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Abstract

We prove asymptotic stability of point vortex solutions to the full Euler equa-
tion in two dimensions. More precisely, we show that a small, Gevrey smooth,
and compactly supported perturbation of a point vortex leads to a global solu-
tion of the Euler equation in 2D, which converges weakly as 1 — oo to a radial
profile with respect to the vortex. The position of the point vortex, which is
time dependent, stabilizes rapidly and becomes the center of the final, radial pro-
file. The mechanism that leads to stabilization is mixing and inviscid damping.
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The presence of coherent vortices is a prominent feature in 2D fluid flows, such
as viscous flows with high Reynolds number and perfect fluid flows. These vortices
are believed to play an important role in 2D turbulence theory (see, for example,
[2,3,8,10,34,35]). The stability analysis of vortices is among the oldest problems
studied in hydrodynamics, starting with Rayleigh [38], Kelvin [25], and Orr [37]
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SYMMETRIZATION NEAR POINT VORTICES 819

and continuing to the present day; see, for example, [17, 18,20, 39] and references
therein.

To motivate the problem, recall that smooth solutions to the 2D Euler equa-
tion are global, due to the Beale-Kato-Majda criteria (see also [44] for the case
of bounded initial data). The long-time behavior of solutions is, however, hard
to understand and describe due to the lack of a relaxation mechanism. Arnold
(see [1]) proved an important result for nonlinear stability of some steady states
using monotonicity formulas, but the precise dynamics near these solutions are not
known. There have been some attempts in building a theory of “weak turbulence”
for the 2D Euler equation to explain the appearance of coherent structures; see,
e.g., chapter 34 of [40]. A proposed mathematical explanation is that generically,
the vorticity w(t) converges weakly but not strongly as ¢ — o0, to describe the
local chaos versus global structure phenomenon. It is an attractive conjecture, but
it seems hard to rigorously formulate, let alone prove such a conjecture. A more
realistic approach is to consider the 2D Euler equations in physically relevant per-
turbative regimes, which is the problem we consider here.

Vortices are radial solutions of the vorticity equation in 2D, and are stationary
under the flow. Since vortices often self-organize and may become the dominant
feature in 2D fluid flows, it is important to understand their dynamical properties.

Numerical and physical experiments and formal asymptotic analysis (see [2, 3,
39] and references therein) suggest that small perturbations of vortices form spirals
around the center of the vortex and the angle-dependent modes of the vorticity
vanish in the weak sense as ¢t — oo, which leads to “axi-symmetrization” of the
vorticity. This has been studied rigorously at the linearized level around a strictly
decreasing vortex profile by Bedrossian—Coti Zelati—Vicol [4], who established
axi-symmetrization of the vorticity and precise decay rates of the associated stream
function. Coti Zelati and Zillinger [12] studied a similar phenomenon for a class
of degenerate circular flows that include the important class of point vortices.

1.1 Nonlinear asymptotic stability

In this paper we initiate the rigorous study of the full nonlinear asymptotic sta-
bility problem for vortices of the 2D Euler equation. We work with the simplest
class of vortices, called point vortices, which are §-functions centered at points in
R2. Such solutions (and more generally the N -vortex solutions) are models of gen-
eral solutions with vorticity concentrated sharply in small neighborhoods, and have
been studied by many authors. See, for instance, Kirchhoff [26] and C. C. Lin [30];
see also a recent development [13] and the book [32] for more references.

To state our main conclusions, consider solutions to the 2D Euler equations of
the form

(1.1) vorticity field = k§(P(t)) + w, velocity field = VEATIS(P (1)) + u,

where x € R\{0} is the strength of the point vortex and §( £ (¢)) is the Dirac mass
centered at P(t) = (P1(¢), P»(t)) € R2. We assume that P(¢) is not in the
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support of w, which will be satisfied as part of our analysis. Then the perturbation
w satisfies the equation

(1.2) dw+U-Vo+u-Vo =0 for(x,y,t)eR?x][0,00),
where

(1.3) U = ViATI8(P@)) = %VJ— log|(x, y) — P(1)].
The velocity field u and the stream function i are determined through

u=Vy = (0,9, dx¥),

(1.4) ) o
AY = w, lim Sy (x,y) — S—log|(x, y)|p =0
|Gx,y)|—>00 2n
where
(1.5) co = / w(t,x,y)dx dy
R2

is a constant preserved by the flow for all times (as long as the support of w(¢) is
away from P(¢)). In addition, the center P () satisfies the transport ODE

(1.6) P'(t) = VY (t, P(1)).

The equations (1.2)—(1.6) can be derived rigorously when the vortex P () lies out-
side of the support of w(¢); see, for example, [33]. In our case, this support con-
dition is propagated dynamically by the flow as a consequence of the proof of
stability.

In this paper we prove axi-symmetrization around a point vortex. More pre-
cisely, we prove that small, Gevrey smooth, and compactly supported perturbations
symmetrize around the point vortex whose location changes in time and converges
fastas t — oo.

THEOREM 1.1. Assume that k € R\ {0}, A € (0,00), M € (1,00), and wy €
Cg’o(Rz) satisfies the support property suppwy < {x € R? : |x| € [1/M, M]}.
Assume that

(17 [ eHen @ dg dy <

for a sufficiently small constant € < €(k, M, )), where wq denotes the Fourier
transform of wg. Then there is a unique smooth global solution (w, P) of the
system (1.2)—(1.6) such that P(t) stays outside of the support of w(t) for all t > 0.
Moreover, for some ¢ = c¢(k, M, 1) > 0,

(1.8)  |P(t) — Poo| < e "% for some Pog € RZ and all ¢ > 0,

and w(t) converges weakly to a Gevrey-2 regular function wso € C(R?) that is
radial with respect to Ps, ast — 00.

ASUADIT suoWWo)) dANear) d[qesrjdde o) Aq pouIdA0S a1e SOIIE () AN JO Sa[NI J0J KIeIqI] AUI[UQ AJ[IAL UO (SUONIPUOI-PUB-SULIA)/WOd Ka[im Kreiqijaurjuo//:sdiy) suonipuo) pue swid L, Ay S *[£270z/01/L] uo Areiqry auruQ) Loip ‘Kreiqry KNSIOAIUn uoedulld Aq $£617edd/z001°01/10p/wod Ka[im* Kreqrourjuo//:sdny woij papeoumod ‘v ‘g0z ‘TIE0L601



SYMMETRIZATION NEAR POINT VORTICES 821

See also Theorem 1.2 below for a more quantitative statement of our results.

In the inviscid case, this appears to be the first nonlinear asymptotic stability
result for vortices in the plane, with general initial data. In the viscous case, Gallay
and Wayne [18] proved global stability of vortex solutions to the 2D Navier-Stokes
equations, and Gallay [17] obtained the enhanced dissipation and axi-symmetriza-
tion for the vortex solutions.

The vortex stabilization we prove here has similarities to the inviscid damping
near Couette flows in T xR, established in the remarkable paper [6] by Bedrossian-
Masmoudi, and extended to the bounded periodic channel in [21] (see the longer
discussion in Section 1.4 below). However, the phenomenon of inviscid damping
in the case of vortex solutions seems to be more natural than the inviscid damping
near shear flows. Indeed, the mechanism leading to stability in the neighborhood
of vortex solutions is the mixing in the angular variable 6, which is naturally a peri-
odic variable. On the other hand, for shear flows (b(y), 0) in the domain T x /, the
stability is due to the mixing in the x-direction by the velocity b(y), and periodicity
in x (but not in y) has to be imposed as part of the setup.

1.2 The general inviscid damping problem

The mechanism of axi-symmetrization considered in this paper, also called “in-
viscid damping”, has been studied at the linearized level in many works. For ex-
ample, in [41] Wei-Zhang-Zhao proved sharp decay estimates for a general class
of monotone shear flows in a channel. See also a recent refinement [23] where
more precise asymptotics for the stream function was obtained. In [4] Bedrossian—
Coti Zelati—Vicol established sharp linear inviscid damping around vortices with
strictly decreasing profile in the plane. These works and many others, such as
[12,15,19,37,42,45,46], provide a rather complete picture of the linear inviscid
damping under suitably general conditions.

However, the nonlinear asymptotic stability of steady flows is much more subtle
and challenging. So far, the only nonlinear asymptotic stability results are those
of Bedrossian and Masmoudi [6] for plane Couette flows, and the extension to
a finite channel by the authors [21]. The method introduced in [6] for proving
nonlinear asymptotic stability is based on the use of time-dependent imbalanced
weights, which are designed carefully to control frequency-dependent resonances.
In contrast, the linear stability analysis in [4, 23,41] is based on the regularity
analysis of resolvents, which, through an oscillatory integral, implies decay in time
of the stream function. It is not clear at the moment whether the linear decay
estimates can be applied to the nonlinear analysis."

1 See, however, the recent result [22], which established linear inviscid damping in Gevrey spaces
and appears to be more promising for nonlinear applications. The methods introduced in this paper
played an important role in [22].
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1.3 Adapted polar coordinates and precise results

It is convenient to study (1.2) in polar coordinates, recentered at P(z). Let
(1.9) (x,y) = P(t) + r(cos 8,sin0).
In (r, 6)-coordinates, we set the functions ., u’e, Y', o’ as follows:
o' (t,0.7) =w(t.x,y), ¥(.0.r)=v(x,y).
(1.10) u,(t,0,r)e, +uy(t,0,r)eg = u(t, x,y),
er = (cos8,sinf), ey := (—sinb,cosh).

Then equation (1.2) can be rewritten as

(1.11) 9;0" — (P(1), e,) 0,00 — ;(P’(t),eg)Gga)’

K gV 0,0’ — 0,9 dg0’

dgw’ — =0,
+ 272r200% r
where the stream function ¥/(¢, 0, r) can be calculated through
1 1 c
207 . P S a2 . ’ _ ‘o _
(1.12) d;y" + rarw + r2891ﬁ =w, rli)rgo v, r,0) 5 logr 0.
In the above,
1 00 p21
(1.13) P'(t) = —/ (sin @, —cos O)w'(t,0,r)dO dr,
2w 0 JO

and (P'(t),er), (P’(t), eg) denote the scalar products between the vectors P’(z),
er, and eg. The velocity field (“/9’ u,.) can be calculated according to the formulas

(1.14) uy(t,0,r) =8, v, u.(t,0,r)=—(1/r)dgy’.

To state our main theorem we define the Gevrey spaces G*S (T xR) as the space
of L? functions f on T x R defined by the norm

(1.15) 1/ lgrserxmy = |5 F e ©)] L2zxmy < 00

In the above, f denotes the Fourier transform of f in (8,r) € T xR, s € (0, 1],
and A > 0. More generally, for any interval / C R we define the Gevrey spaces
GH*(T x I) by
(1.16) If lgrscrxry = IES lgrs (T xr):
where Ef(r) := f(r)ifr € I and Ef(r) :=0ifr ¢ I.

For any function H (8, r) let {H)(r) denote the average of H in 6. Our main
theorem in this paper is the following:

THEOREM 1.2. Assume that g, 99 € (0, %], k € (0, 00), and assume a)(’) is smooth
initial data, satisfying the support condition suppwy € T x [D9, 1/D0] and the
smallness condition

(1.17) lwollgao.1/2(T xRy = € < €.
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where € = €(Bo, Bo.k) > 0 is sufficiently small. We have the following conclu-
sions.

(1) (Global regularity) There exists 81 = B1(Bo, Do, k) > 0 and a unique global
solution @’ € C([0,00) : GALY/2(T x R)) of the system (1.11)—~(1.13)
with initial data w’(0) = w; such that suppw’(r) € T x [¥9/2,2/D¢] and
|P(t)] < ¥9/100 for any ¢ € [0, 00).

(2) (Asymptotic stability) There exist Qoo € GA11/2(T x R) and a point Psy =
(PL, P2) € R? with supp Qoo € T x [9/2,2/P] and | Pso| < /100
such that

(1.18) [l (t,6 + «ct/Q2rr?) + (2, 7). 1) = Qoo (8. 7) | ga1.1/2(pxmy S €(1) 7"
(1.19) |P(t) — Poo| S ee P17,
for any ¢ > 0. Here

(1.20) O(1.r) = /Otwdfzfotwd,'

r
(3) (Control of the velocity field) There exists uj, € GA1-1/2(R) such that
(1.21) [y ). r) — u;o(r)ugﬁl,l/z(m < e(t)72.
The function u/ satisfies the additional properties

. I (ruge (1) = rQ0oo(r),
(122) u(r) =0ifr <99/2, ul (r)=co/Q2n)ifr >2/%.

Finally, the velocity field u” satisfies the pointwise bounds
(1.23) Ju(@.0.7) = (up)(t. 1) Loo(rwmy S €(0)7"
(1.24) |20, 7) | oo (rxmy S €(0) 72

We conclude this subsection with a few remarks.

Remark 1.3. The inviscid damping is generated by the term 55’ in the equa-
tion (1.11) (in fact, one may assume x = 1 by rescaling in time). Indeed, at the
linearized level the equation (1.11) is

K

(1.25) dr"™ + 3 S0gw™ =0,
r
with the explicit solution
(1.26) o™, 0,1) = 0i™6 — kt/Q2rr?). ).

Using now (1.12) we can express wllci“, k € Z \ {0}, as

i i —i 2
a2 e = [ Gu el e,
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where w}gn and a)g“k denote the k™ Fourier modes of the functions y!" and a)g“
in 6 and Gy, defined as in (6.24), is the associated Green function for the operator
32 + O /1 — k%/r2.

If a)(l)m is smooth and compactly supported away from 0, then one can integrate
by parts in p in (1.27) to prove pointwise decay in time for the velocity field u'in
(g, ul™) = (39", =99y /1), consistent with the bounds (1.23)—(1.24).

In other words, the main conclusions of Theorem 1.2 can be verified for the
linearized flow as a consequence of the explicit formula (1.26), as expected.

Remark 1.4. The assumption that the point vortex lies outside the support of the
perturbation is necessary for the inviscid damping in Gevrey spaces, due to the
“boundary effect” the point vortex can exert (but the compact support assumption
can probably be replaced by suitable decay). For shear flows in a finite channel, it
was demonstrated by Zillinger [45] that scattering in high Sobolev spaces cannot
hold if the initial perturbation does not vanish at the boundary. The effect of the
boundary can also be seen in the precise asymptotics for the stream function in [23].
In our case, the point vortex plays a similar role as the boundary effect, in polar
coordinates, with ¥ = 0 as the “boundary”.

Remark 1.5. The requirement that the perturbation is Gevrey-2 regular, as in (1.17),
is natural by analogy with the case of the Couette flow. See the recent example
of instability of Deng-Masmoudi [14] in slightly larger Gevrey spaces, and the
counterexamples to inviscid damping in low Sobolev spaces by Lin-Zeng [31].

1.4 Main ideas of the proof

Our proof is based on analysis of the equations (1.11)—(1.13). Assuming first,
for simplicity, that P’(¢) = 0, we notice that the equations (1.11)—(1.12) have some
similarities with the main equations in the analysis of the stability of the Couette
flow on T x R (see, for example, equation (1.14) in [21]).

We describe below some of the main ingredients of the proof, noting that the
proof in the point vortex case contains all the difficulties of the Couette problem,
in a significantly more complicated variable coefficient setting.

Renormalization and time-dependent weights

These are two key ideas introduced by Bedrossian-Masmoudi [6] in the case of
Couette flow.

As in [6,21], we define a new system of coordinates z, v by

! / @61

(1.28) v(t,r) := s, z(t,0,r) := 6 —tv(t,r).

2nr? ¢ r

The change of variable (1.28) is a nonlinear refinement of the linear change of
coordinates z = 6 — tk/(2mr?) in (1.26). This change of variables automatically
“adapts” to the asymptotic profile 2o,(8, r), which has to be determined by the
nonlinear flow, as ¢ — oo. The main point is to remove the terms containing
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the nondecaying components «/(27r2) and (9,v%) from the evolution equation
satisfied by the renormalized vorticity, compare equations (1.11) and (2.34).

We can then analyze the resulting evolution equations, establishing simultane-
ously smoothness and decay in time of certain components. For this we set up
several energy functionals for the main functions (vorticity, stream function, and
coordinate functions) and use the equations to estimate the increment in time.

There is one significant difficulty here, due to the “reaction term” dyPo¢ -
dz F in (2.34), which cannot be estimated using standard weights, due to loss of
derivatives around certain “critical” or “resonant” times. The idea of Bedrossian-
Masmoudi [6], which we used in [21] and we use here as well, is to employ time-
dependent norms associated to imbalanced weights, which are designed carefully
to absorb the large factors due to resonances, at the critical times. See the longer
discussion in [6] and [21, sec. 1.3]. We note that the special weights we use here are
refinements of the weights of [6], but with additional smoothness that is important
at other stages of the argument.

Variable coefficients

A key new difficulty compared to the case of the Couette flow is that linearizing
around vortex solutions leads to equations with variable coefficients, which are not
small perturbations of constant functions. This is an important issue to understand
for future applications as well, since the analysis of more general shear flows or
vortices will likely lead to equations with variable coefficients.

Since we rely heavily on Fourier analysis, this difficulty is present at all levels of
the proof. We illustrate it in the case of the normalized stream function, for which
we would like to use the elliptic equation (2.39). In order to prove the precise ellip-
tic estimates (with the carefully designed weights; see (2.47) and Proposition 6.1
below), we take a two-step approach. First we consider the low-frequency compo-
nent of the normalized stream function, for which the weight is not important, and
the elliptic estimates reduce to standard elliptic regularity.

For high frequencies, we define suitable Fourier multiplier operators associated
with the weights, and pass the operator through the variable coefficients. We then
apply the standard elliptic estimates to the resulting elliptic equations. Since the
coefficients are not constant functions, we need to bound a number of commutator
terms, by showing that these terms are small. The key issue here is the smooth-
ness of the weights. For example, for standard weights, one gains derivatives in
commutator terms through inequalities of the form

|K(€) — K] < (€)7" max{K(§). K(m}(E —n) if (€ —n) < min{(€), (n)},

for some y > 0, where we assume K is the weight function we use to commute.

This is the case, for example, if K(§) = (€)° (Sobolev-type regularity) with y = 1
or K(§) = o812 (Gevrey regularity) with y = %

2 For general shear flows or vortices there is one more issue, namely the presence of an additional
nonlocal linear term in the equation for the vorticity deviation, which requires different ideas.
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826 A.IONESCU AND H. JIA

In our case such a gain is not possible. Our main idea is to construct the weights
to depend on an additional small parameter 6 and prove a weaker bound of the form
C()
4600.8) = At 5 | 55 VB | mat .60 e

if (§ —n) <1 < min{(k,§), (k. n)}.

