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Abstract

We study the homogenization of a Hamilton-Jacobi equation forced by rapidly oscillating noise that is colored in space and white
in time. It is shown that the homogenized equation is deterministic, and, in general, the noise has an enhancement effect, for which
we provide a quantitative estimate. As an application, we perform a noise sensitivity analysis for Hamilton-Jacobi equations forced
by a noise term with small amplitude, and identify the scaling at which the macroscopic enhancement effect is felt. The results
depend on new, probabilistic estimates for the large scale Holder regularity of the solutions, which are of independent interest.
© 2020 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of this paper is to study the asymptotic behavior of stochastically forced Hamilton-Jacobi equations
that take the form

ué + H(Du®) = Fé(x,t,) inRY x (0,00) x Q2 and u®(x,0,w)=up(x) inR?xQ, (1.1)

where the initial datum u( belongs to BUC (Rd), the space of bounded, uniformly continuous functions, and (€2, F, P)
is a given probability space.
We assume that

H :R¢ - R is convex with superlinear growth, (1.2)

and the noise term F*, which is scaled by a small parameter ¢ > 0, is white in time and smooth in space:
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X t
Fé(x,t,w):=F <—, -, a)) ,  where
e €
m .
Fx.t,0):=f(x.0)- B() =) fl(x.0)B (1, ), (1.3)
i=1
f=( ! f 2, f™) is a smooth, stationary-ergodic random field, and
B=(B',B%,---,B™):[0,00) x 2 — R™ is a Brownian motion independent of f.

More precise assumptions will be given in Section 2.
1.1. The homogenization result

Our main goal is to demonstrate that, as ¢ — 0, the limiting behavior of (1.1) is governed by a deterministic,
homogenized initial value problem

i +HDu)=0 inR?x(0,00) and u(-,0)=uo inR?. (1.4)

Theorem 1.1. Assume (1.2) and (1.3). Then there exists a deterministic, convex, super-linear Hamiltonian H:RY—
R such that, for all ug € BUC(R?), the solution u® of (1.1) converges locally uniformly with probability one to the
viscosity solution u of (1.4).

1.2. The enhancement effect

The scaling properties of Brownian motion imply that, in law,
Fé(x,t,w) 4 81/2f (i, a)) B, w),
e

and so formally, as ¢ — 0, the right-hand side of (1.1) converges to zero. Nevertheless, although singular terms no
longer appear in (1.4), it turns out that the noise has a nontrivial effect on the limiting equation.

Theorem 1.2. In addition to the hypotheses of Theorem 1.1, assume that f is not constant on R%. Then

H(p)> H(p) forall peR?. (1.5)
The particular case of the eikonal equation

1
ut + E|Du|2 =F(x,t,w) inRYx(0,00)xQ and u®(,0,w)=up inRYxQ (1.6)
is a simplified model for turbulent combustion, in which the evolving region
U/ = {(x, VeRIxR:y> us(x,t)}

and its complement represent respectively “burnt” and “unburnt” regions in a rough, dynamic environment. The noise
term F° corresponds to random turbulence, which, according to Theorem 1.2, gives rise to an average, large-scale
enhancement effect on the velocity of the interface.

We will also investigate the effect that varying the strength of the noise has on the limiting problem. More precisely,
for some 6 € R and for f and B as in (1.3), we study the initial value problem

uf+H(Du8)=89f(§,w)-B(r,w) inRY x (0,00) x @ and u®(x.0,0)=up inRIxQ. (1.7

The following result explains the relationship between the size of the noise (in terms of 8) and the enhancement
property.

Theorem 1.3. Under the assumptions of Theorem 1.2, let 6 € R and let u® be the solution of (1.7).
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(@) If0 > 1/2, then, as ¢ — 0, u® converges locally uniformly in probability to the solution u of
u+HDu)=0 inRx (0,00) and u(-,0)=uo inR%.

(b) If0 < 1/2, then, as ¢ — 0, u® converges locally uniformly in R4 x (0, 00) in probability to —oo.
(c) If 0 = 1/2, then there exists a deterministic, convex Hamiltonian H : RY — R with H > H such that, as ¢ — 0,
uf converges locally uniformly in probability to the solution u of

U, +HDu)=0 inRYx(0,00) and u(-,0)=ug inR? x {0}.
1.3. A regularity result

The convergence results are proved by applying the sub-additive ergodic theorem [1] to particular solutions of
(1.1). A crucial tool in the analysis is a Holder regularity estimate for solutions of

m
u; + H(Du) = Zf"(x,w)é"(t,w) in R? x (0, 00) x Q (1.8)
i=1
that is invariant under the scaling (x, 1) — (x/¢, t/¢). )
If the Brownian motion B is replaced with a continuously differentiable path, with B(¢, w) bounded uniformly in
(t,w) € [0, 00) x €2, then (1.8) is a Hamilton-Jacobi equation of the form

ur+ H(Du,x,1)=0 inR% x (0, 00) (1.9)

for some H € C(Rd x RY x [0, 00)). The results of [17,18,20,54] imply that the Holder semi-norm of u can be locally
controlled in terms of the growth of || f ||, I Blloo, |lu lso> and the growth of H in Du. However, none of these works
apply to (1.8), where the right-hand side is not only unbounded, but nowhere point-wise defined.

The transformation

(et ) i=u ) = Y fix ) B, )

i=1

leads to the equation
ii; + H(Dii+ Df (x,) - B(t,w)) =0 inRY x (0, 00) x 2, (1.10)

which, for each fixed w € €, is a classical Hamilton-Jacobi equation of the form (1.9). Applying known regularity
results to (1.10) then yields Holder estimates that depend on || Df||,, which presents a major obstacle to finding
estimates for (1.9) that are scale-invariant.

These issues are resolved by the following result, which is of independent interest.

Theorem 1.4. Fix M, R > 0, and assume that H satisfies (1.2), f € C }l (]Rd, R™), and B is a standard m-dimensional
Brownian motion on the probability space (2, F, P). Then there exist constants C1 = C{(R, M) >0, «, 8 > 0, and,
forall p>1, Co =C2(R, M, p) > 0 such that, if

[ flloo - 1Pf lloo + 11 flloo + 1, 0o = M,

then, for all A > 1,
P( lu(x,s) —u(y, 1)

sup >Ci+ 1) <
(.9), () eBrx[1/R,R] [ X — Y%+ |s —1]P )

Co Il £115%
AP

For fixed ¢ > 0, the equation (1.1) can be rewritten in the form
u + H(Du®) = f*(x,w)- B*(r,w) inR? x (0,00) x L,

where, forx e R? and 1 € [0, 00),
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e, y=e"?f(x/e,) and Bf(t,-)=e'"B(t/e,").
Theorem 1.4 then immediately implies that, for all ¢ > 0 and A > 1,
P( Ju (x, 5) — u (. 1)]

sup >Ci+ 1)<
(1.9),(0)eBrx[1/R,R] X — Y% +1|s —1]F )

Ca || f1I5 eP/?
AP

where Cy, C», o, and B are all independent of €.
1.4. Background

In [55,56], the author studied general asymptotic problems for equations taking the form

m
du® +Y H'(Duf,x/e) dt™(1)=0 inR? x (0,00),
i=0

where each H' satisfies a self-averaging property in the spatial variable (for example, periodic, almost-periodic, or
stationary and ergodic dependence), and, for some path ¢ € C([0, 00), R’"“),

f= (go’s, e e {"”8> 20 ¢ locally uniformly.

The limiting equations take the form

M
di+y H' (D) di! =0 inR?x (0,00),
Jj=1

for some deterministic, spatially homogeneous Hamiltonians ﬁj, j=1,2,..., M, a path E e C([0, 00), RM ), and
some M € N possibly larger than m + 1. The results of the present paper can be placed within this framework by
setting, for (p, y, 1) eRY x RY x [0,00),e>0,andi =1,2,...,m,

H(p,y)=H(p), 0= =1, H(p,y)=f(), ;’*6(r>=e3"(§), and ¢'(1)=0.

In this context, the fact that the limiting equation takes the form (1.4) with H # H can be translated as saying that
each effective Hamiltonian is determined by the entire collection (H i);”zo, a phenomenon which was seen in [56] for
a different class of problems. A form of Theorem 1.3(b) was proved in [55] in the case where 6 = 0, with B replaced
with a sufficiently mild approximation B* converging to a Brownian motion as ¢ — 0.

There is a vast literature on the stochastic homogenization of Hamilton-Jacobi equations like

t
uf+H<Du8,f,w):0 and uf+H<Du€,f,—,w>=0 in R? x (0, 00) (1.11)
& g &

set in a stationary-ergodic environment; for qualitative and quantitative results, and many variations and extensions,
see [4,6,8,9,19,21,23,30,31,37,39,48,52-54,57,60]. The results of the present paper are unique in that the problem is
a stochastic partial differential equation, and therefore, the time-dependent forcing term is not only unbounded, but
not well-defined point-wise anywhere.

A specific example of the equations in (1.11), and another model for turbulent combustion, is the G-equation, for
which the level sets of the solutions evolve according to the normal velocity

X t
1+V(—,—,a))~n,
£ ¢

where V : RY x [0, 00) x @ — R? is a stationary-ergodic velocity field and n € $~! is the outward unit normal
vector to the interface. Under the assumption that |EV| < 1, where E denotes the expectation of the random field V,
the evolving region will, on average, expand. In fact, the authors in [19,21,52] demonstrate that, over a long time and
large range, the velocity is actually enhanced, that is, it is given by @(n) for some deterministic @ € C(S?~!, R )
satisfying
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an)>1+EV.n forallne S

Moreover, under further assumptions on V, and for “most” directions n € §9-1 the inequality is strict. This should
be compared with Theorem 1.2, in which an analogous strict enhancement property is observed for all p € R<.
The homogenization of “viscous” Hamilton-Jacobi equations, or Hamilton-Jacobi-Bellman equations, like

uf—str[A<£,w>D2u8]—i—H(Du‘g,f,w):O and
& &
(1.12)
t t
uf—etr[A(f,—,w>Dzu€]+H(Du€,f,—,w)=0 inRY x (0, 00),
E & g €

where A is a symmetric, nonnegative matrix with stationary and ergodic dependence, has also been an active area
of study, see for instance [2,3,5,7,22,25,29,38,41,42,49,50]. A natural next step is to study the homogenization of
equations like

t
ut —etr| A f,—,a) D*uf |+ H | Du?,
! e’ ¢

where, as in (1.3), F¢ is a stationary-ergodic forcing that is white in time.

