K1(x;). By Theorem 4.6, for x near the boundary we have

eMEIK())] = T(F)(x) = m(x) £ (x)q(x) + m] (0)my - V(F @)(x) + o)
and the expected value of Lf near the boundary is,

e "E[Df] — e "E[K/f]
Ne?
_eELf (e )K (D) (x)] — e "E[K(f)(x))]
- Ne?
=—e"'m(x)a(xpny, - Vf(x)+O(L).

Notice that the estimator blows up like ¢! near the boundary. This was first pointed out in [10] who derived the first two terms of
(4.3). They argued that the graph Laplacian is a consistent estimator for Neumann functions (where Ny - Vf(x) = 0), which is true but
does not explain the empirically observed fact that the eigenvectors of L approximate the Neumann eigenfunctions of the Laplacian.
While this pointwise blow-up seems discouraging, notice that it is blowing up with rate e~! in a neighborhood of the boundary that
has volume of order e. In this section we show that in fact, considered in the weak sense, the graph Laplacian L does have a well
defined limit, namely the Dirichlet energy or weak Laplacian.

e
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We now use (4.4) and (4.3) together with (5.1) to understand the weak form of the kernel operator and the graph Laplacian. In
order to make this connection, we will require the following surprising result connecting the integral of the first moment near the
boundary to the second moment in the interior.

Lemma 6.1. For any z €N,
o

/m‘])(bx) db, = % +0(e)
0

The proof of Lemma 6.1 is included in Appendix A. ~
When we apply the kernel operator to a function f and evaluate at all the data points we obtain a vector %(K % ) =K f(x;)

which is simply the kernel matrix multiplied by the vector representation of the function f, = f(x;). If we then take another function

-

¢; = ¢(x;) and compute the inner product, the expectation will be a second integral,

%[E [qu Kf] =e" / / P(x)g(x)K <M> F(»q(y)dvoldvol. (6.1)
N €

xeMyeM

By expanding the inner integral using (4.3) and applying Theorem 5.1 we derive the following result.

Theorem 6.2. In the same context as Theorem 4.6 for all ¢, f € C3(M) we have,

LNE [&T Lf] = /(V¢ -Vf)q*dvol + O(e). (6.2)

m;
M

Proof. Recall that L=¢""*?N-1(D - K) and D;; = Zf’: K, so that,

e—m—Z

N2

N
3 GexIK e %) (£ () = £x,))

i,j=1

vl =e|

=em? / / q(x)p(x)K (e, x, )(f(x) — f())q(y) dvol dvol
xeEMyeM

=2 / 4PE)F K (D)~ K(f)(x)) dvol
xeM

We now segment the manifold into the disjoint union M= M, UN,, where N, = B.,(d M) is a neighborhood of the boundary and
M, = M\N,, is the interior region. By Theorem 4.4, we see that the integral over the interior region is:

e / P()g(x) (f (DI (D(x) = T(f)(x)) dvol

xXEMy

2 52’"2 3
=€ / P(x)q(x) f(x) <moq(X) + T(S (¥)g(x) + Aq(x)) + O(e )>

XEMy

2
~ () <mof(X)q(X) + 2 (S @S+ A ) + O(e3>> dvol

--2 / AxPHAS () dvol - 22 / 24()p(x)V £ - Vg dvol + O(e).

XEM,y XEMy

Moreover, applying the divergence theorem (for the negative definite Laplacian A = divoV, so that [, hn-Vf = [ div(hVf)= [ hAf +
Vh-Vf dvol) we have,

—/q2¢Af dvol = / V(g*$)- Vf dvol — / ¢*¢n -V f dvol,

My My oMy

= / V- Vf+2qpVq-Vf dvol — / ¢>¢n -V [ dvol,
My oMy

and combining this with the previous equation we have,
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e / P(x)g(x) (f (DI (D) = T()(x)) dvol

xXEMy

=% / Vp-Vf dvol—% / a*¢n -V f dvol, +O() ©3

My oMy

By Theorem 4.3, the integral over the boundary region is:

e / P(x)qa(x) (f()I (1)) =T (f)x)) dvol

XENy

—e? / q(x)qb(x)(mg(x)q(x)f(x)+em?(x>f(x)nx-Vq(x)—mT_lH<X>f<X>4(X>

xENy

= m(x)q(x) [ (x) — em (), - V([ q)(x) + mT‘lH(x)f(x)q(x) + O(ez)) dvol

=—¢! / m(x)q(x)*p(x)n, - V£ (x) +O(e) dvol.

