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ABSTRACT. The Segal conjecture describes stable maps between classifying spaces in
terms of (virtual) bisets for the finite groups in question. Along these lines, we give an
algebraic formula for the p-completion functor applied to stable maps between classifying
spaces purely in terms of fusion data and Burnside modules.

1. INTRODUCTION

The p-completion of the classifying spectrum of a finite group is determined by the data
of the induced fusion system on a Sylow p-subgroup. That is, if G is a finite group, S C G
is a Sylow p-subgroup and F¢ is the fusion system on S determined by G, then there is an
equivalence of spectra

(ZOOBG);\ ~ ¥*°BFqa,

where BF¢ is the classifying space associated to the fusion system (see Section 2.4).

The solution to the Segal conjecture provides an algebraic description of the homotopy
classes of maps between suspension spectra of finite groups in terms of Burnside modules.
In [Rag], a Burnside module between saturated fusions systems is defined. It is a submodule
of the p-complete Burnside module between the Sylow p-subgroups that is characterized in
terms of the fusion data. It is shown that this submodule captures the stable homotopy
classes of maps between the p-completions of suspension spectra of finite groups. The p-
completion functor induces a natural map of abelian groups

[S¥BG, X BH] — [(SYBG)), (S BH)).

In this paper, we give an algebraic description of this map in terms of fusion data.

Let G and H be finite groups. The proof of the Segal conjecture establishes a canonical
natural isomorphism

A(G,H);, = [E¥BG, XY BH]

between the Burnside module A(G, H) of finite (G, H)-bisets with free H-action completed
at the augmentation ideal I of the Burnside ring A(G) and the stable homotopy classes
of maps between BG and BH. Fix a prime p and Sylow p-subgroups S and T of G and
H respectively. Let Fg and Fgy be the fusion systems on the fixed Sylow p-subgroups
determined by G and H. It follows from [BLOZ2] that there are canonical (independent of
the choice of Sylow p-subgroup) equivalences of spectra

(X*BG)) ~ ©*°BFg and (ST BG)) ~ S°BF V (5°)) ~ (ST BFa)).

The Burnside module for the fusion systems Fg and Fpy, as defined in [Rag], is the sub-
module
AFp(fg, ]:H) C A(S, T)]/D\
1
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consisting of “fusion stable” (S, T)-bisets. Stability is defined entirely in terms of the fusion
data. The restriction of a (G, H)-biset ¢ X g to the Sylow p-subgroups S and T induces a
map of Burnside modules

A(G,H) = A(S,T) — A(S, T);\
sending ¢ X g to s X7. This map lands inside the stable elements:
A(G, H) A(S,T),

~

~
~
~
A

AF,(Fa, Fu).
We will write r, X5, for s Xr viewed as an element of AF,(F¢, Fg). Corollary 9.4 of [RS]
essentially produces an isomorphism
AF,(Fe, Fu) = [(EfBG);, (Zf,’_oBH)Q].
Using the p-completion functor
(7)2: (E¥YBG, X BH] — [(Ef_oBG)I/,\, (EfBH)Q]
we can form the composite

(—): A(G, H) — A(G, H)},, = [S° BG, % BH] i (SXBG)), (S BH)) = AF,(Fa, Fa).

It is natural to ask for a completely algebraic description of this map in terms of bisets. This
is not just the restriction map, an extra ingredient is needed. Let Hr be the underlying
set of H acted on the left and right by 7'. Since this is the restriction of g Hpy, it is stable
so we may consider it as an element r, Hr, € AF,(Fy,Fu). It is invertible as |H/T| is
prime to p.

Theorem 1.1. (Theorem 3.8) The “completion” map
(—) : A(G, H) — AFp(fg, fH)
is given by
¢XHg = (J:HHJ:H)71 o (chfH) = ]:GX XT H.;]-lj
Thus we have a commutative diagram

[£°BG, $° BH| i (SXBG)), (S BH)))

PR

A(G, H) ) AF,(Fe., Frr),

where (—) is given by the formula in the theorem above.

Along the way to proving Theorem 1.1, we review the theory of Burnside modules, spec-
tra, fusion systems, Burnside modules for fusion systems, and p-completion as well as proving
a few folklore results. We prove that the suspension spectrum of the p-completion of the
classifying space of a finite group is the same as the p-completion of the classifying spectrum

ZD"(BGI’;) ~ (ZOOBG)Q.
We also show that the p-completion map induces an isomorphism

[EXBG,STBH]) — [(EXBG)), (ST BH))]
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and give explicit formulas for (7, Hz, )~! that aid computation.

Let AG be the Burnside category v with finite groups as objects and Burnside modules
A(—,—) as morphism sets. Then (—) does not directly define a functor AG — AF, on
objects because the fusion system Fg depends on the choice of a Sylow p-subgroup in G,
even if different choices give isomorphic fusion systems.

Let Ggy1 be the category of finite groups with a chosen Sylow p-subgroup, and let AGgy,

—

be the associated Burnside category. Then (—) gives a well-defined functor AG.y1 — AT,
fitting into a commutative diagram (with notation introduced in Appendix A):

(1) G —2 > AG —= > Ho(Sp)
UT AU |~
Agy1
Gsyl — AGsyl (_);/)\
|9l
B
F ™. AF, Ho(Sp,,)-

In Appendix A, we work out this diagram and recall the categories and functors involved.

Outline. Section 2 recalls the preliminaries for the paper and touches on the following
topics in order: Bisets and Burnside modules, stable maps and the Segal conjecture for
finite groups, the effect of disjoint base points for the Segal conjecture, fusion systems and
their Burnside modules, and finally p-completion of classifying spectra of finite groups.

In Section 3 we explore the equivalence between p-completed classifying spectra of finite
groups and classifying spectra of fusion systems from the view point of bisets, and we provide
a proof of Theorem 1.1 as Theorem 3.8.

—

In Appendix A we provide a summary of how the functor (—) of Theorem 1.1 fits into
the commutative diagram (1).
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2. PRELIMINARIES

The purpose of this section is to recall definitions and results that are relevant to this
paper. We review Burnside modules, spectra, fusion systems, and notions of p-completion.
On top of this, we prove a few folklore results regarding p-completion.

2.1. Burnside modules. Let G and H be finite groups. Recall that a finite (G, H)-biset
X is a finite set equipped with a left action of G and a right action of H with the property
that these actions commute.
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Definition 2.1. Let AG be the Burnside category of finite groups. The objects are finite
groups. The morphism set between two groups G and H, AG(G, H), is the Grothendieck
group of isomorphism classes of finite (G, H)-bisets with free H-action and disjoint union as
addition. We will refer to the elements in AG(G, H) as virtual bisets. Given a third group
K, the composition map

AG(H,K) x AG(G, H) — AG(G, K)

is induced by the map sending an (H, K)-biset Y and a (G, H)-biset X to the coequalizer
X xgY. The composition map is bilinear. The identity map in AG(G, G) is the (G, G)-biset
G with G acting by left and right multiplication, respectively.

There is a canonical basis of AG(G, H) as a Z-module given by the isomorphism classes
of transitive (G, H)-bisets. These bisets are of the form

G x5 H= (G x H)/(gk,h) ~ (9, p(k)h),

where K C G is a subgroup of G and ¢: K — H is a group homomorphism. If we
precompose ¢ with a conjugation map in G and postcompose ¢ with a conjugation map
in H, the construction above gives rise to an isomorphic (G, H)-biset. We will denote the
isomorphism classes of these (G, H)-bisets by [K, ¢]& or just [K, ¢] when G and H are clear
from context. It is also common to denote a virtual biset X € AG(G, H) as ¢ Xy when G
and H are not clear from context.

