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Wake Interactions Between Groups of 
Undulating Foils 

John Kelly1, Yu Pan2, and Haibo Dong3 
University of Virginia, Charlottesville, VA, 22903, United States of America 

The canonical motion of foils has been studied extensively in many applications, including 

energy harvesting. The advantage of undulating foils is often realized in their ability to 

positively interfere with neighboring foils. However, more research is needed in 

understanding different arrangements of undulating foils, along with the fluid dynamics 

interactions involved in enhancing the performance of the foils for this advantage to properly 

scale to a large number of foils. This work utilizes the concept of subgroups within a school, 

borrowed from biological studies of fish schools, along with an immersed boundary method-

based computational fluids solver to investigate how these larger groups of undulating foils 

interact. A parametric study is completed around the spacing of the back subgroup, and the 

vortex formation and wake structures are analyzed, revealing that the back subgroup gains 

efficiency via interactions with the wake of the front subgroup. The present study gives insight 

into how groups of undulating foils interact and uncovers mechanisms that enhance 

performance through their interaction.  

I. Nomenclature 

T = period of motion 

λ = wavelength of the motion Re = Reynolds number 

p = hydrodynamic pressure 

c = foil chord length 

ν = kinematic viscosity 𝑈∞ = freestream velocity  

A = tail motion amplitude  

f = tail beat frequency 

St = Strouhal number 

ρ = fluid density 

CT = thrust coefficient  

CPw = power coefficient 

Cx = x force coefficient 

η = Froude efficiency 

ωZ = z – vorticity 

II. Introduction 

 

Harvesting energy from the environment has received increasing attention in both renewable energy and robotics 

fields. Wind turbines have been shown to have both positive and negative interference, and even show the potential 

to harvest more energy by gaining energy from the vortices shed by neighboring turbines. Engineers have increasingly 

looked to examples provided in nature for improving engineering designs. In an effort to improve the interaction 
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between wind turbines, Whittlesey et al. used a potential flow model along with experimental measurements to show 

that the wake structures of fish swimming and vertical axis wind turbines (VAWT) are very similar [1]. This study 

shows that arranging VAWT’s in a fish-school-like formation can lead to better energy output from the turbines. In 

addition, many other studies have shown that energy harvesting can be accomplished via multiple foils in a staggered 

formation [2]. To optimize the energy harvested by multiple foil systems further, the fluid dynamics of a large number 

of foils must be understood. The current fluid studies in both energy harvesters and fish schooling rely on significantly 

simplified models or very few total bodies. To better understand how to position a large number of energy harvesters 

to optimize energy output, more research is needed in fish-school-like formations.  

Previously, the study of complex flow interaction in unsteady multi-body fluid simulations is typically done using 

similar geometric simplifications and prescribed motion models. [3] These studies include many examples utilizing 

two bodies, including studying the stability of two-foil systems [4] and utilizing reinforcement learning controlling 

arrangements to optimize performance in a two-foil system [5]. Moving to a larger number of bodies, Pan and Dong 

previously studied four undulating foil arrangements, uncovering the wall effect and the block effect as the primary 

performance-enhancing interactions, along with the dense school as an optimum for a basic diamond arrangement [6-

8].  

Many biologists have also studied the arrangement of fish within a school to determine if questions about optimal 

school arrangements can be answered by the examples found in nature. In this work, they have uncovered that fish in 

a larger school tend to act as smaller subgroups, behaving and moving similarly to the fish within their subgroup but 

often varying across the larger school as a whole [9-11]. In this paper, research will be presented on undulating foil 

groups using this subgroup model found in biology utilizing computational fluids simulations to study the performance 

and underlying fluid dynamics. To generate the subgroups, the dense diamond four foil school shown to have a high 

performance by Pan et al. [6] is utilized as the basic subgroup shape. Next, a parametric study of in-line subgroups is 

shown, including changing the spacing between the subgroups and the width of the second subgroup. Finally, an 

analysis of the fluid interaction between subgroups and their effect on performance is shown.  