Ner

We now notice that the function mf(x) is purely a function of the distance to the boundary b, and that it decays to zero exponentially
as b, — 0. Hence, we may apply the result of Theorem 5.1. We then have that,

e /d)(x)q(x)(f(x)-[e(l)(x)_'[e(f)(x)) dvol

xENy

=—¢! / m?(x)q(x)*p(x)n, - V f (x) + O(e) dvol

Ner
= —% / 4P, - V£ (x) dvol, +Oe), (6.4)
oM

where the integral of m”(x) is exactly 2 by Lemma 6.1. Adding (6.3) and (6.4) we have,

LE [$TLf] = % / @V -V dvol - % / Pén-Vf dvol, +0(e) (6.5)
Mer Ny

where N, is the closure of the boundary region, and its boundary is the union of the boundary of the interior region with the
boundary of the manifold, 0N, = dM,, UdM. We then apply the Divergence theorem on the closure of the boundary region NV, .

/qzqﬁn.vf dVOld:/diV(llz¢Vf) dvol,

()Nﬂ NJ
= / 1Bey(0M)(x)diV(qz¢Vf) dvol,
xeM
=0(¢)

by Theorem 5.1, since the indicator function 15,444 (x) has exponential decay in the distance to the boundary as required by
Theorem 5.1. Gathering the order-e terms and dividing by = ™ we have,

2 ¢ [¢7T Lf] = / @V -V [ dvol +0e)
myN
Mer
Similarly, we can add and subtract the integral of the same integrand over the boundary region (since this is order-¢) and we obtain,
2 ¢ [¢T Lf] /q2V¢ -V f dvol +0(e)
my N
M
as desired. []

Returning to our simple example of the uniform grid on the interval [—1,1] with f(x) = x*, we verify (6.2) by estimating
M2 |2 dvol = 32/7 using the graph Laplacian L. Notice that the optimal bandwidth for the weak sense estimator is much smaller
than the optimal bandwidth for the pointwise estimator which results from the double summation being a lower variance estimator
as shown in [7] (Fig. 4).
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Fig. 4. Verifying (6.2) computing the exact integral and the graph Laplacian estimator on the interval [—1, 1] applied to the function ¢(x) = f(x) = x*. Left: We compare
the estimate to the true integral value as a function of the bandwidth parameter, e. Right: Error vs. bandwidth for the graph Laplacian as a weak-sense estimator.

The perhaps surprising conclusion of this section is that, even though the graph Laplacian is not a consistent pointwise estimator
of the Laplacian for manifolds with boundary, it is a consistent weak-sense estimator. We should note that, if one simply removes the
boundary and considers the interior, the graph Laplacian will be consistent pointwise at each point of the interior, however the rates
of convergence will not be uniform, and the bandwidth required for pointwise consistency will decrease to zero as you approach the
boundary.

6.1. Correcting for the sampling density

In (4.4), (4.3) and (6.2) all the terms are influenced by the density ¢, so to remove this influence we apply the ‘right-normalization’
introduced by [10]. The idea is to apply (4.3) to the function f =1 in order to extract a density estimate. Computationally this means
multiplying the kernel matrix by a vector 1 of all ones, or equivalently summing the rows of the kernel matrix, which are the diagonal
entries of the diagonal matrix D, = (K1),. We then normalize the kernel matrix K to form the matrices K, D, 1. given by,

K=D'KD! and D,=®KIl), and L=¢"2N"'D-K).

Notice that since D;; is proportional to g(x;) we are essentially pre-dividing by a consistent estimator of g(x)?. The next theorem
shows that this normalization, introduced by [10], produces a consistent estimator of the Dirichlet energy that is independent of the
sampling density of the points x;.