(1.29)

Such bounds are still suitable to control the commutators, due to the gain of +/§
for large frequencies. The parameter § should be thought of as small relative to the
structural constants B¢, P9, &, but much larger than € (the size of the solution).

Smoothness conditions like (1.29) impose additional constraints on the weights
Ax(t,§), which have to be satisfied simultaneously with the resonance conditions
described earlier. Because of all of these constraints, the precise design of the
weights is very important. We use similar weights as in our paper [21], and provide
all the details and the proofs in Section 7.

Interaction with the point vortex

We also need to quantify the effect of the global shift in coordinates caused
by the movement of the vortex P(z). On the one hand, P’(z) decays fast (see
(4.22)), which implies rapid stabilization of the point vortex. On the other hand,
the global change of variables, in the presence of mixing, causes loss of regularity
of functions.

Roughly speaking, we can understand the problem as follows: the change of
coordinates is expected to normalize the transport in 8 with a fixed center. Thus a
change in the center disrupts the renormalization. The issue can be seen already for
simple functions such as cos 6, which is very smooth in the 8, r coordinates, while
in the new z, v coordinates (see (2.26) for the change-of-coordinates formula) be-
comes cos(z + tv), which loses regularity rapidly. As a result, for terms such as
P’(t) cos (z + tv), which are related to the effect of the global shift of coordinates,
we have exactly the right balance between the fast decay of P’(¢) in time and the
loss of regularity in the function cos(z 4 ¢v) to close the estimates. The situation is
somewhat analogous to the boundary effect when studying the asymptotic stability
of the Couette flow in the finite channel considered in [21].

1.5 Organization

The rest of the paper is organized as follows. In Section 2 we define our renor-
malized variables and set up the main bootstrap Proposition 2.2. In Section 3 we
show how the main theorems follow from the conclusions of the bootstrap proposi-
tion. In Section 4 we prove bounds on the main structural functions in the problem.
In Sections 5 and 6 we prove the main improved bounds required to complete the
bootstrap argument. In Section 7 we review the construction of the main weights
Ap(t,8), AR(t, &), Ayr(¢t, &) from [21] and prove some more precise bounds on
these weights.
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2 Renormalization, Energy Functionals, and the Main Proposition

2.1 The main change of variables

Assume T > 1 and ' is a sufficiently smooth solution of the system (1.11)—
(1.13) on some time interval [0, 7], which satisfies ||{@")(¢)|| 710 < 1 and is sup-
ported away from the origin for all t € [0, T, i.e.,
2.1 supp @’ (t) S Bayg, \ Byy/a-

In analogy with the inviscid damping for the Couette flow, we now introduce
variables that unwind the mixing in 6. More precisely, we define

1 /t (0r9")(s. 1)
- —F ds

2.2) v(t,r):= , z(t,0,1r) := 60 —tu(t,r),

2xr?  f r

where (h)(r) denotes the average in 6 € T of the function /(0, ). It follows from
(1.12) that

(23) 0 (r{3r ")) = r{o).

In particular, the map r — v defines a bijective change of variables, provided that
[{w’) ()| 710 is sufficiently small (depending only on k and ). In view of (2.1)
and (1.5), we have

Q2.4) r{0.9" Y, ry =0 ifr <9/2 and r(0,y')(t.7) = ;—0 if r > 2/9.
b4
We define the functions F' and ¢ by the identities
F(t,z(t,0,r),v(.1)) :== o'(t,0,7),
G(t,z(t,0,r),v(t, 1) =¥ (¢,0,r).

Direct calculations show that

(2.5)

80 (6.0.r) = 8, F(t.2.v) — 50 F(t.2.v)
2nr
v (t,
2.6) _ Mazm,z, V) + 9,0(t, 1)y F(t, 2,0),

0,0’ (t,0,7) = —t0,v(t, )0, F(t,z,v) + 3,v(t,7)0, F(t, 2, V),
D' (1,0,r) = 3, F(t,z,v).

Completely analogous formulas hold connecting Y’ and ¢.
We also define the functions V', V", V, ¢ by the formulas

VI(t,v) i= d,u(t,r), V'(t.v) = dv(t,r),
V(t,v) := d;v(t, 1), oft,v) :=1/r.

Using (2.6)—(2.7) we can rewrite equation (1.11) in terms of F, ¢ as follows:

Q2.7)

(2.8) O F + V3, F —oV'd,00,F + oV 3yPropd, F
_Pé V/(av_taz)F_sz/azF:().
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828 A.IONESCU AND H. JIA

In the above,
P(t,z,v) = (P'(t),e;) = P{(t) cos(z + tv) + P;(t) sin(z + tv),
(29)  Pl(t,z,v) = (P'(t),eq) = —P{(t)sin(z + tv) + P5(r) cos(z + tv),
Piop = ¢ —(¢).
Moreover, using (1.12), the normalized stream function ¢ satisfies the equation

(2.10) 0%92¢ + (V)23 — 132)%¢ + V" (3y — t32)p + oV'(3y — t3;)p = F.

Equations for the coordinate functions
We would also like to derive equations for the change-of-coordinate functions.
We notice that the functions V’/, V", o defined in (2.7) are not “small”; to derive
useful equations we need to construct suitable combinations of these functions,
which are small, and then derive evolution equations for these combinations.
From (2.2) and (1.12), it follows that

2 1o , 1 o ’
@1 du(tr) = - _f Oy (sor) 4o _/ (@)(s.r)
ar3  t Jy r2 t Jo r
The identities (2.4) and (2.2) imply that
K K+ ¢co

2.12) wv(t,r) = ifr <99/2 and wv(t,r) = if r > 2/,
2r? 2mr?

therefore

(2.13) drv(t,r) = =2v/r ifr <dg/2orr > 2/.

Let

(2.14) Vil(t,v) := V'(t,v) + 20(t, v)v.

It follows from (2.13) that Vi (¢, v) = 0if r € R*\ [¥9/2,2/1%0]. Moreover, using
(2.2) and (2.11),

(2.15) Valt,v(t, 7)) = (0,0)(t, ) + 2v(5v") _ 1/t (@)
0

t r

Therefore, for any ¢ € [0, T,

(@h@.r)y d
LRl o E[tV*(t,v(t,r))]

= Vit v(t,r)) + 10 Vi)t v(t,r)) + (3, 0)(&, 7)(0y Vi) (£, v(2, 7)),
which can be rewritten in the form
(2.16)  (9:Ve)(t,v) + V(t, v)(0y Vi) (t,v) = ;((F)(t, v)o(t,v) — Vilt, v)).

‘We define now

2.17) o0« (1, v) 1= o(1,v) — 4/ 2];—1)
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SYMMETRIZATION NEAR POINT VORTICES 829

Using the definitions we have

0 (L. 0(1. 7)) = %_ /2711)/5[,1’)‘

Therefore, after taking time derivatives

(2.18) Br0:) (. v) + V (1, 0)(@v0) (1, v) = —\/% Vit v).

Next we calculate

2.19) () = ;[_1 /t O y) 7)o <8r1ﬁ’)(1,r)j|’
0

and
B = A[2 [ YD L [ 00,
(220) tLt Jo r t Jo r
LN | <w’>(r,r>}
2 .
r r
Therefore
@21) () + 20 = l[_l /t MdHM].
d tL tJo r ,
Moreover,
(2.22) (@) (t.r) = (F)(t,v(t.1)),

Pt r)=V'(t. vt )@, V)t v(t.r)).
Using (2.21), (2.22), and (2.15) we see that
(2.23) t[V'(t,0) (@, V)(t,v) + 20(t, V)V (£, v)] = —Vi(t,v) + (F)(t,v)o(t, v).
Finally, we define®
(2.24) Wi (t,v) := —Vi(t,v) + (F)(t,v)o(t, v).
Then we calculate, using (2.8), (2.16), and d;0 + VBUQ =0,
O Wi + VdyWa = 00, (F) + V3 (F)) — (3 Vie + Vyu Vi)
(2.25) = Wi/t + 0>V (30, F) — 0° V' (0, P03 F)
+ oV/(P}(dy —13;)F) + 0*(PL 3, F).

3 The function Wy is, of course, “small” since both Vi and F are “small”. However, the precise
combination we choose here has the additional critical property that it decays as t — oo essentially
at the rate of 11 (compare with the energy functional Ew,)- This decay property is not shared by
the functions Vi and F.
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830 A.IONESCU AND H. JIA

We summarize our calculations so far in the following:

PROPOSITION 2.1. Assume that o',y : [0,T]x T xR+ — Rand P’ : [0, T] —
R? are smooth functions that satisfy the system (1.11)—(1.13). Assume that o’ (t)
is supported in T X [09/2,2/0¢] and ||{(@')()||g1o K 1 foranyt € [0,T].

We define the change-of-coordinate functions (z,v) : T x RT — T x R™ by

t '
(2.26) V= d +lf Mds
0

= , z:=6—tv,
2xr? ¢ r

and the new functions F,¢ - [0,T]x T xRy — Rand V', V", V, 0, Vi, 0%, Wi :
[0, T] xRy - R

(2.27) F(t,z,v):= ' (t.0,7r), ¢(t,z,v):=y¥'(t,0,r),
(2.28) V'(t,v) = dpv(t,r), V'(t,v):=%v(t,r), V(t.v):= (1),

(229) o) =1/ 0utv) = olt ) [ 2

V(2. v) := V' (t,v) + 20(t. v)v,

2.30
(2.30) We(t,v) := =Vi(t,v) + (F)(t,v)o(t, V).
Set
4 02
2.31) Ui= —— and ui= (et o)y
Ty 167

Then, forany t € [0, T,
supp F (1) € T x [v, 1],
supp V () U supp Vi (¢) U supp Wi () C [, D],

[2 /2
(2.33) o(t,v) = il forv € (U,00), o(t,v) = Y for v € (0, v).
K K+ Co

The new variables F, Vy, 0+, Wy satisfy the evolution equations

(2.32)

3 F + Vg F = oV'd,00,F — oV 3,P o0, F
+ Py V'(3y —13)F 4+ 0P, 3. F,
(2.35) Ve + Vo Vi = Wi /1,

. T .
(2.36) 010+ +V0yox = —| —V,
V 2«0

0 Wi + V3uWa = =W/t + 0>V (02000 F) — 0>V (3uP o0 F)
+ oV'(P}(dy —t3)F) + 0*(P. 3, F),

(2.34)

(2.37)
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SYMMETRIZATION NEAR POINT VORTICES 831

where, with P’ as in (1.13),
Pi(t,z,v) = (P'(t),e;) = P{(t) cos(z + tv) + Py(¢) sin(z + tv),

(2.38) ’ / / . /
Py(t,z,v) = (P'(t),eq) = —P(t)sin(z + tv) + P,(t) cos(z + tv).

The variables ¢, V", and V satisfy the elliptic-type identities

(2.39) Q93¢ + (V))*(dy — 132)*¢ + V" (3y — 10)¢p + V' (8y — 132)p = F,
(2.40) V' =V'8,V', V'3,V +20V = W,/t.

2.2 Weights, energy functionals, and the bootstrap proposition

In this subsection we construct our main energy functionals and state our main
bootstrap proposition.

We will use three main weights: Aygr, Agr, and A;. These special weights
are “imbalanced” and can distinguish “resonant” and “nonresonant” times. For
simplicity, the weights we employ here are identical to the weights defined in our
paper [21]; this allows us to use some of the estimates already proved there.

Fix 89 > 0; we define the function A : [0, 00) — [80, 30/2] by

_ 3 TN — 8003
(241) A(0) = 550, Ar) = Tt
for o¢ > 0 small (say g := 0.01). In particular, A is decreasing on [0, co0). Define
A@)(E)1/2 A)(E)1/2
L e \/3(6)1/2 L e ﬁ(g)l/2
(242) Ag(t,&) = — e , ANR(.E) = ——e ,
9= D k)

where § > 0 is a small parameter that may depend only on 8¢, ¥, and «. Then we
define

oVE(E)2
b (2, £)

The precise definitions of the weights by, bg, by are very important; all the
details are provided in Section 7. For now we simply note that, for any ¢, &, k,

(2.43) Ap(t, €) i= e“f)“‘@”z( + e*/g""”z), kel

(2.44) e IVE < pp(t,8) < bi(1,6) < byr(1,6) < 1,

In other words, the weights 1/byg, 1/br, 1/by are small when compared to the
main factors A2 and AOEE i the weights Ayg, Ag, and A. How-
ever, their relative contributions are important as they are used to distinguish be-
tween “resonant” and ‘“nonresonant” times.

The main bootstrap proposition

Assume that @', Y’ are as in Proposition 2.1 and define the functions F, ¢, V’,
V', V, 0, Vi, 0%, Wx as in (2.27)—(2.30). We fix also Gevrey cutoff functions
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832 A.TONESCU AND H. JIA

W, U : R — [0, 1] satisfying

045) [e© F(E)|, 0 3 supp W C [v/3,30], W = lin[v/2,20],
' He 2MlI”(*g‘)HLOO < supp N [v/9,9v], U =1in [Q/S,Sl_)],

where ~ denotes the Fourier transform either on R or on T x R. See Section 3.1
for an explicit construction of such Gevrey cutoff functions.
We are now ready to define the main energy functionals. Let

(2.46) Er(t) = Z/ A2, 6)|F .k, o)) de,
keZ
k k
e &= Y [ 0o I Elmg ke a
keZ\{0}
(2.48) Ev. (1) = fR A2.8)| a0, 6)[ de.
(2.49) Eou 1) = /R A2 6)|(WTon) e 5 de.
(2.50) Ew, (t) := K? /R AR ) (262 Wi, 6| de,

where IC > lis a large constant to be fixed (depending only on 3).
We define also Ay (¢,§) := (0; Ay)(t,€), Y € {NR, R, k}, and the space-time
integrals

@5 Br() —/ Z/ Ak (5. 8) Ak (5. )| F (5. k. §)| d& ds.

1 keZ

|Kk|*(s)?(s — &/k)*
By(t) := | Ak (5. §)] Ak (5.8)
(2.52) ’ /1 k%\:{o}/ ¢ ES Tk (02

x [P0 (Ug) (1, k. £)|* d& ds,

t o~
253) By = /1 /R AR5 O AR(s. §)|Va(s. )] de ds.
(2.54) By, (1) = /1 /R |AR(s, 6 AR(s. £)| (W) (5. 6 dE ds.

Bw, (1) :=

K2 / [ ANR(s. ©)| Anr(s. )((1)/2(€)>2) | Wals. B) d& ds.
1JR

The choice of the weights in the energy functional £4(f) and the space-time
integral By (¢) requires an explanation. Ideally, one would like to think that

(2.56) 2¢ + 0y —13)*p ~ F

(2.55)
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as a consequence of elliptic equation (2.39). This would suggest that we should
use the weight A (¢, ) - [k2 + (§ — kt)?] ~ Ag(t.&)|k|*(t — &/k)? in (2.47) to
measure the function ¢. However, the weight we use in (2.47) is weaker, namely
i

&/ k| + (1)

This is necessary because the elliptic equation (2.39) defining ¢ has coefficients
with limited smoothness. The worst term is V" (d, — td;)¢ containing the fac-
tor V”'. We can think that V" ~ 3, V" at high frequencies (due to (2.40)) and that

(0y —td7)¢ ~ (td7)"' F at low frequencies. Therefore a more accurate form at
high frequency of the simplified equation (2.56) is

258)  F{02¢ + 0y — 100)29} (1. k. &) ~ F(t.k.6) + (£/K) (1) V(2.6).

These heuristics lead essentially to our weight (2.57) once we recall that ¥/ has the
same smoothness as Vi, as measured using the energy functional in (2.48).
We are now ready to state our main proposition.

(2.57) A )k — £/ k)

PROPOSITION 2.2. Assume T > 2 and o' € C([0,T] : G2%:1/2) is a4 solution
of the system (1.11)—(1.13) such that '(t) is supported in T x [$¢/2,2/D¢] and
satisfies the smallness assumption ||{(@’)(t)|| 10 <K 1 for any t € [0, T]. Define
F, o, V',V v, 0. Vi, 0%, Wi as in (2.27)—(2.30). Assume that €1 is sufficiently
small depending on 8, and

(2.59) > E (1) <€} foranyt €10,2],
gE{F,¢,V*,Q*,W*}
(2.60) > [Ee(t) + Bg()] < €2 foranyt € [1,T].

gE{F9¢5V*3Q*>W*}
(1) Then for anyt € [1, T| we have the improved bounds
(2.61) Y. &)+ B =€f/2.
gE{F,$,Vi,0%, Wi}
Moreover, for the functions F and ¢, we have the stronger bounds for
te(l,T]
(2.62) > (€ (1) + Bg ()] S5 €3
ge{F.¢}
(ii) In addition, for any t € [1, T] the following estimates hold.:

(2.63) IV (@)l gsor2 + 1@ + V) FY ()l gsorr2 Ss &2,

1/2
O 1T P ()| 4 Wy - Pl gsorrz 4+ 1W1 - Py(©)llgso.1/2}

3/2
58 El ’

(2.64)
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834 A.IONESCU AND H. JIA

for any function W1 supported in [v/7, TU] satisfying
2/3 ~
[T @) | S 1.

The proof of Proposition 2.2 is the main part of this paper, and covers Sec-
tions 4-6. The basic idea is to differentiate the energy functionals £ (¢), &y, (f),
Eo. (1), and Ew, (1), use the evolution equations (2.34)—(2.37), and estimate the in-
crements. In proving these estimates it is important that the weights Ay, Ayg, AR
are decreasing in time, therefore generating space-time integrals with the right sign.

On the other hand, to estimate the energy functional £4(¢) and the corresponding
space-time integral By (¢), we use elliptic estimates and the identity (2.39).

To apply this scheme we often need to estimate weighted products and para-
products of functions. In most cases we use the following general lemma; see [21,
lemma 8.1] for the proof.

LEMMA 2.3.
(1) Assume that m,m1,my : R — C are symbols satisfying
(2.65) m(§)] < [m1 (€ — )| Im2(I{(E —m) > + (M)~}

forany &, n € R. If M, My, and M are the operators defined by these symbols,
then

(2.66) IM(gM) 2wy S IM1gllL2m) I M2hllL2m®)-
(i) Similarly, if m,mo : Z xR — C and m : R — C are symbols satisfying
(2.67) m(k, §)] < [my(§ —m|Imatk, I{(E —n) "% + (k,n) "%}

forany £,n € R, k € Z, and M, My, M, are the operators defined by these
symbols, then

(2.68) Mg lL2rxr) < IM1gllL2@w) [ M2h 20T xR)-

(iii) Finally, assume that m,my,my : Z x R — C are symbols satisfying
(2.69) |mk.&)| < |mi(k —£.& —mllm2(C,mI{k —€,& =)~ + (€. n) 72}
forany £,n € R, k,£ € Z. If M, My, My are the operators defined by these
symbols, then
(2.70) IM(gh) 2T xr) < IM18lL2(TxR) I M2k || L2(T xR)-

To apply Lemma 2.3 we need good bounds on products of weights. In our
situation, some of the required bilinear weighted bounds have already been proved
in [21, secs. 7,8], which is the main reason we use exactly the same main weights
asin [21].

