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Abstract
Some polymers and oxide glasses exhibit unusual diffusion of liquid or gas,
with the depth of diffusion exhibiting a linear increase with time, instead of
normal square root of time dependence. There have been many models, but
very few experimental data that can help clarify the cause of the phenomenon’s
existence in glass. Residual stress in sodium trisilicate glass (Na2O–3SiO2) sam-
ples was characterized following Case II water diffusion at 80◦C in a saturated
water vapor environment. The surface-swelled layer of the glass was removed
by dissolving it in water, and birefringence of the newly revealed surface layer
was measured. The presence of a constant negative tensile stress gradient was
revealed by indicating that Case II diffusion in sodium trisilicate glass origi-
nates from this stress gradient, which overwhelms the more typical Fick’s law
concentration-dependent flux.
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1 INTRODUCTION

Water diffusion in sodium trisilicate glasses with various
quantities of water contents has been previously investi-
gated, with particular interest in the effects of water in
glass on diffusivity and conductivity of sodium ions in the
material.1–5 Tomozawa and Molinelli have previously con-
cluded that below a certain temperature and depending on
water content of the original glass, water transport does
not follow the expected Fick’s law behavior.4 Instead water
diffusion was described by what Alfrey et al.6 originally
referred to as Case II diffusion (Figure 1A,B). Case II dif-
fusion occurs when there exists a step-like concentration
profile that progresses through the material at a constant
rate, with the concentration front linearly progressingwith
time.7 This is in contrast to Fick’s law, which predicts

© 2023 The American Ceramic Society and Wiley Periodicals LLC.

a complementary error function profile that progresses
linearly with the square root of time (Figure 1B).7
Crank7 paraphrased Alfrey et al.’s6 statement of Case

I (Fickian) diffusion and Case II diffusion (no-Fickian)
diffusion as follows:

(i) Case I or Fickian diffusion in which the rate of
diffusion is much less than that of relaxation.

(ii) Case II diffusion the other extreme in which diffusion
is very rapid compared with the relaxation processes.

Several theories have been developed to model possi-
ble mechanisms of Case II diffusion, with particular focus
on the phenomenon that happens during solvent diffu-
sion into glassy polymers. Crank proposed that Case II
behavior can be modeled as a concentration-dependent

330 wileyonlinelibrary.com/journal/ijag Int J Appl Glass Sci. 2023;14:330–337.
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F IGURE 1 (A) Schematic of typical diffusion front progression
of Case II diffusion, showing the interface progression at point, X. A
constant diffusion velocity is maintained by the presence of
compressive stress in the hydrated layer and tensile stress in the
unreacted “dry” interior. (B) Schematic curves describing Case II
and Fick’s law diffusion front progression, X, as a function of time.
Case II diffusion is observed to progress linearly with time, whereas
Fick’s law predicts square root time dependence.

diffusivity, with a diffusion interface that can be pre-
dicted by an additional linear constant upon the boundary
progression expected of Fick’s law8,9:

" = # ⋅√%& (1)

where # is a constant determined for the material and
experimental conditions,D is the diffusivity of the solvent,
and t is time.
It was later suggested by Wang et al.10 that a rule of

mixing be applied to determine the Case II and Fickian
contribution to diffusion:

" = 2# ⋅√%& + '& (2)

where ' is a term relating to the stress gradient within
the polymer as well as the general mobility of the pene-
trating species, both of which were thought to be relevant
to the dominance of Case II behavior in polymer–solvent
systems.
A similar theory was developed by Cox and Cohen11

which proposed that the modification of the flux within
the material included a linear dependency upon the stress
gradient at the interface:

( = −*+*, ⋅ ∇, − *+*. ⋅ ∇. (3)

where J is the flux in the material, + is the chemi-
cal potential, C is the concentration, and . is the stress
within the plane where the flux is being measured, most
notably near the diffusion interface. A similar, more gen-
eral consideration has been suggested for diffusion in
the presence of any external potential by Shewmon, with
similar applicability12:

( = −% ⋅(∇, + ,∇/#0 )
(4)

whereV is a general applied potential, including stress, and
k is the Boltzmann constant. Inspection of Equations (3)
and (4) allows a comparison between Cox and Cohen’s
stress gradient prediction and Shewmon’s potential, lead-
ing to

∇. ∝ ∇/#0 (5)

It is thus expected that the effect of the stress gradient is
likewise thermally activated, similar to any other potential
gradient effect upon the flux. Although previous studies of
sodium trisilicate glass have proposed that such an effect
on water transport may be occurring, these observations
relied solely on diffusion depth measurements with no
available stress data. Instead, the authors had proposed an
empirical model very similar to Equation (2).5
The conception of the stress dependence of flux at the

interface is of interest as the stress in a material, such as
sodium trisilicate glass, is measurable using photoelastic
techniques, allowing for experimental confirmation in a
manner that is difficult to obtain for a polymer/solvent
system. This work therefore investigates the water diffu-
sion behavior of sodium trisilicate glasswhile concurrently
measuring the residual stress profiles at the diffusion inter-
face in order to determine if the origin of Case II diffusion
behavior in the material can be described by the model
developed via Equations (3) and (4).
Furthermore, oxide glasses exhibit large stress relax-

ation (delayed elasticity) due to impurity water in glass,13
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332 HAUSMANN and TOMOZAWA

F IGURE 2 Differential therman analysis (DTA) curve
depicting the glass transition temperature estimate from the change
in heat of the glass sample. Tg value agrees with a sodium trisilicate
glass containing approximately .1 wt.% water.3

and this would enable one to measure stress near the
diffusion front, even after eliminating a swollen layer.

2 EXPERIMENTAL PROCEDURES

Sodium trisilicate glass, received as a large crucible pour
(Corning Inc.), was cut into cubic pieces with roughly
1 cm in edge length before surface preparation. These were
then annealed at 500◦C for 1 h before furnace cooling.
The annealing temperature was measured with differ-
ential thermal analysis (DTA) using a powdered sample
(Figure 2) as has been measured for the same material
previously.14 A Tg of 457◦C was found, indicating that
500◦C was sufficient for the removal of residual stress.
This Tg value was likewise found to be in good agree-
ment with the estimated as-received water content of
800 ± 50 wt. ppm, as determined by absorption mea-
surements made using Fourier transform infrared (FTIR)
spectroscopy (Figure 3).15 This method uses the IR absorp-
tion at a specific wavelength associated with water in the
glass via the Beer–Lambert law to determine the water
content,

,H2O = 2∕ (4pract ⋅ 5) (6)

where ,H2O is the water concentration in (mol L−1), A
is absorbance, 4pract is the practical extinction coefficient
in (L mol−1 cm−1), and 5 is the material thickness. The
value of the practical extinction coefficient of water in
sodium trisilicate glass has been obtained previously as
24 ± 3 L mol−1 cm−1.15

F IGURE 3 Fourier transform infrared (FTIR) spectrum of two
samples of sodium trisilicate glass polished to the indicated
thickness. Water content was estimated to be 800 ± 50 wt. ppm
using a practical extinction coefficient of 24 ± 3 L mol−1 cm−1 for
the 3500 cm−1 band as previously determined by Acocella.15 The
relevant band is indicated by the arrow for both spectra.

Surfaces of the annealed samples were polished using
finer silicon carbide paper in steps of 240, 400, 600, and
1200 grit before a final polish of cerium oxide in distilled
water. After polishing, samples were etched in a solu-
tion of 5% HF and 10% H2SO4 for 30 s. At this stage, the
dimensions of the samples were measured using an opti-
cal microscope, Nikon Eclipse LV100N POL, to find cubes
with edge length 4.9 ± .1 and 6.7 ± .2 mm. The larger
edge length cubes were used for longer time heat treat-
ments, so that the opposite face’s diffusion front remained
sufficiently distant.
Sampleswere heat-treated at 80◦C in a 355 torr (47.3 kPa)