There is also an “unpointed” version of the category AG, where we remove the part of
AG(G, H) that is seen by the projection H — e to the trivial group:

Definition 2.2. Let KG be the category with objects finite groups and morphism sets
given by
KG(G, H) = ker(AG(G, H) — AG(G,e)),
where (¢ Xpy) = ¢(X/H)e.
The identity morphism in KG(G, G) is the virtual biset

G,ig] — [G,0] = (G x¢ G) — (G/G x. G)

where 0: G — G is the trivial map sending every element to the neutral element. The
virtual biset [G,ig] — [G, 0] is idempotent in AG(G, G), and

KG(GvH) = ([GalG] - [Gvo]) AG(GvH) ([H,ZH] - [Hvo]) = AG(GvH) ([HaZH] - [Hv 0])

Let A(G) be the Burnside ring of G: Additively A(G) = AG(G, e), but the multiplicative
structure comes from the cartesian product of left G-sets (with diagonal action). This ring
may be identified with the (commutative) subring A" (G) C AG(G, Q) spanned by the
(G, G)-Dbisets of the form G xx G = [K,ik| (known as the semicharacteristic (G, G)-bisets),
where K C G is a subgroup and ix : K C G is the inclusion. The identification of A2 (G)
with A(G) is given by the composite

A% (@) € AG(G, G) -5 AG(G, e).

The inverse isomorphism sends G/H € A(G) to G/H x G = G xy G € A% (q), where
the left action of G on G/H x G is diagonal. Since AG(G, H) is a left AG(G, G)-module,
it is also a left A(G)-module. Finally, let I C A(G) be the kernel of the augmentation
A(G) — Z sending a G-set X to its cardinality, and let p + I denote the sum of the ideals
I and pA(G).
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Lemma 2.3 ([MM)). If G is a p-group of order p", then Ig“ C plg. Furthermore, the I-
adic and p-adic topologies on KG(G, H) coincide and the (p+ I )-adic and p-adic topologies
on AG(G, H) coincide.

Proof. Lemma 5 in [MM] states that the Ig-adic and p-adic topologies on KG(G, H) co-
incide, and Ig“ C plg is the key part of the proof of said lemma. Finally, we have
(p+1c)" ! C pA(G) by the previous formula, and clearly pA(G) C p+Ig, so the (p+1g)-adic
and p-adic topologies coincide on any A(G)-module, hence in particular on AG(G, H). O

Remark 2.4. When G is a p-group the ideal p + I simply consists of the virtual G-sets
X € A(G) with p | |X]|, i.e. the kernel of the mod-p augmentation A(G) — F,.

2.2. Spectra.
Definition 2.5. Let Ho(Sp) be the homotopy category of spectra.

For a pointed space X, let ¥°° X be the suspension spectrum of X. Given another pointed

space Y, we let
[E°X, XY

be the abelian group of homotopy classes of stable maps. For X unpointed, let ¥5°X be the
suspension spectrum of X with a disjoint basepoint. When G is a finite group we will write
Y BG for the suspension spectrum of the classifying space BG with a disjoint basepoint
and X°°BG for the suspension spectrum of BG using Be — BG as the basepoint.

There is a canonical map

AG(G, H) — 2% BG, 2 BH]

sending [K, ¢]& to the composite

oo

0 Tr [es) E¥ By [eS)
S¥BG 5 $¥BK ——5 N BH,

where Tr is the transfer along the map BK — BG, which is equivalent to a finite cover.
This canonical map extends to a natural transformation of functors from AG°P x AG to the
category of abelian groups. This map was intensely studied over several decades culminating
in the following theorem.

Theorem 2.6 ([Car|, [AGM], [LMM], “The Segal conjecture”). There is a canonical iso-
morphism of commutative rings

[E¥BG,S° = AG);

Ig

and a canonical isomorphism of A(G)7,,-modules

(£ BG, S BH] = AG(G, H)?...

The first isomorphism is a natural isomorphism of functors from the opposite category of
finite groups to the category of commutative rings. The second isomorphism is a natural
isomorphism of functors from AG°P x AG to the category of abelian groups.

Several canonical isomorphisms follow from this theorem (see [May]). For instance, [May,
Theorem 13] produces a canonical isomorphism

[X*°BG,X*BH| = KG(G,H)?G.
For S a p-group, due to Lemma 2.3, we have isomorphisms

[£*BS,S*BH| = KG(S, H))



6 S. P. REEH, T. M. SCHLANK, AND N. STAPLETON

and
[(EFBS, Zj’f’BH]Q >~ AG(S, H)Q
According to [RS, Proposition 9.2], we can also relax the p-completion of stable maps in the
last formula:
[(EYBS,XFBH| = {X € AG(S, H)z/)\ [1X]/|S| € Z},

when S is a p-group.

2.3. Base points and idempotents. The splitting
SPBG ~ ¥*BGV S° ~ ¥*BG x S°

corresponds to a pair of complementary idempotents in AG(G, G)?G. In this section we
will consider these idempotents and carefully work out how to go back and forth between
Y BG and X°°BG while working with bisets.

The projection X°BG — S9 and inclusion S° — Y BG are induced by the group ho-
momorphisms 0: G — e and i.: e — G, respectively. Hence the idempotent of AG(G, G)fG
that splits off S° as a summand of £°BG, is the biset [G, 0% x. [e,i]¢ = [G,0]&.

The complementary idempotent, [G,ig] — [G,0] € AG(G,G)7,,, then splits of the sum-
mand X*°BG from X BG.

Multiplying with [H, 0] from the right, takes any (G, H)-biset X to (X/H) x. H €
AG(G, H)7,,. This is the map e: AG(G, H)7, — AG(G, e)7. followed by induction of bisets
back up to H. Multiplying with [H, 0] from the right corresponds to projecting onto S°
and then including S° back into X BH.

Multiplying AG(G, H)7, with the complementary idempotent ([H,ig]|— [H,0]) from the
right gives the kernel of e: AG(G, H)7, — AG(G,e)7_,

A map YBG — Y°BH is determined by four maps between the summands. Al-
gebraically, this corresponds to the splitting of AG(G, H )?G by applying the idempotents
[G,0],([G,ic] — [G,0]) € AG(G,G) and [H,0], ([H,ig] — [H,0]) € AG(H, H) from the left
and right respectively. Explicitly, we have the following isomorphisms:

[E¥BG,SYBH] = [£*BG, 2 BH] & [S°, 2 BH] & [S*BG, S° & [S°, 8],
[X*BG,2*BH| = ([G,ic] — |G, 0))AG(G, H)1, ([H,in] — [H,0]),
[S°,S*BH] = [G,01AG(G, H)}.([H,in) — [H,0]) =0,
[2*BG, 8% = (IG,ic] - [G,0)AG(G, H)1,[H,0] = {X x. H | X € A(G)1,,|X| =0},
[S°, 8% = [G,0]AG(G, H)},[H,0] = {a - [G,0]& | a € Z}.
The statement that X°°BH is connected, so that [S°,3°°BH| = 0, corresponds to the
algebraic fact [G,0]AG(G, H)7 ([H,ig] — [H,0]) = 0, which is easily confirmed for each
basis element [K, o]¢ € AG(G, H)}_:
G016 xc (K. ¢]6 xm ([H,in)j — [H,051) = |G/K| - [G, 01§ xm ([H,in]j — [H,0]})
=|G/K| - ([G,0]¢ — [G,018)
=0.
Further, this implies that
[£*BG,%*BH] =[S BG, ™ BH] = AG(G, H)},([H,in] — [H,0]) = KG(G, H)},.
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Given any map f: X BG — Y BH represented by a virtual biset X € AG(G, H)7,,, we
can find the part of f that goes from ¥°°BG to X°°BH by the formula

X Xy ([HﬂZH] - [HvOD = ([GaZG} - [G,O]) XX Xg ([HJH] - [H70]) € KG(G’H)/I\G

Consequently, most of the results in this paper about [¥°BG, X BH] can be converted
into results about [X°BG, °° BH| by multiplying with ([H,ig] — [H,0]) from the right.

2.4. Fusion systems. We recall the very basics of the definition of a saturated fusion
system. For additional details see [Ree2, Section 2], [RS, Section 2] or [AKO, Part I]. We
also discuss the construction of the classifying spectrum of a fusion system.

Definition 2.7. A fusion system on a finite p-group S is a category F with the subgroups
of S as objects and where the morphisms F(P, Q) for P,Q < S satisfy
(i) Every morphism ¢ € F(P,Q) is an injective group homomorphism ¢: P — Q.
(ii) Every map ¢: P — @ induced by conjugation in S is in F(P, Q).
(iii) Every map ¢ € F(P,Q) factors as P % ¢(P) < Q in F and the inverse isomor-
phism ¢~ !: ¢(P) — P is also in F.

A saturated fusion system satisfies some additional axioms that we will not go through as
they play no direct role in this paper.