3 Proofs of the Main Theorems

In this section we show how to use Proposition 2.2 to prove our main theorems
in Section 1.
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3.1 Gevrey spaces

We review first some general properties of the Gevrey spaces of functions. The
two lemmas we state here are useful to show that Theorem 1.2 can be deduced
from the main bootstrap estimates in Proposition 2.2.

We start with a characterization of the Gevrey spaces on the physical side. See
lemma A2 in [21] for the elementary proof.

LEMMA 3.1.

(1) Suppose that 0 < s < 1, K > 1, and f € C*®(T x R) with supp f C
t x [, 1] satisfy the bounds

(3.1) |d® f(x)| < k™(m + )™/
for all integers m > 0 and multi-indeces « with |o| = m. Then
(3.2) | F k. 8)] ks Le M OEP

forallk € 7., € R and some i = u(K,s) > 0.
(ii) Conversely, assume that i > 0, s € (0, 1), and f : T x R — C satisfies

(3.3) I f llgu.sTxr) < 1.
Then there is K = K(s, i) > 1 such that, for any m > 0 and all multi-indices o
with |a| < m,
(3.4) D% f(x)] Sps K™(m + 1™,
The physical space characterization of Gevrey functions is useful when studying

compositions and algebraic operations of functions. For any domain D € T x R
(or D C R) and parameters s € (0, 1) and M > 1 we define the spaces

(3.5) Gy(D):={f:D—>C:
”f”‘j/sw(D) = Squ DY f(x)|M ™" (m + 1)_m/s < oo}

m=>0,
|oc| <m

LEMMA 3.2.

(i) Assume s € (0,1), M > 1, and fi, f> € G5,(D). Then fi f> € Gi,(D)
and

||f1f2||g~/sw,(D) < ||f1||’g”jsu(1))||f2||'g”jsw(1))
for some M" = M'(s, M) > M. Similarly, |[(1/f1)|lgs oy SLliffi=1linD.
M/’
(ii) Suppose s € (0,1), M > 1, I € R is an interval, and g : T x I} —
T x I, satisfies
[DYg ()] < M™(m + )™

(3.6)
forany x € T x Iy, m > 1, and || € [1,m].
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836 A.IONESCU AND H. JIA

IfK = land f € 5}}(T X 1), then f o g € Q}:mr x 1) for some L =
L{s, K, M) > 1and
(3.7 ||f Og”_cji(jrx]l) 5S,K,M ||f||§§<(jrx]2)~

(iii) Assume s € (0,1), L € [1,00), I,J C R are open intervals, and g : I —
J is a smooth bijective map satisfying, for any m > 1,
(3.8)  |D%g(x)| < L™(m+ D)™ foranyx € I and || € [1, m].
1

If|g'(x)] = p > 0 for any x € I, then the inverse function g~
the bounds

1 J — I satisfies

(3.9)  |[D%(g H(x)| < M™m + )™ forany x € Jand || € [1, m]
for some constant M = M(s, L, p) > L.

Lemma 3.2, which is used only in this section to pass from Proposition 2.2 to
Theorem 1.2, can be proved by elementary means using just the definition (3.5).
See also theorem 6.1 and theorem 3.2 of [43] for more general estimates on func-
tions in Gevrey spaces.

Gevrey cutoff functions
Using Lemma 3.1, one can construct explicit cutoff functions in Gevrey spaces.
Fora > 0 let

—[1/x%+1/(1—x)4] if 0.1
e if x € [0, 1],

(3.10) Yalx) 1= fxelo.1]
0 if x ¢ [0, 1].

Clearly v, are smooth functions on R, supported in the interval [0, 1] and indepen-
dent of the periodic variable. It is easy to verify that v, satisfies the bounds (3.1)
fors :=a/(a + 1). Thus

3.11) Wal(®)] <

One can also construct compactly supported Gevrey cutoff functions that are
equal to 1 in a given interval. Indeed, for any p € [19—0, 1), the function

Ya(x)
Va(x) + Yal(x — p) + Yalx + p)

is smooth, nonnegative, supported in [0, 1], and equal to 1 in [1 — p, p]. Moreover,
o o MIEIY/@ED

e HIEIY@FD e some p = p(a) > 0.

(3.12) Yl (x) =

using Lemma 3.1(i) we have [, ,(§)] < for some p = p(a, p) > 0.

3.2 Local regularity

As a starting point for the proofs of the main theorems, we will also need the
following local regularity lemma:
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LEMMA 3.3.

(1) Assume that ¥ € (0, i] and that w) € H 5(T x R) has the property that
suppwy € T x [0, 1/9]. Then there is Ty = To(¥, |lwyll e, k) > 0 and a unique
solution ' € C([0, To] : H®) of the system (1.11)—(1.13) satisfying, for any t €
[0, To],

(3.13) suppw’(t) € T x [#/2,1—18/2].

(ii) Assume T > 0and o’ € C([0,T] : H®) is a solution of the system (1.11)—
(1.13) satisfying the support assumption (3.13) for any t € [0,T]. Assume that
s€[5.3] 20 €(0,1), and

t
Gl A= [V pgre <0 Bi= [ (06l + s < ox.
0

Then, for any cutoff function Y € GY3/* with supp Y C [#/20,20/9] we have

(VY (Yy))(@) grars + |l (VYo' (1) lgrc.s

(3.15) 3
< exp(Cs B) [[{V) wygllgag.s

foranyt € [0, T], where Cyx = Cx (¥, k) is a suitable large constant and
(3.16) At) == Apexp{—CxAtexp(CxB) — Cyt}.

In other words, the solution extends smoothly as long as its support in r is
bounded away from 0. Lemma 3.3 can be proved by following the argument in
the appendix of [21], and we omit its proof.

We note that an important aspect of the regularity theory for Euler equations in
Gevrey spaces is the shrinking in time, at a fast rate, of the radius of convergence
(the function A(¢) in Lemma 3.3). See, for example the work of Kukavica-Vicol
[28, theorem 6.1 and remark 6.2] for more general well-posedness results of this
type in Gevrey spaces.

3.3 Proofs of the main theorems

We are now ready to proceed to the proofs.

PROOF OF THEOREM 1.2. For the purpose of proving continuity in time of the
energy functionals £ and B, we make the a priori assumption that wg € Gh:2/3,
Indeed, we may replace wy with (w))" = wj * K,, where K, € G12/3 is an
approximation of the identity sequence and supp K, € [—27",27"] (see Section
3.1 for an axplicit construction of such kernels). Then we prove uniform bounds
in 7 on the solutions generated by the mollified data ()" , and finally pass to the
limit » — oo on any finite time interval [0, T].
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(1) Given small data wg satisfying (1.17) we apply first Lemma 3.3. Therefore
o', ¥ € C([0,3] : G*1+2/3) A1 > 0, satisfy the quantitative estimates

’ 1/2 .
sup (k. &)2ePo 8T (ry )1 k. 6)] 12
t€f0,3] k.&

o #5801 kB2 <€

(3.17)

for some B, = B,(Bo.V0.k) > 0, where T € G13/4 is a fixed Gevrey cut-
off function supported in [}g/20,20/D00] and equal to 1 in [¢9/10, 10/9p]. Us-
ing the formula (2.11) and Lemma 3.1, it follows that, for some constant K; =
K1(Bo, Vo, k),

(3.18) |DX[v(t,r) — i/ Qrr?)]| < €K' (m + 1)*™

for any (¢,7) € [0,3] x [09/10,10/D¢], m > 1, and |x| € [1,m]. Using now
Lemma 3.2(iii) and letting )(¢, v) denote the inverse of the function r — v (¢, r),
we have

(3.19) |DIY(t.v)| < K5 (m + 1)*™

for any (¢, v) € [0, 3] x [v/12,12V], m > 1, and || € [1, m].
Recall the formulas (see Proposition 2.1)

F(t,z,v) = o'(t,z + 10, Y(t, ), ¢(t,z,0) = ¥'(t, 2 +1v,V(,v)),
V(t,v) = 0,v(r, Y(t,v)), o(t.v) = 1/Y(t,v).

Using these identities, the bounds (3.17)—(3.19), Lemma 3.1, and Lemma 3.2(ii),
we have

(3.20)

sup Heﬁ()'(k,é)l/zﬁ([’ k.£) HL%,E

321 t€[0,3]
+osup [BEO TGk 8], <
t€f0,3] k.&
for some constant B; = Bg(Bo. V0. k) > 0. Moreover, using (3.18) and Lemma
3.2, we see that
(3.22) |DY[v — i/ Y(t,v)H)]| < €K (m + 1)*"

for some constant K3 = K3(f80, V9, x) > 1 and any (¢, v) € [0, 3] x [v/12, 12v],
m > 1, and |@| € [1,m]. Since ¢ = 1/), it follows from (3.19), (3.22), and
Lemma 3.2(i) that

||Q*(l)||§;<4(TX[E/12,125]) < ¢ forsome K4 = K4(Bo, Vo,x) > 1.

One can bound Vj in a similar way, using the (3.18), (3.19), and Lemma 3.2, and
then one can also bound W, using the formula Wy = —V, + (F)p. Finally, using
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SYMMETRIZATION NEAR POINT VORTICES 839

again Lemma 3.1, we have

- ROV 0] 2+ [47O " Wlo)a. )] 2

e W) 5

for some constant 8§ = B (Bo, P9, «) > 0 for any ¢ € [0, 3]. The desired bounds
(2.59) follow from (3.21) and (3.23) provided that €; ~ €2/3; see (2.42)—(2.44).

Assume now that the solution @’ satisfies the bounds in the hypothesis of Propo-
sition 2.2 on a given interval [0, 7], T > 3. We would like to show that the support
of @'(¢) is contained in T X [28¢/3,3/(2¥¢)] and that || («")(?)|| ;710 < € for any
t €[0, T]. Indeed, we have

{)(t.7) = F(t,v(t. 1)),

and the bound |[{@’)(t)||g10 < €1 follows from (2.60). For the support con-
clusion, we notice that only transportation in the r-direction, given by the terms
(P'(t), er)d,w" and dgy’0,w’ /1, could enlarge the support of ' in 7. Notice that,
on the support of o/,

(3.24) (B¥")(t,0.7) = 07 Pro(W)(t. 6 — tu(t, 1), u(t,1)).
Using the bound on £y from (2.61), we can bound, for all ¢ € [0, 7],
(3.25) sup 80y (2.6.7)| < e1(1) 2.

(0,r)eT x[¥0/2,2/D0]

Moreover, using the bounds (2.63) on P} (¢), we see the total transportation in r due
to the term (P'(¢), e, )0, ' is of the size O(ey). Since supp ' (0) € T x[dg, 1/D0],
we conclude that supp ’(¢) € T x [2190/3, 3/(2190)] for any ¢ € [0, T'] as long as
€1 is sufficiently small.

To summarize, we can now use a simple continuity argument to show that if
wy €G 1.2/3 hag compact support in T x [¥¢, 1/9] and satisfies the assumptions
(1.17), then there is a global solution @’ € C(]0, 00) : G13/%) of the system (1.11)—
(1.13), which has compact support in [ /2, 2 /o] and satisfies || (') (¢) | g10 S €1
for all ¢ € [0, o). Moreover,

(3.26) Y ey e <€f and Y, 41 (1) S5 € foranyt € [0, 00).

(ii) Since €77 ~ €, Ap(1,§) = €10 and AR(r,§) = Ang(1,§) =
11802 gor any (¢, k, &) € [0,00) x Z x R, it follows from (3.26) that

(3.27) 1E | goo.1r2 + (1) Poo (W) gsg1/2 S5 €.
Since Y = 1/p it follows from (3.26) that, for any a,b € [-2,2] N Z,
(3.28) |91 - @V 0] gsoar2 + 191 - YD) gaorr2 S 1

for any function Wy supported in [v/7, 7U] satisfying ||e(§)2/3fD\I($)||Loo <s 1.
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840 A.TONESCU AND H. JTA
Recall that 8,v(r,r) = V'(t,v(t,r)), d;v(t,r) = V(t,v(t,r)), v = YL
Therefore, using Lemmas 3.1-3.2 and the estimates (2.63) and (3.28) we have
~ ~ <
1@ lg12 016,590 + 107 Dlgr2 oy /6.600) = 1

(3.29) < 2
” (at U)(t) ||§M12([790/6,6190]) ~68 €<t>

for any t > | and some M| = Mi(Bo,%0,k) > 1. Moreover, recalling the
equation (2.34) for F, and using the bounds (2.63) and (3.27)—(3.28), we have, for
any t > 1,

(3.30) 18, F(t) | gsos21/2 Ss €t) 2.
Using the definitions, we notice that
o' (t,0 +kt/Qur?) + ®(t,r),r) = &' (t,0 + tv(t.r),r) = F(t.,0,v(t,1)).

Therefore

d
E{a)/(l, 0 + kt/Q2ar?) + ®(t,r), r)}

= (atF)(tv 9» 'U(t, r)) + (8tv)(t’ r) ) (arF)([7 97 U(t, r)),
and using (3.29)—(3.30) and Lemmas 3.1-3.2 we have

-2
Ss €(t)

d
H—{w’(t, 0 +kt/Qur?) + ®(t,r),r)}
dt Gd1.1/2

for any ¢ > 1 and some §; = §1(Bo, Do, k) > 0. The existence of the function Qo
and the bounds (1.18) follow. The existence of the limit point Py, and the bounds

(1.19) follow from the bound | P/(¢)| <5 ee~1%0!""* in (2.63).
(iii)) We prove first that, for any r > 1,

(3.31) 10640, 9)(0)] g3s1/2 S5 €(8) >
for some §, = 62(Bo, Do, k) > 0. Indeed, starting from (2.3), we have
(3.32) O (r{9:0,9")) = 1(3,0').

Using now (2.6) we have
(0,0")(t.7) = (0, F)(t.v(t. r)) + V(. v(t. r)){F)(t. v(t.r)).

Using now Lemma 3.2(ii), the bounds on (3; F + V F) in (2.63), and the bounds
(3.29), we have [|[(3;@") () [l gs».1/2 <5 €(t)73. Moreover, the function 9, (3, ') is
supported in [¢/2,2 /] due to (2.4), and the bounds (3.31) follow from (3.32)
and the uncertainty principle.

The existence of the limit function u/, and the estimates (1.21) follow from
(3.31), provided that 8 is sufficiently small. The identities (1.22) follow from
(2.3) and (2.4).
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SYMMETRIZATION NEAR POINT VORTICES 841

To prove the decay estimates (1.23) and (1.24) for uj — (up) and u,, we use

properties of the stream function ¥’. The starting point is the equation (1.12),
written in the form

Sy + 0,y [r + ZY [ = (t,0,r) = F(t,0 — tv(t,r),v(t, 7))

for (6,r) € T x (0, 00). Let ; and Fy denote the k™ Fourier modes of ¥ and F
in 6. Thus

m .
(3.33) AGHE / Gi(r. p)Fe (2. v(t. p))e 17D dp,
0
where
—L(L)“c| forr < p,
(3.34) Gi(r,p) = 2L§<| Z |
—m(;) forr > p,

is the associated Green function for the operator 92 + 9, /r — k2/r2. See (6.21)—
(6.25) for more details. Moreover,

rlupe.6.0)] < Y k| (e )| < sup (kP |y @r)

u(e.0.7) (gt 0| £ 3 (8,9 )] < sup k2] @ryrp)a.r)|-
k#£0 k#0

’

(3.35)

We can now integrate by parts in p twice in the identities (3.33), and use the
formulas (3.34) and the smoothness of the functions F and v; see (3.27) and (3.29).
Thus

(3.36) [ (t.1)| S5 €)1k~

Similarly, we can differentiate in r and integrate by parts in p once in (3.33) to see
that |(3,v,)(1.r)| <5 €(t)~'|k|~*. The desired bounds (1.23) and (1.24) follow
from (3.35), which completes the proof of Theorem 1.2. U

4 Bounds on the Functions V', V", g, V, P.o¢, P, and P,

In this section we prove suitable bounds on many of the functions defined in
Proposition 2.1. In most cases we apply the definitions, the bootstrap assumptions
(2.60), and Lemma 2.3. To apply this lemma we need suitable bilinear weighted
bounds, which we collect in Lemma 4.1 below; see lemmas 8.2 and 8.3 in [21] for
the complete proofs.

LEMMA 4.1.
(1) Foranyt € [l1,00),x € [0,4], §,n € R, andY € {NR, R} we have
() %Ay (t.8)

@D S5 (E—n) " Ay (1. € — ) (n) "% Ay (1. p)e~AO/20) min({g=), (n)1/2
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842 A.IONESCU AND H. JIA

and
|(Ay /Ay)(2.8)|
<s {|(Ay JAp) (1, & — )| + |(Ay /Ay ) (@, p) |} e*VE minC(E=m) ()12,

(ii) Foranyt € [l,00), &,n € R, and k € 7 we have

- min({(§— 1/2
4.3) Ar(t,8) <s Ar(t.&§ — n)Ar(t,n)e (A(#)/20) min({§—n),(k,77))

and
“44) ‘(A.k/Ak)(.fv £)] | |

S5 {(AR/ AR & = )| + | (Aie/ A (1, mp [} 2VEmin(E=m-leonD T2,
For simplicity of notation, for any f € C([1,T]: H*(R)) we define

I/ 1% :== sup { / A%, 6)|f.e) de
te[1,7] L/R

4.5) ;
+f1fR|AR<s,5)|AR<s,s)\f‘<s,s>\2d5ds.

We prove first bounds on the functions V’/, V", and p.

LEMMA 4.2.
() Assume that f,g € C([1,T] : H*(R)). Then
(4.6) 1/glr <s I f RIS R

(ii) As a consequence, if V1, Wy, are Gevrey functions supported in [v/7, TU]
and satisfying ||e(5)2/3\Da(§)||Loo <1l,a€{l,2}, and

A7) f e{¥r-@“(V)P(0u) (W2V"))°  a.b € [-2.21N L. ¢ € {0.1}},

then for any t € [1, T| we have

~ t . ~
48) fﬂ{{Ai(aé)|f(t,s)\2ds+f1/R|AR<s,5)|AR<s,s)\f<s,S)Pdsdss1.

PROOF.