III. Methods 

A. Problem Definition 

 

In keeping with typical two-dimensional fish swimming studies, the standard NACA0012 foil shape will be 

utilized as a baseline shape for fish-like Carangiform swimmers [6-8]. Traveling wave kinematics are imposed on the 

foil to give carangiform undulatory motion. The motion follows the equation:  
 𝑦(𝑥, 𝑡) = 𝐴(𝑥) ∙  sin (2πλ 𝑥 −   2πT 𝑡),  

 

(1) 

 

where x and y are normalized by the body length of the foil, giving the head of the fish at x=0 and the tail at x=1. The 

value of y(x,t) corresponds to the lateral deviation of the body of the foil from the original foil chord. T is the period 

of the traveling wave, and λ is the wavelength of the wave. A(x) denotes the amplitude of the lateral motion and is 

expressed as a quadratic polynomial given by: 

 𝐴(𝑥) = 𝑎2𝑥2 + 𝑎1𝑥 + 𝑎0,   
 

(2) 
 

where the coefficient values are chosen to be a2 = 0.02, a1 = -.08, and a0 = 0.16, matching the previous study completed 

by Pan et al. [6]. The resulting motion can be seen in Fig. 1a. 

The base subgroup shape of a four-foil dense diamond is shown in Fig. 1b, where c is the chord length, S is the 

streamwise spacing, G is the streamwise gap between groups, and D is the lateral spacing. In keeping consistent with 

the previous work of Pan et al. [6], we use a c value of 1, an S value of 0.4, and D and G values of 0.4 initially. In this 

study, both G and D are varied in the second subgroup, along with changing the orientation of the second subgroup.  
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Fig. 1 (a) Traveling wave amplitude (red) and the midlines of the body motion (blue) for a single tail beat 

period. (b) Arrangement definitions for front (blue) and back (black) subgroups: foil length (c), streamwise 

spacing the (S), streamwise gap between subgroups (G), and lateral spacing (D). The individual foils are also 

labeled. 

B. Numerical Methods 

 

The two-dimensional incompressible Navier-Stokes equations govern the flow in the numerical solver used and 

are written in index form and expressed in their nondimensional form as:  

 ∂𝑢𝑖∂𝑥𝑖 = 0,   
 

(3) ∂𝑢𝑖∂𝑡 + ∂𝑢𝑖𝑢𝑗∂𝑥𝑗 = − ∂𝑝∂𝑥𝑖 + 1𝑅𝑒 ∂2𝑢𝑖∂𝑥𝑖 ∂𝑥𝑗 , (4) 

 

where the z terms are all zero, ui are the velocity components, p is the pressure, and Re is the Reynolds number. The 

equations are discretized using a cell-centered, collocated arrangement of the primitive variables and is solved using 

a finite difference-based Cartesian grid immersed boundary method. The solver has been successfully implemented 

previously in canonical cases [12-14], as well as biological flying [15-17] and swimming [18-19], and has been 

validated extensively. More information about the solver can be found in [20-21]. To understand our results, we first 

use the force coefficient in the x direction:  

 𝐶𝑥  =  𝐹𝑥/(0.5𝜌𝑈∞2 𝑐2),   
 

(5) 
 

where Fx is the instantaneous net force in the x direction, ρ is the fluid density, 𝑈∞ is free stream velocity and c is the 

foil chord length. We then averaged Cx over one period of motion for each foil, giving 𝐶𝑥̅̅ ̅, corresponding to the net 

force in the x direction over a cycle of motion. Similarly, the coefficients of thrust and power can be computed as:  

 𝐶𝑇  =  𝐹𝑇/(0.5𝜌𝑈∞2 𝑐2),   
 

(6) 𝐶𝑃𝑤  =  𝑃𝑤/(0.5𝜌𝑈∞3 𝑐2),   (7) 

 

where FT is the instantaneous thrust and Pw is the instantaneous power consumed for the undulating motion. The 

averages over a period of motion are also computed, giving the results of 𝐶𝑇̅̅ ̅, which is the net thrust over a cycle of 

motion, and 𝐶𝑃𝑤̅̅ ̅̅ ̅, which is the net power consumed over a cycle of motion. Finally, the efficiency is calculated using 

a modified form of the Froude efficiency, which is defined as a ratio of useful power to total power: 

 𝜂 = 𝐶𝑇̅̅ ̅𝐶𝑇̅̅ ̅ + 𝐶𝑃𝑤̅̅ ̅̅ ̅   
 

(8) 
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Fig. 2 Representative cartesian grid and boundary conditions with baseline subgroup arrangement 

 

The flow simulation is set up with the computational grid and boundary conditions shown in Fig. 2. For this study, 

the flow conditions are described by two dimensionless parameters, the Reynolds number (Re) and the Strouhal 

number (St), defined as:  Re = 𝑈ꝏ 𝑐𝑣 ,    
 

(9) St = 2𝑓𝐴𝑈ꝏ
, (10) 

 

where v is the kinematic viscosity of the fluid, f is the tail beat frequency and A is the amplitude of the lateral motion 

at the tail tip. The Reynolds number is chosen to be 1,000 to mimic fish swimming. The Strouhal number is chosen to 

keep the cases near the free-swimming condition, where 𝐶𝑥̅̅ ̅ is near zero, based on the single undulating foil case. This 

results in a Strouhal number of 0.42.  