We say that two subgroups, P,Q < S, are conjugate in F if Q = ¢(P) for some morphism
® in the fusion system F.

Given fusion systems F; and F» on p-groups S1 and Sy, respectively, a group homomor-
phism ¢: S; — S5 is said to be fusion preserving if whenever ¢: P — @ is a map in Fi,
there is a corresponding map p: p(P) — ¢(Q) in F2 such that ¢|g ot = pog|p. Note that
each such p is unique if it exists.

Example 2.8. Whenever G is a finite group with Sylow p-subgroup S, we associate a fusion
system on S denoted Fg. The maps in Fg(P, Q) for subgroups P,Q < S are precisely the
homomorphisms P — @ induced by conjugation in G. The fusion system F¢ associated to
a group at a prime p is always saturated.

Every saturated fusion system F has a classifying spectrum originally constructed by
Broto-Levi-Oliver in [BLO2, Section 5]. The most direct way of constructing this spectrum
is due to Ragnarsson and Stancu in [Rag, Section 7] and [RS, Section 9.3]. From the data
of a saturated fusion system F, they construct (see [Rag, Definition 4.3]) an idempotent,
called the characteristic idempotent, wr € AG(S, S )1/7\ Applying the Segal conjecture, this
data is equivalent to a map of spectra

wr: XTBS — X BS.
The classifying spectrum of F is defined to be the mapping telescope
YPBF = colim(EFBS <5 S BS <5 ).
By construction X°BF is a wedge summand of ¥5°BS. The transfer map
t: XPBF = XBS
is the inclusion of ¥°BF as a summand and the “inclusion” map
r: XYBS — XFYBF
is the projection on X°BF. Thus rot=1and tor = wr.

As remarked in Section 5 of [BLOZ2], the spectrum X5° BF constructed this way is in fact
the suspension spectrum for the classifying space BF defined in [BLO2, Che]. One way to
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see this is to note that H*(BF,F,) coincides with wr- H*(BS,F,) as the F-stable elements,
and by an argument similar to Proposition 2.11 later on, the suspension spectrum of BF is
HIFp-local.

2.5. Burnside modules for fusion systems. Fix a prime p.

Definition 2.9. Let AF, be the Burnside category of saturated fusion systems. The objects
in this category are saturated fusion systems (F,.S) over finite p-groups. Let F; and F; be
saturated fusion systems on p-groups S; and Sz. The morphisms in AF, between (Fi,S1)
and (F3, S2) are a certain submodule of the Burnside module (see [Ree2, Definition 5.15])

AF,(F1, Fo) € AF,(S1, S2) = AG(S), S2))).

This is the submodule of the p-complete Burnside module AG(St, Sg)l/,\ consisting of left
Fi-stable and right Fs-stable elements.

Stability may be defined in two ways. We say that an element X € AF,(S1, S2) is left
Fi-stable if wy o X = X and right Fs-stable if X o ws = X, where w; and ws are the
characteristic idempotents of F; and F». Algebraically, the definition is longer but more
elementary. An (S7, S3)-biset X is left F-stable if for all pairs of subgroups P,Q C S; and
any isomorphism ¢: P &z @Q in F; the (P, Sy)-sets pXg, and % Xg, are isomorphic, where
%X, is the biset induced by restriction along

P25 QcCS.

Right stability is defined similarly. The Burnside module AF,(Fi, F2) is the p-completion
of the Grothendieck group of left Fi-stable right Fa-stable (S1, S2)-bisets ([Ree, Proposition
4.4]). For short, we will call such left Fj-stable right Fs-stable elements (Fi, F2)-stable or
just stable if 7 and F3 are clear from context.

Since AF,(S1,S2) = AG(S,S2);), the Burnside module AF,(S1,S2) is the free Z,-
module on bisets of the form [K, go]gf Similarly, it follows from [Rag, Proposition 5.2

that AF,(F1, Fa) is a free Z,-module on basis elements denoted [K, @]iﬁ, and given by

[Ka 410];? =WF 0 [K7 90}2? OWF,,
where K < S7 and ¢: K — S5. Just as for a finite group, if we precompose ¢ with an
isomorphism from F; and postcompose ¢ with an isomorphism from F3, we get the same
basis element in AF,(Fi, F2).

In order to clarify that a stable (S7,S2)-biset X is being viewed as an element in
AF,(F1,F2) we will write 7 Xr,. Given a third saturated fusion system F3 on S3 and
bisets r, X7, and £,Yr,, we will denote the composite biset by

AX X, Yr, = (7 XF) X5, (7YFR)-

Given finite groups G and H with Sylow subgroups S and 7" and a (G, H)-biset X, we
may restrict the G-action to S and the H-action to T to get an (S, T)-biset ¢ X7. Let Fg
be the saturated fusion system associated to G on S and Fp the saturated fusion system
associated to H on T. We leave it as an exercise to the reader to check that the restricted
biset X7 is always a stable biset and so we may further consider it as an (Fq, Fg)-stable
biset

]—'G X-FH .
We turn our attention to Burnside rings for saturated fusion systems. Recall that the

composite
A (@) — AG(G,G) — AG(G,e) = A(G)
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of Section 2.1 is an isomorphism and identifies the Burnside ring A(G) with the subring of
AG(G, G) on the semicharacteristic (G, G)-bisets.

In the same way, there are two versions of the Burnside ring associated to a fusion
system F on a p-group S. The first, denoted A(F), is the subring of F-stable elements
of A(S). The second is the subring of A" (F) C AF,(F,F) C AF,(S,S) consisting of
F-semicharacteristic bisets. This is the Z,-submodule spanned by the basis elements of
the form [K,ix]%. The identity element in A" (F) is the characteristic idempotent. The
units of A;har (F) are usually referred to as the F-characteristic elements, and each of them
contains enough information to reconstruct F (see [RS, Theorem 5.9]).

The commutative rings A(F) and A;har (F) may be canonically identified after p-completion,
but it is useful to distinguish between the two. The (non-multiplicative) map e: AG(S, S) —
A(S) induces a map

A (F) C AF,(F, F) = A(F)),

which is a ring isomorphism by Theorem D in [Ree2].
Let Ix be the kernel of the augmentation map

Ir =ker(A(F) = A(S) = Z).

Remark 2.10. The ring A(F )1/7\ is clearly p-complete. It is also complete with respect to
the maximal ideal (p) + Ir of A(F) and these ideals give the same topology. This follows
immediately from Lemma 2.3, which states that the ideals (p) and (p) + Is give the same
topology on A(S).

As the completion of A(F) with respect to the maximal ideal (p) + I the ring A(F);) is
in fact complete local with maximal ideal (p) + Ir.

2.6. p-completion. Let E be a spectrum. There is a p-completion functor on spectra
equipped with a canonical transformation
A
E— E;.
This functor is given by Bousfield localization at the Moore spectrum MZ/p (see [Bou2,

Proposition 2.5]). When F is connective, for instance if E is the classifying spectrum of a
finite group, then EZ/,\ is also the localization of ' at HIF,. There is a natural equivalence

(SFBG)) ~ (S*BG)) v (S%)).
The arithmetic fracture square immediately implies that
S¥BG ~ \/(E*BG),.
P
If S is a p-group, then X°BS ~ (¥*°BS); so
(ST BS)) ~S®BSV (5°)).
When the prime is clear from context and X is a space, we will write
STX = (S7X))
for the p-completion of the suspension spectrum with a disjoint basepoint and, if X is
pointed, X°X for (X );\, the p-completion of the suspension spectrum.
There are several notions of p-completion for spaces. These were developed in [Bou],

[BK], [Sul], and [Sul2]. For a space such as BG, these notions all agree and there is a simple
relationship between the stable p-completion and the unstable p-completion. Since it was
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difficult to find a proof of this fact in the literature, we provide a complete proof. Note that,
since this paper was first made available, this folklore result has also appeared in [BB].

