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ABSTRACT

In this study, we numerically investigate the effects of the tail-beat phase differences between the trailing fish and its neighboring fish on the
hydrodynamic performance and wake dynamics in a two-dimensional high-density school. Foils undulating with a wavy-like motion are
employed to mimic swimming fish. The phase difference varies from 0� to 360�. A sharp-interface immersed boundary method is used to
simulate flows over the fish-like bodies and provide quantitative analysis of the hydrodynamic performance and wakes of the school. It is
found that the highest net thrust and swimming efficiency can be reached at the same time in the fish school with a phase difference of 180�.
In particular, when the phase difference is 90�, the trailing fish achieves the highest efficiency, 58% enhancement compared with a single
fish, while it has the highest thrust production, increased by 108% over a single fish, at a phase difference of 0�. The performance and flow
visualization results suggest that the phase of the trailing fish in the dense school can be controlled to improve thrust and propulsive effi-
ciency, and these improvements occur through the hydrodynamic interactions with the vortices shed by the neighboring fish and the channel
formed by the side fish. In addition, the investigation of the phase difference effects on the wake dynamics of schools performed in this work
represents the first study in which the wake patterns for systems consisting of multiple undulating bodies are categorized. In particular, a
reversed B�enard–von K�arm�an vortex wake is generated by the trailing fish in the school with a phase difference of 90�, while a B�enard–von
K�arm�an vortex wake is produced when the phase difference is 0�. Results have revealed that the wake patterns are critical to predicting the
hydrodynamic performance of a fish school and are highly dependent on the phase difference.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0113826

I. INTRODUCTION

As a typical collective system and social aggregation, fish schools
have long been hypothesized to provide hydrodynamic benefits to indi-
viduals through flow-mediated interactions.1–4 Studies have suggested
that the fish swimming in a school achieves improved propulsive perfor-
mance by harvesting energy from vortex wakes,5,6 enhancing thrust pro-
duction,1,7,8 or by reducing drag.1,9 Our previous work has demonstrated
that high-density schools significantly improve the hydrodynamic per-
formance of swimmers through the wall effect and the block effect.10 In
addition to the spatial arrangement, phase differences are thought to be a
significant factor in determining the extent of the performance improve-
ment for the swimmers in a school.7,11–13 However, the means whereby
the phase difference influences the performance of individuals in high-
density schools have seldom been reported, and the associated mecha-
nisms remain obscure.

Biological experiments demonstrated that fish can alternate their
tail-beat phase to capture energy from the vortex flow through the

vortex–body interaction.5,6 To further elucidate the interaction, some
computational14,15 and experimental studies7,16 have been performed
by using two in-line pitching foils. It is found that the performance of
the trailing foil strongly depends on the phase difference between the
leading and trailing foils because the phase difference affects the timing
when the vortices shed by the leading foil arrive at the leading edge
(LE) of the trailing foil and influence the formation of the leading-edge
vortex (LEV).14,15 For instance, Boschitsch et al.7 reported that the
thrust and the propulsive efficiency of the trailing foil could be
enhanced by 60% more than that of an isolated foil when the phase
difference is about 300� in the experiment of two in-line pitching foils
at a spacing of 0.25 times the chord length.7 Similar results were
obtained in three-dimensional experiments using in-line foils con-
ducted by Kurt and Moored.16 Furthermore, flow visualizations reveal
that the relative orientation of the tailing foil influences the vortex evo-
lution and its hydrodynamic performance after the shedding vortices
reach the leading edge of the trailing foil.7 However, the means
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whereby the vortex–body interaction affect the distributions of surface
pressure and power consumption on a foil have barely been men-
tioned. Also, due to limiting to the oscillating rigid foil, how a fish, an
undulating body, captures energy from the vortex flow has not been
fully addressed.

Massive research has found that the wake interactions determine
the hydrodynamic performance of swimmers in a side-by-side config-
uration and are dependent on the tail-beat phase difference.11,12,17,18

Dewey et al.11 performed experiments on a pair of pitching foils in a
side-by-side configuration and reported that the swimming power is
reduced in the in-phase case and thrust enhancement occurs in the
anti-phase case, which results from the associated interaction of vortex
pairs produced by the foils. Similar results were obtained in the two-
dimensional numerical simulations using undulating foils.12 In addi-
tion, the effects of phase difference on the hydrodynamic interactions
in staggered schools, a more common configuration in nature, have
received some limited attention.13,19 Li et al.13 measured the energy
consumption of two bio-inspired fish-like robots swimming in a stag-
gered configuration and suggested that when the tailbeat phase differ-
ence between the leader and the follower varies linearly with the
streamwise distance, the follower can always obtain hydrodynamic
benefits. However, the body–body interaction, occurring in the near
flow field of the swimmers, which directly influences hydrodynamic
performance, has not received significant attention in previous
research.

Although the above-mentioned studies have significantly
improved our understanding of the hydrodynamic interactions in fish
schools, the schools are minimal, with only two swimmers, and have
limited forms of hydrodynamic interactions. More recently, the hydro-
dynamic performance of fish schools containing more individuals has
been investigated10,20–28 using self-propelled particles23,24,27 and numeri-
cal simulations based on the Navier–Stokes equations.10,20,21,25,28 The
hydrodynamic performance of schools with complex arrangements,
including diamond-shaped20 and rectangular configurations,20,21 has
been numerically studied in two20 and three dimensions21 by applying
periodic boundary conditions. The results of these studies confirmed
that individuals swim more efficiently in a school than when solitary.20

Nevertheless, the phase difference effects were not considered, and
quantitative analyses of the interactions were not presented due to the
limitations of the numerical methods.

In this study, we numerically investigate the effects of tailbeat
phase differences on hydrodynamic interactions in a high-density dia-
mond-shaped school using an in-house incompressible Navier–Stokes
solver based on the immersed boundary method. The phase difference
varies from 0� to 360� by adjusting the phase of the trailing fish. A
comprehensive quantitative analysis of hydrodynamic performance
and flow fields then explores the hydrodynamic interactions in these
schools. Also, the wake patterns of multiple undulating swimmers are
categorized, and the phase difference effect on the wake dynamics is
examined. The remainder of this paper is organized as follows: Section
II describes the fish-like kinematics, the diamond-shaped school
arrangement, numerical methods, simulation setup, and performance
parameters. The numerical results, including the hydrodynamic per-
formance of a single fish and individuals in different schools, are pre-
sented in Sec. III. The vortex capture mechanism, matching
mechanism, and wake patterns are discussed in Sec. IV. Finally, the
conclusions to this study are presented in Sec. V.