(i) The bound on the first term in the definition of the R-norm follows from
Lemma 2.3(i) and (4.1) (with Y = R and o = 0). To bound the second term, we
notice that

|AR(s, E)AR(s, §)|Y/?
<s {|AR(s,E— M AR(s, & — n)|V2AR(s, 1)
+ AR(s.§ — )| AR(s. ) AR(s. )| Y/ 2}~ GO/30) min(E=n).(r) /2
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SYMMETRIZATION NEAR POINT VORTICES 843

as a consequence of (4.1)—(4.2). Therefore, using Lemma 2.3(i) we estimate

|VidrAxls. D60,
49 55 |VI4rARIG. 0 FGs.0)|

+ HAR(s,p)f(S»P)HL?OL%

L%L%‘

VIR ARIG ME (. )

12?2
and the desired estimate follows.

(i) Notice that the constants in the bounds (4.8) do not depend on § as long as
€1 is sufficiently small depending on §. This is useful in the commutator estimates
in Section 6.

In view of the definitions, with W' as in (2.45) we have the identities

U)ot v) = ¥ W)ox(t. v) + ¥ (W) vV2rv/k.
T )WV (2, v) = T ()[Vi(t, v) — 2004 (1, v)] — ¥T (v)2v /270 /k.

We fix a Gevrey cutoff function W satisfying

4.10

He(é)”“@(g)um <1,

supported in [g /8, 817] and equal to 1 in [g /7, 717]. We have the identities

V) V()
o(t,v) 0x(v, 1) + /2nv/K
@.11) . ; .
0 N P VO D)
,/2;11)/;( o Qmv/K)m/2
and
) _ v (v)
“12) Vo) Vil(t,v) — 2v0x(v,t) —2v/27tv /K

— Wb (v) Z [Vi(t, v) — W (v)20p4 (2, v)]™
2v4/2mv /K m=0 Qu+/2mv /)™
Moreover, since V" = 3,(V’)?/2 (see (2.40)), we also have the identity
W)V (1, v)
= W (v) - 60227 /k) + (1/2)¥° (v)
o[ (Vae(t. v) — 20p4 (2, 0)) (Vi (1, 0)

— 2upx (1, v) — dv/ 27V /K)].

4.13)
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844 A.IONESCU AND H. JIA

Notice that

/RA%e(r, £)e 0 g

4.14)
/ / ARG, E)| AR (s, H)e80O g 4 < 1

for any ¢ > 1. This is because the weights A g are decreasing in time and satisfy
the bounds |Ag(t, £)|? < e*dolé "2 n particular, functions of the form v*W¥q (v),
¥, (v), or v¥W (V)WL (v), o € [—20,20], satisfy the bounds (4.8), due to the
assumptions on ¥, and Lemma 3.1.

The desired bounds (4.8) follow using the algebra property proved in part (i),
the bootstrap assumptions (2.60) on Vi and g+, and the identities (4.10)—(4.13), as
long as €1 is sufficiently small depending on §. O

We prove now bounds on the functions dz¢ and d,Po¢.

LEMMA 4.3.
() Foranyt € [1,T]and h; € {(0)*(V")?9,(¥¢) : a,b € [-2,2]} we have

k)
O RN (W'ﬁ 5/2)2 ko de <5 &

keZ\{0}

(4.15) fl / | A (5. &) Ag (s, &)

keZ\{0}
" K2 (s)* (s — &/K)*
(E/k[2 + (s)%)?
(i) Fort € [1,T] and h, € {(Q)a(V’)vaIP’¢0(\If¢) s a,b e[-2,2]} we have

(s k. ) dg ds <5 €3,

k
> [ o kP s < <

keZ\{0} ( )
4.16)
/1 kEZZ\{O} / A5 5 Ak (5.5)

kt(s)? (S—S/k
X
(1§/ k1> + (s)?)

Vlz( k&) dids <5 €.

PROOF.

(1) The bounds when h; = d;(V¢) follow directly from the bootstrap as-
sumptions (2.60) on £y and By. One could in fact get slightly stronger bounds on
3z (W), but these bounds are not compatible with multiplication by ¢ and V.
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SYMMETRIZATION NEAR POINT VORTICES 845

To prove the bounds (4.15) for all /2 as claimed, we prove the multiplier bounds
|k|{e)?(r — £/k)?
Ak (2.8) 5 5
1§/ k[> + (1)

. k|(£)*(t —n/k)?
@ S5 ARE — ) A

A=+ (k)7

and

121k |(0)2(t — &/ k)?
| A (1. ) A (1,8)| /K2 ()2

@18) 55 [|(Ar/ AR E -]+ (/A0 @ )] ARG E - )
k| (2)(t —n/k)? —2 -2
. — k’ ,
e e e
forany r € [1,T],€,n € R, and k € Z \ {0}. Indeed, we use Lemma 4.1(ii). In

addition, by considering the cases |§ — n| < 10|k, n| and |€ — n| > 10|k, |, it is
easy to see that

2 2 2 2
k()" (t — &/k) < [kl{)=(t —n/k) . o8 min((E=n), (k7)1
&/ k|? + ()2 In/k[? + (£)?
foranyt € [1,T],&,ne€ R,and k € Z \ {0}. The bounds (4.17) follow from (4.3)
and (4.19), while the bounds (4.18) follow by multiplication from (4.3), (4.4), and
(4.19).
The bounds (4.15) now follow from (4.17)—(4.18) and Lemma 2.3(ii). Indeed,

k()2 (s — &£/ k)?
€/ kI + (1)
s 1R P FL@ V)3 012
[kI(t)>(r — n/k)>
/K2 + (1)

for any ¢ € [1,7T]. The estimates in the first line of (4.15) follow by using (4.8).
The estimates in the second line follow by a similar argument (compare with (4.9)).

X Ag(t,n)

(4.19)

Flo)*(Vba,

HAk(t,é)

X (| Ag(z. 1) F{0z(V)}(r. k. 1)

2
Ly,

(i) The bounds when Ay = 3,P.o(¥¢) follow directly from the bootstrap
assumptions on £y and By . For the general case, we use the multiplier bounds

K200 /K

wy Qe
| 06K
S5 ARGLE M AR ) {2+ (ko))

(In/ k| + () {n)
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846 A.IONESCU AND H. JIA

and
12k ()t — §/k)?
(1§/ k[ + (£))(€)
R ST

K2 {e)(t = n/k)? 2 2
X AR(t,§ —mAk(t, n) (§—m "+ (k.n)" "y,
(In/k|+ (¢ ))(77){ }
foranyt € [1,T], &, 1 € R, and k € Z \ {0}, which are similar to (4.17)—(4.18).
The desired bounds (4.16) follow using Lemma 2.3(ii) and (4.8) as before. O

| Ak (6, ) Ar (1. )|

“2) 55 ||(Ar/AR)EE =)

We estimate now the functions P., P;, which are generated by the global shift
of variables due to the movement of the Dirac mass. Our main estimates are the
following:

LEMMA 4.4. Foranyt € [1,T] we have
4.22) |P/(t)| <5 ejed0l)?,
and
.23) (W PL(e k. )] + 9T Pk 6] S5 1 Aa (1,0 1y 1y ()e 6K,
As a consequence, if
fe{tei(@* (V) PLtwi(0)* (V)P P} a.b e [-2.21N L},

where V1 is a Gevrey cutoff function as in Lemma 4.2(ii), then

(1Y2k*(t k)4
> [ oot L ek o e s €

e (Ié/k|2 e
4.24)
/1 keZZ\{O} / Ak (5. 6| Ak (5.5)

{s )zk“(s—é/k
X
1§/ K> + (s)%)

PROOF. The identities (1.13) and (2.5) show that

2\f( k&) dids <5 €.

1 oc p21
(4.25) P/(t):E/O A (sinf, —cos )Y F(z,0 —tv(t,r),v(t,r))do dr.
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SYMMETRIZATION NEAR POINT VORTICES 847

Therefore, recalling the support property (2.32) of F, forany ¢ € [1, T]
|P'(1)]

o0 r2m
—ilf _
S 2 fofo e UF(t, 0 —tv(t,r), v(t, 1) (v(t.r)db dr

le{l,—1}

o.¢] . .
4.26)  _ ™ //ﬁ(t’l’S)e—zltv(t,r)ezév(t,r)qj(v(t,r))dédr
0 JR

le{1,—1}

< Y Aﬁ<t,l,5)@’m<z,zz—5)ds‘.

le{l1,—1}
Moreover,
A1) = A (6. -6),  A1.§) = A_1(1. ),
(4.27) A1(1.6) <y oPole—1)1/2
Ayt 1) ™~ '
due to the definitions in Section 7.1 and the bounds (7.26). In addition,

Ap(e.lt) S5 Aj(t. §)AR(t. 1t = §),

VIALAL@ 1) <5 1A AN ) ARG 1 —8) + V| ARARI @ 11— §) 4,2, 8).

due to (4.3)—(4.4). Recalling the bounds (2.60) for F and the bounds |¥/V'||r Ss
1 in (4.8), and using (4.26) and (4.27), it follows that

t ) 1/2
(4.28) Aﬂm)\P’(t)H%/l Al(s,s)|A1(s,s)||P’(s)|2ds} <s €1

for any ¢ € [I,T]. The bounds (4.22)~(4.23) follow using also (2.43) and the
assumption |WT(€)| < o= (€)Y

We prove now (4.24). Notice that the weights in the left-hand side are identical
to the weights used in (4.16) to bound the functions ()¢ (V’ )bBUP¢0(\D¢). The
desired bounds follow from (4.28) and (4.27) if f € {tWT P}, +¥T P/}. Moreover,
as we have seen in the proof of Lemma 4.3, these bounds can be extended to the
full set of functions f, using the weighted bounds (4.20)—(4.21) and the estimates
I¥1(0)*(V))||g <5 1; see (4.8). O

We prove now bounds on the function V.

LEMMA 4.5. With K as in (2.50) and (2.55), for any t € [1, T| we have

/R A0 + K2&2 1)) T 1.0 de <5 €.

t
(4.29) /1 /R |Anr(s, £)|ANr(s, £)

x ((E)2(5)2 + K2(E)V2(5)772)|V (s.6)|* dE ds <5 €2,
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848 A.IONESCU AND H. JIA

PROOF. We use the formula V_/GUV + ZQV = Wi/t (see (2.40)) and the boot-
strap assumptions (2.60). Since V' and W; are supported in [v, v] we have

DV 4+ 20V IV = W, (V') Y1,
where W is as in (2.45). Thus, if H is defined such that 3, H = 2Wo(V’)™!, then
(4.30) 3 (VY =T oW, (v 1.
Step 1. With WP as in the proof of Lemma 4.2 above, we show first that
@31 [WPeT g+ [We g+ [We 8, Hllg + | We T o HI R <5 1.

Indeed, let G (z,v) := W(v)o(t, v)(V'(t,v))~L. Since H(t,v) = fov G(t, x)dx
we have

WHH) . £) =cAwf(v)e—i’?”(/R/OvZ;T(z,n)e""x dxdn)dv

v - ve
in '

=C/RG~1(M7)

Therefore, recalling the properties of W,

4.32) [(WTH)(.8)| 3 /R Gt e ME dy 1+ OG5

for some /1 & 1. In view of Lemma 4.2 we have |G| g <s 1;thus |WTH |z <5 1
as a consequence of (4.32) and Lemma 4.2 (i). Moreover, ||¥°3, H |z <s 1, since
dyH = 2Wo(V")~!, and the bounds (4.31) follow using the algebra bounds (4.6).

Step 2. With G, € {Ws/t, eI WW,(V')~1/t}, for any ¢ > 1 we show now that
_ ~ 2
fR AR O + K2E) 1)) |62 )| dk <5 €.

(4.33) /1 /R |ANR(s. E)| ANR(s, €)

x ({s)% + KC2(6)™¥2(5)7/2) |G (s, §)|* dE ds <5 €3

Indeed, if G, = W,/¢, then the bounds (4.33) hold, due to the bootstrap as-
sumptions (2.60) and the identity Wi = —Vi + o(F). Moreover, using (4.30)
and Lemma 4.2, we have ||e?W(V/')~1||g <s 1, so the bounds (4.33) for G, =
eHWW, (V)1 /t follow by the same argument as in the proof of Lemma 4.2 (i),
using the bilinear estimates (4.1)—(4.2) with ¥ = NR and « € {0, 3/4}.

Step 3. We are now ready to prove the bounds (4.29). In view of (4.30) and the
compact support of the function V, for any # > 1 and £ € R we have

eV @)1 £ 161G 5] + 1Ga il 3100 (D

0//:5d1) SUONIPUOD) PUE WAL, ) 39S “[£Z07/01/LT] U0 Areaqr dutuQ Ad1A “Areiqr AIsIoAun) uoiduLd £Qq £61270dd/Z001°01/10p/wod Kojim AIeqiaut[uo//:sdny woiy papeolumod b ‘ZZ0Z “T1E0L60T

g
g
2

2
£
5

&
g
E4
g
g
g
£
g
o
g
g
]
g
3
g
S
g
5

&
°
£
£
2
o
g
1

=
2
g
2
&

QSUDIIT SUOWIWOY) dA1EI) d[qeorjdde oy £q pouroaos ore sa[dIIe YO



SYMMETRIZATION NEAR POINT VORTICES 849

where G, = eH\I!W*(V/)_l/t. Therefore, in view of (4.33),
[ At (@202 + K2 2 0)72) |V 0.0 e 55 2

t
@30 [ e lAne (6761 + K266

x [eHV (s, 8)[* d ds <5 €2,
The desired bounds (4.29) now follow as in the proof of Lemma 4.2(i), using (4.31)
and the bilinear estimates (4.1)—(4.2) with Y = NR and o = 0. O

We conclude this section with estimates on some functions that appear in the
right-hand side of (2.37).

LEMMA 4.6. Assume that
4.35) f €8 := {309, F), (3uPpropdz F), (Pydy F),1{P,3. F),1(P,d, F)}
and g € {(@)°(V2 f 1a,b € [-2,2]NZ, f € S}. Then, foranyt € [1,T],

/R |ANR(E) T2 AN (1 5)((1)32(8) ™ 2)18(1. §)* dE <5 €,
(4.36)

/1 /R ANR(s. B A% R (. 6) ((5)/2()12) |5(s. £) dE ds <5 €.

PROOF.

Step 1. We prove first the bounds for the functions f € S. Take, for example,
S = (0yPLo¢pd; F'), and recall the support assumption on F'. Thus

1
Fltv) = — / 8oP 0 (t. 2. v)0; F(t. 2. v)dz
2w JT

=C) /Rz NG PG (Wh) (1, k., p)I-F (1. —k, mdp .
keZ

Therefore

@3 feoH=c Y / knPro(Ud) (1. k. F(t,~k. & —n)dn.
kez\{0} 'R

Foranyt € [0,T], k € Z\ {0},and &, n € R, p = £ — n, we have the multiplier
bounds

AZ Lt E) (1)
Anric.n)] @+ oD
() —n/ k)

Ss A (2, ﬂ)WA—k(I,P){(PrL‘ + ()~

(4.38)
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850 A.IONESCU AND H. JIA

and
3/2 3/4
2.6 (1)
Trte.p) 7 a0 oD
(4.39) <s [1CAR/ AR €. )IV2 + (A /A1) (2, p)| V2]
(e)e —n/k)? 4 4
X Al )= A e )+ (7,

These estimates follow from lemma 8.7 in [21].

As before, the estimates (4.36) follow from the multiplier bounds (4.38)—(4.39).
Indeed, to prove the harder bounds in the second line we estimate first
1/2

{ fl fR ANR(s. &) AL p(s. ()22 () %) F s, ©)2 dt ds

< [ [ 176 olldnats o2 a3z,
||P||L2([l t]XR)_l
X ()46 /) F 5. §)ld§ ds.

Using (4.37) and (4.39), the right-hand side of the expression above is bounded by

f / f Y AU/ A .M + (Ao /A s, p)] ]
keZ\{0} (s)k|{s — n/k)2
X [ P(s,n + p)|Ax(s,m) ) + In/K|
x A (s, ()™ + (M~

X |Po(¥$)(s. k. mI| F (s, =k, p) | }dn dp ds.

(4.40)

We integrate first the variables n and p. Forany k € Z and ¢ € [1, T, let

_, X _ . 1/2
F(t. k) :={fRAk(t,£)IF(t,k,é)l dé} ;

5 _ 5 1/2
F™(t,k) := {/R|Ak(f’§)|Ak(t’§)|F(f’k’g)|2dé} -
Similarly, forany k € Z \ {0} and ¢ € [1, T, let

kI*(1)2(t — €/ k 1/2
ML =S kP ae]
k1402 /K"

E/RE (02

o 1/2
X [P (W) (2. k. €)|* dE

Ot (t. k) = 2
(1. k) {/RAka,s>

5" (1, k) = { / AR (0. DA (1. 5)
R
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SYMMETRIZATION NEAR POINT VORTICES 851

Letting also P*(s) := || P(s, &) 72 the expression in (4.40) is bounded by

Cs f t > (PR FH(s.—k) 0™ (s.k) + P*(5) F™(s. —k) 0" (5. k) }ds
1 kez\{o}

# = TH# # TH =
58 ”P ||L§||F ”L?OL% ”@ ”L%L% + ”P ||L§||f ”L%L% ”@ ”L?OL%‘
The bounds in the second line of (4.36) follow since
i ol S# ot
||F ||L?OL]% + ||F ”L%L,% + ||® ”L‘;OL% + ||® ”L%L% R

as a consequence of the bootstrap assumptions on F and ¢. The bounds in the
first line follow in a similar (in fact slightly easier) way from the multiplier bounds
(4.38).

The proof is similar when f = (d;¢d, F) (one just has to replace kn with
k(¢ —n)in (4.37)), orif [ € {t(P] 3, F),t(P, 0, F)} (since the functions ¢ P, and
tP, satisfy the same bounds (4.24) as 0,Po(¥¢)). Finally, if f = (P, 0, F),
then we use the stronger bounds (4.28) together with (4.38)—(4.39), and estimate
the functions in a similar way.

Step 2. We consider now multiplication by functions in the space R. In view of
Lemma 2.3(i) and (4.8), it suffices to prove the multiplier estimates

ARg(8) (O Ajgm) (1)
|AnR(t.E)] (§)3/* ™7 |Anr(t. )| (m)3/*

(4.41) AR E=E—) T2+ ()2}

and
AVRE) ()Y
|ANR(t,£)[1/2 (£)3/4
(4.42) <s [ICANR/ANR) . DIY? + [(AR/AR) (2, E —1)]Y?]