Proposition 2.11. Let G be a finite group. There is a canonical equivalence
Y®(BG)) ~ (X*°BG)).
Proof. Tt follows from [BK, VIL.4.3] that the unstable homotopy groups 7.(BG))) are all
finite p-groups.
This implies that the reduced integral homology groups HZ.(BG}) are all finite p-groups:

Let EZ}’/IA) be the universal cover. A Serre class argument with the Serre spectral sequence
associated to the fibration

BG) — BG) — K(m(BG)),1)

reduces this problem to the group homology of wl(BG;,\) with coefficients in the integral
homology of the fiber. The result follows from the fact that the reduced homology groups of
the fiber are p-groups and that the integral group homology groups of m; (BGQ) are p-groups.
Both of these are classical (see [DK, Chapter 10] for the fiber, for instance).

This implies that the stable homotopy groups m.(X°°(BG?7))) are all finite p-groups: This
is a Serre class argument with the (convergent) Atiyah-Hirzebruch spectral sequence.

This implies that the spectrum X>°(BG) is p-complete: As X°°(BG})) is connective, it
suffices to prove that the spectrum is HIFp-local. Let X be an HF,-acyclic spectrum. Let
Y; be the ith stage in the Postnikov tower for ¥°°(BG?)) so that

¥®(BGp) ~ limY;
and
2 (BGH)N ~1limY/¥.
We would like to show that this spectrum is zero. Let K; be the fiber of the map Y; — Y;_;.
By induction, it suffices to prove the KX ~ 0.

There is an equivalence K; ~ ¥ H A for a finite abelian p-group group A. Thus it suffices
to show that (X*HZ/p')* ~ 0 for all [. By induction on the fiber sequence

YHF, — SFHZ /P — S HZ/p !

it suffices to prove that (S*HF,)X ~ 0. This is the spectrum of HF,-module maps
Modgr, (HF, A X, Y*HF,). By assumption HF, A X =~ x.
This implies that the canonical map

Y*BG — X*(BGY)
factors through
(EO"BG)Q — ZOO(BGQ)
which is an HF,-homology equivalence between HIF,-local spectra and thus is an equiva-
lence. ]

When restricted to the homotopy category of classifying spectra of finite groups, the
p-completion functor has a simple description. We have not found this fact in the literature.

Proposition 2.12. The p-completion functor on spectra induces an isomorphism

[EX°BG,STBH]) — [ BG, ST BH).
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Proof. We have splittings
[E¥BG,YYBH] = [S°, 5% & [£*°BG, S°) & [£°BG, X BH].

and
$*BG ~ \/(£*BG); and X°BH ~ \/(S*BH);,
l l

where the wedges are over primes dividing the order of the group. Since
(X, (*BH);']
is l-complete for finite type X and a prime [ and thus algebraically I-complete ([Bou2,
Proposition 2.5]), the (algebraic) p-completion of the abelian group
[(E¥BG, X BH]

is [2°BG, %> BH]. The algebraic p-completion of [S°, S°] is clearly Z, = [S°, (591

Finally, we must deal with [£°°BG, S°]. However, since ¥°° BG is connected, maps from
Y BG to SO factor through the connected cover of S9, S°. The connected cover of S has
trivial rational cohomology, so the arithmetic fracture square gives a splitting

5 =\ = [T
l l

The second equivalence is a consequence of the fact that ;S is finite above degree zero.
Thus the group [£*°BG, S°] appears to be an infinite product, however the l-completion of
3*°BG is contractible for [ not dividing the order of G. Thus the product

[[=>Ba, (597
l

has a finite number of non-zero factors. The p-completion of this product is just the factor
corresponding to the prime p. |

3. A FORMULA FOR THE p-COMPLETION FUNCTOR

Fix a prime p. We give an explicit formula for the p-completion functor from virtual
(G, H)-bisets to p-complete spectra sending a biset

X:X¥YBG — XYBH
to the p-completion

X): S¥BG — SBH.

3.1. Further results on Burnside modules for fusion systems. We begin with a result
describing how Burnside modules for fusion systems relate to the stable homotopy category.
Let G and H be finite groups and let S C G and T' C H be fixed Sylow p-subgroups. Let
Fc and Fg be the fusion systems on S and T determined by G and H. Recall that there
are natural forgetful maps
AG(G,H) - AG(S,T)

and

AF,(Fa, Fu) — AF,(S,T).
In the stable homotopy category the analogous maps are the map

[XXBG, ¥ BH] — [S¥BS, £ BT
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given by composing with the inclusion from X5°BS and the transfer to ¥5° BT and the map
[ BFq, S BFy| — [S°BS, ¥ BT

given by precomposing with the restriction r and postcomposing with the transfer ¢ (see
Section 2.4). We may use this to construct a map

[2%BG,YFBH|] — [ BFg, 2% BFy]
by sending X to the p-completion of the composite
SPBFq -5 57 BS <99 v pa X w7 BH M v BT s S BFy.

Proposition 3.1. Let F; and F; be saturated fusion systems on the p-groups S; and Ss.
There is a canonical isomorphism

o

AT, (F1, Fo) — [S°BF1, ST BF).
Proof. The abelian groups AF,(S51,S2) and [f)‘fBSl, f)?fBSg] both have canonical idem-
potent endomorphisms given by precomposing and postcomposing with the characteristic
idempotents associated to F; and F5. The algebraic characteristic idempotent maps to the
spectral characteristic idempotent by definition. This compatibility ensures that the images

of these endomorphisms map to each other under the canonical isomorphism of Proposition
2.12

AF,(S1,S5) — [E°BS), 5° BSs).
The images of these endomorphisms are precisely the (Fi, F2)-stable bisets and the homo-
topy classes
[S°BF;, X BF).
Since the retract of an isomorphism is an isomorphism, we have constructed a canonical
isomorphism
AF,(Fy, Fa) — [SFBF, S BF,). O

Proposition 3.2. Let G and H be finite groups and let S C G and T C H be Sylow
p-subgroups. Let F and Fgy be the fusion systems on S and T determined by G and H.
There is a commutative diagram

AG(G, H)

[£%°BG, $.%° BH]
AG(S,T) —— [S*BS, % BT

o

AF,(S,T) —— [S°BS, S BT

AF,(Fg, Fu) — [£°BFq, S BFy).

Proof. The top center square commutes by naturality of Theorem 2.6. The middle center
square commutes by the corollaries to Theorem 2.6. The bottom middle square commutes
by the discussion in the proof of Proposition 3.1.



A FORMULA FOR p-COMPLETION BY WAY OF THE SEGAL CONJECTURE 13

The left part of the diagram commutes as the restriction of a (G, H)-biset is bistable.
Note that the map

(S BFq, X BFy| — [X°BS, X BT
is given by the formula
f=tfr
The right part of the diagram commutes as the p-completion of the composite
SPBFq - $2BS 299 vopa X 5 BH Y w0 BT L XX BFy
maps to the p-completion of the composite
$*BS 79 v BS 29 v BG 5 v BH M w2 BT Y4 5 BT
and stability implies that this is equal to the p-completion of
$°BS 299 vopa X v BH Y v BT. O
Proposition 3.2 gives an interpretation of the biset construction
¢XH " FoXFy

in terms of spectra. It is the p-completion of the composite
SPBFq - 57 BS 99 v pa X 5wy BH " v BT s S BFy.

Now we focus on the relationship between f]‘fB}'G and f)fBG. Applying p-completion
to the maps t: X°BFg — X°BS and sGg: X¥BS — L BG gives us the commutative
diagram

sGa

(2) N®BFg —— YPBS % v BaG

SR,

S%BFq 125;"35/—: $%BG.
ag
The map ag is the composite of the bottom arrows.
Proposition 3.3. (Essentially [CE, XII.10.1] and [BLO2, Proposition 5.5]) The map
ag: X BFq — ST BG
is an equivalence.

Proof. We provide a proof for completeness. By [CE, XII.10.1] the inclusion of subgroups
sGg: X BS — X BG induces an inclusion in mod-p cohomology H*(BG;F,) — H*(BS;F),)
with image the Fg-stable elements of H*(BS;F,).

Simultaneously ¥9° BF¢ is constructed as the image in ¥5°BS when applying the idem-
potent wx, and by [BLO2, Proposition 5.5] in cohomology the idempotent wx induces a
projection of H*(BS;F,) onto the subring of F-stable elements.