II. METHODS

A. Problem definition

The traveling wave kinematics are imposed on a NACA0012 foil
to resemble two-dimensional carangiform fish-like swimming. The
body length of the fish model is scaled to L¼ 1. The lateral displace-
ment y of a point located at x on the fish body at time t is given by

y x; tð Þ ¼ A xð Þ � sin
2p

k
x �

2p

T
t þ u

� �

; (1)

A xð Þ ¼ a2x
2 þ a1x þ a0; (2)

where AðxÞ represents the amplitude of undulating motion at x, k is
the wavelength of the traveling wave over the body and fixed at 1.0L,
and T and u denote the period and phase of the undulating motion,
respectively. In Eq. (2), to mimic the carangiform motion, the coeffi-
cients are set to a0 ¼ 0:02, a1 ¼ �0:08, and a2 ¼ 0:16. More details
about the fish model and the locomotion can be found in Ref. 10.
Figure 1(a) shows the amplitude envelope AðxÞ of the carangiform
motion (red dashed lines) and the resulting sequenced midlines in a
tail-beat period (blue lines).

To ensure the problem complexity remains manageable, we vary
the undulating phase of the trailing fish (fish 4) from 0� to 360�, at
intervals of 30�, while keeping the phase of the other fish at zero, in a
high-density school with a lateral spacing of D ¼ 0:4L and a stream-
wise spacing of S ¼ 0:4L, as shown in Fig. 1(b). The phase difference
of the school is thus defined as the difference between the phase of fish
4 (u) and that of the other fish (0�), i.e., u. In these schools, fish 4
starts the undulating motion from different positions, marked with
different colors in Fig. 1(b), compared with the other fish because of
the phase difference. Figure 1(c) presents the lateral motion of the tail-
tip point of fish 4 at different phases.

B. Numerical methods and case setup

The governing equations of the flow past a fish school are the
two-dimensional incompressible viscous Navier–Stokes equations,
written in the indicial form as

@ui
@xi

¼ 0;
@ui
@t

þ
@uiuj
@xj

¼ �
@p

@xi
þ

1

Re

@2ui

@xi@xj
; (3)

where ui denotes the velocity components, p is the pressure, and Re is
the Reynolds number.

The incompressible flow is solved using a finite-difference-based
immersed boundary method.29 Specifically, the equations are discre-
tized in space using a cell-centered, collocated arrangement of the
primitive variables and integrated in time using a fractional step
method. The flow is simulated on non-conformal Cartesian grids, and
boundary conditions are precisely imposed on the immersed boundary
through a multi-dimensional ghost-cell technique. This method has
been successfully applied in many simulations of biological flapping
propulsions.10,28,30,31 More details about this method and validation
cases are provided in Ref. 29.

Figure 2(a) presents a schematic of the non-uniform Cartesian
computational grids employed in the simulations, with a domain size
of 12L� 8L. There are approximately 1.03 � 106 (1601� 641) grid
points in total, with a minimum grid spacing of Dmin ¼ 2:94 �10�3 L.
The fish swim in the negative x-direction, and an incoming flow with
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a constant velocity of U1 is applied as the boundary condition at the
left-hand boundary. The right-hand boundary is assigned the outflow
boundary condition, and the zero-gradient boundary condition is
employed at lateral boundaries. As for the pressure, a homogeneous
Neumann boundary condition is imposed on all boundaries.

A grid-independence study was conducted to prove that the cur-

rent grid setup is fine enough to obtain accurate results. Figure 2(b)

compares the instantaneous net force coefficient CX (along the swim-

ming direction) of a solitary fish calculated using coarse, medium, fine,

and dense meshes. As the grid spacing decreases, CX converges. The

percentage difference between the peak values of the fine grid and the

dense grid is less than 2%. Therefore, the fine grid is employed for all

simulations described below.
Two dimensionless parameters, the Reynolds number Re and the

Strouhal number St, are defined to examine the hydrodynamics and
flow characteristics of fish-like swimming. Re ¼ U1L=t, where �

denotes the kinematic viscosity; St ¼ 2fA=U1, where f ¼ 1:0 repre-
sents the tail-beat frequency and A ¼ 0:1 is the lateral motion ampli-
tude at the tail-tip. Following previous work,10 the Reynolds number
and the Strouhal number are set to Re ¼ 1000 and St ¼ 0:43, which
satisfy the steady swimming condition. Thus, the incoming flow veloc-
ity is set as U1 ¼ 0:465.

In the solver, the hydrodynamic force FX is calculated by inte-
grating the projected surface pressure and shear force over the surface
of a fish body. For convenience, we set FX along the swimming direc-
tion, i.e., FX > 0 denotes that it points to the swimming direction and
is a net thrust. Thus, the FX can be expressed as

FX ¼ �

ð

S

�pnx þ sxinið ÞdS; (4)

where the indices i ¼ x; y represent the x- and y-direction, respec-
tively, and sij denotes the viscous stress tensor and ni is the ith

FIG. 1. (a) Amplitude envelopes of a carangiform motion (red dashed lines) and the sequenced midlines of the fish-body during one tail-beat period (blue lines). A is the lateral
motion amplitude at the tail-tip. (b) Schematic of high-density diamond-like fish school with varied phase differences. Fish 4 in different schools is indicated by different colors.
(c) Tail-tip motion of fish 4 with varied undulation phases.

FIG. 2. (a) Schematic of the computational mesh and boundary conditions employed in this study, where U1 is the incoming flow velocity. The fish school is marked in red.
(b) Grid independence study on CX for a solitary fish with a coarse mesh (Dmin ¼ 0:011L), medium mesh (Dmin ¼ 5:88� 10�3 L), fine mesh (Dmin ¼ 2:94� 10�3 L), and
dense mesh (Dmin ¼ 1:92� 10�3 L).
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component of the unit normal vector of any element dS on the fish
body. For an undulating body, FX is the summation of the thrust FT
and the drag FD, FX ¼ FT þ FD. The thrust FT is computed by inte-
grating according to the pressure and viscous stress signs and can be
expressed as follows:

FT ¼
1

2
�

ð

S

�pnxdSþ

ð

S

pnxdS

�

�

�

�

�

�

�

�

 !

þ
1

2
�

ð

S

sxinidSþ

ð

S

sxinidS

�

�

�

�

�

�

�

�

 !

: (5)

More details about the calculation of the forces can be found in
Ref. 10.

The forces are normalized as the coefficients of net x-force (CX),
thrust (CT ), and drag (CD) and can be expressed as
Ci ¼ Fi=0:5qU

2
1L, where i denotes the different forces defined above.

The output power required to deform the body is defined as
PU ¼

Þ

� %r � nð Þ � u dS, where %r denotes the stress tensor, n is the
normal vector of an element dS, and u is the relative velocity to the
incoming flow, i.e., the deformational velocity of the element.32,33

Similarly, the dimensionless power coefficient CPW is computed as
CPW ¼ PU=0:5qU

3
1L. Unlike oscillating swimming, the definition of

propulsion efficiency in undulating swimming has been long
debated,33–35 especially for the steady swimming condition. Following
previous work,10 we employ the modified Froude efficiency g to mea-
sure the propulsive efficiency of undulating swimming,

g ¼
PT

PT þ PU
¼

FTU1

FTU1 þ PU
¼

CT

CT þ CPW

; (6)

where overlines denote cycle-averaged values and PT represents the
average power output related to thrust production.