 

IV. Results 

A.  Performance of Single and In-Line Groups 

 

First, the baseline case is compared to the single 4-foil narrow diamond school. The values for the cycle average 

Cx and η are given in Table 1. The table includes the average over all 4 of the four-foil school, all 8 foils of the in-line 

groups, and the averages for each subgroup. The primary conclusion from these results is that there is a significant 

average performance enhancement in both Cx and η when going from a single subgroup to two subgroups. We also 

see that the primary enhancement in Cx comes from enhancement in the front subgroup, whereas the back subgroup 

sees the largest enhancement in efficiency.  

 

Average 4 Foil School In-Line Subgroups Front Subgroup Back Subgroup 𝑪𝒙̅̅ ̅ 0.058 0.065 0.075 0.055 

η 0.535 0.552 0.542 (+1.3%) 0.561 (+4.9%) 

 

Table 1 Cycle averaged values for each group and subgroup in the baseline configuration 

 

Next, the vorticity and x-velocity averages are shown in Fig. 3. In comparing the vorticity for the single 4-foil 

school to the in-line subgroups (a,b), we see a very similar wake structure with a 2S center wake and a 2P wake on 

the edges. In part (b), we note that the vortices shed by the front subgroup are not entirely captured by the back 

subgroup, giving evidence that a wider back subgroup may be able to better utilize the energy from the vortices shed 
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by the front subgroup. Additionally, we see that the wake structure is much more symmetric and coherent for the 4-

foil school, giving more distinct jets in the velocity average plots.  

 

 

Fig. 3 Vorticity (a,b) and velocity average (c,d) plots for the 4 foil school (a,c) and in-line subgroups (b,d) 

B. Efficiency Increase in the Back Subgroup via Vortex Interactions 

 

Next, the spacing between subgroups (G) is varied, along with the lateral spacing of the back subgroup (D) to 

manipulate the interaction with the front school wake and fully capture the wider spacing of the front subgroup’s 2P 
vortex pairs. The resulting efficiency averaged over the second subgroup, ɳ𝐵𝑎𝑐𝑘∗ , is shown in Fig. 4.  

 

 

Fig. 4 Average efficiency in the back subgroup for changes in spacing between subgroups (G) and lateral 

spacing in the second subgroup (D).  

 

First, it is seen that both D and G have a significant impact on the efficiency in the second subgroup, with a range 

of 8% in the efficiency occurring from small changes in the spacing. The highest efficiency occurs when both G and 

D are 0.4. The densest spacing provides the most beneficial interaction within a dense school, via the wall, block, and 

body-body suction effects detailed by Pan and Dong, and the spacing is consistent with the most beneficial found in 

their study [6-7]. The next highest efficiency zones, however, occur at the maximum D value, where it is expected 

that the beneficial dense school interactions are at a minimum within the back subgroup. Additionally, there is another 

pair of higher efficiency zones at G = 0.8 at the lowest and highest D values, creating another vertical band of increased 

performance.  
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Fig. 5 Vorticity (1) and cycle-average streamwise velocity (2) for G = 0.2 (a), 0.4 (b), 0.6 (c), 0.8 (d), and 1.2 (e) 

at D = 0.4. 

 

The vorticity for G = 0.2, 0.4, 0.6, 0.8, and 1.2 along D = 0.4 is shown in Fig. 5, including the efficiency peaks at 
0.4 and 0.8, and the lower performing cases between. Across all of the cases, the typical 2S core and 2P vortex pairs 
are observed in the wake, corresponding to short jets on the edge of the school in the velocity average. The primary 
difference in the near-body vortices with the change in G is observed along the leading-edge vortex of foil 5. As the 
2S wake core from foil 4 intersects with the body of foil 5, there is constructive and destructive interference with the 
leading-edge vortex depending on the spacing. In the highest performing cases (b1, d1), there is primarily constructive 
interaction and subsequent enhancement in the leading-edge vortex of foil 5 from the wake of foil 4. With the lower-
efficiency spacing, there are significant amounts of destructive interaction and interruption of the leading-edge vortex 
along the body of the foil. The effect of this can be seen in Fig. 6, which shows the net force and power consumption 
over a cycle of motion for G = 0.4 and G = 0.6 at D = 0.4 in foil 5. In the figure, both the thrust enhancement and 
power reduction are seen, particularly at t/T = 0.25 and 0.35 respectively, along with t/T = 0.75 and 0.85 due to 
symmetry.  