Consequently, the map f: XBF — X¥BS — X BG first includes H*(BG;F,) as
the F-stable elements of H*(BS;F,) which is then projected, by the identity on F-stable
elements, onto H*(X°BF;F,). Hence f is a mod-p equivalence, and the p-completion of
f, ag, is an equivalence. O
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Note that a¢ is canonical and natural in maps of finite groups. We will use this equiva-
lence to identify these spectra with each other.
Let S C G be a Sylow p-subgroup and define

Jo = ker(A(G) — A(S)).

Note that Jg is independent of the choice of Sylow p-subgroup. We provide a purely
algebraic proof of the next folklore proposition inspired by the proof of [MM, Lemma 5]. It
is possible to give a shorter proof by making use of the Segal conjecture following the lines
of [Str, Proposition 9.7], but we find the algebraic proof quite satisfying.

Proposition 3.4. Let G be a finite group and let Jo C A(G) be the ideal defined above.
The are isomorphisms

AG)py1 2Ly ® AG) ) Ja = A(Fa),
natural in G.
Proof. Write the order of G as |G| = p* - u where u is the index of S in G and coprime to
p. We many times throughout the proof make use of the classical Bézout identity that we
can write 1 as an integral linear combination
(3) l=a-u+m-p.

For the first part of the proof, we show A(G)), ;. = Z,® A(G)/Jg by constructing canonical
maps in both directions.

For a virtual G-set X € A(G), the product G/S x X is isomorphic to G xg X which
takes the restriction of X to S and induces back up to G. Since Jg = ker(A(G) — A(S5)),
we therefore conclude that

(G/S)Jg = 0.

The virtual G-set u- (G/G) — (G/S) is an element of the augmentation ideal I, and by the
preceding calculation we have

(u-(G/G) = (G]9))Ja = uJg.
This combined with (3) easily proves that Jg C ((p) + Ig)Jg:

Jo = (mp+ au)Jg C pJg + udg = pJg + (u(G/G) — (G/S))JG
CpJe +1cda = ((p) + 1c)Jc.
By iterating the equation above, it follows that Jg is contained in all powers of (p) + I, so

Jg is contained in the kernel of the completion map A(G) — A(G),), -
Consequently we have a well-defined map

AG)/Ja — AG)piry

and since A(G)I/]\ '\ 1, 18 in particular p-complete, the map extends to the p-completion Z;, ®
(A(G)/Ja).

The map in the other direction requires a little more work. Recall that A(G) embeds
into a product ring (the so-called ghost ring Q¢):

:AG)~ [ =z

H<G
up to G-conj.
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where the H-coordinate counts the H-fixed points, ®g(X) = |X*|. The cokernel of ® is
finite, isomorphic to Qg /®(A(G)) = [, Z/|NcH/H|Z, hence the ghost ring Q¢ satisfies
that
|G| - Qa C P(A(G)).

Let IQ¢ be the augmentation ideal of €2, consisting of all tuples where the coordinate at
the trivial subgroup equals zero.

Consider the transitive G-set G/S and its restriction s(G/S) € A(S). For each subgroup
P < S, the fixed points for P satisfy p { [(G/S)F|. Tt follows that ®(5(G/S)) is invertible
in the p-localization (£2g)(,) of the ghost ring. Multiplication by ®(5(G/S)) gives an auto-
morphism of (€2s),) that takes ®(A(S)(,)) to some subset of itself. Since the cokernel of
O: A(S)py — (2s)(p) is finite and ®(s(G/S)) takes the image to itself, multiplication by
5(G/S) must be an automorphism of A(S), as well.

The inverse g(G/S)™" € A(S)(,) has coefficients in Z,) so there exists some positive
integer v, not divisible by p, such that

v-5(G/S)™t € A(S).
Because 5(G/S) is Fg-stable, the inverse s(G/S)~! is F-stable as well.
We now define a virtual G-set M by induction of the virtual S-set above:

M =G xg (v-5(G/S)™) € A(G).

All orbits in M has p-group stabilizers, so |[M*| = 0 for all non-p-subgroups H < G.
Furthermore, the restriction of M back to S becomes

sM = sG xg (v-5(G/S)™h).
The biset gGs decomposes into orbits according to the double cosets
sGs = Z [SNazSz™t ]2 in A(S, S).
2€S\G/S
Because v - g(G/S) ! is Fg-stable, restricting along a conjugation map c,: SNzSz~1 — S

is isomorphic to just restricting along the inclusion S NzSz~! < S. Consequently, acting
by the biset sGg on v - 5(G/S)~! is equivalent to just multiplying with the S-set

s(G/S)= > S/(SnaSzh).
z€S\G/S

We therefore have
sM = 5G x5 (v-5(G/S)™1) = 5(G/S) x (v-5(G/S)™") =v-(5/5).

From M we can now construct the element (v-(G/G)— M) € Jg since the summands cancel
each other on restriction to S. For every X € A(G) we have

v X=w-(G/G)—M)x X +MxX.

The first summand (v - (G/G) — M) x X lies in the ideal Jg, and the second summand
M x X has only p-group stabilizers and trivial fixed points for all non-p-subgroups H < G.

Recall that the order of S is p*. We shall prove that Ié“ C Jg + plg in analogy to
Lemma 2.3, and this will allow us to define a map A(G)/), ;. — Z, ® (A(G)/Jg). Let X
be any element of I, then M x X still has augmentation 0. The virtual G-set M x X has

|(M x X)H| = 0 for non-p-subgroups H < G and additionally |M x X| = 0. For p-subgroups
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P < G, wealways havep | |Y|—|Y | for Y € A(G), so in particular p | |(M x X)¥| for all non-
trivial p-subgroups P < G. We conclude that p divides all coordinates of ®(M x X) € Q.
Hence we have M x X € pIQ¢, and for Ig in general we can write
v-®(Ig) CP((v- (G/G) = M)Ig) + ®(M - Ig) C ®(Jg) + (pIQa N @(Ia)).
Recall the earlier Bézout formula (3) for u and recall that p* - uQe C ®(A(G)), which also
holds for the augmentation ideals. With these results in mind, we see that
VPR (IET) C ®(Jg) + (T IQe N @ (1))
CP(Ja) + " u- I + p®(Ia)
€ o(Jg) + @) + p2(lc)
= ®(Jg) +p2(lc).
To get rid of the v’s, we can use another Bézout identity, 1 = b-v + n - p, and see that
IEY = (b-v+n-p)PTHE CORPHEN 4 ple C Jg + pla + ple = Jg + plg.
From this formula we see that
((p) + I6)" C Ja + pA(C).
By taking repeated powers we conclude that there is a well-defined map
A@1, = Ty ® (A(G)/g).

The maps between A(G)7, ;. and Z, ® (A(G)/Jg) in both directions are given by taking
sequences of representatives in A(G) and taking the limit in the other ring, hence the two
maps are inverse to each other, and A(G)), ;. = Z, ® (A(G)/Jc) as claimed.

The second isomorphism Z, ® (A(G)/Jg) = A(Fg); is easier to see. The ideal Jg is
the kernel of the restriction A(G) — A(S), hence A(G)/J¢ is isomorphic to the image of
A(G) — A(S). The image of A(G) — A(S) is contained in the subring A(F¢) of Fg-stable
elements. By Proposition 4.12 of [Ree2], p-locally the restrictions of G-sets generate all of

A(Fa)p) with a p-local basis consisting of the elements

s(G/P)
s(G/S)
for P < § and where these basis elements only depend on Fg instead of the entire group G.
By tensoring with Z, these fractions also form a Z,-basis for A(Fg);, so Z, ® (A(G)/Ja) =
A(Fa)). |

€ A(fG)(P)7

We draw the following folklore corollary:

Corollary 3.5. Let G and H be finite groups and let Jg C A(G) be the ideal defined
above. There are canonical isomorphisms

AG(G, H)py 1, = 2y @ AG(G, H)/JcAG(G, H) = AF,(Fa, Fr)

natural in G and H.

Proof. Since A(G), ;. = Z, ® A(G)/Jg by Proposition 3.4, the first isomorphism follows
from the fact that the completion is given by base change. Naturality of this isomorphism
follows from the fact that the image of a Sylow p-subgroup under a group homomorphism
is contained in a Sylow p-subgroup.