III. RESULTS

A. Performance of a single fish in steady swimming

In a previous study, we examined the hydrodynamic perfor-
mance, vortex wake, and time-averaged velocity field of a single fish in
steady swimming.10 Here, a more comprehensive analysis of the
hydrodynamic performance of a single fish is performed by identifying
the spatiotemporal distribution of the force generation in the x-direc-
tion and power consumption required for deformation during one
cycle (see Fig. 3). In each panel of Fig. 3, the x-axis indicates the

position along the body and the y-axis denotes the time in one period.
Blue represents suffering drag or the capture of energy from vortex
flow, and red indicates the production of thrust or consumption of
power.

The force generation and power consumption patterns of a solitary
2D swimmer, shown in Figs. 3(a) and 3(b), are similar to those of a
three-dimensional mackerel,36 which is also a carangiform swimmer.
Unsurprisingly, the fish snout always suffers drag, while the tail generates
most of the thrust, as shown in Fig. 3(a). The high-thrust-production
region extends from roughly 0.65 to 0.95L on the body, and two thrust
peaks appear near 0.82L. Due to the smaller undulation amplitude, the
force at the middle part of the body is close to zero.

The power consumption shows a similar traveling wave pattern
as the force generation, whereas the high-power-consumption regions
are longer and narrower than the high-thrust regions. Two large areas
of negative power consumption appear on the posterior part of the
body. Negative power consumption indicates that the body extracts
energy from the fluid environment, which implies a potential to
improve propulsive efficiency.

B. Hydrodynamic performance of individuals

in a school

Due to the strong body–body interaction in the high-density
diamond-shaped school, the performance of individuals can be signifi-
cantly influenced by the phase difference. Figure 4 presents the time-
averaged hydrodynamic performance of individuals in schools varying
with the phase difference. A school’s performance is calculated by
averaging that of the four swimmers; the results are also shown in
Fig. 4. Due to symmetry, fish 3 has the same propulsive performance
as fish 2 and the results shown for fish 2 are representative of both fish
2 and fish 3.

Figure 4(a) shows the relationship between the time-averaged net

force in the x-direction CX and the phase difference. First, for all the

fish in these schools, CX is greater than zero and is a net thrust. This
implies that fish in a high-density school can always gain a net thrust,

regardless of position or phase difference. Both C1
X and C4

X are more

sensitive to the phase variation than C2
X . (Here, the superscript denotes

different fish in a school.) C1
X exhibits an approximate cosinusoidal

shape, while C4
X displays the opposite trend as u increases. C2

X has a
bell shape and is symmetric about the u ¼ 180�. Remarkably, fish 4
obtains the highest net thrust in the school in most situations. When

FIG. 3. Spatiotemporal distribution of (a) force production in the x-direction fX ¼ � �pnx þ sxinið Þ and (b) power consumption for undulating motion pu ¼ � %r � nð Þ � u along
the fish body during one period. Positive values, marked in red, denote thrust [in (a)] or output power [in (b)], while negative values indicate drag [in (a)] or input power [in (b)].
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u ¼ 30�, C4
X reaches its maximum value of C4

Xmax ¼ 0:111, 15.6%

larger than C1
Xmax ¼ 0:096, and 33.7% higher than C2

Xmax ¼ 0:083.

The minimum value of C4
X is 0:057 at u ¼ 210�, and this value is

larger than C1
Xmin and C

2
Xmin.

Figure 4(b) presents the time-averaged power consumption coef-

ficient for undulating motion CPW with respect to the phase difference.

The gray dashed line denotes CPW for a solitary fish, Cs
PW ¼ 0:278.

C1
PW , C2

PW , and Cave
PW display sinusoidal waveforms, whereas C4

PW

exhibits the opposite trend. By comparison, fish 1 consumes the most
energy in a school regardless of phase difference. This can be explained

by the block effect.10 At u ¼ 60�, C1
PW reaches its maximum value of

C1
PWmax ¼ 0:501, which is 80.2% higher than that of a solitary fish.

Surprisingly, fish 4 consumes less energy than a solitary fish and
the other fish in the school at all phases. The maximum occurs at

u ¼ 300�, where C4
PWmax ¼ 0:256, which is less than Cs

PW . At

u ¼ 120�, C4
PW reaches its minimum of 0.159, which is 42.8% less

than Cs
PW . The variation of C4

PW implies that the trailing fish can save
more energy by changing its phase in a high-density school.

Figure 4(c) displays the variation of the time-averaged total thrust

coefficient CT of each fish in the high-density schools. For a single

fish, CT is around 0.219.10 First, from Fig. 4(c), it can be seen that CT

for each fish in the schools is much larger than that of a single fish

(Cs
T ). C

4
Tmax is 107.8% higher than Cs

T (C4
Tmax ¼ 0:455, which occurs

at u ¼ 0�.), and C4
Tmin is 63.5% higher than Cs

T (C4
Tmin ¼ 0:358,

which occurs at u ¼ 120�). The curves of CT for each fish are approxi-
mately W-shaped, although they are somewhat different. Fish 2 and

fish 4 attain their maximum values at u ¼ 0� (C2
Tmax ¼ 0:440), while

fish 1 gains its largest thrust of C1
Tmax ¼ 0:422 at u ¼ 180�.

Compared with the other fish, C4
T is more dependent on the phase dif-

ference. The difference between C4
Tmax and C4

Tmin is 0.097, 44.3% of

Cs
T , and is much larger than that of the other fish. According to the

definitions of thrust and drag, we can obtain CD by subtracting CX

FIG. 4. Hydrodynamic performance of each fish as a function of phase difference u in high-density fish schools: (a) time-averaged net force coefficient in the x-direction CX ,
(b) time-averaged power consumption coefficient CPW , (c) time-averaged total thrust coefficient CT , and (d) hydrodynamic efficiency g. The gray dashed lines in (b) and (d)
denote CPW and g for a solitary fish in steady swimming, respectively.
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from CT . The results show that, at any u, the relationship among C1
D ,

C2
D , and C4

D is that C4
D < C1

D < C2
D , which implies that fish 4 experi-

ences the smallest drag in a high-density school.
Figure 4(d) plots the variation of the propulsive efficiency vs the

phase difference. The gray dashed line denotes the swimming effi-
ciency of a single fish (gs ¼ 0:441). First, there exists an approximately
sinusoidal relationship between g4 and the phase u, while g1 exhibits
an opposite trend. g2 and gave present W-shaped profiles. When
u ¼ 90�, g4 reaches its maximum of g4max ¼ 0:698, which is 58.3%
higher than that of a solitary fish. However, g1, g2; and gave reach their
minimum at this phase difference: g1min ¼ 0:423, g2min ¼ 0:545, and
gavemin ¼ 0:538. It has been observed that fish 4 gains higher swimming
efficiency than other fish in a school and a solitary fish, regardless of
phase difference. In particular, the minimum g4 (g4min ¼ 0:607
at u ¼ 270�) is 37.6% higher than gs and is also larger than
g1max ¼ 0:482 and g2max ¼ 0:605.