Theorem 6.3. In the same context as Theorem 4.6 for all ¢, f € C3(M) we have,

2

0 [E[ith] = / V- V£ dvol + Oe). (6.6)
myN
M

2m

Proof. Set 4(x) =e " K1) (x)=¢™ 211.11 K(e,x,x;) so that §(x;) = e¢"D;; and we have

K(e,xl-, xj)

e DI

1 T3 7 €7m72 Al
—El¢ Lf|=E|—— D, ox)
veliin-e| 52 2
q(y)
q)

— 2 / / ‘{8¢(x)1<(e,x,y)(f(x)—f(y)) dvol dvol
xeMyeM 1

=2 / %m)(ﬂxﬂ«l/é)u) —K(f /)(x)) dvol
xeM

Note that by Theorems 4.4 and B.1, on the interior of the manifold we have §(x) = myq(x) + O(¢) and on the boundary we have
4(x)= mg(x)q(x) + O(e). So for x in the interior region, the above reduces to

2 / SO O/ =K /i) ) dvol=—% / G()Af(x) dvol

xeM OXEMC}/

and for x in the boundary region we have,
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Fig. 5. Verifying (6.6) computing the exact integral and the graph Laplacian estimator on the interval [—1, 1] applied to the function ¢(x) = f(x) = x*. Left: We compare
the estimate to the true integral value as a function of the bandwidth parameter, e. Right: Error vs. bandwidth for the graph Laplacian as a weak-sense estimator.

2 m? (x)
£ > / P)(fOK(/)(x) = K(f /9)(x)) dvol = —e! / —— (), - V f(x) + O(e) dvol
mo xeM Ney mO(X)

0
and since % has the necessary decay away from the boundary, it satisfies the hypotheses if Theorem 5.1 so that,
0

0

m{(x) my
/ P - Vf(x) +O0(e) dvol = — / d(x)n, - Vf(x)dvol,
mo(x) ngl)M

v

since the integral of m’f is % by Lemma 6.1. Recombining the integral over the interior region and the integral of the boundary
region we have,

STa =

2 2
"o g [qu i, f] - / A S (x) dvol + / dCon, - V£ (x) dvol, + O(e)
oM

Nm,y
xeEMy

= / V¢ - Vfdvol + / én, - V.f dvol, + O(e)
My My UM

and as in the proof of Theorem 6.2, the boundary integral term above can be converted into an integral of the boundary region N,,
by the divergence theorem, and this integral is order-¢ by Theorem 5.1. Similarly, extending the integral /,, , V¢ -V fdvol to all of
M also creates an error of order-e so we obtain (6.6). []

To verify (6.6) in our simple example on [—1, 1] we started with a uniform grid of N = 5000 points and then applied the nonlinear
transformation (x +.05)!? to each point and then shift and scale the resulting grid back to [~1, 1]. The result is a nonuniform grid
with higher density near —1 and lower density near 1. In Fig. 5 we show that the normalized graph Laplacian L constructed in this
section recovers the weak-sense Laplacian for the same example as in the previous section on this nonuniform grid.

7. Applications to elliptic and parabolic PDEs

Now that we have shown consistency of the estimator of the weak Laplacian, we provide numerical experiments to demonstrate
the validity of this method. For simplicity of presentation, we shall write our formulation for problems with Dirichlet and Neumann
boundary conditions. However, the approach could be applied to problems with Robin or mixed boundary conditions.

It should be noted that while the previous results of this paper prove consistency of the method, they make no mention of explicit
error bounds in terms of the number of data points used in the estimator. In order to provide such bounds, an analysis of the variance
of the estimator. Similar variance analyses have been done in the non boundary case in for instance [16,29,30] as well as many
others. Although such a variance analysis likely would rely on the results of this paper, it would require a different set of techniques
and thus will be explored in a future work.

7.1. Continuous PDEs
Let Q c R” be an open bounded set with Lipschitz boundary dQ. If L?>(Q) denotes the set of square integrable functions then we
define the Sobolev space H'(Q) := {v e L*(Q) : Vv e L*(Q)} where Vv = (G denotes the weak gradient. We also define a closed

subspace of H!(Q) as Hé (Q) which is the set functions in H'!(Q) which are zero on 0Q in the trace sense. We shall denote the dual
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1
space of H'(Q) and H,(Q) by H'(Q)* and H~!(Q), respectively and the duality pairing between these spaces as (-,-). Finally H2(Q)
denotes the standard fractional order space.

1
We start with the elliptic Dirichlet problem: Given f € H~'(Q), g € H 2 (dQ) we are interested in solving

—Au = in Q
u f in 7.1)
u =g onodQ.