To see the other isomorphism, recall that Theorem 2.6 gives an isomorphism

AG(G,H)}, = [E*BG, ¥ BH].
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In view of Proposition 3.3, it suffices to show that the p-completion functor

[E2¥BG, Y BH] — [£°BG, Y BH]
is given algebraically by p-completion. This is Proposition 2.12. O
3.2. A formula for p-completion. Now consider the map sGs: X°BS — X°BS, which

is the composite of the inclusion and transfer along S C G. This element is Fg-semicharacteristic;
it is not S-semicharacteristic as it is the composite

sGs = [S,ids]§ x¢ [S,is]2

and various conjugations with respect to elements of G not in S show up in the resulting
sum.

Lemma 3.6. The element
7Gry € AF,(Fa, Fo) =[S BFq, S BFq]
is a unit.
Proof. Since .G r, is Fg-semicharacteristic it is in the image of the inclusion
i AS(Fg) — AF,(Fg, Fa).
Recall that the composite
AP (Fg) — AFy(Fa, Fa) = A(Fa),
is an isomorphism of commutative rings even though the second map is not a ring map.
The image of 7.Gr, in A(Fg); is G/S viewed as an Fg-stable set. Since |G//S| is coprime
to p, this projects onto a unit in I, under the canonical map
A(fg)g — Ly — TFp.

Since A(Fg);, is complete local with maximal ideal p 4 I7, (see Remark 2.10), G/S is a
unit, but now this implies that r, G, is a unit. O

Recall the equivalence of Proposition 3.3, we now give an explicit description of the
inverse to ag. Consider the following diagram

(4) N2BG C9% y2oBS s Y2 BF,

Y¥BG ——= Y¥BS ——= X BFq
Ni(FGGfg)_l
ba S%BFg.

The map G is the transfer from Y¥°BG to X BS. The second row is the p-completion
of the first row. The map (.G r.) ! exists by Lemma 3.6, which depends on the fact that
we are in the category of p-complete spectra. The map bg is the composite.

Lemma 3.7. The map
be: X°BG — ST BFg.

is the inverse to ag.
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Proof. Put Diagram 2 from page 13 to the left of Diagram 4. Note that the image of ¢G¢
along the map

AG(G,G) — AF,(Fa, Fa)

of Proposition 3.2 is z,Gx., which we then postcompose with (z.Gr.) " . O

Using bg, we may replace the target of the canonical map to the p-completion
Y¥BG — NYBG
by 5% BFg. Let
cg: T BG — E‘X’BG ZOOB]-'G

be the composite; it is naturally equivalent to the p-completion map. Diagram 4 gives a
kind of formula for cg. It is the the transfer G, viewed as a map landing in X5°BFg,

postcomposed with the p-completion map X BFg — flff’B}'G followed by the equivalence
(]:G G]:G)_l

(FG Fc;)

(5) cg: XIYBG —= cCs —= XBS - Y¥BFqg — E"OBFG e E‘fB}'G,
Using the equivalences ag and by, we may construct a map
(4): [E°BG, S BH] — [ BF g, S BFy]
by sending
[:3X¥BG — XY BH
to the composite

i 82 BFe 2% $2pG Iy SopH U S BF,.

By Proposition 3.1, this is an element in AF,(Fg, Fr). We will give a simple formula for

fwhen f comes from a virtual (G, H)-biset. In fact, we may precompose (—) with the
canonical map AG(G, H) — [X¥BG, X BH]. By abuse of notation, we will also call this

(=)
Theorem 3.8. Let G and H be finite groups, and let T' C H be the Sylow p-subgroup on
which Fp is defined. The map

AG(G, H) 4 AR, (Fa, Fir)
sends a virtual (G, H)-biset ¢ X to
FoXru = 7o X X1 Hz) = (76 Xry) %1 (7u Hry) ™

In other words, there is a commutative diagram in the stable homotopy category

X

S¥BG S¥BH

CG\L iCH
FoXxrHZ!

N°BFq f - S°BFy.
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Proof. Putting together Diagram 2 and the definition of cy as X°BH — f]‘fBH ba,
ifB]: I, we have a commutative diagram

$¥BFg —= S¥BS —= X BG —> ¥ BH

! T

S BFq ac S BG — s $°BH — s 5% BFy.

The vertical arrows are all the canonical maps to the p-completion. Note that X is the
is the composite of the arrows in the bottom row of the diagram. Also, we could add

cg: X¥BG — flfBG AN ifB]—'G diagonally in the left hand square and the diagram
would still commute. Plug in the expression (5) for ¢, and the composite along the top of
the diagram is precisely

]:GX XT H-;}ll

giving us the desired formula. ]

Remark 3.9. The formula of Theorem 3.8 also makes sense on elements in AG(G, H)7,
and the proof is identical once one feels comfortable referring to elements in the completion
as virtual bisets.

This result allows us to give explicit formulas for the p-completion functor. It is often
useful to have formulas more explicit than (r,Gz.)~'. We will give two further ways of
understanding this element. One as an infinite series and the other as a certain limit. The
following formulas for calculating (7,Gr,)~! are based on similar calculations in [Rag].

Proposition 3.10. Let X = G r,. Inside AF,(Fg, Fg) we have the equalities
X=Xy (1 - XPT) = Jim XPmrtL

, n—oo
>0

Proof. Since X is Fg-characteristic, it suffices to prove this inside
A(Fa)p = AP™ (Fa) C AFy(Fo, Fa).

This ring is complete local with maximal ideal m = p + Ir. (see Remark 2.10).
Since X is invertible, it is enough to show that

lim X®DP" — X x lim x®-Vr"-1 -1,

n—oo n—oo
But since A(Fg);/m = F,, we have that X?~' =1 mod m. Thus it is enough to show
that if Y =1 mod m, then lim Y?" = 1.

n—oo
Indeed, we will prove by induction that
YP' —1emmtt
The case n = 0 follows by assumption. Assume that Y?" —1 € m"t!. We have
p—1
Y 1= =Y,
i=0

but
p—1

p—1
ZY’M = Z 1P""=p=0 modm
i=0 i=0
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and (Y?" —1) € m™*! by assumption, so (Y?" —1) € m"*2,
For the other equality, note that the sum is the geometric series for 1/X?~! and that the
summand live in higher and higher powers of m. |

Remark 3.11. The formulas for X! in the previous proposition are true much more
generally. For instance, it suffices that R is a (not necessarily commutative) Z,-algebra

with a two-sided maximal ideal m such that R/m = F, and R is finitely generated as a
Z,-module.

Corollary 3.12. The idempotent in KG(G,G)7,, that splits off (X BG); as a summand
of ¥*°BG can be written as

lim ([S,i5]§ — [S,0]G)P—1P",

n—oo

The biset [S,ig]& — [S,0]S = (G xs G) — (G/S x. G) is just the transfer from ¥*°BG to
3> BS followed by the inclusion back to X*°BG.

Proof. Recall from Section 2.3 that the idempotent [H,iy| — [H,0] € AG(H, H) splits off
Y *°BH as a summand of ¥3° BH. Furthermore, for any virtual (G, H)-biset X, we have
[

(6) (IGyic] = [G,0]) x¢ X xg ([H,ig] = [H,0]) = X xq ([H,ix] - [H,0]).
Hence in order to get the unpointed part X*°BG — X*°BH of any map X°BG — LY BH,
we just have to postcompose with [H,ig| — [H,0] € AG(H, H).

For a saturated fusion system F, the characteristic idempotent wz, which splits i?fBF
from f]‘fBS, acts as the identity on the (S?)/-summand since |wz| = 1. Splitting off 2> BF
from f]j’_oB]-" corresponds to the idempotent wr — [S,0]2 = wr xg ([S,is]s — [S,0]2) €
AF,(F,F).