Based on the above discussion, we conclude that the trailing fish,
fish 4, can save the most energy for undulating motion, suffer the low-
est drag and achieve the highest swimming efficiency by maintaining
an appropriate phase difference in a high-density school. Two associ-
ated assumptions explain this: (1) the phase difference affects the inter-
action between the vortices shed by fish 2 and fish 3 and the
undulating body of fish 4 and (2) the phase difference alters the flow
environment around the anterior part of fish 4 in the channel formed
by fish 2 and fish 3. The hydrodynamic performance of fish 4 is thor-
oughly investigated in Sec. IV.

IV. DISCUSSION

A. Performance of trailing fish in a dense fish school

To reveal the underlying mechanisms, four typical schools are
considered: school 1 (u ¼ 0�), school 2 (u ¼ 90�), school 3
(u ¼ 180�), and school 4 (u ¼ 270�). Figure 5 presents the time
history of the hydrodynamic performance of fish 4 in each school,
including the total thrust coefficient CT , power coefficient CPW , and x-
direction net force coefficient CX . We denote the thrust coefficient of
fish 4 in school I as CiT . A similar definition is used for other coeffi-
cients. For comparison, the timelines of schools 2, 3, and 4 are shifted
so that fish 4 has the same undulation motion in all four schools.

Figure 5 shows a more detailed influence of the phase difference
on hydrodynamic interactions by presenting the time history of the
performance of fish 4. First, the peaks of CT , CPW ; and CX are incredi-
bly varied in different schools. The highest peak of CT is
C1T peak ¼ 0:642 at t ¼ 9:17T in school 1. This value is 42% higher
than the peak in school 2 (C2T peak ¼ 0:452 at t ¼ 9:48T).
Correspondingly, fish 4 has the highest peak of CPW in school 1
(C1PW peak ¼ 0:469 at t ¼ 9:78T), and this is 31.7% higher than
C2PW peak ¼ 0:356 at t ¼ 9:78T , the lowest peak. For CX , the highest
peak still occurs in school 1 (C1X peak ¼ 0:417 at t ¼ 9:16T), which is
113% higher than C4X peak ¼ 0:196 at t ¼ 9:20T . In addition, the
times of the peaks are shifted. For instance, in Fig. 5(a), the peaks
of C1T are at t ¼ 9:17 and t ¼ 9:67T , while the peaks of C2T are at
t ¼ 9:48 and t ¼ 9:98T , respectively. In addition, the CT curves,
except for school 1 (u ¼ 0�), present a higher level of fluctuation than
the CX and CPW curves. It is because CT implies more specific infor-
mation about force generation along the swimming direction and is
more sensitive to the flow variation, which can be derived from their
definitions. The differences in performance suggest that the time and
extent of constructive interactions for fish 4 can be dramatically altered
by the flow environment which depends on the phase difference. This
implies that the trailing fish can further improve thrust production
and reduce power consumption by varying its phase.

To clearly show the phase difference effect on hydrodynamic
interactions, Fig. 6 presents the spatiotemporal distribution of force
generation and power consumption along the body of fish 4 during
one cycle in these four schools. Dark red regions in Figs. 6(a)–6(d)
indicate areas of high thrust produced by fish 4. By comparison, fish 4
generates much more thrust than a solitary fish at the tail. The anterior
part of fish 4 produces high thrust during most of a cycle instead of
only suffering drag [Fig. 3(a)]. However, when and how much thrust
can be generated depend on the phase difference, both at the head
and tail of fish 4. Compared with the rear part of fish 4 in school 1
[Fig. 6(a)], the corresponding high-thrust regions in school 2
[Fig. 6(b)] are stretched, but the strength decreases and the times of
the centers are shifted upward. Additionally, the anterior part of fish 4
generates high thrust in school 2 from t ¼ 0 to t ¼ 0:1T [Fig. 6(b)],
whereas it suffers drag in school 3 [Fig. 6(c)]. Similar phenomena are
found for the power consumption in Figs. 6(e)–6(h). Remarkably,
when u ¼ 90�, the strength of the high-power regions becomes much

FIG. 5. Time history of hydrodynamic performance of fish 4 in the schools with u ¼ 0�, 90�, 180�, and 270�: (a) total thrust coefficient CT , (b) power consumption coefficient
CPW , and (c) net force coefficient in the x-direction CX .
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weaker than in other schools, which implies that less energy is
consumed by fish 4 for undulation in school 2. The blue regions in
Fig. 6(f) suggest that fish 4 extracts energy from the flow. This results
in the highest swimming efficiency of fish 4 occurring in school 2
(g4max ¼ 0:698). According to the force generation and power con-
sumption patterns shown in Fig. 6, we can quickly determine, which
part of the body affects the hydrodynamic performance and the extent
to which the phase difference influences this.

Furthermore, to quantitatively clarify the performance variations,
the body of fish 4 is evenly divided into ten segments, and the hydro-
dynamic performance of each segment is calculated separately and
illustrated. Figure 7 shows the flow-induced force vectors on the body
of fish 4, the thrust production and power consumption of each seg-
ment of fish 4 in the two schools, school 1 and school 2, at two times,
t ¼ 0:25 and t ¼ 0:50T . Based on the position of fish 4 in the high-
density schools, it can be divided into two essential parts: (1) the ante-
rior part, 0–0:3L, located in the channel formed by fish 2 and fish 3,
(2) the posterior part, 0:3–1:0L, out of the channel. The phase

difference effects on these two parts can be separately and quantitively
investigated. First, when t ¼ 0:25T , the anterior part of fish 4 gener-
ates high thrust (Ca

1X ¼ 0:079) in school 1 [see Fig. 7(a2)], and con-
sumes power of Ca

1PW ¼ 0:012 for undulating motion [see Fig. 7(a3)],
while in school 2, it suffers drag (Ca

2X ¼ �0:051) [Fig. 7(b2)], and cap-
tures energy from the flow (Ca

2PW < 0) [Fig. 7(b3)]. For the posterior
part, at t ¼ 0:50T , fish 4 generates a large thrust (C

p
1X ¼ 0:157) in

school 1 with a small power consumption of C
p
1PW ¼ 0:002. For com-

parison, fish 4 produces a much lower thrust (C
p
2X ¼ 0:094) in school

2 and consumes much more power (C
p
4PW ¼ 0:014) in school 4.