saturated water vapor environment. In order to maintain
this vapor pressure, samples were placed within a sealed
PTFE container and suspended over a reservoir of deion-
ized water (Figure 4). Following successively increasing
heat-treatment times, 4, 6, 12, 24, 48, and 96 h, samples
were removed from the reservoir, and the hydrated sur-
faces were readily dissolved by room temperature water.
The new dimensions of the sample, indicated by arrows
in Figure 4, were then measured and compared to the
pretreated sample to find the depth of the diffusion
interface.
In addition to the depth of hydration, the residual

stress in the remaining sample was characterized via
birefringence measurement, using previously developed
photoelastic techniques employed by the samemicroscope
used for dimensioning of the sample.16–19 The Sènarmont
method20 was used to measure relative retardation, the
phase shift in polarized light passing through the sample in
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HAUSMANN and TOMOZAWA 333

F IGURE 4 Schematic of sample configuration during heat
treatment. Interface depth and stress were measured along the
dimension indicated by arrows. Although water diffusion/reaction
proceeds in all surfaces, significantly large sample assures that edge
effects are minimized. Samples are suspended above deionized
water, upon a silica glass plate, within a sealed
polytetrafluoroethylene (PTFE) vessel to ensure saturated vapor
pressure during the treatment.

degrees, as a function of distance from the diffusion front
into the unreacted glass (Figure 5):

6 (7) = 360◦ ⋅ ∆ (7)9 (7)

where 6 is relative retardation in degrees,∆ is retardance in
nm, the phase shift of the propagating polarized light, and9 is the wavelength of the light used during measurement
(546 nm). The optical configuration used in the Sènarmont
method is such that rotation of the microscope analyzer
that results in a minimal intensity is related to the relative
retardation:

6 (7) = 2 ⋅ :min (7) (8)

where :min(7) is the analyzer angle that producesminimal
intensity as a function of position within the sample. The
measured intensities captured by aCMOS camera attached
to the microscope were used to obtain intensity values.
Such intensity values were used to calculate :min for use
in Equations (7) and (8), in order to calculate the stress
profile. The precision of thismethod is limited by thewave-
length of the quarter wave plate and the precision of the
rotation of the analyzer. For this work, spatial precision
was limited to ±.48 µm, whereas retardance was limited
to ±.3 nm.
2.1 Retardance is related to stress in the
glass by the stress optic law21,22

. = ∆, ⋅ 5 (9)

where . is stress in MPa, ∆ is retardance in nm, C is the
stress optical coefficient in Brewster (10−12 Pa−1), and y

is the thickness of the measured material in mm. Results
are reported as birefringence (∆∕5) alongside approximate
equivalent stress. The stress optic coefficient variationwith
water content ahead the hydrated interface is expected to
be small.23 It is also likely that the effect upon stress optic
coefficient is consistent across all heat-treated samples.
To avoid the interference of thermal expansion dif-

ferences due to the change in temperature, a heated
microscope stage (Bioscience Tools) was employed to per-
form the stress measurement at 80◦C in lab air (Figure 6).
The relatively low partial pressure of water assured the
negligible hydration of the newly exposed unreacted
surface during the measurement. Likewise, stress mea-
surement at the chosen furnace temperature would assure
that all residual stress was a result of the heat treatment
and hydration itself as opposed to the subsequent cooling
of the sample. The collected residual stress profiles were
then compared to existing models for Case II diffusion in
order to discern if evidence for a clear mechanism existed
in the measured stress and theorized water concentration
profiles.

3 RESULTS

From 4 to 48 h, the diffusion distance of the hydrated layer
of the glass was found to progress linearly with time at a
rate of 4.67± .23 µmh−1 (Figure 7). As this interfacemoved
deeper, a residual tensile stress was found consistently
within a short distance from the newly created surface of
the glass with the stress sharply increasing. Tensile stress
initially increasedwith the depth near the surface and then
decreased gradually for each sample (Figure 8).