A2 , 3/4
| Azig ZL AR E ~E— 7+ )7

The first bound follows from [21, lemma 8.8], while the second inequality follows
using also (4.2), (7.8), and (7.28). This completes the proof of the lemma. O

S Bootstrap Estimates I: Improved Control of F, V, and 0., W,

In this section we use the evolution equations (2.34)—(2.37) and energy estimates
to prove the main bounds (2.61) for the bootstrap variables F', Vi, 0x, Wk.
5.1 The normalized vorticity F

We prove the following:

PROPOSITION 5.1. With the definitions and assumptions in Proposition 2.2, we
have

(5.1 Er(t) + Bp(t) <s € foranyt € [1,T].
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PROOF.
Step 1. We calculate

d . -

Ser0 = Y [ 24000000/ F ko) ag
R

(5.2) keZ

+ 20 Z/RAi(t,g)a,ﬁ(t,k,g)ﬁ(z,k,g)dg.

keZ
Therefore, since d; A; < 0, for any ¢ € [1, 7] we have

t ~
sF<t)+[ Z/R2|Ak<s,5>|Ak<s,s)\F<s,k,s>\2dsds

1 keZ

=5F(1)+/1 {29{Z/RA,%(s,g)asﬁ(s,k,g)ﬁ(s,k,g)dg}ds.

keZ
Since EF (1) S ef (see (2.59)), for (5.1) it suffices to prove that, for any ¢ € [0, T].

(5.3) 290 /t Z/RAi(s,g)asﬁ(s,k,g)ﬁ(s,k,g)dgds <5 €.

1 keZ

We examine now the space-time integrals in the left-hand side of (5.3), and use
the identity (2.34). Therefore, recalling the support property of F,

IsF = N1+ Na+ N3 + Ny,
(5.4) Ni = —V/8y Pro(W9)0 F, Ny i= oV'0;(Wg)dy F,
N3 =~V 0, F, Nyg:=V'P)(dy,—13;)F + 0P, F.
Step 2. We consider now the contributions of the terms N7, N>, and N3. The

estimates are similar to the estimates of the corresponding terms in [21, lemmas
4.4,4.6,and 4.8].

Substep 2.1. We start with the term A;. For any ¢ € [1, T'] we will prove that

(5.5) ‘Zﬂt/t ZfRAi(s, NI (5. k, §)F (s, k, £)dE ds| < €3.

I ez
With hy = 0V'0,P£o(¥¢) as in the proof of Lemma 4.3, we have

t — _
‘29{/ Z/RAi(s,g)Nl(s,k,g)F(s,k,g)dgds

1 keZ

t ~
29%{ > /1AzAi(s,é)hz(s,k—E,é—n)iﬁ

kLeZ

=C

x F(s,0,n)F (s, k,&)d& dn ds}
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Since A is real-valued it follows by symmetrization that

2%/ Z/ A2 (s, &N (5, k. €)F (s, k. E)dE ds

1 keZ

ﬁ / [€A2(s.8) — kAZ(s.)]oa(s.k — €.E — )

k,LeZ

(5.6)

x F(s, 4, n)F(s,k,é)dEdnds .

We define the sets

Rm=%waﬂm»e@xm%
6.7

’

k k—1¢,&8—
min({k. &), (C.n). (k— 0.6 — ) = 81 {60+ ’S”Q

20

Ru=%w@ﬂm»e@xm%

(5.8)
k, £, k—10,&—
PRy X R AT m}
Rw=%&f%@wDemeV:
5.9
(k&) + (L) + (k — .6 — 1)
(€, n) < 0 ,
&k@wn»e@xm
(5.10)
(k.8) <

{k, §)+(€,n)+(k—€,é—n)}
10 '

Then we define the corresponding integrals for ¢ € {0, 1,2, 3}:

%~/§:/MMHMMWﬂ@8hﬁmH

1
(5.11) keZ
x |ha(s,k — €, & — )| |F(s,,m||F(s,k, )| d& dnds.

To bound the integrals U, we use estimates on the weights. More precisely,
letting (m, p) := (k — £, & — 1), §, := 80/200, and assuming that m # 0 we have
the following bounds:
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o If ((k’ S)’ (ﬁ’ 7])) S RO U R], then

(Ip/m| + (1))
(5.12) (tym2(t ,0/
< \/|AkAk<t &) 1A Ag(t. )] Az, p) e=000m)' 2,

o If ((k,£), (£, 7)) € R, then
(Ip/m]| + (1))
(5.13) (tym2(t — p/m
<5 V14 Ak ) | Am A (e, )| Ag(e, ) 00802,

See [21, lemma 8.4] for the proof. _

To bound U,, a = 0, 1, we use (5.12). We remark that A, (z, 0, £) = 0. Denote
(m,p) = (k — £, —n). We can then bound, using (4.16) and the bootstrapping
bounds (2.60),

Uy Ne;/ > [ Ve 01 F .k &) 14cdets. T | Fos. )

U ktez

s Pl leaz (i) — ka2(s. )

2‘€Ak(t ) — kAe(s n)‘

(sym?(s — p/m)?
L 00) (e A )

x|z (s, m., p)|eEo/200m-A g dy s

g5, )] Fs. k) st | Fis. 1)
L3L? L3L7,
(b (s — p/m)?
1 Am ’
2 ol i1
> e—(50/300)(m,p) hz(s,m,p) <s 6%_
LLG .,

Similarly, for a = 2 we use (5.13), (4.16), and the bootstrapping bounds (2.60),

(syns = p/m)”
s [ k%/ Lz () 1A o5, )| 2 P (.. )|

x | A Ax (5, §)| | F (s, k, §)| Ag (s, mye~CGo/200(Em

x |F(s,,n)|dEdnds <s
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| A Ai (5,9 F (s, k. §)

L3L} ¢
— 1/2 ~
x HAE(S’ n)e Go/300EM= B g 77)”L°°L2
- {s)m*(s — p/m)* ~
1z (m)\/|Am Am (s, p)| ha(s.m. p)
e (Io/m| + (s)){p) L2L2,,
<s €.

Using changes of variables one can prove that U3 <g ef as well, so (5.5) follows.

Substep 2.2. The contributions of the nonlinearities N3 and N3 can be bounded
by the same general procedure: energy estimates and symmetrization, bounds on
the weights, and L21.2 x L212 x L°L? estimates to control the space-time in-
tegrals. See [21, lemmas 4.6, and 4.8] for details; here we summarize only the
bounds on the weights we use.

To control N> we recall the sets Rg, R1, R2, R3 defined in (5.7)—(5.10). Denote
(m,p) = (k—4L,&—n), 8 = 0/200. Suppose that m # 0.

o If ((k,§),(£,n)) € Ry U Ry, then

o/mP? + (1
(5.14) im|{1){t — p/
<5 Ak A (. 6)] 1 Agdo(t, )| Ans, p) e=Solmo)!

o If (k,£),(£,n)) € Ry, then

A8~ 426,

lp/m|? +
(5.15) lm|(t)?(t

<5 VAR AL ) I AmAn(t, )] Age, ) e Sotem) 2

p</> A2 E) — EA3Gs. )|

See [21, lemma 8.5] for the proof.
To control A3 we define the sets R;‘, j =10,1,2,3}, by

(5.16) Ry :={((k.&).(L.n) € Rj - k =1},

where R; are as in (5.7)—(5.10). Denote p := & — 1.
o If ((k,£),(k,n) € Ry U R}, then

A2, 6) — £A2(s. )|
(5.17) (o)1) + ()47
<5 1Ak A 01 1A Aw(e. )] Anr( ) e 60!
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856 A.IONESCU AND H. JIA

o If ((k.£). (k.7)) € R%, then
InAZ(1,§) — EAZ (1. 0]
(5.18) {p)(t) + (p) Y/ *(2)7/4

. . _ s 1/2
<5 V1 Ak A (6,0 V| AnRANR(E p)] Ag (8, ) 0ol 2.
See [21, lemma 8.6] for the proof.

Step 3. Finally, we bound the contribution of the nonlinearity Ny. We will show
that

t -
(5.19) ‘2%/ Z[ A2 (s, E)Na(s, k, €)F (s, k, §)dE ds| <5 €.
1 keZ R

Letgy := V'Pjand g := —tV'P) + 0P}, 50 Ny = g10yF + g20; F. As before,
after symmetrization, the left-hand side of (5.19) is dominated by C(Z + ), where

7= [ % [ Inaie.o-estn

(5.20) U ktez
X |g1(s,k — €. —n)F(s. £,n)F (s.k.&)|d& dnds,

t
j::f f CA2(s, &) — kA2(s. 1)
(5.21) 1 HZGZ Rz‘ g ¢ ‘

 |@a(s,k — 0,6 — ) F (s, 0, ) F (s, k., &)|dE dn ds.
To estimate Z we recall the definitions (5.7)—(5.10) and define
t
o= [ [ I8 € lnais. ) - 436
(5.22) 1 yien /R
X 1§10,k —€.& — | F (s, €. )| |F (s, k. £)|d& dnds.

To bound V,,a = 0, 1, we use (5.14), (4.24), and the bootstrapping bounds (2.60).
Thus, with (m, p) = (k — [, € — ), we have

t ~ . ~
Vi 55/ 3 /RZ\/|AkAk(S,§)|‘F(Ssk,g)‘\“AZAE(S,'?N‘F(S,z,ﬂ)‘

1
kLt (5)2|m|(s — p/m)?
o/mP? + (5)2

14

X Am(s, p)|Z1(s,m, p)|e~50lmP* dg dyy ds

VIAeAe(s.n) F (s, €. n)

@/ D(m.p)' /2

X 1i_q,13(m)

<s | VIAk Ak (5. 8)| F (s, k. &)

L3LE ¢

{s)2|m| (s — p/m)*
lo/m* + (s)?

L3LZ,

X

1 q,13(m) Am(s.p)|&81(s.m.p)|e

2
L?OLm.p

3
s €7
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Similarly, for a = 2 we use (5.15), (4.24), and the bootstrapping bounds (2.60):

m|(s — p/m)
1Z / Li_y,13(m) )| |/ i p/ \/|AmAm(5 o[ gi(s,m. p)|
U ktez
x \ [ Ak Ag (s, )| | F (s, k. €)| Ag (s, mpe5otem"?

x | F (s, £, n)|dE dnds

|Ag Ay (s, 8)| f(5.k.,£) Ag(s, pye=Go/DEM > 75 ¢ )

L3LF

o PPl ""“S“(’/)’") VA Aun(s. 0I5 (5., p)

lo/m|?

L;"’L%,n

L3L3 .,
Ss €.

By changes of variables one can prove that V3 <g 61 as well, thus Z <g 61

We notice now that the integral 7 in (5.20) is similar to the integral in (5.6).
Moreover, g, satisfies the bounds (4.24), which are similar to the bounds (4. 16)
satisfied by the function /5. The same estimates as in Step 2 show that J <j el,
which completes the proof of (5.19). U
5.2 The coordinate functions V,, 0+, and W,

We now prove the following:
PROPOSITION 5.2. With the definitions and assumptions in Proposition 2.2, we

have

53 Ev, (t) + &0, (1) + Ew, (1) + By, (1) + By, (1) + Bw, (1)
(5:23) <€1/20 foranyt € [1,T].

The rest of this subsection is concerned with the proof of this proposition. Some
of the arguments are similar to the arguments in [21, sec. 6]. For the sake of
completeness we provide most of the details.

Using the equations (2.35)—(2.37) and the definitions (2.48)—(2.50) we calculate

[Ew, + Ev, + &, 1 (1)
2K /R Anr(t.6) Ayr(t.£)((0¥2(6)2)|Wa(t. £)* dt

2 /R AR O ARC.E)[Va(1.6)|* dé
2 /R ARt §)AR(.6)| (Vo0 t.6)[* d

+ /czst/RA%VR(I,g)((r)3/2<g>—3/2)atv'l7*(r,S)ﬁ(t,é)dé +
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L om /R A2y(t. )8, Va(t. EY Va1, E)dE

2 [ a0 @ Ten e @ o0 ods
+ K2 / At 02 (10726 ) [ Wate.0) .
R

Therefore, since d;Arp < 0 and d;Axyr < 0 and using (2.53)—(2.55), for any
€ [1, T] we have

Ev, (1) + &g, (1) + Ew, (1) + By, (1) + B,, (1) + Bw, (1)
(5.24) =&y, (D) + &, (D) + Ew, (1) = [By, (1) + By, (1) + Bw, ()]
+ L1(1) + La(1),

where
£i0:=23 [ [ A (5. )0, V(5. €)Va (s E)dE dis
(5.25) . ___
o [ [ A3 9 e 6./ o5, 1t ds
1JR
Lo(1)
(520 ’szm// AXR( E)((8)¥2(E)T3/2) 05 Wa (s, £) Wi (5, £)dE ds

i [ / B, 83 ()26 ) [ Wats, 6 e ds.
Since Ey, (1) + &, (1) + Ew, (1) < €3, for (5.23) it suffices to prove that
(5.27) — By, (t) + By, (t) + Bw, ()] + L1(¢) + Laft) < 61/30
forany 7 € [1, T].

To prove (5.27) we use equations (2.35)—(2.37). We extract the quadratic com-
ponents of £ and £, (corresponding to the linear terms in the right-hand sides of

(2.35)~(2.37)), so we define V'(s,v) := /7/(2kv)V (s, v), and then

L1200 —2%//A s s>{W*(s 97

Vs 5(Won) s 0)ldt ds.

Vi(s, §)
(5.28)
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and
2 ! (3)3/2 2
£220) = K2 [ [ Apto. 0|20 i)
(5.29) 35/2 |Was. £)|*ag ds

NCIETRE

2
= [ [ s 2T W deas
We examine the identities (2.35)—(2.37) and let
fii==VoVe, foi=—V(¥lon). g1 :=-V,Wi
(5.30) g2 1= 0°V'[(02¢ 3 F) — (3 Po 3 F)].
g3 1= oV'(P(dy —13;)F) + 0> (P 0, F).
Notice that

L1() = Lra(t) + 20 / / A5 OV (s.5)

+ Fals. )W 005 ©)} i ds.

(5.31)
Lo(t) = Loa(t) + Z Kzzq\// ANR(S %_)(( )3/2@-) 3/2)

aef{1,2,3}

X Ga(s, E)Wi(s, £)dE ds.

The desired bounds (5.27) follow from Lemmas 5.3 and 5.4 below.

LEMMA 5.3. Foranyt € [1,T] we have

(5.32) — [BV* (t) + BQ* () + BW* O]+ £1,2(l) + 52,2([) < 6%/40.
PROOF. Since £, »(¢) < 0, it suffices to prove that, for any # € [1, T,
(5.33) L12() < By, (1) + By, () + €3/40.

Using Cauchy-Schwarz and the definitions, we have

i ARG s D)
L12() < BV*<t)+8ffR|AR(S e deds

Ar(.8) ) s, )2
+ Bg*(z)Jr /[ e DPdEds

The function V'’ satisfies the bounds (4.29), similar to V. Using also the esti-
mates (4.33), it suffices to show that, for any Cs > 1,

AR (s.8)
s2|AR(s, E)I -

ANR(S, E)ANRG, E)(C57! + K(8)%(s)%/2(5)73/2),
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860 A.IONESCU AND H. JIA

provided that IC(§) is taken sufficiently large. This inequality is proved in lemma
6.2 in [21], using some of the basic properties of the weights, which are summa-
rized in Section 7. O

We now prove estimates on the cubic terms.

LEMMA 5.4. Foranyt € [1,T] and a € {1,2,3} we have

(534 ‘29% / t [ 40T a0 ds| 54 <1

(5.35) ‘2% / / 4305, 6) Fo (s, ) WT ) (5, E)dE ds| 5 €3,

and

636 o / A5, O((5)2(6)/2) Gas. HHWa(s. £)dE ds| S5 3.
PROOF.

Step 1. We start with (5.34)—(5.35). The two bounds are similar, so we only
provide all the details for the estimate (5.35). See also [21, lemma 6.5] for a similar
argument.

We write the left-hand side of (5.35) in the form

C|2% / / / A2(s. )V (5. & — ) (am)(WT0x) (5. ) (UT 02) (5. £)dE din dis

e [ [n4%(5.6) — £43, D]V (s.& — 1)

x (W0 (s, m(WT0.) (s, £)dE dnds)|,

using symmetrization and the fact that V is real-valued. As in (5.7—(5.10), we
define the sets

€ € B2 : min((&). (n). (£ —n)) > S F T ‘5"”},

0= o
S, = {(S,n) eR2: (F—q) < (§) + (n)l(;r (E—n)}’
(5.37)
Sz = {(5,77) e ]RZ . (n) < (E) + (77)1;‘ (é B 77)}’
5, :{(S,U)ERQ ) < <s>+<n>10+<s—n>}
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and the corresponding integrals

2 J—
(5.38) ///Lvn@ MInA%(s.§) — EA%(s. | [V (5. & — )]

< (o) (5. )| [(WFou)(s. )|dE dnds.
For (5.35) it suffices to prove that
(5.39) Tn <s € forne{0,1,2,3}.

As in Proposition 5.1, we use estimates on the weights. Letting 8, = 8o/200,
we have
e If ¢, n)eSoUSL,p=&E—ns5s>1,a€[0,4,and ¥ € {NR, R}, then

AT (5, §)(§) ™% — EAT (s, m) (m) ™|

(5.40) Lo 1Ay A O Iy dv)s. |
N (£)e/2 (n)e/2

_8/ ,0)1/2

ANR(S, p)e

o If(§,7) € S, p =& —n,and s > 1, then
(n) A% (s5.€)
(5.41) <5 st(E)OE

><¢KARARX&EN¢KANRANRX&PN'AR@’médamuz

and

(M AR R (s, €)

(542)  z5stET

< IAnrAng) . €)1 (Anr ANR)s. )] - Awr(s, e

n)1/2

See [21, lemma 8.9] for the proof.
For n € {0, 1} we can now estimate, using (5.40),

Tn S5 |V I(ARAR) (s, O)1(FT04) (s, €)

L3LE
VI(ARAR)Gs, (W0 (s, )

s Anr(s. p) (0)2e 50 2V (s, p)

LIL3

’

LS°L2
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862 A.IONESCU AND H. JIA

and the bounds (5.39) follow for n € {0, 1} from (2.60) and (4.29). Similarly, for
n = 2 we use (5.41) and (7.19) to estimate

VI(ARAR)(s, £)(WT0.)(s.8)
L3LZ

$11(0)08 (AN ANR) 5. )|V Gs. p)‘

1> Zs

X

L3212

Y 127 =
x | Ar(s, m){n)e 20mM = (wlo,) (s, m)

L°L3?

and the desired bounds follow from (2.60) and (4.29). The case n = 3 is similar,
by changes of variables, which completes the proof of (5.35).

Step 2. The bounds (5.36) for @ = 1 are similar, using symmetrization, the
bounds (5.40) with ¥ = NR, and the bounds (5.42). See also [21, lemma 6.6] for
a similar argument. Finally, the bounds (5.36) for a € {2, 3} follow from (4.36),
(2.60), and the Cauchy inequality. U

We can now prove the bounds (2.63) in Proposition 2.2.