The differences in performance shown in Figs. 6 and 7 suggest
the mutual interaction between the vortical flow and the posterior
part (vortex–body interaction) and the interaction between the ante-
rior part and the channel (body–body interaction) affect the hydro-
dynamic performance of fish 4 as the phase difference varies. Based
on these findings, the fundamental flow physics of the phase differ-
ence effects in a high-density school are discussed in Secs. IVB and
IVC.

FIG. 6. Spatiotemporal distribution of force production fx (a)–(d) and power consumption pu (e)–(h) of fish 4 in four different schools. Positive values, marked in red, denote
thrust or output power, while negative values indicate drag or input power.
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B. Vortex capture mechanism between

neighboring fish

The flow fields of schools 1 and 2 are now analyzed and com-
pared to explore the phase difference effects on the vortex-undulating
body interaction. Figure 8 presents the undulating velocity along fish
4, the vortex wake and the pressure field around fish 4 in schools 1
and 2 at t ¼ 0:25 and 0:75T . Because of the symmetry of the schools,
only the interaction between the shedding vortices of fish 2 and the
upper surface of fish 4 is analyzed. To quantify the variation in the
interactions, we display the hydrodynamic performance of the upper
surface of fish 4 in schools 1 and 2 at t ¼ 0:25 and 0:75T in Fig. 9.

In these high-density schools, vortex pairs are formed due to
the wall effect10 and shed downstream at different positions with
respect to fish 4 at a specific time. When t ¼ 0:25T , the vortex
pair V11V12 is located at around x ¼ 9:5 in school 1, as shown in
Fig. 8(a2), whereas the vortex pair V 0

11V
0
12 is located at x ¼ 9:7 in

school 2 [Fig. 8(c2)]. This difference results in the pressure field
around the upper surface of fish 4 changing from negative-
dominant [in school 1, Fig. 8(a3)] to positive-dominant [in school 2,
Fig. 8(c3)]. Considering the undulating motion of fish 4 at
t ¼ 0:25T , it can be deduced that fish 4 produces higher thrust but
consumes more power, in school 2 than in school 1, which is verified
by the quantitative results in Figs. 9(a1)–9(a2) and 9(c1)–9(c2).
Similar phenomena can be observed at other times. For instance,
when t ¼ 0:75T , the difference in the positions of the vortex pair
V11V12 [around x ¼ 9:8, Fig. 8(b2)] and V 0

11V
0
12 [around x ¼ 10:0,

Fig. 8(d2)] leads to that the pressure magnitude around the tail of
fish 4 is much larger in school 1 than in school 2. Thus, a higher suc-
tion thrust is generated in school 1, corresponding to more energy

consumed by the upper surface to overcome the higher suction
force. The quantitative differences are shown in Figs. 9(b1)–9(b2)
and 9(d1)–9(d2).

In Figs. 8(a2) and 8(b2), it can be observed that a secondary vor-
tex iV1 is induced and advected downstream along the undulating
body. The induced secondary vortex attaches to the upper surface of
fish 4, and its rotation direction is opposite to that of the vortex
attached to the boundary. However, in Figs. 8(c2) and 8(d2), the
induced secondary vortex iV 0

1 decays rapidly and does not move
downstream. Thus, the secondary vortex is induced at the anterior
part of fish 4 regardless of phase difference, but whether it becomes
fully developed and moves downstream depends on the phase
difference.

Additionally, the induced vortex moving along the body can

modify the local pressure on the body to be negative or augment the

magnitude of the negative pressure. The local curvature and the lateral

motion should also be considered to determine whether the induced

vortex is beneficial or detrimental to hydrodynamic performance.

When t ¼ 0:25T , the induced vortex iV1 is located at x ¼ 9:5–9:7 in

school 1 [Fig. 8(a2)], and the local pressure on this part becomes nega-

tive [Fig. 8(a3)], unlike in school 2 [Fig. 8(c3)]. Considering the local

curvature and the lateral motion [Fig. 8(a1)], it can be deduced that

drag is produced and energy is captured from the flow by the associ-

ated part of the body. The quantitative results are shown in Figs. 9(a1)

and 9(a2). In addition, when t ¼ 0:75T , the induced vortex iV1 moves

to x ¼ 9:8–1:0L [see Fig. 8(b2)], and the amplitude of the pressure

increases at the corresponding location in school 1. Therefore, much

more thrust is generated, and more power is consumed by the upper

surface of fish 4 in school 1, as shown in Figs. 9(b1) and 9(b2).

FIG. 7. Force vectors along fish 4 (a1)–(d1), thrust production (a2)–(d2), and power consumption for undulation (a3)–(d3) of each segment on fish 4 in the two schools,
u ¼ 0� and u ¼ 90�, at t ¼ 0:25 and t ¼ 0:5T . Blue denotes drag or capturing energy, and red represents generating thrust or exhausting energy.
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Two aspects of the vortex capture mechanism for an undulating
swimmer have been revealed: (1) the interaction between vortex pairs
and the undulating body and (2) the induction and convection of a
secondary vortex. To concisely illustrate the two mechanisms, the
associated schematics are displayed in Fig. 10. Figure 10(a) defines the
location o, advection velocity up and rotation angle b for a vortex pair.
The location of a vortex pair is defined as the midpoint of the cores of
the two vortices, and the vortex cores are located at the local extremum
of vortices;37 for the definitions of the advection velocity and rotation
angle, see Refs. 37 and 10, respectively. Figures 10(b) and 10(c) are
based on the plots in Figs. 8(b2) and 8(d2), respectively, showing the

vortex field around the upper surface of fish 4 in schools with various
phases. First, in Figs. 10(b) and 10(c), the vortex pairs are at different
locations because of the phase difference, influencing the interaction
between the vortex pair and fish 4. These figures suggest that the trail-
ing fish can achieve the optimal hydrodynamic performance in a high-
density school by adjusting the phase. The mechanism also explains
how trout save energy in the vortex wake of a D-section cylinder.5

Second, there is a secondary vortex (iV1), the red vortex attached to
the body surface in Fig. 10(b), transported downstream; however, this
is not observed in the other school [Fig. 10(c)]. The attached vortex
alters the surrounding pressure, which dramatically influences the

FIG. 8. Undulation velocity along fish 4 (a1)–(d1), vortex wake (a2)–(d2), and pressure field (a3)–(d3) around fish 4 in schools 1 and 2 at t ¼ 0:25 and 0:75T .
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thrust production and power consumption at the corresponding posi-
tion on the body. The advection of the secondary vortex depends on
the phase difference. From our observations, when 0�� u < 90� or
270�< u � 360�, the secondary vortex can be advected downstream.
Moreover, the secondary induced vortex is viscosity-dominated.38

These results imply that the viscous effect should not be neglected
when studying hydrodynamic interactions in a high-density fish
school. A similar conclusion was mentioned in a previous study on
three-dimensional fish swimming.25

C. Suction thrust and the body–body matching

mechanism

In Fig. 3(a), the anterior part (0:0–0:3L) of a single fish mainly
generates drag, while in Figs. 6(a)–6(d), the same part of fish 4 pro-
duces thrust in a high-density school. It can also be observed that

the magnitude of the force generation and power consumption of
the anterior part of fish 4 depend strongly on the phase difference of
the fish school. For instance, compared with the thrust region at the
anterior part of fish 4 in school 4, the corresponding thrust region is
much larger in school 1. Next, we compare the performance of the
anterior part of fish 4 in schools 1 and 4 to measure the phase differ-
ence effect.