4 DISCUSSION

The observed tensile residual stress is consistent with what
is expected for a stress relaxation of the glass subjected
to a tensile stress by the swollen surface layer, after the
removal of surface layer. There are other parallels that
can be drawn to Thomas and Windle; namely, the con-
ception of the stress component of diffusion being directly
correlated to the creep behavior of the material.24 The
magnitude of tensile stress decreases with time, similar to
assumptionswithinCox andCohen’s original derivation in
which a standard linear model is assumed for viscoelastic
stress relaxation.11 Slightly lower value of the tensile stress
with increasing heat-treatment time (or diffusion distance)
shown in Figure 8 may also be caused by the longer
time required for removal of the thicker swollen layer
before birefringence measurement. This can cause a slight
reduction of the residual stress by relaxation in reality.
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334 HAUSMANN and TOMOZAWA

F IGURE 5 Schematic of the optical configuration used for retardance measurement of the sample, alongside the light polarization as it
passes through each element. Light intensity is measured as a function of microscope analyzer angle to determine the angle of minimum
intensity :min. At this angle, the retardation 6 is proportional to :min via Equation (8) and is used with Equation (7) to find the retardance, ∆.

F IGURE 6 Schematic of the heated stage in relation to the
incident light of the microscope and the sample, used for
birefringence measurement

F IGURE 7 Diffusion interface depth versus time for water in
sodium trisilicate at 80◦C saturated water vapor. Fit is linear with an
intercept of zero and rate of 4.67 ± .23 µm h−1.

F IGURE 8 Residual stress profiles on the unreacted side of the
diffusion interface in Na2O⋅3SiO2 glass samples after for 4–96 h at
80◦C treatment in water vapor. Maximum stress magnitude occurs
following the 12 h heat treatment. The vertical dashed lines
represent the surfaces of the glass sample after the swollen layer was
washed away.

It has previously been found that Case II diffusion
behavior was observed in sodium trisilicate glass as a func-
tion of temperature and water content well below the
glass transition temperature (Figure 9).4,5 The demarca-
tion between Case II and Fick’s law behavior thus likely
corresponds to the point at which the effective stress
relaxation time becomes longer than the transport, and
reaction of water in the glass and residual stress starts to
become important. Previously, this was assembled via data
obtained in amanner identical to that seen in Figure 7, but
the cause of this demarcation in diffusion mechanism was
at the time unexplained.
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HAUSMANN and TOMOZAWA 335

F IGURE 9 Comparison of dominant diffusion behavior in
sodium trisilicate glass as a function of temperature and water
content of the unreacted glass. The dependence of Tg with water
content is also included. Source: Data collected by Tomozawa and
Molinelli4

F IGURE 1 0 Retardance profiles from 12 to 96 h displaying
nearly identical initial slopes (dashed line) from the surface inward.
The data was fit to an average slope of .014 ± .009MPa mm−1, or
.0341 nm mm−2.
In addition, noteworthy is the slope of the residual stress

profile at the surface of each sample is very consistent for
different heat-treatment times (.037 ± .006 MPa mm−1)
(Figures 10 and 11, and Table 1 second column). This oppo-
site slope of the surface layer to the deeper part of the
residual stress is due to fast surface stress relaxation in the
presence of water or water vapor, similar to the fast sur-
face stress relaxation25 (see Figure A2 of Ref. [25]). This
surface relaxation happens only after the surface layer
was eliminated. During the Case II diffusion process, the

TABLE 1 Stress gradient linear fit values before and after
interior maximum from 4 to 96 h

Heat-treatment
time (h)

Slope before
interior max
(MPa mm−1)

Slope after
interior max
(MPa mm−1)

4 .065 ± .004 −.0076 ± .002
6 .048 ± .003 −.0053± 6.27× 10−4
12 .039 ± .004 −.0028± 2.65× 10−5
24 .031 ± .003 −.0044 ± 7.4 × 10−5
48 .028 ± .002 −.0021± 6.97× 10−5
96 .038 ± .002 −.0017± 7.04× 10−5
residual stress at the water diffusion front is expected to
be given by the solid line in Figure 11, with a sharp nega-
tive slope. From the consistent slope of the surface-relaxed
residual stress, after the removal of the surface water dif-
fusion front, the same water flux is expected at different
depths, the characteristic of Case II diffusion.
Because the interface moves at a constant velocity dur-