When H(p, x,t) = %| p|2, A is the identify matrix, and F¢ is a space-time white noise, (1.13) is the KPZ equation,
whose well-posedness was established in the seminal works of Hairer on regularity structures [35,36] (see also the
work of Gubinelli et al. [34] on paracontrolled distributions). The KPZ equation can be related, through the Hopf-
Cole transform, to the multiplicative stochastic heat equation. This connection is explored in various works [27,
32,33,51] that study homogenization problems in which the noise term formally vanishes as ¢ — 0, but still has a
nontrivial, enhancement-type effect on the deterministic limit. For example, in [33], the limiting heat equation exhibits
an effective diffusivity, and the stochastic heat equation that describes the fluctuations has an effective variance.

A central part of understanding the macroscopic behavior of stochastically forced Hamilton-Jacobi equations con-
cerns the existence of global solutions of (1.1) with stationary increments. In the homogenization literature, such
solutions are known as correctors, and they play an important role in obtaining error estimates and determining fine
properties of the effective Hamiltonian H; see [22,26,48]. Additionally, they are related to the long-time behavior
and invariant measures for the random dynamical system associated to the equation, as well as the asymptotic slopes
of one-sided minimizers of the corresponding Lagrangian system. In this context, the so-called “shape functional” is
exactly the effective Lagrangian L, which is the convex conjugate of H; see Lemma 4.2 below. The work of Bakhtin
and Khanin [14], which deals with exactly such questions, puts forward a conjectured overarching theory for the
global behavior of stochastically forced Hamilton-Jacobi equations, and the related forced Burgers equation. These
conjectures are motivated by a body of existing results, including, but not limited to, [10-13,16,28,40]. Within this
framework, the homogenization result, Theorem 1.1, provides insight into the average large scale behavior of the
solutions. Moreover, the enhancement property in Theorem 1.2 (see Theorem 5.1 for a more precise statement) gives
a better understanding of the effective Hamiltonian and the related shape functional. We believe that the regularity
result, Theorem 1.4 (see also Proposition 3.1), and the methods used to prove it, can be an important tool for other
parts of this ongoing program.

™ | =

t
, —,a)) =F°(x,1) inR? x (0, 00), (1.13)
&

1.5. Organization

In Section 2, we list the main assumptions on the data and prove some preliminary results. The properties of the
random Lagrangian fields, and especially their regularity, are discussed in Section 3. The main tool in this section
is a decomposition method for bounding moments of stochastic integrals that are not martingales. The proof of the
homogenization result and the identification of the effective Hamiltonian appear in Section 4, and the enhancement
property is proved in Section 5. Finally, the results of Theorem 1.3 are proved in Section 6.

1.6. Notation

For a domain U ¢ R™ x RN and «, B € (0, 1), C?Cf(U) is the space of functions f = f(x, y), where x € RM
and y € RY, that are ¢-Holder continuous in R™ and B-Holder continuous in RY, with the semi-norm
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|f(x,y) = f&X, D)
sup i — 5
o). Epeu X — X%+ ]y =]

eactw) =

Forke N, C ’g(U ) is the space of functions with bounded and continuous derivatives through order k, and

k
Ifle= Y |0
i=0 *©
If X is a vector space with norm |||y and f € C(R, X), then, for —oo < a < b < 00, we write
:= max t .
I Nja,p1,x max, IfOlx

In the case where X =R, if « € (0, 1) and f € C*(R), we denote the a-Holder semi-norm of a function f: R — R
on [a,b] CR by [ fla,[a,b]-

For a function f on R and 7 € R, we denote interchangeably by f; and f(¢) the value of f at ¢, depending on
notational convenience.

For g € (1, 00), ¢’ is the conjugate exponent ¢/(q — 1). Given a set A, 14 denotes the indicator function. The
expectation with respect to the probability measure P is denoted by E. When it does not cause confusion, we suppress
the dependence of random variables on the parameter w € 2.

2. Preliminaries
2.1. The Hamiltonian

We will always assume that

H:RY > Ris convex, and, for some C > 1 and g > 1,
1 4 (2.1)
glplf’ —C<H(p)<C(pl?+1) forall peR".

The Legendre transform of H

H*(v):= sup (p-v—H(p))
peRd

has analogous bounds in terms of the conjugate exponent ¢’ := g(g — 1)~!, that is, for a possibly different constant
C > 1, we have

1 ! * ’ d

E|p|q —C<H"(p)<C(pl? +1) forall peR®. (2.2)
We shall also impose that, for some C > 0,

[H*(p1) = H*(p2)] = € (141117 4+ 1p2l? ™) Ip1 = palforall pr, pa € RY. (2.3)
2.2. The random field

For the random forcing term

F(x,t,0) = f(x,») B(t,0) = Zf"(x,w)fsi(r,w) (2.4)

i=1

and the probability measure P, we assume the following:

B :[0,00) x 2 — R™ is a standard Brownian motion, (2.5)
f(-, w) € CLR?Y, R™) with probability one, (2.6)
f and B are independent, 2.7)

1222



B. Seeger Annales de I’ Institut Henri Poincaré — Analyse non linéaire 38 (2021) 1217-1253

and there exists a group of transformations

(Tx)yerd - 2 L2

satisfying
Topy=Tror, forallx,yeR?, (2.8)
fx,yo)=f(x+y,w) and B(,tyw)=B(,w) forallx,ye R?and w € €, 2.9)
Por, =P forall x e RY, (2.10)
and
if Aco(f)and 7, A=A forall x € R?, then P(A) € {0, 1}. (2.11)

Here, o (f) C F is the o-algebra generated by the random field f.
To avoid long lists of assumptions later on, we introduce the assumption that

the random field F satisfies (2.4) - (2.11). (2.12)

Without loss of generality, it can be assumed that €2 and P have a product-like structure. That is, we may take
Q=XxYandP=p®v, where X = C}(RY x R™), Y = C([0, 00), R™), u is a measure on X that is stationary
and ergodic with respect to translations in R, and v is the Wiener measure.

The stationarity and ergodicity of the shifts in space imply that, for some My > 0,

P(Ifllc1 < Mo)=1. (2.13)
2.3. Stability with respect to forcing terms
We next address the issue of well-posedness for viscosity solutions of the initial value problems
v + H(Dv) = %;‘(x, 1) inR?x (0,00) and u(-,0)=uo, (2.14)

where ug € BUC(RY), H satisfies (2.1), and ¢ € C([0, 00), Cg (R9)). In particular, ¢ is not sufficiently regular for
(2.14) to be covered by the standard Crandall-Lions theory [24] of viscosity solutions of Hamilton-Jacobi equations.
Instead, (2.14) is a special case of the “pathwise” equations studied by Lions and Souganidis [44-47,58]. In the
present situation, the well-posedness and stability of the equation is more straightforward than in these works, as a
consequence of the additive structure of the noise and its smoothness in space.

For ug € BUC(R?) fixed, let

Suo - C1([0,00), CL(RY)) = C(R? x [0, 00)) (2.15)
be the solution operator for (2.14), that is, v = S,,(¢).

Lemma 2.1. Assume H satisfies (2.1). Then S,, extends continuously to the space C([0, 00), C g (R%Y)).

Proof. If v is the solution of (2.14), then the function v defined by

ﬁ(-xs t) = U()C, t) - {(-xv t) + é‘(xs O)
is a classical viscosity solution of the initial value problem
U+ H (DU 4 Dyl(x, 1) — D2 (x,0) =0 inR? x (0,00) and #(-,0)=ug inR%.

The claim now follows from classical arguments from the theory of viscosity solutions. O
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The stability for the equation can also be directly seen on the level of the representation formula for the solution
operator. For (x, y,s,t) € RY x RY x [0, 00) x [0, co) with s < ¢, we define

Ax,y,5,1) = {J/ e Who(s, 1, RY) 1y, =x, yy = y]

and

t
L(x,y,s,t;¢) :=inf /[H*()'/,)—i-z—g(yr,r)]dr:yeA(x,y,s,t) , (2.16)
r

N

and then, as shown in [43], for example,

Sup () (x, 1) = iI]IRfd (uo(y) + Ly, x,s,1:0)). (2.17)

ye

Lemma 2.1 then follows from Lemma 2.2 below, which establishes the stability of the Lagrangian with respect to the
forcing term.

Lemma 2.2. Assume (2.1), let L(-, {) be defined by (2.16), and fix (x, y, s, t) € R? x R4 x [0, 00) x [0, 00) with s < 1.
Then the map

Cl([0,00), CLRY)) 3¢+ L(x,y,5,1,0) €R

extends continuously to ¢ € C([0, 00), C; (R%)).

Proof. Integrating (2.16) by parts yields

t

L(x,y,s,1:8) =¢(y,1) — ¢(x, ) +inf /[H*()?r)—Dx€(Vr,r)~7?r]dr:)/GA(x,y,S,t) . (2.18)

N

The result now follows from classical arguments, in view of the super-linearity of H* and the continuity of D,¢ in
both variables. O

3. Properties of the random Lagrangian

We continue the discussion of the Lagrangians defined at the end of Section 2, and we investigate the case where
the forcing term is random and given by

C(x,t,w) = f(x)- B(t, o) =fo(x)3f(t,a)) for (x, 1, w) € R? x [0, 00) x Q,
i=1

where f € C }]) (R) and B is a standard Brownian motion on the probability space (€2, F, P). Throughout this section,
f is non-random, and the estimates will be uniform over certain bounded sets of C g (RY).
We obtain uniform growth bounds and regularity estimates for the random Lagrangian

t t
Ly(x,y,s,1,0):=L(x,y,s,t; f- B(w)) =inf /H*(Vr)err/f(yr)~dBr(w):)/€«4(x,y,s,t)

3.1)

In view of Lemma 2.2, L r is well-defined for any continuous sample path B(-, w).
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3.1. Integrating non-adapted paths against Brownian motion

The methods used below resemble those of [18,42,54], which involve the manipulation of almost-minimizers of
the Lagrangian action. The new difficulty is to find a way to control, for an arbitrary Lipschitz process y, integrals of
the form

rn
/f(yr) -dB;,. (3.2)

If y is adapted with respect to the natural filtration of the Brownian motion, then standard It6 calculus implies that
the moments of (3.2) can be bounded in terms of || ||, independently of the regularity of f or y. Therefore, as a
consequence of Kolmogorov’s continuity criterion (see [59]), for any o € (0, 1/2), (3.2) is ¢-Holder continuous in r;
and rp, and, forall p> 1,7 >0,A > 1, and some C =C(p,a, T) > 0,

p
Pl sup ff(yr) dB.| > A 5%. (3.3)

r1,r2€l0,T] I —ral® rzl“ AP

However, if y is not adapted, as is the case for the almost-minimizers in general, then It6 calculus does not apply, and
the regularity of f and y enter into the moment estimates.