We impose the nonzero boundary condition using the classical lifting argument: Let § € H'(Q) denote an extension of g to Q. Notice
that due to trace theorem, such an extension exists. We then write u = w + § where w|;q =0 in the trace sense. Then by Lax-Milgram
Theorem, under the stated assumptions on the data f,g, there exists a unique weak solution w € H(g (©) to (7.1) in the following
sense

/Vw~Vua’x=(f,v)—/Vg~Vvdx Yue H)(Q). (7.2)
Next we turn to the Neumann boundary value problem. Given f € H'(Q)*, g € L?>(0Q), we consider

{—Au+u =f inQ 7.3)

Vu-n =g onodiQ

where 5 denotes the outward unit normal to 0Q. Again by Lax-Milgram Theorem it is not difficult to see that under the stated
assumptions on the data f, g there exists a unique weak solution u € H'(Q) to (7.3) in the following sense:

/Vu-VU+uvdx:(f,U)+/guds voe HY(Q). (7.4)
Q 0Q

We also state the parabolic homogeneous Dirichlet problem, the Neumann problem is similar and is omitted for brevity: Given
f€L*0,T; H-1(Q)) and u, € L*(Q), we consider

ou—Au+u =f inQx(0,7)
u =0 onoQx(0,T) (7.5)
u =u, inQ.

The notion of weak solution to (7.5) is: find u € L%(0,T; H(i Q)N HY(0,T; H~'(Q)) solving

(a,u,u>+/vu.Vudx=<f,u) Yu e H)(Q) (7.6)
Q

and almost every 7 € (0, 7).
7.2. Discrete system

Next we describe the linear algebraic systems we obtain after discretization of (7.2), (7.4), and (7.6). Assume that we have N
nodes sampled on the manifold, and recall that the N-by-N matrix L. and diagonal N-by-N matrix D denote the discrete form of the
Laplacian (in weak form) and the discretization of the integral over the entire manifold M, respectively. Namely,

/Vu~VuszLu and /fuszDf.
M M

We indicate the discrete boundary integral /), as

gu= VTBg
oM
where B is a diagonal N-by-N matrix, whose diagonal entries are very close to zero for nodes that are far from the boundary, and v, g
specify the values of functions on all the nodes in the data set, but can be set to zero on interior nodes for the purposes of estimating
the boundary integral since the corresponding diagonal entries of B will be very close to zero. Let N,,, denote the number of interior
degrees of freedom. We note that the interior degrees of freedom can be identified using the estimated distance to boundary function
as the nodes, x;, such that b, > ¢/2. Choosing ¢/2 means that the boundary layer will be half the width of the ¢ tube around the
boundary, which we found empirically to be an effective width. The discrete form of (7.2) is given by

L(fgor- faor)W = D(Egop, IF = Llfyor, )8

where f,; indicates the interior degrees of freedom. Then the discrete solution on the interior nodes is u(fy,;) = w. We note that f,;
refers to the indices of the interior nodes and the colon denotes the inclusion of all the nodes. So the L(fy., f4r) matrix on the left
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Fig. 6. Left: Solution computed using our approach. Right: Exact solution.

0 0.5 1

Solution ; Truth

1 1
0.5 0.5
0 osh
-0.5 ‘ -0.5
-1 0 -1

0 0.5 1

Fig. 7. Left: Solution computed using our approach. Right: Exact solution.

o

hand side of the above equation is N, -by-N;,, whereas the matrices on the right hand side are N,,-by-N. Note that while these
matrices can be quite large (depending on the number of nodes used to sample the domain) both D and B are diagonal, and L. is well
approximated by a sparse matrix due to the fast decay of the kernel function used to construct it.

The discrete form of the system (7.4) is

(L. + D)u=Df +Bg

in this case, since we are solving the Neumann problem and L is consistent on the whole domain, we do not have to restrict to the
interior nodes, so here all the matrices are N-by-N.

Finally, we describe the discretization of (7.6). In addition to the spatial discretization, we use Backward Euler to discretize in
time. Let the number of time sub-intervals be K and the time step size is 7 = T/K. Then given u’ = u,, for k=1, ..., K, we solve

(D(fdof’ fgo) + TL(Fyor, fdof)) b = 2D(fgop, FF 4+ D(fgop, fgop Ju* ™!

where this last equation is again restricted to interior nodes so that all the matrices are N, -by-N;,, except for D(f., :) which is
Ny -by-N.

7.3. Numerical examples

With the help of several examples, next we show that the approach introduced in this paper, can help solve the boundary value
problems (7.2), (7.4), and (7.6). In the first 5 examples, we let Q = (0, 1)2. We first consider elliptic problems with both Dirichlet and
Neumann boundary conditions. Afterwards, we illustrate the applicability of our approach on time-dependent PDE with Dirichlet
boundary conditions. For numerical approximation in these 5 examples, we partition Q into 100 uniform cells in each direction. Our
final example is a semi-sphere with Dirichlet boundary conditions.