ing heat treatment, it is to be expected that each interface
experiences the same degree of surface stress relaxation
upon the removal of the reacted gel layer, which accounts
for the deviation between the observed and predicted stress
profiles (Figure 12). The consistency of this surface relax-
ation also affirms the consistency of the experimental
procedure that the removal of the reacted layer removes all
residual compressive stress aswell as someportion of a pre-
sumed equal and opposite elastic tension, leaving only the
viscoelastic tension that is measured. The negative stress
gradient beyond the relaxation at the surface of the inter-
face (directly following the subsurface stress maximum) is
similar to that predicted for a residual stress effect on the
flux, as has been theorized in analogous polymer/solvent
systems by Cox and Cohen.11,26 This stress profile would
again likely be antisymmetric about the interface with a
sharp compressive stress within the reacted layer during
the diffusion process and has the observed interior maxi-
mum due to the removal of the reacted layer. A work done
byThomas andWindle that performed the complementary
experiment to that performed here, namely, measuring the
residual stress in the reacted layer of a Case II material (via
methanol diffusion in PMMA), found a compressive stress
profile near the interface as is predicted for this situation.27
A linear fit of the residual stress gradient beyond the

interior stressmaximumwasmade andwas found to decay
relatively quickly first, then significantly more slowly after
about 12 h (Table 1). The slow decay of the negative stress
gradient indicates that the diffusion is likely approach
Fick’s law behavior at very long times, as predicted by Cox
and Cohen (Table 1). These observations agree with the
behavior predicted by Equations (3) and (4) and strongly
suggest that for sodium trisilicate glass, Case II diffusion
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336 HAUSMANN and TOMOZAWA

F IGURE 1 1 Graphical representation of the results presented in Table 1. The stress gradient at the diffusion interface (left) as well as the
stress gradient from the interior maximum inward (right) approach a steady state following initial hydration of the glass surface.

F IGURE 1 2 Schematic of the stress at the water diffusion
front as-expected (solid line) and as-observed (dotted line) with
surface stress relaxation. This relaxation accounts for the positive
stress gradient that is observed at the unreacted glass surface.25 A
negative gradient is to be expected if there were no relaxation, as
indicated by the solid curve.

is originated via the tensile stress gradient at the diffusion
front.
Combing the compressive stress layer of the swollen side

by Thomas and Windle27 with the present results on ten-
sile stress of unswollen side, the stress profile during the
Case II diffusion front is expected as shown in Figure 13,
where the left-hand side represents compressive stress in
the swollen surface, and the right-hand side represents
tensile stress in front of the diffusion interface. The com-
pressive stress behind the interface is responsible for the
diffusion pattern of a step function type, and the tensile
stress in front of the interface is responsible for a constant
diffusion flux at the interface. To obtain Case II diffu-
sion, with a constant diffusion flux and a step function of

F IGURE 1 3 Schematic residual stress at the interface of Case
II diffusion front. Left-hand side of the interface has compressive
stress and right-hand side of the interface has tensile stress.

diffusion profile, the residual stress profile has to be time
independent.

5 CONCLUSIONS

Residual stress at the water diffusion interface of
Na2O⋅3SiO2 glass has been measured as a function of
successive low-temperature heat treatment in a saturated
water vapor atmosphere. Case II diffusion was found to
occur, with a steady-state tensile stress gradient found at
the interface likely resulting from surface stress relaxation.
Beyond the surface relaxation, the negative stress gradient
is seen to remain nearly constant while slowly decreasing
with heat-treatment time. This agrees with the models
proposed for Case II diffusion in glassy polymers where
structural relaxation is seen to result in Fick’s law diffusion
at long times. The fact that a residual stress arises within
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HAUSMANN and TOMOZAWA 337

the unreacted glass network likewise agrees with both
the expected pressure profile predicted for solvents in
glassy polymers, as well as with the previously observed
diffusion/reaction behavior of molecular water within
silicate glasses. The tensile stress gradient beyond the
diffusion interface agrees with predictions of the stress
dependence of flux in the material by Cox and Cohen,
indicating that the negative tensile stress gradient is the
origin of Case II diffusion in sodium trisilicate glass.
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