In order to control (3.2) in such a way that allows us to obtain scale-invariant estimates for L y, we decompose the
integral into three parts: one that can be bounded by a deterministic constant, one which measures the regularity of
y, and a final random piece whose probability tails satisfy bounds resembling (3.3). Crucially, the various constants
depend on || f |1 only through an upper bound for the product || f |l - | Df |l so-

For o > 0 and A > 0, define

Foni={f € LR R™): I fllg <o and [IDf oo < A} (34)

Lemma3.l.FixT >0,00>0,K >0,g > 1, and o € (0, 1/2). Then there exists a constant M = M(T, 09, K, q, o) >
0 and, for every o € (0, 0g) and A > 0 satisfying c A = K, a random variable

DG’A:Q—)RJ,_

such that

(a) for any p > 1 and some constant C = C(T, 09, K, p,q,a) >0,

Co?
P(DG,A >A) < )\.—P forall A > 1,

and
(b) forally e Wh° ([0, T],RY), f € Fyp,8€(0,1),and0<s<ri<rn <t<T,

+D,
/f()/r) dBy| < | Ms? /IVrlqdr-i-TaA (r2 —rp)”.

We note that there is a different random variable Dy A, T,6y,4,¢ COrresponding to each choice of (o, A, T, 09, q, )
satisfying the hypotheses of Lemma 3.1. However, we suppress the dependence on all but o and A, as the dependence
of Dy, A on the other parameters will not play a role. The important aspect of the random variable Dy 4 is not its exact
formula (see (3.11) below), but rather, the nature of the estimates it satisfies as claimed by the above lemma, and the
fact that it does not depend on the Lipschitz path y or f € F; 5.

In order to prove Lemma 3.1, we will need a parameter-dependent generalization of the classical Kolmogorov
continuity criterion. The proof follows a similar method, but we present it here for the sake of completeness.
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Lemma 3.2. For some parameter set M, let (M) ep = Q — Ry and (Z,) yep 210, T] x Q — R be such that, for
some positive constants m >0, B € (0, 1), and p > 1,

Z,t)—Z P
sup E|[ sup (M — Mu) <m.
O<s<t<T neM (t— S)ﬂ /p +

Then, for all o € (0, B), there exist constants C1 = C1(«, T) and Co = Ca(p, a, B, T) > 0 such that, for all > > 1,

Com
P( sup ([Zplafo,r) — C1M,,) > x) <—
neM A

Proof. Without loss of generality we take 7 = 1. Forn =0, 1,2, ..., define
k 00
D, = {2_" k=0, 1,2,...,2"} and D := UD”'
n=0
For some constant A = A(«) > 0 to be determined and for each n =0, 1, 2, .. ., define the event
A, = {|Z,L(s) —Z, ()| < (M, + AX)|s —t|* for all u € M and {s,t} C D, such that |s —¢| = 2_”} .
Fix a pair {s, t} in D,, satisfying |s —#| =27". Then

P(|Zﬂ(s) —Z,(®)| > (M, + A))|s — t|* for some p € /\/l)

_ p
< P sup (M _ M,u> > (A)L)pzn(l+(/3—a)p)
neM |S - t|ﬂ /p +

< mA_f’)L—Pz—n(H-(ﬁ—a)p)’
and therefore,
P(Q\A,) <mA~PA~ P2 PB—0)
Now, fix w € (o2 A, and s, € D, assume without loss of generality that s < 7, and let n € N be such that
2=l oy _g<2m,

Then, for some M, M> € N and

N\ M N M»>
(sl> ’ (tj> < D’
i=0 j=

we can write

Mi—1 M2 1 0

s=sM > > >...>5 >g° and t:tM2<tM2_1<tM2_2<--~<tl<t0,
where

s' € Dyyi fori =0,1,2,..., My, t/ € Dyyjforj=0,1,2,..., Ma,

st —siTl == p=l _tJ =27"=J and

to—sog=2"".

It follows that, for all © € M,

My M,
12(8) = Zu (@) <12 (%) = Zu () + D 12,u(5H) = Zu (8D + D 12,067 = 2,77
i=1 j=1

M M»>
E(MM“FA)L) z—na+z2—(n+i)a+22—(n+j)a
i=1 j=1
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M M
<My + AN [1+) 274 277 || —5)¢
"
i=1 j=1

<3-2%(My + At — 5%

Choosing now A(x) = 3712-2 we conclude that, if w € ﬂflozo A, then, for some constant C as in the statement of
the lemma,

sup
nem

Therefore, for some C» = C2(p, o, 8, T) > 0,

sup
5,1€[0,1] |t —s]*

( 12u(9) = ZuOl _ (. ) -,
W) =2

oo o
P ( sup ([Zlafo,1) — C1M,,) > A) <D PQ\Ay) <mA(a) PPy 27 EO < CymaP. O
neM n=0 n=0

Proof of Lemma 3.1. We define the parameter set
M:=0,1)x{(s,):0<s <t <T}x Wh([0, T],RY) x F, 4,
where Fy A is the subspace of Cl(Rd, R™) defined in (3.4), and, for each u = (8, (s,1),y, f) € M and u € [0, T,
the stochastic process
u
Zy(u) =81 / F ) 1s,n(r) - dB. (3.5)
0

We first show that there exists a constant M = M (T, 09, K, q) > 0 and, for all p > 1,aconstant C = C(T, 09, K, p, q)
> ( such that

t p
Z -7 / / 1
sup E| sup [ 202 {‘(2”” — M9 | 5 /|;>,|‘f dr + — <CoP. (3.6)
0<r1=<n=T nemM (rp —rp!/ 84
S +
Fix r1,r € [0, T] with r{ <rp. Then
r At
Zu(r1) — Zu(r2) =5"/f(yr)1[s,t](r) -dB, =481 / Sf(yr)-dB;.
ri rivs

We now split into several cases, depending on the relative sizes and positions of the intervals [rq, r2] and [s, ¢].

Case 1. Assume first that
o4
rp—r1 < E 3.7
Integrating by parts, we have

r Nt
/f()’r)l[s,t](r) -dB, = f(VrZAt) : (Brz/\l - Brl\/s) + / Df(y:)yr - (Br — Brlvs)dr~
ri riVvs

Set
Xo:= max |B, — By|.
u,velry,ra]

Young’s inequality and (3.7) then give, for some constant C = C (09, q) > 0,
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r At
[ romen b, | <oxo+ ax, / [rldr
r rivs
t l/q/
<o | Xo+ Xo /|;>,|‘1’dr
N
¢! 12 eq t /
_ q 5 149
<o XO+C5‘1(r2—r1)(q—1)/2 +(rp—r)’8 /|y,| dr.
s

Therefore,
! q
sup [ 12202 = 2, o)l = 5944 [ 1y dr (g — V2 | <0 (X0 4 ——C20
neM u\r2 n\rl r 2 1 = 0 (rz—rl)(q_l)/z ,
5

and (3.6) holds in this case for any M > 0, in view of the fact that, for any m > 0, there exists a constant c(m) > 0
such that

EX{ <c(ra—r)™2.

Case 2. Assume now that

O’q
rp—r > ICh (3.9)

Set
o2 ’
hi=—(r —r)V4, 3.9
N (ra —r1) (3.9
and let N € N be such that

72—”1<N<”2—V1_i_1
e —h .

Note that (3.8) implies that N/ is proportional to the size of the interval [rq, 2], and, in particular,
mn—ri<Nh<2(rp—rp).
Fork=0,1,2,...,N—1,sett,:=ri+khand ty =rp,and, fork=1,2,..., N, define

Xy = max |B, — Byl.

u,ve[tg—1,7%]

We claim that, foralle >0,0<s <t <T,y € A,and f € F; A,

r N N , 1
1 ed . ’
ff(yrn[s,,](r) -dB| <0 ) Xp+ ARV — X1 4+ — / lye19dr |. (3.10)
qet q
b k=1 k=1 S
The proof of (3.10) will depend on whether ¢ — s is small or large compared to , — ry.
Choose m, n € N such that
Tn—1<S<T1T, and T, <t <Tyyti,

and, in what follows, define 7_| := —o00, Ty4+ := 400, and X9 = Xy+1 = 0 for consistency. Observe that n >
m— 1.

Case 2a. If n = m — 1, that is,
Tl < S <1 < Ty,
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then

r t
/f()/r)l[s,z](r) dBr = f(y1)- (B — Bs) — f Df(y)yr - (Br — By)dr
r s

and so Young’s inequality and the fact that r — s < h yield

rn t
/ FO () - dBy| < 0 X + AXm / i ldr
r s

1/q'

<oXpu+ARYIX, [ 19,14 dr

, ot
1 q /
<oX+an0 | —xf+ S [ itar
qed q'
Therefore, (3.10) holds.