Example 7.1 (Elliptic homogeneous Dirichlet). In (7.1) we set g =0, therefore § =0 (cf. (7.2)). Consider the exact solution u(x,y) =
sin(27x)sin(2zy), then f(x,y) = 8x”sin(2zx)sin(2zy). The error between the exact solution u and it’s approximation u,, using our
proposed method in L?-norm is: [|u —uy,]| 12() = 1.541989¢-02. Fig. 6 shows a visual comparison between the computed and the exact
solution.

Example 7.2 (Elliptic nonhomogeneous Dirichlet). Let the exact solution u = x?> + y>. We set g = u|,q. The error between the exact
solution u and it’s approximation u, using our proposed method in L?>-norm is: |ju — u, || 12(q) = 6.378652e-03. Fig. 7 shows a visual
comparison between the computed and the exact solution.
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Solution Truth

1 2 1 2
1
0.5 0.5
0
0 -1 0 -1
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Fig. 8. Left: Solution computed using our approach. Right: Exact solution.
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Fig. 9. Left: Solution computed using our approach. Right: Exact solution.

Example 7.3 (Elliptic homogeneous Neumann). In (7.4) we set g = 0. Consider the exact solution u(x,y) = cos(2zx)cos(2zy), then
f(x,y) = (872 + 1) cos(2zx) cos(2xy). The error between the exact solution « and it’s approximation u,, using our proposed method in
L%-norm is: ||u —uy]| 12(0) = 2.125979e-02. Fig. 8 shows a visual comparison between the computed and the exact solution.

Example 7.4 (Elliptic nonhomogeneous Neumann). Let the exact solution u = x> + y?. We set g = Vu - 5. The error between the exact
solution u and it’s approximation u;, using our proposed method in L?-norm is: |ju — up,]| 12(q) = 8.303406e-02. Fig. 9 shows a visual
comparison between the computed and the exact solution.

Example 7.5 (Parabolic homogeneous Dirichlet). In (7.6) we set T = 1. Consider the exact solution u(x, y) = sin2zx) sin(2zy)e™, then
f(x,») = (872 — Du(x,y). We apply Backward-Euler scheme to do the time discretization with number of time steps equal to 50.
The error between the exact solution u and it’s approximation u;, using our proposed method in L?-norm is: |lu — |l ;20 1.12(0)) =
9.902258e-03.

Example 7.6 (Dirichlet on the hemisphere). We now consider (7.1) on the hemisphere M = {(x,y,z) € R? : x> 4+)? + 22 =1,z2>0}.
This two dimensional manifold with boundary can be seen as the image of (0, ¢) € [0, 7/2] X [0,2x] under the embedding function,
1:[0,7] x [0,27] = R? defined by

sin 6 cos ¢
1(0,¢)=| sin@sin¢
cos @

where 6 is the colatitude and ¢ is the azimuthal angle. The pullback metric in these coordinates is

2 2 20 in2 -2
()= DI Di= [cos 0cos® ¢ +cos’fsin“¢p+sin“0 0 ]: [1 0 ]

0 sin” 0 0 sin?6

The Laplacian, A, on M in these coordinates is given by
af 2 2
1 [o o 1 af o f 2y 9°f
Af=—|= — 9 =cotf = + —= 0 —=.
I=s [ao a¢] < lel [f—i]) O 50 T o T G

We can avoid blowup at 6 = 0 by assuming a solution of the form u(6, $) = sin®(0)ii(6, ¢), and in this case we consider u(6,¢) =
sin%(6) sin(3¢)/2 which leads to

f=—Au=(5/2+3sin’(0))sin(3¢).
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0.5 0.5

Fig. 10. Left: Solution computed using our approach. Right: Exact solution.

Using this f as the right-hand-side and using the true value of u on the boundary as a Dirichlet boundary condition, g =u on dIM, we
then solve (7.1) using the estimator of the Laplacian L. The resulting solution estimate u;, is compared in Fig. 10. The error between
the exact solution u and it’s approximation u, using our proposed method in L?-norm is: |lu — uy,]| 12(m) = 5-067884e-03.