The map cg: X BG — f]fB]—"G has an unpointed part ¢g: X>°BG — X°° BFg which
we get by postcomposing with the idempotent wz, — [S,0]2 € AF,(F,F). The map ¢g is
represented by the composition

cGs roe (76Gre)™" .
ZfBG > ZfBS — EioBfG ZfB]'—G
T GGS X s G -1 Xg (w — S,O l
510 B2 (]:G -7:0) ( Fa [ ]) S=BFe

Similarly the map s: X*°BFg L 2o BS % $°BG is represented by the virtual biset
sGa xq ([G,ig] — [G,0]).
We see that s is a section to ¢g since ¢g o s is represented by the composite
sGa xa ([G,ig) = [G,0]) xg ¢Gs x5 (76GFe) ™" X5 (Wrg — [S,0])
= 3Ga x¢ ¢Gs x5 (7o Gre) " x5 (wre — [S,0])
= 5Gs x5 (76Grs) " x5 (Wrs —[S,0])
=Wrg X8 (W]:G - [570]) = (WJ:G - [570])

and wr, —[S, 0] is the identity map on X°° BFs. Note that we can leave out ([G,ig]—[G,0])
in the middle since we multiply by (wz, — [S,0]) at the end anyway.
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The composition g o s ends with the equivalence bg : (EOOBG);\ — X®°BFq. If we
instead place bg at the beginning, we see that
(E‘X’BG/\) —= (X*°BFq) 5 Y*°BG — (E“BG)

is also the identity.

From this we conclude that s o ¢g: X*°BG — X*°BG is an idempotent whose image is
equivalent to the p-completion (ZOOBG)Q. We now plug in the limit formula for (.G r,)~!
from Proposition 3.10 and see that the idempotent s o ¢g has the form

cGs X5 (7o Gre) ™" s (wWre —[9,0]) x5 sGa xa ([G,ig] - [G,0])
=Gs x5 (7, Gre) ™" x5 5Ga % ([G,ic] — [G,0))
= cGs x5 (nliHH;O(SGs)(pfl)pn*g xs sGa % ([G,ic] — [G,0])

Each factor sGg in the limit of powers can be decomposed as (sGg) Xg (¢Gs). Note
that we have an additional ¢Gg in front of the limit and G after the limit. We pull in
the additional factors and make powers of (¢Gs) Xs (sGg) = G xg G instead — with the
exponent increased by 1:

¢Gs Xg (HILH;O(SGS)(’)A)’)W'A) Xs sGa xa ([G,ic] = [G,0])
= ( lim (G x5 G)(p_l)pn> xa ([Gyic] —[G,0])
= lim (G x5 G — [S,0]5)P—1P"

n—oo

The last equality holds because (6) tells us that we can act with the idempotent [G, ig]—[G, 0]
on every factor in a long composition, and (GxsG)x¢([G,ic]—[G,0]) = GxsG—[S,014. O

Example 3.13. As an example of how the different formulas of this paper play together with
the Ig-adic topology, we will perform a “sanity check”. We will check that the idempotents
of Corollary 3.12 at each prime actually add up to give back the identity on ¥*°BG.

Let S, be a Sylow p-subgroup of G, and let w, denote the idempotent

Wp = nlggo([spa iSp}g - [Spa O]g)(pil)pn
that splits off (X BG);) from X*°BG. We will confirm that

(G, ic] Z Wp

in the endomorphism ring KG(G,G)7,, of ¥ BG.
First note that we may write

G
™ 1= 0o
S,
a linear combination of integers for some choice of integers a,. Next let
7= (|S (1Gic] = [6,0]) = ([8,75,] = 15,.0D)
=3 (| 5[ G+ic] = Sp.i5,]) xa (1G] = G0,

which is an element of IG ([G,ig] = [G,0]).
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We now claim that

(8) Z % ([Gic] = [G,0]) = > wp) = ([G.ic] = [G,0]) = D wy.

p

To show this we need the following two calculations: The first is the fact that
([Spis,] = [9p,0]) X ([Sq: is,] = [94,0]) = 0 whenever p # q.

This is because the double coset formula for the composition of these bisets contains only
subgroups of the form (S5,)9 NS, = 1 for elements g € G, and contributions from [S,,is,]
and [Sy, 0] cancel each other when restricted to the trivial subgroup.
Consequently, ([Sp,is,] —[Sp,0]) Xqwy = 0 as w, is formed by iterating [Sy, is,] — [y, 0].
The second calculation we need is that

([Spris,] = [5p, 0]) X wp = [Sp,is,] = [Sp, 0],

which we can prove by reversing the last step in the proof of Corollary 3.12: First off the
Corollary gives us a formula for w, as a limit of powers.

([Sp7i5p] - [SP7O]) Xa Wp
= lim ([Sy,is,] = [55,0]) %G ([Sp,is,] = [9,0) D"

We have [Spvisp] - [SP’O] = [S;D’isp] xg ([G,ig] — [G,0]), and by (6) we can push the
idempotent [G,ig] — [G, 0] all the way to the end of a long product to get
([Spsis,] = [5p,0]) Xa wp
= ((im (18,is,]8) 77" 1) xg ([Gyic] - [G.0)

Next we write [S,is, 18 = (cGs,) xs, (s,Ga). We can then pull out the initial (¢G's,)
and the final (5,Gg), and combine the remain factors in pairs (s,Ga) Xa (¢Gs,) = 5,Gs, -
This leads us to

[ pvls ] [Spvo]) XG Wp
60s,) xs, (|l (5,Gs,) 7" ) x5, (5,G6) xc (1G] — [G.0)

(

( )

(cGs,) x (WJ-'SP(G)> xs, (s,Ga) xa ([G,ic] — [G,0])

(¢Gs,) xs, (5,Ga) xa ([G,ig] — [G,0]) by Fg, (G)-stability

P

= [Sp.is,] xa ([G,ic] = [G,0])
[ ;D7ZS ] [Spvo]

This implies that [S,,is,]% — [Sp, 0]& is wy-stable (not surprisingly).
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Now we return to proving Equation (8):

Z xa (([Gric) = [G,0) = 3 wp)

@F&;wﬁﬁﬂ%%Wﬂ@wm%wMGMMWZ%)
= (Zonigr) - ((Gricl =160 = )

= (X anl(Spis,] = 15, 0)) xa ((1Gric) = [G,0) = D)
By Equatli)on 7, this is equal to ’

(16 6] = [G.0) = > w, )

p

— (3 0 ([Spris,] = [5,00)) xc (((G i) — G 0) = D)
= ((16.i6] = [G,0) = Y w, )

p

= (X ((150:i5,] = 18,0 6 ([Guic] = [G.0) = (1Spnis, ]| =[50 x6 Y wy))
=wid%GW—Z%)(Z%OMMJ%%W—wmﬁ—m&wm@)
=0mm—mm—£%y(£%n)

4@@—@@—5%. p

Since Z is in I - (|G, ig] —[G,0]), (8) shows that ([G,ic] —[G,0]) =3, wp is in IEKG(G,G)
for all k and therefore equal to 0 in the Ig-adic completion. Thus ([G,ic] —[G,0]) =3 w,
as we claimed.

APPENDIX A. CATEGORIES RELATED TO FUSION SYSTEMS

We introduce several categories closely connected to the category of fusion systems and
study some of the functors between them. We apply the formula for p-completion of the
previous section to produce a commutative diagram involving these categories.

Let G be the category of finite groups and group homomorphisms. Fix a prime p. Let
Ggy1 be the category with objects pairs (G, S), where G is a finite group and S is a Sylow
p-subgroup of G. A morphism between two objects (G,.S) and (H,T) is a homomorphism
f: G — H such that f(S) C T. Let F be the category of saturated fusion systems. The
objects are saturated fusion systems (F, S) and a morphism from (F, S) to (G, T) is a fusion
preserving group homomorphism S — 7.

Recall that AG is the Burnside category of finite groups. Objects are finite groups and
the morphism set between two groups G and H, AG(G, H), is the Grothendieck group of
finite (G, H)-bisets with a free H-action. Also recall that AT, is the Burnside category of
fusion systems. Let AGsy be the category with objects pairs (G, S) where G is a finite
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group and S is a Sylow p-subgroup of G and with morphisms between two objects (G, S)
and (H,T) given by

AGu((G,S), (H,T)) = AG(G, H).

We will also make use of several categories coming from homotopy theory. Let Ho(Topg)
be the full subcategory of the homotopy category of spaces on the classifying spaces of finite
groups. Let Ho(Sp) be the homotopy category of spectra and let Ho(Sp,,) be the homotopy
category of p-complete spectra.

The categories above are related by several canonical functors. The first of these A: G —
AG is the functor from the category of groups to the Burnside category. It takes a group
homomorphism ¢: G — H to the (G, H)-biset [G, ¢]¥, which is just &ZHpy with G acting
through ¢ on the left. The functor A is not faithful, conjugate maps are identified. It does
factor through the full functor B(—) to Ho(Topg) and Ho(Topg) does map faithfully into
AG.