Figure 11 shows the time history of the net force coefficient Ca
X

and power consumption coefficient Ca
PW for the anterior part of fish 4

in schools 1 and 4. The superscript a denotes the anterior part. First,
Ca
1X ¼ 0:048 and Ca

4X ¼ 0:023, implying a net thrust generated at the
anterior part of fish 4 in both schools during one tail-beat cycle. In Fig.
11(a), compared with Ca

1X , the peaks and troughs of Ca
4X have shifted

to the left by 0.25T, which indicates the flow environment around the
anterior part, determined by the phase difference, controls the force
generation. Second, in Fig. 11(b), Ca

1PW > 0 and Ca
4PW < 0 during the

FIG. 9. Thrust (a1)–(d1) and power consumption for undulation motion (a2)–(d2) of each segment on the upper surface of fish 4 in schools 1 and 2 at t ¼ 0:25 and 0:75T .

FIG. 10. (a) Definitions of the location o, advection velocity up; and rotation angle b for a vortex pair, (b) schematic of vortex–body interaction in school 1, and (c) schematic
of vortex–body interaction in school 2.
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whole cycle. This suggests that the anterior part of fish 4 consumes
power in school 1, while it extracts energy from the flow in school 4.

The anterior part of fish 4 can improve its performance by gener-
ating more thrust or capturing energy from the flow in a high-density
school. However, the extent to which the improvement can be
achieved depends on the phase difference. The phase difference effect
stems from two aspects: (1) the interaction between shedding vortices
of fish 1 and the anterior part of fish 4, and (2) the body–body interac-
tions between the channel formed by fish 2 and fish 3 and the anterior
part of fish 4. First, due to the phase difference, the vortices shed by
fish 1 may impinge on the anterior part of fish 4 at different locations.
Second, the body–body interaction between the undulating channel
and the anterior part of fish 4, controlled by the phase difference, may
change the flow rate of the channel, which, in turn, modifies the flow
environment around the anterior part.

The vortex–body interaction has been studied by many research-
ers.7,8,28,39,40 In contrast, the body–body interaction between an
undulating channel and a fish body is unique to high-density
diamond-shaped schools and has not yet been reported. To measure

the influences of these two aspects, we remove the leading fish, fish 1,
and simulate the hydrodynamics of triangular fish schools at u ¼ 0�

and u ¼ 270�. The hydrodynamic performance of the anterior part of
the trailing fish in triangular schools is also presented in Fig. 11. The
variation of Ca

X is large when the phase changes, for both diamond-
shaped and triangular fish schools, whereas it is very small between
the two kinds of schools with the same phase, as shown in Fig. 11(a).
This suggests that the matching between the channel and fish 4 plays a
dominant role in force generation, while the vortex–body interaction
is less important. Additionally, although the difference in Ca

PW is large
between schools 1 and 4, the Ca

PW of fish 4 in a triangular school is
close to that in a diamond-shaped school with the same phase. This
highlights the critical role of the body–body matching mechanism in
power consumption.

To further investigate the body–body matching mechanism, the
natural timeline is now considered, whereby the leading fish starts
undulating at the same pose in different schools. The pressure fields
of diamond-shaped and triangular schools with varied phases at
t ¼ 0:25T are shown in Fig. 12. Compared with school 1 [Fig. 12(a)],

FIG. 11. Time history of (a) net force coefficient in the x-direction Ca
X and (b) power consumption coefficient Ca

PW of the anterior part of fish 4 in schools 1 and 4.

FIG. 12. Pressure field of (a) school 1
(u ¼ 0�), (b) school 4 (u ¼ 270�), (c) tri-
angular school with u ¼ 0�, and (d) trian-
gular school with u ¼ 270� at t ¼ 0:25.
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school 4 exhibits higher pressure around the anterior part of fish 4
[Fig. 12(b)], while the triangular school at u ¼ 0� has a similar pres-
sure field [Fig. 12(c)], demonstrating that the body–body matching
mechanism is essential to the hydrodynamics of the anterior part of
fish 4 once again.

The instantaneous pressure around the anterior part of fish 4
depends on the lateral spacing and the relative motion between fish 4
and the channel, which changes dynamically with the phase difference.
In Fig. 12(a), because of the difference in lateral spacing and relative
motion, a negative pressure appears around the anterior part of fish 4 in
school 1, and a high suction thrust is generated. In contrast, a positive
pressure can be found at the same position on fish 4 in school 4, and a
drag is produced. From a fluid dynamics standpoint, this phenomenon
can be explained by momentum conservation law. In a high-density
school, the phase difference determines the momentum flux passing by
the anterior part of fish 4, thus controlling the net momentum trans-
ported downstream through the channel. According to Newton’s sec-
ond and third laws, the force generated by a fish is related to the
momentum that the fish transfers to the downstream fluid.41 That is,
the matching between the channel and the anterior part of fish 4 gov-
erns its hydrodynamic performance. The phase difference effect on the
hydrodynamics can then be revealed by comparing the momentum
passing by the anterior part of fish 4 in schools 1 and 4.

Figure 13 presents the instantaneous streamwise momentum flux rx
at the inlet control surface (ICS) and outlet control surface (OCS) during
one period for schools 1 and 4. The ICS is at the snout of fish 4, and the
OCS is at the tail of fish 2 and fish 3, as shown in Figs. 13(a) and 13(b). In
Fig. 13(c), the momentum flux at the ICSs is very similar in schools 1 and
4, with the time-averaged values of 0.057 and 0.052, respectively. This
proves that other factors have only minor effects on the hydrodynamics
of the channel. The momentum flux at the OCS rx out becomes much

greater because of the energy output from fish 4 and the channel. We can
see that rx out in school 1 is larger than that in school 4 over the whole
period, and the time-averaged values are 0.093 and 0.076, respectively.