In all the above examples, we observe that the solutions computed using our approach are highly accurate. We emphasize that
the exact same code was used to solve the problem on the hemisphere as was used on the unit square. This is the advantage of the
these diffusion maps based approaches, all that is needed is points sampled on the manifold.

8. Discussion

In this work, we have provided an analysis of the bias of the kernel averaging operator associated to the diffusion maps graph
Laplacian. One of the main contributions of this work is the use of semigeodesic coordinates for making the bias analysis for points
near the boundary. Using these coordinates, we are able to obtain new asymptotic estimates of the kernel averaging operator as well
as prove consistency of a boundary integral estimator. It should be noted that our convergence results only address the bias of the
estimator, that is, as ¢ — 0. In order to discuss a full treatment of error rates involving the number of data points, a treatment of
variance must also be done.
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Appendix A. Proof of Lemma 6.1

In this section we prove Lemma 6.1 connecting the integral of the first moment of a kernel near the boundary to the second
moment of the kernel in the interior.
Proof of Lemma 6.1. Since m‘l’ has fast decay, we can localize the integral to an ¢’ region for any y € (0, 1) by the same argument
as in the proof of Lemma 3.3. Thus, we have

o0 24

/ mo(b,) db, = / ml(b)db, + O(e%)
0 0

el el

:///u’"k(||u||2 Ydu'...du™ du"db,

sem
0 —by rm-1
We notice that there is considerable symmetry in the domain of integration between the b, and «™ variables. Since umk(||u||§em) is
an odd function with respect to ™, we obtain cancellation of the domain in the area indicated in red in Fig. A.11. This leads to the

following simplification:
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um

Fig. A.11. The domain of integration for b, and u™. The red region indicates the domain which cancels due to symmetry. The remaining blue region is evaluated.

el e er e
// / u'"k(||u||§em)du1.,.du'"-ldu'"dbx=// / u k(||| )du" ..du™ dudb,,
0 —b, gm-1 0 by pm-1

We then apply Fubini’s theorem to obtain,

er um

=// / uk(llullZ,,)du" ..du" db du™
0 0 pm-1
€ u™

=/ / /u"’k(llullgem)dbxdul...du'”_ldu'"
0 gm-1 0

e’
= / / W™ — 0" k(]| )" ..du™ du™
0 rm-1
e
=/ /(u'")2k(||u||§em)du1...du'"
0 rm-1
e’
=%/ /(u'")zk(nungem)dul...du'"+0(eZ)
—e” gm-1

= 2 +0(e).

where in the last line we expand the integral to all of R™ and recover the second moment m, = me W')?k(||u]|?) du which is the same
for any choice of i due to the radial symmetry of the kernel. []

Appendix B. Estimating the normal vector field and distance to the boundary

In [6], following the results of [10], the authors extended the expansion (4.4) to manifolds with boundary as,

e "Kf(x)= mg(x)q(x)f(x) +O0(e) + e_mErrorQuad(N, £, (B.1)

where the coefficient mg is no longer constant but depends on the distance b, from x to the boundary (defined as the infimum over

smooth curves). As shown in [6], the coefficients m‘;(x) appearing in (B.1) for manifolds with boundary are given in (4.2) (repeated
here for clarity)

by/e
md(x)= / (z~qx)fk(|z|2)dz=/ /zfnk(|z|2) dz,dz, - dz,_ .
{zER™M | z-n,<b, [€} Rm-1 —co
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The vector field 7, is equal to the outward pointing normal when x € dM. We can smoothly extend the vector field #, to a tubular
neighborhood of the boundary called a normal collar as discussed in Section 2. It can easily be seen that when b, > ¢ (meaning that
x is further from the boundary than ¢) these reduce to the formulas (1.5) up to higher order terms in e.

For the exponential kernel,

k(z) =exp(—z) (B.2)

we can explicitly compute

m/2 (m=1)/2 b2
mS(x): ”T(l + erf(b, /¢)), m‘l)(x)= -z 5 exp (—e—;>
These moments are used in the Section 4 to extend the expansion (B.1) to higher order terms.
The motivation for the expansion (B.1) in [6] was to analyze the standard Kernel Density Estimator (KDE) for manifolds with
boundary. The standard KDE is (up to a constant) given by,

N
_ 1 |x_Xi|2
genX)=eT"KI(x) = Nem Z;k (6—2

and (B.1) implies that

Elg, n ()] = mJ(x)q(x) + O(e). (B.3)

For manifolds without boundary, ¢, y(x) can be made consistent after dividing by the normalization constant m, from (1.5). For
manifolds with boundary, as a consequence of (B.1) we see that g, y(x) is not consistent at the boundary. In [6] it has been shown
how to fix this estimator by estimating the distance to the boundary »,. We briefly summarize this method since it will be a key tool
in constructing boundary integral estimators as defined in Section 5.