Case 2b. Assume now that n > m — 1. Then

n+1 Tk

f Fs(r)-dB =Y f FO U vsann(r) - dB,

k= =mg_,
=1-1I,

where

I:'= f(ys,) - (By, = Bevr) + f(Vinry) - (Biar, — Br,) + Z f o) (By — By_))

k=m+1
and
Tm tAIr
II:.= f Df(y)vr - (Br — Bsvr Ydr + / Df(y))yr - (B — Brn)dr
sVr] Tn
n T
+ Y / Df (y)7r - (By — By, )dr.
k:m+11.k71
The inequality (3.10) is then a consequence of the estimates
n+1
|I|<GZXk <aZXk
and
tAR
<A | X, /|yr|dr+xn+1 / 17y ldr + Z xk/|yr|dr
sVry Tk—
T l/q’ t 174’ 1/q'
<A | x, /wfdr + Xnt1 f|y>|q’dr + Z X f 17,1 dr
s Tn k=m+1
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n+l
1
< AR'4 —qz +—/|y,|qdr

N /
1 Sq . ’
< An'4 EZXZ+—//I)/,W dr
9" .3 q y
‘We now set
£:=34 (Nl/qh]/z)l/q
so that (3.10) becomes

N / !
(N1V/apl/2yl—q §4 NVapl/2 o
—ZXZ+7,/|yr|‘fdr

/f(l/r)lsz](r) dB, SUZXk-l-Ahl/q 5

k=1 k=1

Fork=1,2,..., N, the constants
ar:=EX; and by := EXx?,

satisty, for some a > 0 and b = b(g) > 0,
ap <ah'? and by <bh??,

and so, using the definition of % in (3.9),

N
+1
o Zak <o Nh'? <2a0(ry — r)h™V% =2aK 2 (ry — 1) 20
k=1
and
N
AR (NVIRVRIZEN b < bANR) 4R
k=1
<2Y4pA(ry — 1) /2012
= Zl/qbKl/z(rz — rl)%.
Similarly,

g+l

Ahl/qu/th/Z < 21/qA(r2 _ rl)l/th/Z — 21/qK1/2(r2 ) 2q ,

and therefore, for some constant M = M (T, K, q) > 0,
’ . ’ 1
sup | 1Z,,(r2) = Zu(rp)| — M7 | 84 f pel9dr + — | (2 =)'/

nemM 84
<M (a ) .

The collections (X — ax)Y k- and (X —bp)N i~ consist of independent, mean-zero random variables that satisfy, for
any k=1,2,..., N, m > 1, and some constants a’ =a’(m) > 0 and b’ = b'(q, m),

+
N

DXk —a)

k=1

N

> Xt -b

+ Ay —r)n'/2. N2

E|Xi —a|™ <a’h™?* and E|X] —bc|" <b'n™2,

Therefore, for each p > 1, there exist constants A = A(p) > 0 and B = B(p, g) > 0 such that
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N P
E|Y Xy —a)| <ANPpr/?
k=1
and
N P
E Z(x,‘j —by)| < BNP/?pril2,
k=1

Combining all terms in the inequality leads to (3.6).
We now take p large enough that

1 1

o< - ——.
2 p

Then (3.6) and Lemma 3.2 imply that, for some C = C(T, 00, K, p,q,®) >0 and M = M(T,00,K,q,®) > 0,
possibly different from above, and for all A > 1 and

2
P> m,
we have
t
P| sup | [Z.]ajo.r) — M8 aq’f|;>r|q’dr+i N I Co?
peM J 84 AP

By changing the value of C, if necessary, depending only on oy, the same can be accomplished for any p > 1. The
proof of Lemma 3.1 is then finished upon defining

t

’ L 1

Do,p = sup | [Zylw, 0,17 — M | 89 /|)/r|q dr + — . O (3.11)
nemM ) 84

We now use Lemma 3.1 to estimate the growth of the Lagrangian, and the W !¢ "_norms for almost-minimizers of
Ly, in terms of D, A. Note that the exponent ¢’ in Lemma 3.1 is chosen so as to match the growth of H* in the
definition of L .

Lemma 3.3. Assume that H satisfies (2.1). Then there exists C = C(T, 09, K, q,®) > 0 such that, if o € (0, op),
oA=K, feFsp and(x,y,s,t) € RY x RY x [0, T] x [0, T] withs < t, then

—C+ Dot —9 + =2 s sca+ D -+ 2 G
’ C(t—s)11 ’ (t —s)a' !
and, if y : [s,t] x Q — RY is such that y e A(x,y,s,t) and
' t
Li(x,y,s,0)+1> / H*(y)dr + / f () -dB, with probability one, (3.13)
N N
then
1 !
/|y,|‘/dr5c<w +D0A+1>. (3.14)
J (t—s5)4 "1 ’

Proof. We apply the Lagrangian action to the linear path

g;:(x+y_x(r—s)) e A(x,y,s,1),
t rels,t]
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and, appealing to Lemma 3.1 with § = 1, we find

ly —x|?
(t — )71

t t
Lf(xvyas’t)SfH*(ér)dr+/f(Zr)'dBr SC( +(1+D0,A)(t_5)a>~

This establishes the upper bound of (3.12).
Next, (2.2) and Lemma 3.1 yield, for any 6§ € (0, 1) and y € A(x, y, 5, 1),

t t t
/H*(?r)dr + / fyr)-dBr = <é - M5q,) / 1714 dr — %(M‘FDJ,A)U — )% (3.15)

Taking § sufficiently small, employing Jensen’s inequality, and taking the infimum over y € A(x, y, s,t) gives the
lower bound in (3.12). Finally, (3.14) is a consequence of (3.13), (3.15), and the upper bound in (3.12). O

3.2. The regularity estimate

For R >0and 0 < t < T, define the domain

U,,R,Tzz{(x,y,s,t)eRded><[o,T]><[0,T]:|x—y|§Randr<t—s<T}.

Proposition 3.1. Assume H satisfies (2.1), and let o9 > 0, K > 0, and 0 < 0 < % Then there exist M =
M(R,T,t,00,K,0,q) >0 and, forany p>1, C =C(T, 09, K, 0, p,q) > 0 such that, ljga € (0,00) ando A =K,
then

CMPo?

P| sup [L >SM+A)l < ——— Ia=>1.
(fEFEA[ f]Cg‘ny,{:q(Ur,R,T) )— WP forall )=

Proof. We choose « € (0, 1/2) from Lemma 3.1 sufficiently close to 1/2 that
%
Cl+tag

In what follows, the constants C > 0 and M > Odependon R, T, 7, 09, K, ¢, and 0 (and therefore o) unless otherwise
specified, and may change from line to line.

(3.16)

Step 1: Spatial increments. Fix (x,y,s,t), (x,y,s,t) € Ugr.r.r and v € (0, 1), and let y € A(x, y, s, t) satisty

t t
Lf(x’)’aS,t)'FVZ/H*(Vr)dr+/f()/r)dBr (317)

Set
hi=c(t —s5)|y — y|9/ 1D,
where ¢ = c(q, a, R) is chosen so that s <t — h < ¢, and define y € A(x, y, s, ) by

Vr forr €[s,t —h), and

Vr = y—y
vt

(r—t+h) forrelt—h,t].
Observe that
/9

1
t ’
- i
: . y—y ; 1y =l
il <von e | 552 @) =ong+
q h
t—h

y J— /(+aq) y
e <l + CIF =y 0 < )+ C

(3.18)
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and so, by Lemma 3.3,
t

/ (19741 + 171 ) dr < C(1 + Do,n).
N
The definition of L ; then yields
t ~ t
Ly(x,y,s.0) = Lyg(x,y,s,1) —v = / [H* (J?r + yh;y> - H* ()?r)] dr + f (f) = f(yr)) -dB,.
t—h t—h
To bound the first integral, we use (2.3) and (3.18) to obtain

! t
/[H* <?r+yh;y>—H*(?r)}dr§C/ <1+|]}r|q'—1_,_|7jr|q’—l)dr|)’;)’|

t
) 15—yl e
=c|1F-y+ = (171~ 171 )
t—h

< C (15 =yl 415 — y[a/ 4D (14D, 4) 7).

Applying Lemma 3.1 in conjunction with Lemma 3.3 gives

t t
/f(yr%dBr <C /I%I"'dr+1+Da,A h* <C( + Dy p)h",
t—h K

and, because of (3.18), the same estimate holds with y in place of y.
Note that 1% < C|j — y|*4/(1+2@) Then, by sending v — 0 and exchanging the roles of 7 and y, we conclude that,
for some M > 0,

|Lp(x,5,5.0) = Ly(x,y,5.0)| < M(1+ Dg p)|§ — y|*4/ 1T,
Similar arguments give, for all (x, y, s,t), (X, y,s,t) € Ur T 1,
Ly, y.5.0) = Ly(x,y,5,0)] < M(1+ Dy p)|F — x|*9/ 1D

Step 2: time increments. Fix (x,v,s,t), (x,y,s,) € Ug,r.r with f < t. Then the sub-additivity of Ly (see (4.9))
yields

Lf(-x’y’s’t)_Lf(xvy)Svf) SLf(ysy’fvt)-

Bounding L ¢(y, y,7,t) from above by applying the Lagrangian action to the constant path y = y gives, for some
C=C(R,q)>0,

Lp(x,y,s,0) =Lyp(x,y,8,0) <C(t =) + f(y) - (B(t) = B(1)) < C(1 + o [Bla,jo,r(t — D). (3.19)

We next find a lower bound for L ¢(x, y,s,1) — Ly(x,y,s, ). Forv e (0,1),lety € A(x, y, s, t) once more satisfy
(3.17), set

hi=c(t —s)(t —)l/ITeD,
where ¢ = c¢(t) > 0 is chosen so that s <t — h < t, and define y € A(x, y, s, f) by

- forr e[s,f —h), and

Ty S —i+h) forreli—h.il.