Compared with r1x out, r
4
x out is 18.7% lower. Figure 13(d) presents the net

streamwise momentum flux over the volume bordered by the ICS and

OCS, showing that Dr1x is larger than Dr4x during the whole period, and

Dr1x ¼ 0:037 is 54.2% larger than Dr4x ¼ 0:024. The results indicate that,
when changing the phase difference, Drx through the clearance between
fish 4 and the channel may significantly increase because of the matching
between fish 4 and the channel, leading to higher thrust production or
lower energy consumption (or even the harvesting of energy from the
flow) at the anterior part of fish 4. This effect of the phase difference is,
thus, called the body–bodymatching mechanism.

D. Wake dynamics

The phase difference strongly influences the wake of a high-
density diamond-shaped school. Figure 14 shows the representative
vortex structures at t ¼ 10T and the mean flows of high-density fish
schools with various phase differences. In Fig. 14, the three rows of
vortex wakes are separately produced by the rear fish in each school.
The 2P wakes10 are produced by fish 2 and fish 3 on the upper
and bottom rows, respectively, circled by blue dashed squares in
Figs. 14(a1) and 15(a1). Due to symmetry, the upper and lower wake
variations are similar, so only the upper wake is discussed below.

Although the wake pattern is maintained behind fish 2, the vor-
tex strength, rotation angle, and advection velocity37 of the vortex pairs
change with the phase difference through the mutual interactions with
the central wake produced by fish 4. In Figs. 14(a1)–14(f1), the fourth
vortex pairs shed by fish 2, marked by Pi4 in each figure (i ¼ a–f
denotes the figure number), are stable and have interacted with the

FIG. 13. (a) and (b) Streamwise velocity
field, (c) momentum flux at ICS and OCS,
and (d) net momentum flux of the channel
for schools 1 and 4.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 111902 (2022); doi: 10.1063/5.0113826 34, 111902-12

Published under an exclusive license by AIP Publishing



central wake over a period of time. Thus, we present the position, the
rotation angle b, and the normalized circulation C� of the fourth vor-
tex pair P4 in schools with varied phase differences at t ¼ 10T in Figs.
15(b)–15(d), respectively, to investigate the phase difference effects on
the wake–wake interaction. The circulation is calculated by integrating
the vorticity over an area A bounded by a predefined vorticity thresh-
old (xz ¼ 1 for the positive vortex and xz ¼ �1 for the negative vor-
tex), as shown in Fig. 15(a), and is normalized by the product of the

incoming flow velocity U1 and the body length L.37,42,43 The calcula-
tion of C� can be expressed as follows:

C
� ¼

C

U1L

�

�

�

�

�

�

�

�

¼
1

U1L

ð ð

A

xz � dA

�

�

�

�

�

�

�

�

; (7)

where xz is the vorticity and A is the region enclosing vorticity above
or below the threshold value.

FIG. 14. Vortex wakes at t ¼ 10T (a1)–(f1)
and the mean flow fields (a2)–(f2) of high-
density schools at varied phase differences.
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Figure 16(b) shows the variation in the lateral spacing Dy
between neighboring positive and negative vortices shed by fish 4,
Dy ¼ yred � yblue, where yred and yblue are located at the cores

37 of pos-
itive and negative vortices, respectively. For accuracy, we average the
lateral spacings of three successive vortex pairs, circled by black dashed
squares in Figs. 14(a1)–14(f1), to calculate Dy. The associated sche-
matic of the calculation is shown in Fig. 16(a). The value of Dy indi-
cates the patterns of the central wake produced by fish 4: when
Dy ¼ 0, it is a 2S aligned wake [see Fig. 14(c1)]; when Dy > 0, it is a
2S reversed B�enard–von K�arm�an (rBvK) vortex wake, as shown in Fig.
14(b1); when Dy < 0, it is a 2S B�enard–von K�arm�an (BvK) wake, as
shown in Figs. 14(a1) and 14(f1).44 The central wake produced by fish
4 could be at a transitional state, such as the parallel wake shown in
Fig. 14(e1).

When 0�� u < 90�, the vortex pairs rotate clockwise, and the
vortex wake strengthens with increasing phase difference, as shown
in Figs. 14(a1) and 14(b1). The variations are quantitively shown in

Fig. 15. Because the vortex pairs are shed at the same time and the
same position in different schools, the larger coordinates in Fig. 15(b)
imply a faster advection velocity for a vortex pair. It can be seen that
the fourth vortex pair (P4) in the school with a larger phase difference
moves faster both in the streamwise and lateral directions.
Additionally, Fig. 15(c) indicates that the vortex pair angle of P4
reaches a minimum (bmin ¼ 5.05�) at u ¼ 90�. The enhancement in
the circulation and advection velocity of vortex pairs results in the aug-
mentation of the mean flow behind fish 2. Simultaneously, the positive
vortices in the central wake move upward, and the negative vortices
move downward. Thus, the central wake transfers from the BvK
pattern to the rBvK pattern, and the mean flow at the center is
strengthened. Correspondingly, the mean flow of the school alters
from a two-short-jet (2SJ) wake [Fig. 14(a2)] to a stronger three-long-
jet (3LJ) wake [Fig. 14(b2)].

When increasing u to 120�, the strength of the vortex pair P4 is
enhanced and reaches a maximum at u ¼ 120�, as shown in Fig. 15(d).

FIG. 15. (a) Schematic of the location o, rotation angle b and circulation calculation for a vortex pair, (b) relationship between the coordinates of vortex pair P4 and the phase
difference, (c) rotation angle of the vortex pair P4 with respect to phase difference, and (d) absolute circulation of vortex 1 (V41) and vortex 2 (V42) in the pair P4 varying with
the phase difference.

FIG. 16. (a) Schematic of the calculation of lateral spacing Dy between neighboring positive and negative vortices. (b) Central vortex wake and hydrodynamic performance of
rear fish varying with the phase difference.
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When 120� � u < 150�, Dy decreases as u increases, indicating that
the central wake becomes narrower. This results in a weaker rBvK wake
in the center and stronger interaction between the negative vortices in
the upper wake and the central wake. The negative vortices in the upper
wake thus become weaker and stretched, as shown in Fig. 14(c1).
Driven by the mutual induction between V41 and V42, the vortex pair
rotates counterclockwise and b increases [Fig. 15(c)]. When u ¼ 150�,
Dy � 0 and a 2S aligned wake is generated in the central region.
Accordingly, the mean flow transfers to a two-long-jet (2LJ) wake [Fig.
14(c2)]. When 150�� u < 210�, the vortices produced by fish 4 cross
the central line and move in the opposite spanwise directions. The cen-
tral wake is transitional, changing from the rBvK type to the BvK type,
and is unstable. The wake is of the BvK pattern at u ¼ 180�, while it
has changed to a “parallel” wake at u ¼ 210�, as shown in Fig. 14(e1).
Increasing the phase difference further, the center wake becomes a sta-
ble BvK type [Fig. 14(f1)]. Moreover, the lateral jet moves closer to the
streamwise direction, but its strength decreases.