LEMMA 5.5. Foranyt € [1,T] we have

(5.43) [P/ (0] + W - PLO) I goor2 + 19T - PLO) I gsonsn S5 €/ 201008,
(5.44) (O IWe Ol gsorr2 + (VY Ol grorrz Ss €17
(5.45) 1@ + V) F) ()l gsorr2 S5 €1 > () 7.

PROOF. The bounds (5.43) follow from (4.26) and the improved bootstrap esti-
mates (5.1). We prove now the bounds (5. .44). The point is to obtain the full (t)_2
time decay for the functions W, /¢ and V in a weaker topology. Using (2.37) we
write

(W) = =tV 3, Wy + tH, + tHo,
(5.46) Hy = 0*V'3:((32 F)),
Hy = oV/(P}(3y —t0;)F) + 0*(P] 0, F).

We have |3y Wi (2)/ ]l gso.1/2 + ||V(Z)||gso,1/z <s €1{t)~7/* (as consequences of
1/2

(4.29) and (4.33)) and W Pl gsg.1r2 + [T Pl gsg.1r2 S5 €167 C0/1OW T (due
to (4.23)). Thus, for any ¢ € [1, T,

(5.47) | =1V ()0 Wi (D) gao.1r2 + I1H2 ()l gso1/2 S5 €7 (1) 7.
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SYMMETRIZATION NEAR POINT VORTICES 863

We would like to prove now similar bounds for the function H;. Using (2.39)
we have

(0.0 F)
= (020 - {0%02¢ + (V)2 (0y —102)°¢ + V" (9y — 132)¢ + V' (0y — 102)})
= (V') (0.9 05¢) — 21 (V')? (320 90u¢) + (V" + oV')(,¢(dy — 107)8).

The main point is the vanishing of the term containing 2. Moreover, using Lemma
4.3 we have ||(V)4]P¢O¢||gso_1/2 <s €1{t)72. Therefore, for any ¢ € [1, T],

(548) (V) (029 F)Dllgaorsz + | Hillgsor2 S5 €2(1)7>.

The desired estimate for (¢) || Wi (¢)|| gso.1/2 holds using (5.46)—(5.48) and (2.59).
To bound (£)2||V (¢) llgso.1/2 we use first (4.30), (4.31), and (4.8) to conclude that

|30 V) | gsor2 S5 €2 (1) 2.

The desired bound follows using the uncertainty principle, as in the proof of (4.32)
above.

Finally, to prove (5.45) we examine the formula (2.34). The desired conclusion
follows from (5.48) and (5.43). O

6 Bootstrap Estimates II: Improved Control of the Variable ¢
We now prove the main bounds (2.62) on the function ¢.

PROPOSITION 6.1. With the definitions and assumptions in Proposition 2.2, we
have

(6.1) Ep(t) + By(t) <s €5 < €3/2 foranyt € [1,T).

The rest of the section is concerned with the proof of Proposition 6.1, which
consists of two main steps. The first step is to control the contribution of low fre-
quencies, where the weight A; does not play a role and the estimates follow from
standard theory of elliptic equations. In the second and main step, we commute
the elliptic equation (2.39) with the Fourier multiplier A; and use the estimates for
low frequencies obtained in the first step to obtain the weighted estimates on the
high frequencies. The key is to control the commutator terms and show that these
commutator terms are perturbative when the frequency is sufficiently high.

We begin with an estimate that is effective in controlling low frequencies.

LEMMA 6.2. With the definitions and assumptions in Proposition 2.2, fort € [1,T]
we have

[ 102+ @ 0wz o) dz do

(6.2) x

= f |F(t,z,v)|*dz dv <g ef.
TxR
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864 A.IONESCU AND H. JIA

PROOF. The last inequality follows from the improved bootstrap bounds in
Proposition 5.1. For the first inequality, in view of the changes of variables (2.27)
and (1.10) it suffices to show that

/ W5 )P+ (VU x )+ (V20,3 di dy
(6.3) Bayoo\Bog/a
< [ lotxyPdrdy,
R2
which follows by elliptic theory from the defining formula Ay = w. U

We now proceed to prove (6.1), using (6.3). From equation (2.39), localizing ¢
using ¥, we get that

Q*02(¥g) + (V)2 (3y — 137)*(Vp)
(6.4) + V"(3y — 132) (W) + oV (3y — 137) (V)
=WF + g1+ g2,
where
g1:=2(V')?8,W(dy — 199,
g2 :=[(V)2030 + V"0, ¥ + oV'9,¥]¢.
Let Z* := 7 \ {0} and let AT denote the operator defined by the Fourier multiplier

1)
(6.6) ATt k. §) = 1z ) A (0. §) .
{t) + 18/ k]
Fix a cutoff function W supported in [v/5, 5], equal to 1 in [v/4, 4v] satisfying
e &) 3/ Wo(£)||Loe < 1. We apply the operator WA to (6.4) to obtain

0202(WoAT) (W) + (V) (3y — 137)*(Wo AT) (Wg)

(6.5)

6.7) + (V" 4+ oV") @y — 10:) (WoAT)(¥9)
= (WoAT)(WF) + WoATgr + WodTgr + > C;.
j=1
The commutator terms C; are defined as j
C1 = 0?7 (WoAT) (W) — (Wo AT (0?02 (Wep)].
Ca 1= (V') (@ — 102)> (Wo AT) (W) — (o AN (V)2 By — 18)* (W),
Cs 1= (V" + oV")(By — 192) (o AT) (¥9)
~ (PoAN[(V" + o) @y — 132) (¥9)].

By examining the definitions, we notice that, for any 7 € [1, T'],
(6.9) Ep(t) ~ |[02 + 3y — 13)*]AT (W) (2, 2, v) | 2,
We will use the elliptic equation (6.7) to bound the energy functional £ (7).

6.8)
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SYMMETRIZATION NEAR POINT VORTICES 865

Similarly, to control the space-time integrals By (¢) we would like to apply suit-
able weighted operators to the identity (6.4). We have to be slightly careful, be-
cause our weights need to have suitable smoothness in £ in order to bound the
resulting commutator terms. We define u*(¢, £) for t > 0 and £ > 0 as follows:
(6.10)

0 if |§] <8710,
2 if|§| >8 Wandr <1t ,

L E) = - = ko().& 1
m lf|g|>8 andl‘elk,s,k€{1,2,...,k0(E),,
0 ifr > 2|

Then we define u*(z,£) := u#(z.|€|) if £ < 0. Compare with the definitions in
Section 7.1, in particular the formulas (7.8). Then we define

o 1 ( E—p )
w6 “/R" P L0\ L. )

§(6)
GREERTS

6.11)
LS/(t,E) =1+

where §' = §'(§) € (0,1) is chosen sufficiently small. Compare with (7.15).
Finally, we define

_ (e W 1.6)
6.12) M) e oA )
’ 1/2
HR(6) = s + 0.6)

These definitions are motivated by the formulas (7.28)—(7.29). All the required
properties of the weights i and p g are proved in Section 7.3.
Let BT denote the operator defined by the Fourier multiplier

(6.13) B (1. k. §) = .24 k).
We apply the operator Wo BT to equation (6.4) to obtain
Q*07(Wo BT (W) + (V') (B — 102)> (Wo B (Wgp)

(6.14) + (V" + 0V')(0y — 19)(Wo BT) (Weh)

= (WoBN(VF) + WoBTg) + VoBTg, + ) " D;.
ji=1
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866 A.IONESCU AND H. JIA

The commutator terms D; are defined as
Dy = 0232 (Wo BT) (W) —(Wo BT)[0232(Wg)],
Dy = (V))*(3y — 13:)* (Yo BN (W)
(6.15) — (T BNH[(V)2(3y — 132)* (¥9)].
D3 := (V" + oV') (3 — 13z)(¥o BY) (W)
— (WoBH[(V" + 0V")(3y — 132)(¥9)].

In view of Lemma 7.6(i) we notice that that for ¢ € [1, T']

Eg() ~25 E4(0) = | [02 + @y — 19)2)AT(¥S O 321 sy

t
2

By (1) ~5 By(t) := f1 1[8% + (Bu — 53> B (W) (5) | L2 1wy -

Using (6.7), (6.14), and a change of variables as in Lemma 6.2, we have

[[2 + 3 — 1) (Ro AN (XS ()]} 2r vz

(6.16)

t
[0 + 0 = 59021 (W0 B (9015 |

t
6.17 2 2
6.17) s > 1WA A ()17 27 xg) +/ | woBTh(s) ||L2(TX]R)dsi|
he{¥F,g1,82} !
3 t
+ Z |:||C/ ([)”%,Z(TXR) +/1 ||D1 (s)||1242(TXR)dS:|~
j=1

for any ¢ € [1, T]. In view of (6.16)—(6.17), to prove (6.2) it suffices to prove that

t
619 3 O Ragemy + [ B0 yds | 5 COO
he{WF } 1
281,82

and
4 t
[IICJ’(Z)IIiz(TxR) +/1 ||Dj(s)||i2(1er) ds}
=1
< C@)e; + VB[E,(0) + By ()],

for any ¢ € [1, T'], where the commutator terms Cy, C2, C3, D1, D>, D3 are defined
in (6.8) and (6.15), and the additional commutator terms C4, D4 are defined by

Ca = [2 + 3y — 137)*](Wo AT) (W) — [32 + (By — 132)?](ATWo) (Wgp),
Dy = [0 + By — 10)*](Wo BN (W) — [02 + (3y — 10)* (BT o) (Wgh).

The bounds for (6.18) for & = WF follow from the improved bootstrap bounds
(5.1) on F and the bilinear weighted bounds in Lemma 4.1(ii). In the rest of the

(6.19) F

(6.20)
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SYMMETRIZATION NEAR POINT VORTICES 867

section we first prove the bounds (6.18) for g1, g2, and then we prove the commu-
tator estimates (6.19).

6.1 Bounds (6.18) on the terms Afgj and BJTgJ-, j=12

We prove now the bounds (6.18) for the functions g and g». The main difficulty
is that the boostrap assumption on ¢ gives information on the localized stream
function W¢, not on ¢ itself. To compensate, we need to use the compact support
assumption of the normalized vorticity function F.

Let ¢ (¢, v) be the k™ Fourier mode of ¢ in z, i.e.,

(6.21) or(t,v) = L/ <,i>(l,z,v)e_ikZ dz.
2w JT

We define similarly Fy (¢, v) as the k™ Fourier mode of F in z. In addition, let
Y (t.7), w, (¢, r) denote the k™ Fourier mode of v¥/(¢,r,0),w'(¢,r,0) in 6, re-
spectively. To calculate ¢ we use the relations

Yr(t, 1) = (e, v(t, r))e kG,

(6.22) |
Cz),/C (t,r) = Fi(t,v(t, r))e—lklv(l‘,r)’

which are consequences of the change of variables (2.26)—(2.27). Taking the Four-
ier transform in equation (1.12) for ¥ and using (6.22), we obtain that

2007
k _ Fk(t,v(t,r))e_ikt”(t’r).

(6.23) Py (t,r) + %arw,’((z, r)—

Define for k € Z \ {0}, r,r" € (0, cc),

( ,)| | forr <7/,

6.24 Ge(r.r") 1= )2
(624 k(7 { 2|k|( )ll forr > r'.

The kernel Gy, is the fundamental solution to (6.23) when k € Z \ {0}, and we can
express ¥, k € 7\ {0}, as

(6.25) Y (tr) = / Gr(r, r')F (2, v(t, r'))e PRt gyl
R

Let Gi(t,v,v") fork € Z \ {0},v,v’" € [v/10, 10v] be defined by

(6.26) Gr(t,v(t,r),v(t, 1)) = Ge(r,r") forr,r" € (0,00).

Using (6.22) and the change of variable r’ — v(¢,7’) in the integral of (6.25), we
get
1
6.27 tv—e’k“’f 1,0,V F(t, v)e TR —— qv'.
(6.27) ¢k (1, v) Gk ( )i (2, v) Vi)
This is the main formula we use to estimate the functions g; and g». We first prove
suitable bounds on Gj,.
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868 A.IONESCU AND H. JIA

LEMMA 6.3. Assume ©,0’ : R — C are Gevrey cutoff functions that satisfy the

bounds ||e(5)2/3@(§)||Lm + ||e(5)2/36’(§)||Loo < 1 and have separated supports,

i.e., assume that there is a € [v/4,4v] and a constant ¢ > 0 such that © is
supported in [v/8,a — ¢] and ®’ is supported in [a + ¢, 8V] (or vice versa). Let

(6.28) Go(t, v, V) := O)Gi (¢, v,v)O' (V).

Then there is a small constant co > 0 (independent of §,k) such that for any
t €10, T], we have

[ Axte. 14300 |GLG 60 ds

t
ArAr(s.8)] A,
(6.29) +/0/]Rz%‘ RAR(s, )| AR (1 m)

: e 2
+|ARAR(s, M| AR, 6){|G) (5. & )| dE dnds
< o—Colkl
PROOF. By the definitions (2.29) and (6.24), we have

__1 nlk|-1 —lk| ’
t,v t,v ifv>v >0,
630)  Gurowy = RV RG] ,
—mg(t,v) o(t,v) ifO<v<v.

To fix ideas, assume that © is supported in [v/8,a — ¢] and ®’ is supported in
[a + c, 8v] (the other case is similar). Then, using also (2.29),

OW)Gk(t,v,v)O' (V)
__8me'w)  @rv/)MP1 + i/ @rv) g (2. v)] ¥
B 20kl @rv /i)KHD2[1 + k[ 2rv’) 04 (2, v))]kI+1

Vi/@r) (a—c/2)H2

(6.31) B 2kl (a + c/2)Ukl+D)/2
OWHI2[1 + i/ @rv) Wi (v)ox(t, v)] ¥
x (a —c/2)lkl/2

« O'(v)(a + ¢/2)kl+1)/2
) UKHD/2[1 4+ fic/2rv’) W (v)ox (2, v/)]kI+1 .

Thus ®(v)Gx (¢, v, v")O’(v’) has product structure in the variables v and v’. More-
over, it follows from Lemma 3.1 that, for any £ € R,

Ov)vlkl/2 ' (v')(a + c/2)kI+1D/2
‘f{w —c/z)'k'/z}@)‘ i H (o) IR D72 }@)

(a—c/2)Ik1/2
(a+C/2)(‘k|+l)/2
[WT04llr < €1, due to the bootstrap assumption (2.60). The desired conclusion

< oHIEP

Notice that the factor provides exponential decay in |k|. Recall that
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SYMMETRIZATION NEAR POINT VORTICES 869

follows from the algebra property of the space R in Lemma 4.2(i), provided that
€1 is sufficiently small relative to §. O

We can now complete the proof of the bounds (6.18).

LEMMA 6.4. With g;, j € {1,2}, asin (6.5), foranyt € [1, T] we have

t
63 4TG0 aam + [ 1B O amds 5 €

PROOF. Let F'(t,z,v) := F(t,z,v)/V’(t,v). Asin Lemma 4.2, using Lemma
4.1(i1), Lemma 2.3, and the bounds (4.8), the function F’ satisfies similar bounds
as the function F,

3 fR A2 | F ko dn

keZ

t
: -7 2
+ 2 [ [ Al F o ko] dnds 55 €

keZ

(6.33)

forany ¢ € [1,T].

Step 1. Let © denote a cutoff function supported in [v/3.4, v/1.6]U[1.6v, 3.47]
and equalto 1 in[v/3.2, v/1.8]U[1.8v, 3.2v], so that ®(v)g; (¢, z.v) = g;(t,z,v),
Jj € {1,2}. Let ® denote a Gevrey cutoff function supported in [v/1.4, 1.4v] and
equal to 1 in [v/1.2, 1.2v], so that @' (v')F'(t,z',v") = F'(t,z',v'); see (2.32).
As in Lemma 6.3 we assume that ||e(5)2/3@(5)||Loo + ||e(5)2/3(3’(§)||Loo < 1and
define G* as in (6.28).

In view of (6.27) and taking the Fourier transform in v, we obtain

(6.34) ()1, k. )| < fR |F/(t. k. n)||GL (2. & — ke, ket — 1)|dn.
Using Lemma 4.1 we have
A(1.8) S5 Ar(. AR § — e HO2mn(E T2

(6.35) <s Akt n) AR, E —kt)AR(t,kt —n)
> e—(l(l‘)/ZO)[min((i’—ﬂ),(kaﬂ))-i-min((s—kt),(kt—n))]1/2
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870 A.IONESCU AND H. JIA

and
| A A (e.6)'?
<s {JARARG.E — M2 Ag(t. ) + |Ag Ak (6. )|V 2 AR (. £ — )}
x e~ (A ()/30) min({§—n),(k,n))!/?
(6.36) <5 {|ARAR(.E— kD)2 Ar(t. ARt kt — 1)
+ |ARAR(t.kt — )2 Ap(t, MAR(L.§ — k1)
+ Ak Akt )2 AR(.E — k1) AR(t kt — 1)}
x e~ A (@)/30) min((s—n),(k,n))‘/26—(A(t)/30) min((é—kt),(kt—n))”?
Moreover, it is easy to see that for any k € Z \ {0},£,n € R, ¢t > 1, we have

KIE (6 kpy < o8 minte=m)tean)! /2 8 min((g—ko). (ke—n))'/2.
637)  lkle +[&]
oS min(E—ke). (k1) 172 < 108 min((§—).(kn)1/2 ;108 min((E—k 1), (kt—n)/2

Step 2. We would like to show now that for each ¢ € [1, T] we have

3 /RA,%(z,g)v(z,k,s)ze”""\(@\qb)(t,k,S)\zdé‘

keZ\{0}

6.38 oo — 2
©3%) L ¥ / / Ak Ak (s, ©)v(s. k. 62| ©4) (5. k. £) > dE ds

kez {0y Y0 /R

<s Ef,
where

|kt 8 min((&—kr),(k1))1/2
(6.39) (. k,E) = —— g fep)eSmin ’ .
k|t + |&]

Indeed, the first term in the left-hand side of (6.38) is bounded by

sup > /R At (., k, £ () (1, k, £)]| Pk, £)|d &

P12 2= kez\ (o)

Sosw 3 [ A F kARG s k0 ARGkt =)
121,225 keztoy /R

x |Gh(t,& —kt ke — )|’ Pk, &)|dn dE,

using (6.34), (6.35), and (6.37). The desired inequality follows using the Cauchy-
Schwarz inequality and the bounds (6.29) and (6.33). The second term in (6.38)
can be bounded in a similar way, using (6.36) instead of (6.35), which completes
the proof of (6.38).
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SYMMETRIZATION NEAR POINT VORTICES 871

Step 3. We prove now the bounds (6.32). Notice that
81 = 2(V/)28v\p (3y —137)(O9),

since the additional cutoff function is equal to 1 on the support of d,W. To esti-
mate g1 we would like to use Lemma 2.3(ii). The bilinear weighted bounds we
need are

(0
A 0

{0 —sgmin((E—n).(ka))/2

< —n)- 0

~§ AR(I’S 77) Ak([’n)|7]/k|+<l)e
forany ¢t > 1,&,n € R, and k € Z \ {0} (which follows from (4.3)) and (4.4). The
desired bounds on g; follow from (6.38) and Lemma 4.2(ii).