Then
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i t
Lf(x’ya*S’;)_Lf(x?ny?t)S / [H* <)}r+y;ly;)_H*()}r)}dr_\/H*()}r)dr
i

ih (3.20)

r t
+ / (f(J;r)_f()’r))'dBr_-/f(yr)'dBr-
i—h f

Observe that
t t 1/q’
|y—y,~|s/|y'r|drs flmq’dr (t — )V,
A K

which implies that
1/q'
q/

Y- Vi dr

i
< ||y /
i—h

|y — ¥l
hl/q

< WP lpa gy + C NPl pargy g ¢ = DFED
< ClP Ny

I

= ||)/ ”L‘i/[s,t] +

and, therefore, in view of Lemma 3.3,
r
f (1919 + 11 ) dr < C(1 + Do ).
s
The first two integrals on the right-hand side of (3.20) can then be bounded using (2.2) and (2.3) to obtain

t t
/ |:H* (y, +2 ; yf) —H* (;},)} dr — / H*(7,)dr
f i

t—h

i
§C(t—f)+cf <1+|7jr|q’—1+|);r|q/—1)dr|y—3/;|

h
f—h
f t 1/q' B
. s o (t—DHl/a
=Ct=D+Ch+C | (151 +1pl? ) ar | [ 17 dr | ==
i—h s

<C{t—0)+C@t—n%FeD L C(1 4Dy p)(t — 1)/ 10D
< C(1+ Dy p) (¢ — /1D,

Additionally, Lemma 3.1 gives

r r
/ f(yr) . dBr + / f();r) 'dBr < C(l + DU,A)ha
i—h i—h

and
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t
/f(yr)‘dBr =< C(l +D0,A)(t _;)a.
r

Sending v — 0, combining all of the lower bounds with the upper bound (3.19), and applying a similar argument in
the s variable, we conclude that, for some M > 0,

LG, 3,5, = L, y.5,0] = MO+ Do n + 0[Blaorp) (Js = 5170790 ¢ — 7o/ +a0)
Step 3. Combining all of the estimates obtained in Steps 1 and 2 gives

fSllle [Lflco gy~ M =MDon +0[Blajor)-
€Fon xyTat SRTT

The result now follows as a consequence of Lemma 3.1 and the fact that [Bly j0,7) € L?(2,P) forall p>1. O

Proposition 3.1 can be used to obtain regularity estimates for solutions u of

m
w+HMDu)=Y_ fl0)B (t,0) inR?x(0,00)xQ and u(-0,)=ug inRxQ. (3.21)
i=1
Although we do not directly use the following result in the later parts of the paper, its statement is of independent
interest.

Theorem 3.1. Assume that H satisfies (2.1), 0 < 6 < ﬁ, and R > 1. Then there exists a constant C1 =
Ci(R,q,0) >0, and for p > 1, a constant C» = C2(R, p,q,0) > 0 such that, whenever B : [0,00) x Q — R™
is a standard Brownian motion; f € C,l (R?: R™) and ug € BUC (RY) satisfy

[ flloe - 1Df lloo + 1 flloo + lluolloo = R;
and u is the solution of (3.21), then, for all . > 1,

3 - ’t
P( sup lu(x,s) —u(y,t)l >C1+k>§

Co |1 fII5%
(5.9). () eBr x[1/RR] 1X = Y[7 + s — 1]/

AP

Proof. The function u is given by
u(x,t) = inf (uo(y) +Lys(y,x,0, t)) .
yeR4
Assume that # > 1 /R and |x| <'R. Then Lemma 3.3 gives the upper bound, for some C = C(R, ¢q,0) > 0,

u(x,t) <ug(x)+Lysx,x,0,t) <C(+Dyp).

It then follows that the infimum in the definition of u can be taken over |y — x| < R’, where, for another constant
C=C(R,q,0)>0and for all w € €2,

R (w) :=C(1 4+ Dy p(w)).

It can be verified that the constant M from Proposition 3.1 has polynomial growth in R, that is, for some M’ =
M'(T,t,00,K,0,q)>0anda=a(,q) >0,

M(R, T, 7,00, K,0,q) < M'(1+ R).
We also have, for all x, y € Br and s, € [1/R, R],

lu(x,5) —u(y, 0| < sup |Ly(z,x,0,8) = Lz, y,0,0)].

[x—z|<R',|y—z|<R’

From this, we conclude that, for some C; = C1(R,q,0) > 0and C; = C2(R, p,q,0) > 0 and for any A, 2 > 1,
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/! /!
P ([uleg i, oy ey = €1 +7) SPR =20+ P ([Lf]C;’,ny_iq(Bf/x[l/R,RF) >0+ ’\)

1 1+ ()L/)pa(l-i-a) p(+a)

The proof is finished upon choosing A’ = A1/ (+a) and using the fact that || f ||C1>j“ <R |flleo- O
4. Homogenization

We now turn to the proof of Theorem 1.1, which concerns the convergence, as ¢ — 0, of solutions of the stochas-
tically perturbed initial value problem

t
u + H(Du) = F (f, —,w) inRY x (0,00) x @ and u(x,0,®) =up(x) inRYx Q 4.1)
e ¢
to the solution of the effective equation

% +HMDu)=0 inR?Yx(0,00) and u(-,0)=uy inR%. (4.2)

We restate the theorem here with more precise hypotheses and conclusions. Recall that F is given by

m
Fx.t.w)=Y_ fl(x.0)B'(t,0) for (x,1) eR? x [0, 00),
i=1
where f(-,w) € C g (RY) is a stationary-ergodic random field and B is a standard m-dimensional Brownian motion

that is independent of f.
Below, the constant M > 0 is such that

P (Il fllcr < Mo) = 1.

Theoreﬂ 4.1. Assume that H satisfies (2.1) and the random field F satisfies (2.12). Then there exists a deterministic,
convex H : R? — R satisfying the bounds

1 —
E|p|q —C<H(p)<C(pl?+1) forsomeC=C(My) >1 andallpe]Rd 4.3)

such that, if ug € BUC(R?) and u® solves (4.1), then, as ¢ — 0 and with probability one, u® converges locally
uniformly to the viscosity solution u of (4.2).

Much of the proofs that follow proceed similarly to those in [38,49,53,54,57], with some new difficulties arising
because of the singular nature of the forcing term.
The solution u® has the control-theory representation

ut(x,1) = ir]gd {uo(y) + L2 (y, x, 5,1, 0)}, (4.4)
ye

where

1
L°(x, y,s,1, @) := inf / [H* (5y) + F (ﬁ, i,a))]dr Ly e A(x, y,5.0) V. 4.5)
e ¢
s
Indeed, (4.4) holds if B is replaced with a continuously differentiable path (see [43]), and, as a consequence of
Lemmas 2.1 and 2.2, the equality continues to hold for arbitrary continuous B, and, in particular, sample paths of
Brownian motion.

It will be useful to rewrite L¢ in two different ways. First, if we set B*(r, w) := ¢!/ 2B(r/¢, w), then
t t
LE(x.y.5.1.@) = inf /H* (o) dr + e”zfﬂs—ly,, ) -dB @)y € Ax. y.5.1) } (4.6)
) A
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Also, by rescaling the paths y € A(x, y, s, t), we see that

e Xy st
L(xayasat7a))=8L — T, T, T, ],
E &€ & ¢

where L := L' is given by
t '
L(x,y,s,t,w):=inf /H* (yr)dr + / f(Yr,w)-dBr(w):y € A(x,y,s,t) ¢ . 4.7
N S

We note that, for (x, y,s,t) € RY x RY x [0, T] x [0, T] and w € 2,

L(x,y,s,t,w)=Lyg(w(x,y,5,1, ),
where, for fixed f € C}(R?,R™), L is defined as in (3.1).

4.1. Uniform regularity of the Lagrangians

We use Proposition 3.1 and the Borel-Cantelli lemma to show that the family (L?).~¢ is locally uniformly equicon-
tinuous for & smaller than some random threshold.
Recall that we define, for R > 0 and 0 < t < T, the domain

UI,R,T:{(x,y,s,t)eRdedx[o,T]x[0,T]:|x—y|5Randz<z—s<T},

and the parameters « € (0, 1/2) and 6 € (0, g/(2 + q)) are related by
_ %4
T l4aq’

Lemma 4.1. Let L? be given by (4.5), where H and F are as in (2.1) and (2.12). Then, for all0 < 0 < %, R >0, and

0 <1t <T, there exists a constant C =C(R, T, T, My, q,0) > 0 and a random variable ¢y : 2 — R independent of
f such that P(eg > 0) = 1 and

& —
P ([L ]CQ‘yC%%U“J) <Cforall0<e< 80> =1.

Proof. For each fixed ¢ € (0, 1), we apply Proposition 3.1 using the formula (4.6) for L?, with
fe:=e'"2f(/e) and B =¢'2B(/¢).
Then f¢ € Fye pe, where

My

& .__ 1/2 & .__
o =Mpye'e, A ._—81/2,

and Fgye ae is defined as in (3.4). Note that, K :=0®A® = Mg is independent of ¢ > (. Then there exists a constant
Ci=Ci(R,T,1,Mp,q,0) >0 and, for all p > 1, a constant C, = C2(R, T, T, My, p,q,0) > 0 such that, for all
A>1landee (0,1),

P( sup [Lf]C_f -C.%q(UR,T,z) >C1+ k) < ngp/zkfp.
fngS,As 2y
Define
Ag = sup [Ly] 0/ ~C +1},
’ {fEFastg f Cﬁ,)’cs,rq(UR.T.r)

and observe that A, is independent of the random field {® — f (-, w)}. Because
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P(Ayi) < C27RP/2,

the Borel-Cantelli lemma yields that, for some kg : € — N that is independent of the random field f, for P-almost
every w € 2, and for all k > ko(w),

o)

Foroe Qand 0 < ¢ < gy(w) := 2-k0(@) e choose k > ko(w) such that

<Ci+1.
ct . WUpr)

k=1 ¢ < 27k,

Then
t ke
LEf(x,y,s,t,-)=¢L (f, r il ) = okHlg 27 (2"‘“g“x, 2kl gmly okl k=l )
and therefore, for P-almost every w € €2 and all € € (0, g9(w)),

&
[L2Cooes oy, =2(CE1HD. D
4.2. The stationary-ergodic, spatio-temporal environment

The temporal white noise term Bis stationary, uncorrelated, and independent from f, and, as a consequence, the
spatio-temporal environment generated by the random field F is stationary-ergodic. More precisely, we may assume
without loss of generality that the probability measure P is such that there exists a collection of transformations

(t)i=0: Q2 —> Q

such that, for all s, >0 and w € 2,

/

T, =107, Pot/=P, B(s,tjw)=B@+s,0)—B(tw), and f(,1/0)=/[(,o).

For (x, 1) € R? x [0, 00), we now set
Ty =707 :Q— Q.

It is clear that 7, preserves P for any (x,7) € R? x [0, 00). Moreover the collection is ergodic with respect to P:
ifAeFandt,;A=Aforall (x,¢) ¢ R? x [0, o0), then P (A) € {0, 1}.