Let U: Ggy1 — G be the forgetful functor, sending (G, S) to G. This functor is faithful.
While the functor is not full, given a map ¢: G — H and a Sylow subgroup S C G, ¢(S5) is
contained in some Sylow subgroup of H and this provides a lift of ¢ to Ggy.

Let Agyi1: Goy1 — AGgy be defined just as the functor A. It takes a morphism ¢: (G, S) —
(H,T) to the biset [G, p|&. Note that any homomorphism G — H is H-conjugate to a
homomorphism sending S into T'. Thus the image of Ggy1((G, S), (H,T)) in

AG1((G,S),(H,T)) = AG(G, H)

is equal to the image of G(G, H) under the functor A.

Let AU: AGgyy1 — AG be the forgetful functor. Note that this functor is an equivalence,
it is fully faithful and surjective on objects.

Let F': Ggy1 — F be the functor sending a pair (G, S) to the induced fusion system F¢
on S. By construction, the morphisms in Ggy restrict to fusion preserving maps between
the chosen Sylow p-subgroups.

Let Aps: F — AF, be the functor that is the identity on objects and takes a map of
fusion systems (F,S) — (G,T) induced by a fusion preserving map ¢: S — T to [S, cp]g_-
In Proposition A.2 below, we prove that this is a functor.

Lemma A.1. Let ¢p: S — T be a fusion preserving map between saturated fusion systems
(F,S) and (G,T). Then

Wr Xg [57 <P] XT Wg = [57 <P] X7 Wg.

Proof. Tt is sufficient to show that X := [S, p] X7 wg is left F-stable. To see that X is
F-stable we consider an arbitrary subgroup P < S and map ¥ € F(P,S) and prove that
the restriction of X along 1, }f,XT, is isomorphic to p X7 as virtual (P, T)-bisets.

The restriction of [S, | along ¢: P — S is just [P, p o ¢]5. We therefore have

b X1 = [P oylp xz wg.

Since v is a map in F, and since ¢ is assumed to be fusion preserving, this means that there
is some map p: ¢(P) — T in G such that ¢|,py o1 = po¢|p. Finally, wg absorbs maps in
g, and thus

X7 =[Ppo|h xrwg =[P, poylh xrwg = [P,g|h x7wg = pXr. O

Proposition A.2. The operation Ag,s described above is a functor.
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Proof. Suppose we have two fusion preserving maps ¢¥: R — S, ¢p: S — T between saturated
fusion systems (&, R), (F,S) and (G,T). Applying Lemma A.1 to ¢, we easily confirm that
Ay preserves composition:
Agus(p) 0 Apus (1) = we X [R, Y] x5 wr X5 [S, 9] X1 wg
=we xR [R, 9] X5 [S, ¢] X1 wg
=we XR [R,p o] X1 wg
= Aps(p o). O

Let (/—\): AGgy1 — AF), be the functor taking (G, S) to F¢ and taking a virtual (G, H)-
biset X to R
FoXFu
as described in Theorem 3.8.
Proposition A.3. There is a commutative diagram of categories

G A

UT AU
A

syl
Gsyl - A(Gsyl

{

F —— AF,,.

fus

AG

Proof. The top square clearly commutes, so we need to prove that the bottom square com-
mutes as well.

Let ¢: G — H be a morphism in Gy from (G, S) to (H,T), meaning that ¢(S) < T.
The functor Ay takes ¢ to the biset [G, go]g . To understand what happens when we apply
(/5) to [G, ]2, we first need to understand the restriction (|G, ]&)r of the biset to the
Sylow p-subgroups.

We can describe the restriction g([G,¢]&)7 as composing with the inclusion biset sGg
on the left and the transfer biset ; Hp on the right:

s([G.@)&)r = sG % [G, ¢la xu Hr.

Now G x¢ [G, @& simply gives us the restriction of ¢ to the subgroup S, [S, ¢|s]¥. By
assumption ¢|g lands in T' < H, and therefore

s(IG, el&)r =[S, ¢ls]§ xu Hr = [S,¢|s]§ xr H xg Hr =[S, ¢|s|§ x Hr.

The biset 7 Hr is Fg-stable and invertible inside AF,(Fg, Frr), and the functor (—) applied
to [G, ¢]& is by Theorem 3.8 equal to

£ai(©) = s(G. @l8) 1 (7, Hry) ™
=[S, ¢lsl§ xr H X7 (54 HFy)~
=[S, ¢lsls X1 wry
=[S, @ls]F = Ans(F())

The penultimate equality is due to Lemma A.1 since the restriction ¢|g is a fusion preserving
map from Fg to Fg. |

1
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Let ac: AGyy1 — Ho(Sp) be the functor sending G to £°BG and sending [K, p|& to the
composite

K T¥B
YBG —8 Y¥BK " Y°BH,
where Tr is the transfer. This functor is well-understood by the solution to the Segal
conjecture. It is neither full nor faithful.
Let 8: AF, — Ho(Sp,) be the analogous functor for fusion systems. It sends the object

F to X BF and applies Proposition 3.1 to maps. The functor § is fully faithful.
Let (—);, be the p-completion functor Ho(Sp) — Ho(Sp,)).

Proposition A.4. There is a commutative diagram

AG —— Ho(Sp)

AGsyl (_ );/,\

w
AF, —2 > Ho(Sp,)

—

up to canonical natural equivalence and the formula for (—) is given by Theorem 3.8.
Proof. This is a consequence of Theorem 3.8. O

Let AG™°(G, H) be the submodule of the Burnside module AG(G, H) generated by
bisets that have a free action by both G and H. This submodule has a basis consisting of
isomorphism classes of sets of the form [K go]g , where ¢ is an injection. This includes the
biset ¢Hy = [G,i]2 = As(i), where G acts on H through an injection i: G — H.

We have a natural isomorphism

(—)°P: AGH**(G, H) = AG™°(H,G) c AG(H,G)
sending
cXu (¢ Xu)? = u(X?)q,
where X°P has the same underlying set as X, and an element g € G acts on an element
x € X from the right by g~! - x using the left G-action on X. Similarly H has a left-action
on X°P,

Thus elements of AGT*(G, H) give rise to maps in AG not only from G to H, but applying
(—)°P we also get a map in AG from H to G. The image under (—)°P of [G,i]Z = ¢Hpy,
where 7 is an injection, is referred to as the transfer map along ¢ and is given by the biset
(¢Hn)® = nHg = [i(G),i "G

The same story makes sense for fusion preserving injections between two fusion sys-
tems. Let F; and F» be saturated fusion systems on p-groups S; and S3, and denote by
AFfree(Fy, F) the collection of (Fy, F2)-stable element in AG™(S1, S5)/). The isomorphism

o

(—)°P: Z, ® AG™(S, S2) — Z, @ AG™°(Sy, S1)
induces an isomorphism
(=) AFIe(Fy, ) = AFI(Fy, ).

A transfer map from F» to JF; is the image of an element of the form [Sl,i]ﬁf = Agus(4),
where 4 is an injection of fusion systems, under the map (—)°P.
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Since the functor F' takes injection to injections, Proposition A.3 implies that

(9) G, i]d =[S, F&)7,

where S C G is a Sylow p-subgroup. Thus the functor (/—\) “takes injections to injections.”
It is tempting to assume that the functor (—) will also preserve transfer maps. However,
in general,
(¢Hu)® # nHg.
To see this, let G = e and let H to be a non-trivial group of order prime to p. Consider the
element [e, ] € AG(e, H), where i is the inclusion of the identity element. Composing this
biset with its opposite, [e, ]S, we get the element .H, = |H| € AG(e, e) = Z. Since both e
and H have trivial Sylow p-subgroups, (9) implies that

JHy =1dy,
and thus
(Hp)® = (Idx, )P =1dg£, .
However,

HHeOeHH = e/I{\e = |H| S A]Fp(e,e) gZp-

Since e/HE = Id ., we conclude that the operations (—)°P and (/—\) do not commute:

—_—

(eHg)P = gH, #1dr, = (e/H\H)Op-

It may come as a surprise to the reader to find out that confusion regarding this issue, the
relationship between p-completion and transfers, was the original motivation for this paper.
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