Since the standard estimator mixes information about the density and distance to the boundary, additional information is needed
in order to estimate the density. Thus, in [6] the Boundary Direction Estimator (BDE) was introduced, which is defined as,

N - X2\ (X, -
Hen(X) = 1 Zk(M)M

Nem & €2 €

Notice that the BDE is a kernel weighted average of the vectors pointing from the specified point x to all the other data points {X;}.
The kernel weighting ensures that only the nearest neighbors of the point x contribute significantly to the summation. Moreover, for
data points in the interior of the manifold, and for sufficiently small bandwidth parameter ¢, we expect the nearest neighbors to be
evenly distributed in all the directions tangent to the manifold. The resulting cancellations imply that the summation should result
in a relatively small value (it is shown to be order-e in [6] for points further than ¢ from the boundary). On the other hand, when x
is on the boundary, if we look in the direction normal to the boundary we expect all the data points to be on one side of x, and thus
the BDE will have a significant component in exactly the normal direction (inward pointing since we are averaging vectors pointing
into the manifold). For points near the boundary (relative to the size of the bandwidth ¢) this effect will be diminished smoothly
until the distance to the boundary becomes greater than the bandwidth and we return to the case of an interior point. This intuitive
description of the behavior of the BDE was made rigorous in [6] by showing that

Elu n (0] = 1,q()m (x) + O(eV q(x), e9(x)) (B.4)

where 5, € T,M is a unit vector pointing towards the closest boundary point (for x € M, 7, is the outward pointing normal).
Moreover, E[-] denotes the expected value. Notice that since m‘l)(x) <0 and 7, is outward pointing, (B.4) implies that x, y(x) points
into the interior as expected from the above discussion.

In [6] the authors combined the BDE with the classical density estimator. Indeed by dividing u. 5 by g, x, the dependence on the
true density g(x) cancels and the result depends only on the distance to the boundary b, namely (dividing (B.4) by (B.3)),

E [t n)]  neml(x)+0(e) o-1/2e= 02 /€
- -
Elgen®)]  mi()+0(e) (1+erf(b,/e))

A significant feature of this approach is that (B.5) can be easily estimated without any explicit dependence on the dimension m of
the manifold. By combining the definitions of y, 5 and ¢, 5 above we find,

+0(e). (B.5)

2 _
N k(le)zf,»l )(X, x)
€

HeN(X) Zisi €
Ge.N(X) B ZN k ( |X’)2(i|2 )

i=1

In order to compute the distance to the boundary, we compute the norm of the vector of the previous equation, and applying
(B.5) we have
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Fig. B.12. Estimating the distance to the boundary (top row) and the normal vector field (bottom) for bandwidth parameters e € {0.5,0.1,0.05} (left to right). The
estimator is accurate up to a distance of approximately 1.5¢ from the boundary.

eba/e 0 (B.6)

= +O(e). B.6

(1+erf (b, /€))
This is now a scalar equation with a known quantity on the left-hand-side, so it remains only to invert the function on the right-
hand-side in order to estimate the distance to the boundary b,. We note that this computation must be performed at each data point
since we require an estimate of the distance to the boundary for each of our data points.

While [6] used a Newton’s method to solve (B.6) for b,, we note that the right-hand-side is very well approximated by the
following piecewise function

|E ‘\/;ﬂe,N(x)

qs’N(x)

2
v 1- 115 +0.35("§) b, < 1.4e
—_— » 2
(1+erf (b, /e)) %exp<(bx) > b > 1.4e

€

(The above quadratic approximation was derived by interpolating the function at b?* €{0,1/2,1} and for b, > 1.4¢ the denominator
of (B.6) is very close to 2.) Since the quadratic and the exponential are both explicitly invertible, this approximation avoids requiring
a numerical inversion of the right-hand-side of (B.6) (Fig. B.12).

We now have consistent estimators for both the direction of the boundary, #,, and the distance to the boundary, b,, and these
will be essential in imposing the desired boundary conditions for our grid free solvers.

Appendix C. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.acha.2023.101593.
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