As noted in Section 2, we may assume that 2 = X x Y and P = 4 ® v, where X = Cé (R4, R™), Y € C([0, 00), R™),
W is a probability measure that is stationary and ergodic with respect to translations in space, and v is the Wiener
measure. The transformation 7/ can then be realized as

1/B:=B(t+-)— B(t) forall BeY,

and the stationarity of v with respect to 7, is a consequence of the Markov property of Brownian motion.
4.3. Identification of the effective Lagrangian

We next use the sub-additive ergodic theorem to establish the almost-sure, local uniform convergence of L¢ to a
deterministic, effective quantity. This relies on the sub-additivity and stationarity of L defined by (4.7), namely, for
allx,y,zeRd,s <r<t,qel0,00),and w € R,

Lx,y,s,t,7;q0)=L(x+2z,y+2z5+q,1+q,0) (4.8)
and
L(x,y,s,t,w) <L(x,z,s,r,0)+L(z,y,r,t, ), 4.9)

both of which can be proved using appropriate manipulations of the minimizing paths in the definition of L, invoking
the stationarity of F to prove the former.
We first identify the effective Lagrangian as the long-time average of L.

1238



B. Seeger Annales de I’ Institut Henri Poincaré — Analyse non linéaire 38 (2021) 1217-1253

Lemma 4.2, Assume (2.1), (2.12), and that L is given by (4.7). Then there exists a deterministic, convex function
L : R — R such that, for some C = C(Mp) > 1,

E|p|‘1’—c§f<p)sc<|p|q’+1> forall peR?, (4.10)

and, with probability one and for all R > 0,

1 —
lim sup |=L(,Tp,0,T,)—L(p)|=
T>toopi<r | T

Proof. Step 1: identifying the limit. Fix p € Q?, define the process ¢ by
¢ ([a,b), w) := L(ap,bp,a,b,w) forO0<a<b,

and, for # > 0, define the measure-preserving transformation oy : 2 — Q by 0; :=17p ;.
In order to apply the sub-additive ergodic theorem of Akcoglu and Krengel [1], we need to verify that ¢ is a
stationary, sub-additive process with respect to (o;);>0, that is, for all w € €,
¢ (la,b),orw)=¢ (la,b) +t,w) foralla<bandt >0,

¢ ([a,c),w) <o ([a,b),w)+ ¢ ([b,c),w) foralla <b < c, and 4.11)

1
inf —E¢ ([0,T), ) > —o0.
Inf — ¢ ([0,T),-) > —00
The stationarity and sub-additivity of ¢ follow from (4.8) and (4.9), which give

¢ ([a,b),01w) = L(ap,bp,a,b, t;p0)=L{(a+1t)p, b+t)p,a+t,b+t,w)=¢([a,b) +1, )

and

¢ ([a,c),w) = L(ap,cp,a,c,w) < L(ap,bp,a,b,w)+ L(bp,cp,b,c,w)=¢([a,b),w)+ ¢ ([b,c),w).

It remains to prove the third item of (4.11). This requires bounds for the long-time averages

! T
T/f(yr)’dBr-
0

The difficulty is that, as T — oo, this quantity need not converge to 0, in view of the fact that the almost-minimizing
path y need not be adapted to the Brownian motion B, as was the case in the proof of Lemma 3.1.

Fix y € A0, Tp,0,T) and h > 0O to be determined, and let N € N be suchthat 7/h <N < T/h+ 1. Set ty :=kh
fork=0,1,2,...,N—1,y =T, and

X = max |Br — By, }

relte-1. ol

Then Young’s inequality gives, for any 6 > 0 and some C = C(g) > 0,

1 / Fon)-dB, = / FOn)-dB,
1

k Tho1

g (
= Z f()’rk) . (B‘L'k - B‘L'k_l) - / Df()/r) : )}r . (Br - Bf(kfl)h)dr
k=1

Tk—1

H

N

, T
87 1l _ ChIDfII%
> Qd _ /' X‘]
> T/wr T; ST Z
) —
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Choosing the constant § small enough relative to the lower bound for H* in (2.2) gives, for some C > 1,

T T
! ! RIDFI%
T/H*(V.r)dr+?/f(m,d3r _/qu _C<1+ ||f||ooZX L MDA f|| qu>
0 0
C<1+ ”fHOOZX h||Df||OOZXq)

Taking expectations, we find that, for some constant C > 0 independent of T,
I fllog NR'/? MRS Nh'tar2
T T

I/ Nl
ni/2

1
+ELO.7p.0.T.0) = ~C (1 +

>—C <1+ +||Df||2’oh"/2)-

‘We now choose
2/(1+
S

- 2q/(1 ’
[
which leads to the lower bound
1
7ELO.Tp.0.T, @) = =C(1 + K4/t

and so (4.11) is proved.
- The sub-additive ergodic theorem of [1] then yields the existence of 29 € F with P(2p) = 1 and a random field
L: Q% x © — R such that

_ 1 1
L(p,w)= lim —=¢((0,T),w)= lim —=L(0,Tp,0,T,w) forallwe Qpandp € Qd.
T—+4o00 T T—+oo T
ForT >0, p eRY andw e Qp, set
1 1T
ZT(p5a)) = ?L(()’Tp’O?T’a)):L (Ovpvoalyw)-

Fix N € N. Then, by Lemma 4.1, there exists QN € F such that QN c € and P(QN) =1, and, for some ¢y : QN —
R and for all w € QV, the collection

(er (@)
is equicontinuous on By . Set
=) e".
NeN
Then P(21) = 1, and, for any w € @, Z(-, w) can be extended to a continuous function on all of R4, and moreover,

as T — oo, £7 (-, w) converges locally uniformly to Z(-, ).

Step 2: the limit is deterministic. Fix p € R? and (v, s) € R? x [0, 00). Then Lemma 4.1 implies that there exists a
modulus p : [0, 0c0) — [0, 0o) such that, for all w € 1 and sufficiently large T,

) )
L(p,w)——L(o Tp.0.T, rww)‘ \L(p,w) L‘/T(T +7 - 1+T,w)\

— s
=[Zp.0) = LV7 0. p.0. 10|+ b 2.
T T
Sending T — oo yields
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L(p,w)=L(p, ty,0)

forall p e R?, (y,5) e R? x [0, 00), and w € ;. The ergodicity of the group (7.) then implies that w — L(-, w) is
constant, and, in fact,

— 1
L(p):= lim —EL(,Tp,0,T,-).
T—oo T

Step 3: convexity and estimates. The convexity can be seen in a standard way from the sub-additivity of L (see, for
instance, [54,57]). To prove (4.10), we appeal to Lemma 3.3, which yields a constant C = C(My, q) > 1 such that,
forall T > 0,

1 / ,
ZIplY = C <ELVT(0,p.0. 1) =c(lpl7 +1).

Letting T — oo finishes the proof. O

Before we continue, we give an example to show that, in general, the assumption of almost-sure boundedness for
f cannot be dropped in the above argument. Consider the stationary sub-additive process

b b
1
¥ ([a,b), w) :=inf 5/|yt|2dt+/yt~d3,:yeA(O, 0,a,b) ¢ ;
a a

here d =m =1 and B is a one-dimensional Brownian motion. A straightforward computation reveals that the action
is minimized by the path

t b
1
la,b] >ty ::/ Bs—b /Brdr ds,
—d

a a

which leads to the identity

| | b 2o
viabro) =3 | oo | [ sar| - [ 82ar
a

a

Then

E—y((0,7), ) = ——
TI//[9 7'__57

which is unbounded in T'.
4.4. The local uniform convergence of L®

Fix ¢ > 0 and (x,y,s,1) € RY x RY x [0, 00) x [0, 00) with s < f. Then Lemma 4.2 and the stationarity of L*
yield

— t — . _
ELs(x,y,s,t, ):ESL (0, Y x,O, S’.> £>0 (I—S)L()t} )C)'
&

& — S

The next lemma establishes the local-uniform convergence of L? with probability one, using a standard argument
that combines the multi-parameter ergodic theorem and Egoroff’s theorem. Such an argument has been used several
times throughout the literature on the stochastic homogenization of Hamilton-Jacobi equations; see, for example,
[5-7,23,38,39,41,42,54].

Lemma 4.3. Assume (2.1) and (2.12). Then

P(lim max max max Lé(x,y,s,t, -)—(t—s)f(?)‘:OforallR>0,0<r<T>=1.
—s

e—0|x|<R|y|<Rs,te[0,T],t—s>1
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Proof. Let Q¢ € F be the event of full probability for which the conclusion of Lemma 4.2 holds. Then Egoroff’s
Theorem implies that, for all n > 0, there exists an event G, C ¢ such that P(G,) > 1 — n and, for any M > 0,

1 _
lim sup sup |=L(0,Tp,0,T,w)— L(p)|=0.

T—00|p|<M weG,
Fix R >0and T > 0, and, for w € ¢, define
A (@) :={(x,5) € BR X [0, T]: Ty /e 576w € Gy}

The multiparameter ergodic theorem (see Becker [15]) then yields that, for some €2, € F satisfying Q, C Q¢ and
P(2,) =1, and for all w € 2,

M|
|Br x [0, T1|  |Bg x [0, T]|

0
/ IGn (r(x/s,s/g)a)) dxds i) P(Gn),
BRX[O,T]
and so, for some ¢, : 2 — R and for all w € 2, &,(w) > 0 and

‘A;(a))‘ > (1—2n)|Bg x [0, T]| forall 0 <e¢ < ¢ ().

Now, fix w € 2, 0 < & < gy(w) A go(w), (x,y) € B2, and 5,1 € [0, T'] satisfying t+ — s > 7. Then there exists
(xg, 50) € Af](w) such that, for some constant c =c(d, R, T) > 0,

lx — xe| 4 |s — s¢| < en!/@FD,

Choosing 7 sufficiently small, depending on 7, we have t — s, > 7/2.
Set
YT Xe and T, := t_—s€
t— S &
Note that, for some constant M = M (R, t) >0, |p:| < M.
We now invoke Lemma 4.1, which gives a deterministic modulus p : [0, 00) — [0, c0), depending only on R, T,
and 7, such that, for all w € 2, and ¢ € (0, so(w) A &;(w)),

De =

y—x
r—s

+ Lo (x, y. 5.t 0) = L (e, v, Se. 1 )| +

=<

Lé(x,y,s, t,w)—(t —s)Z(

L% (xg, y, 86,1, ) — (¢ —sS)Z(i _x8>‘

— Sg

(r-gf(u) —(t—sg)Z<y_x8>‘
t—s t— e

1 _
FL (0, T: pe, 0, Ty, T(xg/s,sg/e)w) — L(pe)

&

<pmM+T

| o
_L(O’ Té‘p’os Té‘?w) - L(p) .