Finally, we consider the function g2 = [(V/)?02W + V"3, ¥ + oV'9,¥] - Og.

The proof is the same as before, using Lemma 2.3(ii), (6.38), and Lemma 4.2(ii).
The additional weighted bounds we need in this case are

(0
STy
AR(,§ — ) {r) —84 min({§—), (k. m))1/2
/=2 Y, — " n—-k 0
S R TR |

which follow easily from (4.3). This completes the proof of the lemma.

6.2 Bounds on the terms C4,a € {1,2,3,4)

In this subsection we prove the bounds (6.19) for the commutator terms C,. The
idea is to exploit the cancellation in these commutators to obtain suitable smallness,
using either the more favorable bounds (6.2) for small frequencies, or the gain in
regularity from (7.33) for high frequencies.

We start by decomposing C, = C) + C}) and C3 = C} + C§ where
640 &= (V)2 Wo (B — 192)* AT (W) — (WoAN(V)? @By —182)> ()],

0= 2(V) 200 W - (B —10) AT (W) + (V)85 W - AT(W).

and
Ch = (V" + oV )Wo(dy — 13;) AT (W)
(6.41) — (Wo ANV + oV) 3y — 132) (W),
CY = (V" + V)3, W - AT(Weh).
We bound first the commutators Cy, C5, and C5.

LEMMA 6.5. Fort € [1,T] we have
(6.42) 101 ()25 + ICH Oy + 15Oy < COIET + 56,
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872 A.IONESCU AND H. JIA

PROOF.

Step 1. Fix a Gevrey cutoff function W; supported in [v/6, 6V], equal to 1 in
[v/5,50], and satisfying [|e©”* W] (€)1 < 1. Let by := W)o% In view of
(6.8) we have

Ciltk§) =C /R A& =k To(r — p) AT (1. k. p) (V) (1. k. p)

— Wo(§ — mAT (1. k. mhi(t,n — P> (W)t k, p)}dn dp.
Therefore, after changes of variables,

itk H)I < /R R, € = mI[Wo(n = )G (1. k. )| K1 (¢ ki .. p)dn dp,

where G 1= [8% + (3y — 13;)?] (V) and
Ki(t,k:E.m, p)
(6.43) gz (0k? | Ak@p)(t) Akt p+E—m))
S k2 (p—th)2 () +lp/kl )+ o+ E—m)/kI|

One can estimate |(Z(t, k,&)| and |5§(Z, k,&)| in a similar way; thus

Cott. k)] % [ [hate.& =l [Fotn = p) G-k )| Kat. ki 0. p)n

where

Ka(t, k&1, p)

(6.44) 1z (k) (o —th)* | Ax(t. p) (1) Ax(t.p+E— 1))
k24 (p—th)? (1) + Ip/kl )+ o+ E—n)/kI|
Ks(t.k:€,.1.p)
(6.45) g (R)(E —m(p—tk) | Ax (. p)(t)  Ax(t.p+§ —n)r)
T k24 (p—tk)? t)+1p/kl @)+ o+ E—n)/k||
and
(6.46) hy i= Wo(V)2,  hs = (3,) W (V" + oVl
Notice that K1 + K> + K3 < K, where
K(t,k:6.n.p)
(6.47) E—n Y A@ol)  Alp+E—ni)
= IZ*(")[I * |k|<p/kt>] O+ lo/kl "W+l E /Kl

Notice also that ||ig||g < 1 fora € {1, 2,3}, due to (4.8). For (6.42) it suffices to
prove that
2

H/ ha(t, £ — )|Wo(n — p)||G (2, k, p)|K (2, k: €, 1, p)dn dp
(6.48) R2

2
Li e

< C)ei + 8E
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SYMMETRIZATION NEAR POINT VORTICES 873

foranyt € [1,T]and a € {1,2,3}.
Step 2. Recall the definition of the sets Rl’.“, i €10,1,2,3},in (5.7)—(5.10) and
(5.16). Assume first that ((k, p), (k, p + & —n)) € R}. Then, using (7.33),

K(t.k:&.n.p)

< 1 o) D)

oy kAR E = e REVEELE 4 Coa) ko))

Therefore
H fRz 1g:((k, p), (k,p+§ — M)lha(t.& — )% (n — p)|

x |G(t, k., p)|K(t.k: €., p)dn dp

Ly ¢
©49 < gt ) ARG V)2
Ag(t, t) ~ —
1z ) LU G e o)V + o) k. )]
(0) + lo/k] 2,
< C@)ey"” + VE(EY,
where the last inequality follows from the bounds |24 g < 1 and
Ag(t, ) ~ —
1260 7D G0k VB + Colo e )
(6.50) (t) + |p/k| L,

<VEEN? + ).
The bounds (6.50) follow using Lemma 6.2 to bound the contribution of the fre-
quencies (k, p) with (k, p) <s 1, and the definition (6.16).
Step 3. In the remaining case when (& —n) > (k, p)/10 we use the bounds (4.3)
to estimate
K(t,k:&.m,p)
Az, p) (1)
Sz (k)(§ —n)~——7
(t) + |p/ k|
_ Ap(t, p)AR(t, € — —(80/100)(k,p)'/? t
+C(8)1Z*(k)[1+ (&= n) } Kt P AR(LE — e (1
lkl{p/k —1) (t) +1(p+&—mn)/k|

Moreover, with 86 = 80 /200 as before, it is easy to see that

(é - 77) j| <t> 8(’)(/(,,0)1/2
(631 [” Kok —0 )0+ 10+ E—ny/k] ~© |
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874 A.TONESCU AND H. JIA
Therefore, if kK # 0 and (§ —n) > (k, p)/10, then

K k (E - 77)2 Ak(t, p)([)
2 ; z+(k
+ 1z« (k)Ap(t, p)AR(t, & — r))e—b’(’,(k,p)lm.

We notice that if ((k, p), (k,p + & —n)) ¢ RT, then (§ —n) > (k, p)/10, so the
bounds (6.52) hold. As in (6.49) one can then estimate

H fRz Legr (k. p). (k. p + & — M) ha(t.€ — m)|[Wo(n — p)|

x|G(t, k, p)|K(t,k:&,n, p)dndp

L}
< C®)e* + VaEN"2, 0
and the desired conclusion (6.48) follows.
We bound now the remaining commutators C4, C, and C5.
LEMMA 6.6. Fort € [1, T] we have
(6.53) [1CaO 22 mmy + 15O 2pmy + 15O p 0y < CO)EL + 5}
PROOF. With llf6 as in the proof of Lemma 6.5, we notice first that
1oV oo + 19V L + 1WhellL < 1.
as a consequence of (4.7). Therefore, if we let
(6.54)  C" =39 - AT(3y —13,)2(Wg) — AT[3%Wq - (3, — 13,)° (W),
where a € {1,2}, b € {0, 1}, then it suffices to prove that
655  IC"OlL2erxmy + 1Ca Ol L2y S COE + V(Y.

)¥4/2 As in the proof of Lemma 6.5 we have

Let P(p) :=e—tP
6.56)  |C”(t.k.§)| + 1Calt. k. 5)| SfRP(é—n)la(l,k, ML, k:§ n)dn,

where G = [92 + (3, — 19;)?](V¥¢) as before and
Ap(@.6)() A n)(r)

6.5 ki€, n) = 1z« (k) (E —n)? — .
(6.57) L(t,k;§.m) z=(k){§ —n) O+ E/k O+ /K|
If ((k.§).(k,n)) € R}, then we use (7.33) to estimate
L(t.k; &)
Ak, M) ~(Bo/50)(E—m)1/2
Sgs(k)———~——AR(t, & —
S 1z ( )(t)+|77/k| R(t,§ —ne

x [V/8 + Co(8)(k, n) 18]
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SYMMETRIZATION NEAR POINT VORTICES 875

Therefore, using (6.50),
/]RZ 1g:((k,§). (k.n)P(§ — WIG(t.k.n)|L(t.k:E, n)dn‘
A @.n){t)
{t) + In/k|

< C®e* + VEENY.

On the other hand, if (¢ —#n) > (k, }/10, then we can use the definitions (7.18)
to estimate

Lie
(6.58) -

~

Gtk )[V5 + Co(8) (k. n)™"/8]

1z (k)

2
Lk.VI

Lt ks £.m) S 1z (ke Ot e iy~
Using (6.2) we then estimate

H /]R2 Le g (k. §). (k.m) P(§ — MIG (. k. |L(e. ki & mdn
(6.59)

L} ¢
=~ 3/2
SIGEk I, <56
The desired bounds (6.55) follow from (6.58)—(6.59). O

6.3 Bounds on the terms Dy, a € {1,2, 3, 4}

Finally, we prove the bounds (6.19) for the commutator terms D,. As before,
we decompose D, = D), + D) and D3 = D} + D} where
(6.60) D := (V')*Wo(dy — 19)* BT (W) — (Yo BH[(V)?(3y — 132)*(¥9)],
T DY = 2(V)20, W - (3y — 102) BT (W) + (V) 202 - BT (W),

and
3= (V" + 0V Wo(dy — 19;) BT (U9)
(6.61) — (WoBN[(V" + oV (@ — 182) (V).
DY := (V" + oV")3, ¥ - BT (Wg).
We bound first the commutators Dy, D, and Dj.

LEMMA 6.7. Fort € [1,T] we have

t
S C)e; + 8(E) + By).

PROOF. As JP, the proof offl‘emma 6.5, we can estimate the Fourier transforms
IDi(s. k. §)|, |Dy(s, k. §)|, |D5(s, k, &)|. With Wy as in the proof of Lemma 6.5,
let, as before,

G = [87 + (0y —102)°1(W9),

(6‘63) oy A2 ! N2 _ —1 g,/ " /
hy = Wo0", hy =Wo(V)?  hz = (dy) [Yo(V" +0V)]
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876 A.IONESCU AND H. JIA

With BT defined as in (6.13), (6.6), and (6.12), let

/ {(§—n)
ke = «(k AT TN
K'(s.k:€.11.p) 1= 1z+( )[H |k|(p/k—s)]

x |BY (s, k., p) — BT (s.k, p + & — ).

(6.64)

For (6.62) it suffices to prove that, for any ¢ € [1, 7] and a € {1, 2, 3},

f

| Jiato. = Tt pIIG .. )
(6.65)

2
x K'(s,k; &, . p)dndp ds S C(S)e; + 8(Ey + By).
Li ¢
As in the proof of Lemma 6.5, if ((k, p), (k, p + € — 1)) € R, then
s, 0)Ar (s, p){s
K'(s. k.0, p) S 1ge () YIS DAL OS) 4o )
(s) + |p/ k|

< e_(SO/SO)(S_”)l/Z[\/S 1+ C' )k, p>—1/8]’

using the definition and Lemmas 7.5 and 7.7. Moreover,

H 1Z* (k) V /Lk(S, p)Ak(S, IO)<S) 5(5‘, k, p)[\/g + C,(S)UC, p)—l/S]
(6.66) {s) + lp/k|

5\/3(3"25)1/2—}—6’”(5)63/2,

due to the definition (6.16), the bounds (6.2), and the observation that

Ae(s.p) S5 1. (s p) Ss ()71,
if {k, p) <s 1. Therefore
(6.67)

H /R Lry (k. p). (k.p + & = m)lha(s.§ = )| To(n —p)

X |G(s. k. p)|K'(s. k: &, n. pydndp

LILE ¢
5 ”hll(s’ V)AR(Sv V) ||LS?°L‘2)

/ A ~
1z HE GRG0 kIS + C k7]

< C®e* + VB2,

X

where the last inequality also uses the bounds [|A4]|r < 1.

L3212

0

213,
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SYMMETRIZATION NEAR POINT VORTICES 877

On the other hand, if (¢ — ) > (k, p)/10, we use the bounds (4.3) and (7.46) to
estimate

K'(s, k:&.n.p)

)mAk(s,p)(S) + C(8)1z+(k)

Sz (k) (§ —n ) + [p/K|

. [1 ) ] VIRGE — ) Ak(s. p) ARG § — me” P10 5y
[k (o/k =) () +1(o +§ =)/

Using (6.51) it follows that if §; = 80/200, k # 0, and (£ —n) > (k, p)/10; then

_ 2 A
K'(s,k;£.n, p) s 1z+(k) (g(k 3 W|g/(2|ﬁ)<s>

+ 17+ (k) /R (5. E — AR(s. € — ) Ax (s, pe~ 5otk

Therefore, using (6.50) and (6.66),

H |ty (). G = a6 = ) [T = )

% |G (s, k., p)|K'(s.k: €. 1. p)dn dp‘

L5Li e

58 ||ha (S, U)AR(S, v)”LSOOL‘z)

v . P)Ag (s, ~
tor g VAP Bk

+ |la (s, v) VIR(s. V) ARG V) 122

~ (8 1/2
x |1z (k) Ak (5. )G (s. k. pe CODEATEY o

x (k,p)~!

Y

< e + VB2 + VE(EY) V2.

The desired conclusion (6.65) follows using also (6.67). O

We bound now the remaining commutators Dy, D’z’ , and D’3’ .

LEMMA 6.8. Fort € [1,T] we have

t
6.68) /1 {IID4(s)||§2(TxR) + ||Dg(s)||§2(TxR) + ||Dg(s)||§2(TxR)}ds
S CE)E; +8(Ey + By).
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878 A.IONESCU AND H. JIA

PROOF. As in the proof of Lemma 6.6, it suffices to show that, for any ¢ <
[1.71,

t
(6.69) /1

< C)e} + 8(E) + By).

where P(p) := e_(p)3/4/2, G = [8% + (0y — 192)?](W) as before, and
L'(s,k:§,m) = 1z=(k)(§ —n)?

VI (. ) Ak(s, E)(s)  Viels, M Ax(s, m(s) |

(s) +1§/k| (s} + In/k|
If ((k,€), (k,n)) € R¥, then we use (7.33) and Lemma 7.7 to estimate

v i (s, ) A (s, m)(s)

L/(Sakf”?)glz*(k) <S)+|7]/k| AR(Své_ﬂ)

% e—(80/50)($—ﬂ)1/2[ﬂ + Co(8)(k, m)~V/8].

On the other hand, if (¢ — ) > (k, n)/10, then we can use the definitions (7.18) to
estimate

2
ds

/R P(& —0)|G(s. k. )|L/(s. k: £ mydny

2
Lie

(6.70)

X

L/(s.k:&.m) 5 1z (k)e 00 & 7 ) =002 ) =1

The desired bounds (6.69) follow as in the proof of Lemma 6.6. Il

7 The Time-Dependent Imbalanced Weights:
Definitions and Properties
7.1 Definitions

In this subsection we recall the precise definitions of the weights wu, bx, Ax,
* € {NR,R.k}, k € Z, from [21]. We define first the functions wygr, wg :
[0, 00) x R — [0, 1] that model the nonresonant and resonant growth, respectively.

Take small § > 0 with § < 8o, which is still much larger than €. For |n| < §10
we define simply

(7.1 wnr(t. 1) =1, wg(t.n) = 1.
For n > 8710 we define ko(n) := | +/83n]. Forl € {1,...,ko(n)} we define

L n
(7.2) Iy = E(l—i——l + 7), tog =210, 1= [ty ti—1,4]-

Notice that |{7,,| ~ 75 and
872 /2 < thoy < Sty Sn/1 Sty oo Slog =21,
We define
(7.3) wyr(t.n) =1, wrt.,n) =1 if t > 19, = 2n.
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SYMMETRIZATION NEAR POINT VORTICES 879

Then we define, for k € {1,...,ko(n)},

1+ 82|t —n/k| )50
t, = le— ’
wNR(t, 1) (1+52|tk—1,n_77/k| WNR(tk—1,7-7)
(7.4) ift €n/k,ti—14
1 14680
t)={—— k, if 7 € [ty n,n/k].
waRr(t,7) (1+82|t—n/k|) wyr(n/k.n) ift € [tx 5,1/ k]

We define also the weight wg by the formula

21— .
WNR(E M) T o sl it [t — 1/ k| < n/(8k?),
wNR(L, 1) ift € Ixy, |t —n/k| = n/@8k?),
forany k € {1,...,ko(n)}. Notice that

WNR(Te,ns 1) (ﬁ
WNR(k—1,7-7) §2n

Moreover, notice that for ¢ € Iy ;,

(1.5) wr(@,n) = %

14269
(76) ) ’ wR(tk,n7 77) = wNR (tk,n’ 77)

kZ
(1.7) wr(t. 1) ~ wyr(t. )| o= (1 + 8|t = n/k|)
82n
and
2
(78) drwnr(t,m)  diwr(t.m) 8

wyr(t.n)  wr(t.n) 1+ 82| —n/k|’
‘We observe that

J2
(19) VIR < T % < (2= (4] I +4(2=]1)
j=n+17

provided that 1 < J; 4+ 1 < J,. In particular, for n > §~1°,

wNR(tko(n),n’ n = wR(fko(n),n’ n)

(7.10) c [6—453/21n(8*1)¢ﬁ’ e—(1/4)83/21n(8*')\/ﬁ]'

For ¢ < g, ),y We define the weights wy g and wg by the formulas
(71D wnr(tn) = wr(t,n) = € VP wyrgm,q.m' 7
ift = (1 — B)trym),n» B € [0, 1]. We notice that

wR(l1,7) < A8 10 —0o]

7.12
(712 wyr(t2.n) ~

for any 11 € [0, txy(y),nls 12 € [0, 00).

For n < —871° we define wg(z, ) := wr(t, 1)), wNr(E, 1) = wyr(Z, 1))
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We define now the weights wy (¢, ), which crucially distinguish the way reso-
nant and nonresonant modes grow around the critical times n/k. If [p| < §719,
then we define wi (t,n7) = 1. If p > §7'1%and 1 < k < /837, then we define

WNRI(L, ift &1y,

(7.13) ey 2= VR A F
wgr(t,n) ift € Iy .

It > 8719 k &[1, \/83n], we define wy (¢, ) = wyr(t, ). If n < —8719, then

we define

(7.14) wi () := w_g(=1n).

In particular, wi (n) = wygr(n) unless || > §710, 1 < |k| < V/83|nl, n/k > 0,
and ¢ € Iy 5.