The above discussion suggests that phase difference greatly influ-
ences the wake pattern and the corresponding mean flow pattern of a
high-density school. The associated mechanism is as follows. First, fol-
lowing the vortex pairing mechanism proposed in Ref. 10, vortex pairs
are generated by fish 2 and fish 3 in a high-density school. During
advection to downstream, the vortex pairs first interact with the
undulating body of fish 4 (vortex–body interaction) and then are influ-
enced by the shedding vortices of fish 4 (wake–wake interaction). In
Fig. 14(b1), the vortices in vortex pair Pb2 are strong and coherent,
while in Fig. 14(f1), at the same position, the negative vortex in vortex
pair Pf 2 is stretched and weakened due to the interaction with the
body of fish 4, resulting in Pf 2 rotating counterclockwise. Next,
the mutual interaction between the vortex pairs and the shedding vor-
tices of fish 4, that is, the wake–wake interaction takes effect. The vari-
ation of vortex pair P4 with respect to the phase difference shown in
Figs. 15(b)–15(d) suggests that the wake–wake interaction can further
influence the lateral wakes. In addition, the shedding vortices of fish 4
are also influenced by the wake–wake interaction. In the synchronized
school (u ¼ 0�), a 2S BvK wake is produced behind fish 4. Then,
when increasing the phase difference, the negative vortex Vb1 is mov-
ing downward, attracted by vortex pair P0

b2 at the bottom, while the
positive vortex Vb2 is moving upward, attracted by vortex pair Pb3 at
the upper layer, as shown in Fig. 14(b1). An rBvK wake is thus formed.
Continuing to increase the phase difference, the situation is reversed,
and a BvK wake is then formed, as shown in Fig. 14(f1). The lateral
motion of the shedding vortices of fish 4 depends on the relative dis-
tance to the vortex pairs, determined by the phase difference. The
mechanism controlling the vortex dynamics indicates that the phase
difference determines the wake pattern of a school.

In addition, the wake structures provide an indication of the
hydrodynamic performance of a school. Based on the previous analy-
sis, the swimming performance and vortex structure strongly depend
on the phase difference. Thus, the relationship between vortex wake
and performance can be determined through the phase difference. To
help understand this relationship, we show the averaged CX of the
three-rear fish, which are directly related to the wake pattern in a
school, CX ¼

P4
i¼2 C

i
X=3; where i denotes the fish number, as a func-

tion of phase difference in Fig. 16(b). Like the variation of Dy, the
function has an approximately sinusoidal shape. When increasing u

(<150�), Dy increases, and an rBvK (thrust-producing) wake is

formed. Accordingly, a 2SJ mean flow wake gradually becomes a 3LJ
wake [Fig. 14(b2)], implying more net thrust has been produced.
Then, Dy starts to decline with increasing u above 90�, and the thrust-
producing wake becomes weaker. In contrast, due to the vortex induc-
tion and merging, more of the flow in the low-energy zone (the central
wake) is transported to the high-energy wake (the 2P wake), and the
lateral mean flow wake is strengthened. Thus, the CX continues to
increase and reaches a maximum at u ¼ 150�, CX max ¼ 0:081. The
central wake then transforms from thrust-producing (rBvK wake) to
drag-producing (BvK wake), and the flow is transported from the
high-energy zone to the low-energy zone. Although the lateral jets are
gradually deflected to the center, they have less strength and the CX

drops. The subsequent development of the BvK wake and the force
changes in a similar way as that of the rBvK wake with increasing u.
In summary, this study proves that the thrust–drag wake theory still
provides an indication of the performance of multiple undulating
body systems, and wake–wake interactions in the system can be eluci-
dated by the flow transportation between low- and high-energy zones.

V. CONCLUSION

In this work, the sharp interface immersed boundary method has
been applied to study the phase difference effects on the hydrody-
namic interactions in high-density schools, including vortex–body,
body–body, and wake–wake interactions. It has been found that the
highest net thrust Cave:

X max ¼ 0:08, and the highest swimming effi-
ciency, gave:max ¼ 0:57, of the whole school can be achieved when the
phase difference is 180�. The highest propulsive efficiency of fish 4 can
be reached at u ¼ 90�, where g4max ¼ 0:698, an improvement of
58.3% over a single fish. At the same time, C4

T ¼ 0:376 is 71.7% higher
than CT of a single fish. In addition, for fish 4, there exists a cosinusoi-
dal relationship between C4

PW and the phase difference and an approx-
imately sinusoidal relationship between the swimming efficiency and
the phase difference.

Based on its position in a school, the body of fish 4 was divided
into two parts: (1) the anterior part, which lies in the channel formed
by fish 2 and fish 3, and (2) the posterior part, which is outside of this
channel. The associated mechanisms have been explored separately.
For the posterior part of fish 4, the hydrodynamic performance in
school 1 (u ¼ 0�) and school 2 (u ¼ 90�) were studied in detail. The
vortex-capturing mechanism for an undulating body operates by
choosing the appropriate phase, whereby the undulating body can
produce more thrust and capture the energy from the vortex flow.
Additionally, when vortices interact with the undulating body, the sec-
ondary vortex might attach to the body and advect downstream, thus
enhancing thrust production or reducing power consumption by alter-
ing the pressure around the body. For the anterior part, the hydrody-
namic performance in schools 1 and 4 (u ¼ 270�) was compared to
clarify the associated mechanisms. CX and CPW of the anterior part
were calculated and quantitatively analyzed. The results suggest that
the anterior part of fish 4 in school 1 can produce 56.3% more thrust
than in school 4, while the anterior part in school 4 harvests energy
from the flow instead of consuming power. By calculating the net
streamwise momentum flux, we uncovered the body–body matching
mechanism between the anterior part and the channel: by altering the
phase, the anterior part can actively control the momentum flux that
passes through the channel, resulting in improved thrust production
or reduced energy consumption. The vortex-capturing mechanism
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and body–body matching mechanism of the trailing fish in a high-
density school will offer new insight into possible control strategies for
efficient bio-inspired underwater robotic swarms and contribute to the
understanding of the underlying physical mechanisms in fish schools.

Finally, the wake patterns of multiple undulating swimmer sys-
tems have been categorized and analyzed for the first time. A study of
the vortex dynamics shows that the wake pattern of a school is
strongly dependent on the phase difference. When increasing the
phase difference from 0� to 360�, the vortex wake of fish 4 changes
from the rBvK pattern to the BvK pattern due to the wake–wake inter-
action with the lateral wakes. Meanwhile, the vortex strength, rotation
angle, and advection velocity of vortex pairs behind fish 2 and 3 vary
with the phase difference because of the associated vortex–body and
wake–wake interactions. Also, the relationship between the generated
wake pattern and the performance of a high-density fish school has
been built through the phase difference. This increased understanding
of the wake dynamics of dense fish schools can inspire the accurate
wake detection of multiple swimmers.
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