&

<p(@m+T sup sup
|pI<M &<G,

Sending ¢ — 0 gives

lim sup max max max

=pO.
e—0 [*XISR|yI<Rs,t€[0,T],t—s>1

Lé(x,y,s,t,w)—(t —s)L (?)
— S

Forn e N, set n,, := % If
Q= U Q.
neN
we then have P(fZ) =1 and, forall w € Q,

lim max max max
e—>0|x|<R|y|<Rs,t€[0,T],t—s>1

La(x,y,s,t,a))—(t—s)Z(i)_x>’=().
— S

The result is finished in a standard way upon repeating the argument for a countable collection of R, T, and t, and
taking the countable intersection of the resulting events of full probability. O
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4.5. The effective Hamiltonian and the homogenization of the equation

Define the convex function
H(p):=L"(p):=sup (p-q—L(q)).
geRd

which, in view of (4.10), immediately satisfies (4.3) (although in the following section, we will provide a sharper
lower bound).

The proof of Theorem 4.1 will follow from the local uniform convergence of the Lagrangians, as well as the fact
that, because H is convex and ug € BUC(RY), u is given by the Hopf-Lax formula

a(x,0) = inf, <u0(y) /L (Q)) (4.12)

yeR
Proof of Theorem 4.1. Let 2] € F be the event of full probability for which the conclusion of Lemma 4.3 holds.

Step 1: coercivity bounds. We first demonstrate that there exists €25 C €21 such that P(2;) = 1,aswellas ey : Q@ — R
and a constant C = C(T, My, q, o) > 1 such that, for all x, y € R,0<s<t<T,we€ Qr,and 0 < ¢ < g3(w),

1 —x|? —x|7
—C(I—S)“+—u SLg(y,x,s,t,w)SCu
C(t—s)a-1 (t—s)11!

In view of Lemma 3.3, there exist random variables (Dg).~o : & — R, such that, for some constant C =
C(T,Mp,q,a) > 1 andforalle>O,x,ye]Rd,and0§s <t<T,

+C(t—s5)*. (4.13)

L@ =5+ 2 T ek nay =c 2T e, w1y — s,
C(t—s)11 (t —s)a1
and, for all p > 1, there exists a constant C' = C'(T, My, p, g, a) > 0 such that, for all ¢ > 0 and A > 1,
/gp/2
P(D,>1) < v

The Borel-Cantelli lemma yields the existence of ko : 2 — N and 2, C ;| with P(2,) = 1 such that, for all v € 2,
and k > ko(w),

Dy-k(w) <1,
and so, for all w € 2, k > kg(w), x,y € R4, and s, 7 € [0, T] with s < ¢,

1 |y —x|? _ — x|
_u <12 k(y,x,s,t,w)fcu
C(t—s)d1 (t—s)7' "1

Now choose ¢ < &3(w) := 27%@) and let k > ko(w) be such that 27%=1 ¢ <27k Then, for all x, y€E R4 and
O0<s<t<T,

Xy st k[ Xy st
Li(x,y,s,t,w)=¢eL| =, =, -, -, 0] =Q2%)L T @)
(3. 5.1, @) <8 g e’ e a)) %) kg 2kg 2kg 2kg '

—C(t -9+ +C(t =97

It follows that (4.13) holds upon replacing C with 2C, because 1 < 2k < 2.

Step 2: localization. Let T > 0 be fixed. We claim that there exists a deterministic M depending only on T, 7, and
llglloo such that, for all (x,7) € RY x[0,T],weQ,and ¢ € (0, &2(w)),

u®(x,t,wy=inf (uo(y)+L°(y,x,0,1, »)). (4.14)
yEBy (x)

Setting y = x in the definition of u* and using (4.13), we find that there exists a constant C = C(T') > 0 such that, for
all w € 2, € € (0, &2(w)), and (x,1) e RY x [0, T,
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uf(x,t,w) <C.

The lower bound in (4.13) then yields that, if |y — x| > M and M is chosen large enough depending only on T and 7,
then, for all € € (0, &(w)),

. 1y — x| M4 .

uo(Y) +L°(y,x,0,1,0) = = lluolloc + z—————C=—lluolloc + == —C>u(x,1,0).
c 14 Ct

This establishes (4.14).

Step 3. By (4.14) and Lemma 4.3, we have, for all w € 3,

e—0
—

0.

sup |u€(x,t,w)—ﬂ(x,t)| < sup sup sup
(x,t)eBgrx[1,T] x€Br yeBryym t<t<T

The bounds in (4.13) give, for (x,1) € Bg x [0, t] and w € 2,

L%(y,x,0,t,w) —tL (g)

u®(x,t, ) <up(x)+Ct?,
and, if p : [0, 00) — [0, 00) is the modulus of continuity for u,
u®(x,t,w) >up(x) — Ct*+inf | —p(r) + ir—q,
, 1, ) > Ug Inf 0 coa 1)

Define

5 1 4
p(T) :=sup (p(r) - = )

r>0 C -[q’—l
and note that p : [0, o0) — [0, co) satisfies lim,_, o+ p(t) = 0. As a result, for all w € Q27 and ¢ € (0, &2 (w)),

sup  |uf(x, 1, @) —uo(x)] < Ct* + Cp(1).
(x,1)eBg x[0,1]

A similar argument gives

sup [u(x, 1, 0) —uo(x)| < Ct + p(7),
(x,t)eBg x[0,7]

and so, for all T > 0 and w € 25,

lim sup sup |u8(x,t,a>)—ﬁ(x,t)| <C+1t%+p(1).
e—0 (x,)eBrx[0,T]

The proof is finished upon letting T — 0. O
5. Enhancement

If L is defined as in (4.7), then, forall T > 0 and v € R4,
1 1 ;
E?L(O, Tv,0,T,-) <H"(v)+ TEf f@v,)-dB; = H*(v),
0

so that, in general, L < H* and
H>H.

This is actually an equality if f is equal to a fixed, deterministic constant f € R¢, since then, for each v € R and for
P-almost every w € €2,

1 — B(T, .

ZLO.Tv.0.Tv,0) = H* (@) + 7 - % T2 g*).
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It turns out that this is the only situation in which the two Hamiltonians are equal. In fact, a consequence of the
isotropic nature of the temporal noise is that, if f is nonconstant, then H is actually greater than H everywhere.
In order to facilitate the following arguments, we will assume additionally that

for some k € (0, 1) and My > 0,
f(G,w) e Cc (R, R™) with probability one, and (5.1)
[ fllo +IDf oo + [Df 1 = Mo.

Let v:R? — R? and p : RY — R satisfy

p(v) eargmax{p-v— H(p)} and v(p)€argmax{p -v— H*(v)},
peRd veR4
and, for p > 0 and v € R?, set
1 * *
G():= sup —max{H w+2)—H (v)—p(v)-z}.
pe(0,1] P 1zl=p

Note that (2.3) and the convexity of H* imply that

0<GW) <C+v¢™Y forallveR?.

Theorem 5.1. Assume that H satisfies (2.1) and the random field F satisfies (2.12) and (5.1). Let H be the effective
Hamiltonian from Theorem 4.1. Then there exists ¢ = c(My, k) > 0 such that, for all » € (0, ),

c(E|Df(0)?)>+1/*

d
1+ GOV forall p e R®. (5.2)

H(p)>H(p)+

As an example, consider the Hamiltonian

! q
H(p):=—|pl?,
q
whose Legendre transform is given by
N 1 /
H*(v) = alvlq .
We then have
p(v) =DH*(v)=v|? v, v(p)=DH(p)=|p|" *p,
and, for some constant C = C(g) > 0,

G(v) <C(1 + w72,

so that (5.2) becomes, for some ¢ > 0,
— 1 q q=2
H(p) > 5|p| +c(l+|[pheT.
Proof of Theorem 5.1. Fix v e RY, M > 0, and N € N. We define a path y € A(0, NMv,0, NM) as follows: set

n=1—12r—1| forrel0,1],

and, for a sequence (uy);en C By € R and

M
0<8<= (5.3)

define
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M
Vr 1= v + Sugn (VT> forr € [kM, (k+ )M]andk=0,1,2, ...

Then
NM

1 1

NM

Since |y —v| < 2 <1and NM o Yrdr=v, we find that

N b o _
—M/H (y)dr = H <v>+p(v>-NM/<yr v)dr
0 0

NM

+NLM f (H* () — H* () — p(v) - (G — ) dr
0

28
< H'W + 2 G)

For r > 0, set BM(r) := M~ '/2B(Mr). Then

NM NM
ﬁ /.f(Vr,w)'dBr(w)—ﬁ / fur,w) -dB,(w)
0 0

N—1 (k+1)M 1
g [ [or(orvson (S50 Yo asn (S anw
= — r+sén ug,w | dsn - (w
NM
k=0 kM0
Nel 11
NM1/2 uk-//Df(Mv(r+k)+s8n (r)uk,w)dsn(r)dB%Lk(w).
k=0 00

The choice of the sequence (uj)eN Was arbitrary, and so

1 28
337 L0 NMv.0.NM, ) < H* ) + 5 .G ()

5 N—1 5.4
/ fr,w)-dB, + NM1/2 Z Zs(v, orw),

where oy := T ppk, mk and
11

Zs(v,w) = miél u- / / Df (Mvr + sén(r)u, w)ds n(r)dBrM(a)).
ue
: 00
The random field Zs takes the form

Zs(v,w)=minu - Y (v, u, w),
ueBy

where

11
Y(v,y,w) :=//Df(Mvr—I—syr](r),w)dsn(r)dBf/I(w).
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In view of (5.1), for all m > 1, there exists a constant C = C(m) > 0 such that, for all y;, y, € By,
ElY(Us Vi ) - Y(U3 Y2, )lm = CM(;”'yl - )’2|Km-

The Kolmogorov continuity criterion implies that, for any A € (0, ) and P-almost every w € 2, Y (v, -, w) € CM(B)),
and, moreover, for some constant C = C (M, A),

sup E[Y('U, i .)]C)”(Bl) < C.

veR4

We then find that Zs(v, -) € L1 (2, P), since

1Zs(v, )| < sup |Y (v, 8u, )| < [Y (v,0,0)| + [Y (v, -, 0)] i 8™

lul=1

Moreover,
EZs(v,-) <EZo(v,-) + C8" = —E|Y (v,0, )| + Cs*.