The functions b, and 4.

The functions wyr, WR, and wy have the right size but lack optimal smoothness
in the frequency parameter 1, mainly due to the jump discontinuities of the function
ko(n). The smoothness of the weight is important in the analysis of the transport
terms, as it leads to smaller loss of derivatives after symmetrization in the energy
functionals.

To correct this problem we mollify the weights wx. We fix ¢ : R — [0, 1] an
even smooth function supported in [—8/5, 8/5] and equal to 1 in [-5/4,5/4], and
letdp := [g ¢(x)dx. Fork € Z and * € {NR, R, k} let

B E—p !
bx(t,§) = /Rw*(”p)(p(Lg,(z,S))doLsf(laf) .

§"(€)

Ly(t.§) =1+ oo
In other words, the functions b« (%, £) are obtained by averaging w« (¢, p) over in-
tervals of length =~ Lg/ (¢, &) around the point £. The length L/ (¢, £) in (7.15) is
chosen to optimize the smoothness in £ of the functions b (¢, -), while not changing
significantly the size of the weights. The parameter &’ is fixed sufficiently small,
depending only on 8. The definitions show easily that the functions b, satisfy the
inequalities (2.44).

We can now finally define our main weights Ayg, AR, and Ay. We define first
the decreasing function A : [0, 00) — [80, 380/2] by

(7.15)
§ e [0, 1.

2
3006

3
(7.16) M0) = 38, N() = e

for a small positive constant o (say o9 = 0.01). Then we define

A@)(E)/2 A@)(E)/2
e VEENW2 g gy = & VE(E)1/2
bR(t,E) € ’ NR( 75) * e ’

(7.17) Ag(t,§) := byr(t.§)
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and, for any k € Z,
V(612

7.18 Ar(t.£) = W“"f)”z(
(7.18) (1.8 i= e S E

+ VK

7.2 Properties of the weights
In this subsection we collect several bounds on the weights wx, b, and Ay;
see [21] for proofs. We start with a lemma (lemma 7.1 in [21]).
LEMMA 7.1. Forallt > 0and &,n € R, and k € Z we have
U)NR(t,g) wR([aé) U)k(t,é) <8 e\/g|77—%‘|1/2
wyr(t, ) wr(,n)  wet,m) "~
Moreover, if € —n| < 10L1(¢, n) (see (7.15) for the definition of L1(t,n)), then
we have the stronger bounds
wyr(t.§) | wr(E.§) | w(.§) <
wNr(t, ) wr(t,n)  we,m) T

(7.19)

(7.20)

Finally, if min(|€|, |n|) > 26710, ¢ > max (g (&)—4.& tho(n)—4,n) and [§ —n| <
min(|&], |n])/3, then we also have the stronger bounds
max wNR(taS), U)R(t,é), wk(lag) Ee\/g|n_g|1/2.

wyr(t,n) wr(t,n) wi(t,n)

We also need estimates on the functions b, defined in (7.15); see also lemma
7.2 in [21].

(7.21)

LEMMA 7.2. Fort > 0,&,n € R, k € Z, and * € {NR, R, k} we have

(7.22) b*(t’é) ~§ u)*(t,g),
1
(7.23) |0gb« (2. )| <5 b (1, é)m,
and
bt.6) _ o112
(7.24) ) <se .

We recall now several bounds on the main weights Axgr, AR, Ag; see lemma
7.3 in [21].
LEMMA 7.3.
(1) Assume t € [0,00), k € Z, and x € {NR,R.k}. Then, for any £,n € R
satisfying |n| = |§|/8 (or [(k.n)| = |(k.§)|/8 if x = k), then

(725) A8 - oormie-n?,
A* (l7 7])
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(2) Assume t € [0,00), k,£ € Z, and £, 11 € R satisfy |(£,n)| = |(k,&)|/4. If
t §Z1k,$ orift € Iy g N Iy y, then

(7.26) M < P00 OI(k—L,E-m)|'/2
Ag(t.m)
Ift € Iygandt & Iy, then
Ak(t’é) <s @ 1 eg'gx(tﬂ(k_e’s_n”l/z'
Agt,m) ™ k2 1+ |t —E/k|

We also need estimates on the time derivatives of the weights A4; see lemma
7.4 in [21].

(7.27)

LEMMA 7.4.
(1) Forallt =0, p € R, and * € {NR, R} we have

—Ax(1.p) ()12 0wkt p)
A [<z>1+00 Wt p) }

and, forany k € Z,

—Ar(t.p) _ [(k.p)/* | Bwi(t.p) 1

A [ 7790 " “whlp) 1+ VBRI 1 p)]‘

(ii) Forallt > 0,&,n € R, and * € {NR, R} we have

(7.28)

(7.29)

(7.30) |(Ae/A2)@.6)| S5 |(Au/ A0 (1 ) |e*VHE,
Moreover, if k, £ € 7, then

131 (/A0 B S5 |(Ae/ A, mpetVElk=t eI,
Finally, if p € R and k € 7 satisfy |k| < {(p) + 10, then

(7.32) |(Ak/Ak) (. p)| ~5 |(ANr/ANR) (. p)| ~5 |(AR/AR) (1. p).

7.3 Refined smoothness of the weights

To bound the commutator terms in (6.19), we need more refined smoothness
properties of the weights Az (¢, &) in £ € R than those proved in [21]. We start with
a proposition that contains the main estimates necessary to control the commutator
terms C;, j € {1,2,3,4}; see (6.8) and (6.19).

LEMMA 7.5. If¢E,neR, 1 >0, k€ Z,and (§ —n) < ({k,&) + {(k,n))/8, then
| A (1,8) — Ag (2, m)|

(7.33) B el Cof8
< AR(1.E — M Ayt me” CO/OEY [ﬁ * “3]

for some constant Cy(§) > 1.
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PROOF. We sometimes use the following elementary inequality: if a, b € R”
and § € [0, 1], then
(7.34) (b) > Bla—b) implies (a)'/? < (B)'/? + (1 - /B/2){a —b)"/?;

see [21, lemma 4.3]. To prove (7.33) we can assume that |n — &| < (k,&)/100;
otherwise (7.33) follows from (4.3). By symmetry, we can also assume that £ > 0.
By the definitions of the weights, we can write

Ak(tvé) _Ak(tv 77)

\/g 1/2
_ [AO82 _ eA(z)(k,an][&

b (1.6)
WAGRE ﬂmw1
bi(t,8)  bi(t,6)

A )1/ ﬁ(n)l/Z[ 1 1 ]
+ e e —
bp(t.8)  br(t,n)

+ eﬂ|k|l/2j|

(7.35) MO [

=T+ T2+ Ts.

It suffices to prove that for each i € {1, 2, 3},

12 Co(6
(736)  |Ti| S AR(,§ — M AR (t, pye”FO/40E-MY [—<k’05(>1)/8 + «/3]

The proof of (7.36) fori € {1, 2} follows easily from (7.19)—(7.22). For the case
i = 3 we prove the following stronger bounds: if (§ — ) < ((k,&) + (k,n))/8
and |k| < 3|&|, then

2] C§(8
(73T [be(t.8) = bl | < be(t. £)(5 —me> 1Y [ﬁ * ﬁ}

Indeed, this follows from (7.24) unless |§ — 5| < (k,£)/100 and (k,£) > §712. In
this case, we may assume that £ > 0 and the bounds (7.37) follow from (7.23) if
t < £3/4 In the remaining case when ¢ > £3/% and max(100|£—n|, §~'2) < (k, &),
we use (7.21) to bound

|bi (2, &) — br (2, m)|
= dio‘ /R [wic (. § + Ls(t.§)p) — w(t.n + Lg/ (2. m)p) [e(p)dp

(7.38) 5/ (VB 24 VBILy oLy ol _ )
R

X wi(t,§ + Lg(t,6)p)p(p)dp

S Vo(E—n) 2V h (1),
The bounds (7.37) now follow. Il
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The functions @z and u g
To bound the commutator terms D; in (6.15), we need to prove smoothness of
the weights py (¢, €) in £ € R. We prove two lemmas.

LEMMA 7.6.
(1) Fort = 0,§ e R,k € Z, we have

(739)  p(t,€) ~5 |(Ax /AR, )| and  pr(1,§) ~s [(Ar/AR(E6)].
(i1) Suppose that &, 1 € R, t > 0 satisfy
€1, 1n| = 267'°, ¢ < min{2[€|. 2|nl}.

(7.40) )
|n — &l < min{10L(z,£), 10L1(z, n)}-
Then, for any k € Z,
7.41) W, E) &5 (2, m)
thus — uRr(t,§) ~5 wr(t,n) and pg (1, §) ~s pr (2, ).
PROOF.

(1) We use the definitions (6.10)—(6.12) and the formulas (7.8) and (7.28)—
(7.29). If |£] < 671 then wgr(t, §) ~g wi(t. £) ~5 1, and it is easy to see that

((AR/AR)(t,6)| ~5 (1)717%0 ~g ur(2.£),
|(Ar/ Ak (2. 8)| ~s (k)Y (1) 71790 ~og g (2, 8),

as claimed. Moreover, if |£] > §~ 1 and 1 > 3|£|/2, then

_ 1/2
R/ AR)E6)| =5 1ty 5 R(.6)

: (k.g)'/2
|(Ar/A) (2. 8)| ~5 oo ~s i (,§),
which again gives (7.39). Finally, in view of (7.8) and (7.11), it remains to show
that

(7.42) Wit €) ~g p*(t,E) for0 <t <7|E|/4, |§] > 8L

This follows since u*(z, &) ~5 pu*(t,n) if |n — &| < L1(t, €); see the more precise
analysis in part (ii) below.

(ii) In view of (7.22) and (7.20), it suffices to prove u*(t, §) ~g w*(t,n). We
may assume that §,7 > 0. If 1 < 275 (¢),¢, then L1(2,£) < 2(€)1/2, thus [n— €| <
20(&)Y/2. 1In particular, u*(z, p) ~s 1if |p — &] < 50(E)Y/2, so u*(1,€) =~s
w*(t.n) ~s 1, and the desired bounds (7.41) follow. The same argument works
also if ¢ < 2tx, (), n-

Assume that 1 > 2max (g g).&. tko(n),n)- Thent € Iy g N Iy y for suitable
a € {1,2,...,ko(§) — 4} and a € {1,2,...,ko(n) — 4}. The condition (7.40)
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SYMMETRIZATION NEAR POINT VORTICES 885

implies |n — £| < 30a. Therefore |a — a’| < 1. Notice that u*(z, p) ~ u*(t,€) ~
#ﬂs/aq if 1€ — p| < 2L1(t, ). Thus
(7.43) pf(e, &) ~ p*e.§) and  pfe.n) ~ ptn).

Ifa’ = a, then

# 21,
wht,m) 14 82|t —£/al

Similarly, (¢, n)/u*(t. ) < 1, and the desired estimates in (7.41) follow using
also (7.43). On the other hand, if a # d’, then

n—§

(7.44) < 1.

§ &1 n| o nl
‘f—; Z|a/|2 and l‘—; Za—z,
and consequently
|a/|2 (12
(7.45) pHee) ~ =~ o ().
& Il
The bounds (7.41) follow using again (7.43). U

The following lemma plays an important role in controlling the commutator
terms Dj, j € {1,2,3,4}; see (6.15) and (6.20).

LEMMA 7.7. Assume £,n € R, k € Z, andt > 0. Then:
() If (€ —n) = (k,n)/100, then

(7.46) M. 6) + (1. 0) S pr(e. & — et VIR,
(i) If (€ —n) < ((k, &) + (k,n))/8, then there is C1(8) > 1 such that
TAT) 1 (0.8 — it ) 5 {6 — n) g, 77)64“/3'5_"'1/2[% n JS].
(i) In all cases we have ’
(7.48) i (t.€) <5 ple, meSYIET,
PROOF.

(i) By the definitions (6.12), it suffices to prove that
(k,é>1/2 (k, 77)1/2 < (S—U)1/264¢g|k,n|1/z

(749) <t>1+0-0 (t>1+0-0 NS <t>1+0.0
and
(7:50) W) + (1) Ss R E — metV I,

The bounds (7.49) are easy, and so we focus on (7.50). Since

\1/2
A5) R a ) $8 ad ez S
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886 A.IONESCU AND H. JIA

it suffices to consider the case ¢ > §~12(n). In this case, in view of the definitions
(6.10)—(6.11), u*(t, n) = 0. We distinguish two cases.

Case 1. Suppose that ¢ > 3|£|/2 and t > §7'2(5). From (6.10)—(6.11), we get
w*(t, ) < (€)7'. Since the left-hand side of (7.50) vanishes if ¢t > §~ (£ — 1),
we can assume that < §71(§ — n). Then from r > §~'2(p), it follows that

(€ —n) ~ (£) and
1L _ -2 1

52 — ,
(7:2) € > e E—pie

from which (7.50) follows easily.

Case 2. Now assume that 1 < 3|&|/2 and 1 > §712(n). If || > ¢1/10, then
(7.50) follows from (7.51). On the other hand, if || < ¢'/1° and ¢ < |£]%/19, then
(7.50) follows from (7.41).

In the remaining case |§] > 2611, |£9/10 < ¢ < 3|€]/2, |n] < 2/€|10, we
prove that

(7.53) e, &) <s ut@, € — n)eﬁlﬂl”z‘

This suffices to prove (7.50), due to (7.42). To prove (7.53), we may assume that
£ >0andt € I, ¢ for some a € [1,4|]Y/10). If |t — &/a| > £/(20a3), then
wh(t,€) ~s a?/E, and it follows easily that u*(¢, &) <s u*(¢,€ — n), which is
better than needed. On the other hand, if |t — £ /a| < £/(20a?), thent € Iy ey as
well, and we estimate

ey _1+8—E—mn/al
pH(t, & —n) 1+ 82|t —&/a|
and (7.53) follows in this last case.

<1+ 8 <5 Va2

Ui
a

(i) We now prove (7.47). Since {k, &) ~ (k,n), by the definitions it suffices
to prove that

osn  |REE_EDD gl
(t)1+00 (t)1+00 (tYy1H+o0 (k, n)1/8
and
‘ Bt §) 3 ) ‘
(7.55) |+ eVBUN 2=V D, (1 &) 1 + VUKV 2=V D p, (1)

12 Ca(s
S 6= (e L2 G

The bounds (7.54) follow easily. To prove (7.55) we first eliminate some of the
simpler cases.

These bounds follow easily if (z) > 4(k, n) (the left-hand side is 0) or if ({t) <
4(k,n) and |& — 5| > (k,n)/100) or if () < 8 '2(k,n)}/* | due to the lower

bound i (z, 1) > W—ﬁfj On the other hand, if 6~'2(k. /4 < (1) < 4(k.n)
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SYMMETRIZATION NEAR POINT VORTICES 887

and |k| > 2max(|&|,|n]), then both terms in the left-hand side are bounded by
Cse =8Ikl since br (1. p) =5 e=8V1el for any p € R, and the bounds (7.55) follow.

Finally, if
8712 (e, MMt < (1) < 4k ),
§ —nl = (k.n)/100, |k| = 2max(|§].[n]),
then (£) = (n) and we estimate the left-hand side of (7.55) by I + IT where
1
1+ e«/g(|k|l/2_(5)l/2)bk(f’ £)
1

4 VBRI =)D ()|

|1 (. 8) — p* (1. n)
1 + eVBUKI2=0)1 D, (1 £)
Using (7.24) and (7.37) we estimate

_ e, meVBRIEOYD 1y (1, 8) — b, )] + |1 — VI by (1))

(7.56)

L= pu*(t.n)

(7.57)

II:=

1
~ [1+ e«/§(|k|l/2—(n)l/2)bk([’ Ml + e«/ﬁ(lkll/z—(S)“Z)bk(,, £)]
- (e m) {|bk<r, 6 — bl COVE e, n)}
Y1 4 eV =m) )y (1) b (1. ) (&)1 (1. )

12 C' (8
< e (g — p)e2VAIE=lY [@)_E/Z ; ﬂ}.

This is consistent with the desired estimates (7.55).
To control II, it suffices to show that

¥ (2, 8) — ™ (¢, )|
7.58 12[C(8
TP st e T R B e+ 2 )
if £, n € R and ¢ > 0 satisfy

§T12(m* < (1) <20(n) and |& —n| < (n)/10.

Case 1. Assume first that r < (n)7/8. If |& — 5| = ()'/19 then (7.58) follows
easily. Assume that |€ — 5| < ()1/19. For p between £ and 5 we have

1
(7.59) Dpit*(t, p)| S5 W*(t, p)——— <5 W, p)(0) V5,
& | Ls/(t, p)

using the definition (6.11) and Lemma 7.6(ii). The desired bounds (7.58) follow
using again Lemma 7.6(ii) and observing that | — n| < 2L1(z, 7).

Case 2. Suppose now that 7 > (1)7/8. We may assume again that |§ — 5| <
(MY1% and n > §712. If ¢t > 5p/4 then u*(t, &) + u*(t,n) < (n)~L, and the
desired bounds (7.58) follow.
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Finally, assume that n7/8 < ¢t < 5p/4. Thus there is a € [1,21'/8] N Z such
thatt € I, If |t — n/a| > n/(8a?) then the definitions (6.10)—(6.11) show that

PR E) + pr ) S a7t < (T4,

and the desired bounds (7.58) follow. On the other hand, if |t — n/a| < n/(8a?)
then |t — £/a| < n/(6a?) (due to the assumptions |§ — | < '/1% and n > §~12),
thus 1 € I,¢. Infact, 1 € Iy, for any p satistying |[p — n| < 4Lg(t,n) or
lp— & < 4Lg(t,&). Therefore, using (6.10)—(6.11) we estimate

W, 8) — (. m)
1
= d_o‘ /R [W* (1.6 + Ly (t.8)p) — Pt n + Ly (2, n)p)]w(p)dp‘

(7.60)

do

A

/R W+ Lyt mpe(p) - 82
< (€ + Ly (1. €)p) — (1 + Ly . n)p)ldp‘

<8 E -t
which completes the proof of (7.58).

(iii) The bounds (7.48) follow from (7.47) if (¢ — n) < ((k, &) + (k,n))/8. On
the other hand, if (§ — ) > ((k, &) + (k, n))/8, then we prove the stronger bounds

(k.6)'/2

2 6 5ie—niis2
(t)l-‘on :

%
(7.61) +p7 (. 6) Ss B
The bound on the first term in the left-hand side is elementary. For the second
term, we notice that it is nontrivial only if |£| > §7° and ¢t < 4|£|. The assumption
(E—n) = ((k, &) + (k,n))/8 then gives |E — n| > |£]/100, and the bound on the
second term in (7.61) is clear. O
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