Recall that we may assume, in view of the independence of f and B, that P takes the form © ® v on the probability
space C g (R4, R™) x C([0, 00), R™), where p is a probability measure that is stationary and ergodic with respect to
spatial translations, and v is the Wiener measure (see subsection 4.2). The rotational invariance of v then yields

1

E[Y(v,0,)|= / / /Df(Mvr)n(r).dBr dv(B)du(f)
CL(R4 Rm) C([0.00),R™) 10

1

= [ | oroenmineds!av@du.

CL(R4 Rm) C([0.00),R™) 10

For fixed f € C} (R, R™), the random variable

1
C([0,00), R™) > B / |Df (Mvr)|n(r)dB]
0

is a stochastic integral with deterministic integrand, and is therefore a Gaussian random variable with respect to the
probability measure v. Its standard deviation can therefore be computed, according to It6’s formula, as

1/2

1 1
2
/ / Df (Mor)| n(r)dB) ()| dv(B) = \E / D (Mor) Py dr
C([0,00),R™) 10 0

Since 0 <7 <1, we have

172

1 1
f |Df (Mvr)[* n(r)*dr < |Df lls f |Df (Mvr) > n(r)*dr
0 0

It now follows from Fubini’s theorem and the stationarity of f that

172

1
2
E|Y(v,0, ~)|=\/; / /IDf(Mvr)|2n(r)2dr du(f)

Cll (R4,R™) 0

> ﬁ / fl |Df (Mvr)Pn()drdp(f)
HINE; ! g

Cbl (]Rd’]Rm) 0
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_ ;ﬁmw(ow
C 3IDflle V 7 '

1/x
5 :=E(E|Df(0)|2) (5.5)

We then set

for some sufficiently small constant ¢ = ¢(Mp, 1) > 0, and we conclude that, for a further constant ¢ = ¢(My, k) > 0,
sup EZs(v,) < —cE|Df(0).
veR4

Taking the expectation of both sides of (5.4), we obtain, for some ¢ = ¢(Mp, k) > 0,

M1/2

1 .28 5 \ 1 E|Df(0)
WEL(O, NMU,O, NM, )EH (U)+MG(U)+WEZS(U,)EH (U)+C(S MG(U)_i ,

and so, sending N — oo,

L(v) <H*(v) +¢8 LG( _EIDrOF
(v) < v)+c i v) 12 .
‘We now choose
(1+G(v))?
=4
(E|Df(0)]?)?
442/2

Observe that, if ¢ in (5.5) is chosen so that c M <2, then
NA Ty g
s=c(EIDFOP) " = 0o < 2,
(EIDf(0)[%) 2
so that (5.3) is satisfied. For this choice of M, we obtain, for some constant ¢ = ¢(My, x, A) > 0,

(E|Df(0)*)? _(E|Df(0)[H>1/*

Lw)<H"(v)—cé 11 G) =H"(v) —cc 141G ,
and therefore, for all p € R4,
— . _(E|Df(0)[H>H1/* _(E|Df(0)[H>H1/*
H v—H H
(p) > Uset]ggd {p v (v) +cc e > H(p)+cc TG

6. Noise of varying strength

We conclude by studying, for 8 € R, ¢ > 0, and a stationary-ergodic random field f and Brownian motion B
satisfying (2.5) - (2.11), the initial value problem

uf+H(Du8):89f(§,a)>~B(t,a)) inR? x (0,00) x @ and u®(x,0,w) =up(x) inRYxQ. (6.1

The strength of the noise determines the nature of the enhancement effect for vanishing ¢. Namely, when 6 is equal
to the scaling critical exponent 1/2, the enhancement property can be exactly characterized using the results from the
previous section. When 6 > 1/2, the noise is macroscopically insignificant, while taking 6 < 1/2 gives rise to infinite
velocity.

Theorem 6.1. Assume ug € BUC(R?), (2.1), and f and B satisfy (2.5) - (2.11) and (5.1).

(a) If0 > 1/2, then, as ¢ — 0, u® converges locally uniformly in probability to the solution u of

u,+HDu)=0 inRYx (0,00) and u(-,0)=uy inR%.
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(b) If0 < 1/2 and f is nonconstant, then, as ¢ — 0, u® converges locally uniformly in R¢ x (0, 00) in probability to
—00.

(c) If0 = 1/2, then there exists a deterministic, convex Hamiltonian H : R? — R satisfying (4.3) and (5.2) such that,
as € = 0, u® converges locally uniformly in probability to the solution u of

i, +HDu)=0 inRYx(0,00) and u(-,0)=ug inR? x {0}.

Proof. Replacing the Brownian motion B with 7 — £!/2B(t /¢) and invoking Lemma 2.1, it follows that it suffices to
prove the appropriate local uniform limits, with probability one, for the function

i (x, 1, w) = inf, (uo(y) + Le,f (. x,0,1, 0)) , (6.2)
ye

where, for ¢ > 0, (x,y,s,1) € RY x R4 x [0, o0) x [0,00) with s < ¢, and w € 2,

1 t
ujumwmww=mf]?ﬁmmu+ﬁ*ﬂ/fw*WA»u&ﬁw»yeA@ywo
s N

(a) Similarly to the proof of Theorem 4.1, the result will follow from two facts:

there exists C > 1 and gp : 2 — R such that, with probability one,
forall ¢ € (0, &0), x,y € R, and 5,7 € [0, T] with s <1,
/ , (6.3)
1y —x| ly — x|
—Ct—5)*+—=———F—<Les(x,y,5,)<C| ——=+01—9"],
(=9 + G T S Les @y =C| i + 0 =9)
and
forall R>0andO0 <7t <T,
- 6.4
lim sup sup Ler(x,y,8,0)—(t—s)H" (y x) =0. ©4)
e>0x yeBg s,t€[0,T], t<t—s<T r—s
Setting

of = M()Bl/z, A = Mog_l/z, F. = o, A% and D, := ID(rS‘AS,

we see that, by Lemma 3.1, there exists a constant C = C(T, Mp) > 0O such that, forall § € (0,1),0<s <r; <rp <
t <T, f € Fg, and Lipschitz y,

D,

(r2 —r)?, (6.5)

r t

_ / . ’ C+
/f(g l)’r) “dBys| < cs? /|Vr|q dr + 59
r N

and, for some C = C(T, My, p) >0and all A > 1,

CeP/?

We first prove (6.3). Since 6 > 1/2, similar arguments as in the proof of Lemma 3.3 give, for some C > 1 and all
(x,y,s,1) € R? x RY x [0, 00) x [0, 00) with s <7 and ¢ € (0, 1),
ly = x|
(t —s)a'—1

1|y —x|7

55?5?3‘C“+%“*4V5Lw@wwﬁ56(

+ (14 De)(t —s)"‘>.

It follows from the Borel-Cantelli lemma that there exists kg : 2 — N such that, for a possibly different constant
C > 1, with probability one, for all k > kg and all (x, y, s, 1) € R x R? x [0, T] x [0, T] with s <1,

1|y —x|7 ly — x|
—Ct—s5) "+ —=——F—=<Lou ;(x,y,5,)<C| ———+@—95"].
G e a et St s D= TR )
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Now let 0 < & < &g := 2%, and choose k > kg so that
k=1 ¢ < 2k,

Set T = 2ke, which satisfies T € (1/2, 1]. A straightforward scaling argument yields
Xy st
Le f(x,y,s8,1)= TLz—k).[H—l/Zf (;, ;, ;, ;) , (6.6)
and therefore, for yet another C > 1, we find that, with probability one, (6.3) holds for all (x, y, s, ) and ¢ € (0, &).

We now establish (6.4). Fix R > 0 and 0 < 7 < T. Then (6.5) implies that there exists C = C(R, T, t,q, Mp) >0
such that, with probability one, for all x, y € Bg and s,¢ € [0, T] witht —s > 7,

t
— 1 —
Le p(x,y,5,1) < (t —s)H* (—y x) +89*‘/2/f (— (x 42 xr>)dBr/g
tr—s & tr—s
S

<(t—s)H* (?) +C 12 (14+D,).

For the lower bound, let v € (0, 1) and y € A(x, y, s, t) satisfy

t t
Lg,f<x,y,s,z>+vz/H*(y'r>dr+89*‘/2/f(s*‘y,)-dBr/g.
S 5

In view of (6.3), we then have

t t
. / 1+D / . ’
/|Vr|qdrfc 1+5—q£+5"/|1/r|qdr s
s s

and then rearranging terms and choosing § sufficiently small yields

t
[ar=casm.
s

It follows from Jensen’s inequality that

L f(x,y.5.0)+v > (t —s)H* <§1> — e 12(14+D,).
—s
As v was arbitrary, we conclude, combining the upper and lower bounds, that

sup sup sup <ce? 121+ D,).

feFe x,yeBg s,t€l0,T], t—s>71

Le p(x,y,s,0) = (1 =s)H” (i;x>

As before, using the Borel-Cantelli lemma, the above expression converges with probability one, as k — oo along
the subsequence g, = 27%, to 0. The convergence over all £ — 0 can be seen by once again appealing to the scaling
relationship (6.6).

(b) Let vy € R? be such that
H*(vg) = min H*(v).
veR4
Then, since 6 < 1/2, we have, for all ¢ € (0, 1),

Leg(x,y,5,0) < (t =$)H* (o) + &7/ (—(t = $)H*(v0) + L*(x, y.5.1)),
where L¢ is given by (4.5). It follows that
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i (e, 0) < inf (w0(v) 4+ tH* o) + 672 (<t H* (o) + L (7,%,0,1))
yeRd

<ug(x — tvo) + tH* (vg) + e7~1/2 (—tH*(vo) + Lf(x — tvp, x, 0, t)) .

Lemma 4.3 yields that, with probability one, locally uniformly in R? x (0, c0),

LE(x — tvg, x,0, 1) 2% +T (vo) < 1 H* (vg),

where the strict inequality is due to Theorem 5.1. The result follows.
(c) This is a consequence of Theorems 4.1 and 5.1. O
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