 

 

Fig. 6 Coefficient of force (a) and power (b) for G = 0.4 and 0.6 at D = 0.4. 
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The performance benefit due to this interaction occurs because the wake from foil 4 is repeated, such that the 
oncoming vortices are similar by moving the second subgroup back by the distance between two of the same sign 
vortices in the wake. For these parameters, this corresponds to a spacing of 0.46l. The vertical bands in Fig. 4 are 
attributed to this, and the spacing of 0.4l in the figure is very close to the 0.46l attributed to the wake. Should the study 
continue to G = 1.4 and beyond, it is predicted that the pattern repeat as the constructive wake interaction continues. 
Streamwise spatial changes resulting in a banded structure in the efficiency from similar interactions with a repeating 

wake has been also been observed in the interaction of 2 foils, as presented in Boschitsch et al. [22].  

 

 

Fig. 7 Vorticity (1) and cycle-average streamwise velocity (2) for D = 0.4 (a), 0.8 (b), 1.2 (c) at G = 0.4. 

Next, the vorticity is shown for D = 0.4, 0.8, and 1.2 at G = 0.4 in Fig. 7. At D = 0.4, the wake behind the second 

subgroup has the same structure as the diamond school, with a 2S core and 2P pairs of vortices on either side. The 

school intersects the 2S pair from foil 4, while completely missing the 2P pairs which move laterally around the 

subgroup. In the medium width D = 0.8, the 2P pairs from the front school are partially captured by the outer foils in 

the second subgroup. The vortices destructively interfere with the leading-edge vortex of that foil. The resulting wake 

begins with a 2S pair behind each of the outer foils, but transitions to a 2P pair farther downstream. At D = 1.2, the 

2P wake pair from the front subgroup are captured on the inside of the outer foils. This creates constructive interference 

with the leading-edge vortex. The resulting wake is wider, with 3 sets of 2S pairs. The effects of the vortex interactions 

can be seen in Fig. 8, which details the net force and power consumption in foil 6 over a cycle of motion. In the figure, 

the higher power consumption and net force resulting from denser schooling interactions are seen at D = 0.4, whereas 

D = 0.8 and D = 1.2 have more consistent results with smaller peaks and troughs and are lower in both power consumed 

and net thrust generated. The main difference between the latter two occurs when the foil is flapping outward from 

the school. The leading-edge vortex enhancement gives both a power and a thrust benefit to D = 1.2.  

 

 

Fig. 8 Coefficient of force (a) and power (b) for D = 0.4, 0.8, and 1.2 at G = 0.4. 
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C. Thrust Enhancement in the Front Subgroup via Increased Pressure 

 Next, to discuss the net force enhancement in the front subgroup, the average of the subgroup net force over a 

cycle of motion is shown for changes in G and D in Fig. 9. In the figure, the highest net force is achieved for the 

smallest G values, and the effect is almost entirely independent of D. As the subgroups get closer, the thrust in the 

front subgroup is increased, dropping off quickly as the schools become farther apart to almost the single diamond 

school value of 0.06.  

 

Fig. 9 Average net force in the front subgroup for changes in spacing between subgroups (G) and lateral 

spacing in the second subgroup (D). 

 The cycle averaged pressure at G = 0.2 and G = 0.4 are shown in Fig. 10. In the figure, a low-pressure zone exists 

between the schools in the G = 0.4 case, but not at G = 0.2. The low pressure provides suction at the back of foil 4, 

providing some drag to the foil and preventing a higher thrust to be generated by the back of the foil. In the closer 

case, there is less of a low-pressure zone, so there is less suction and more thrust generation on foil 4. Similar effects 

have been reported in [22-23], showing that in a two-body system at very small streamwise spacing, drag reduction 

and thrust enhancement result from an increase in the pressure between the bodies. These results are also very similar 

to the block effect previously reported in dense diamond fish schools [6]. The results indicate that a similar thrust 

enhancement occurs between subgroups within a larger school with small streamwise spacing between the subgroups.  

 

Fig. 10  Cycle average pressure contour for G = 0.2 (a) and G = 0.4 (b) at D = 0.4. 

V. Conclusions 

Two-dimensional numerical simulations have been conducted to study the interaction between 2 subgroups of 

undulating foils in dense diamond formations. It is shown that the addition of a second diamond subgroup enhances 

the performance of both subgroups, with the back subgroup primarily gaining efficiency while the front subgroup 

primarily increases in the net force. The wake structures within the two-subgroup system are identified, and two 

primary vortex capture mechanisms are identified for enhancing the efficiency in the second subgroup. First, changing 

the spacing between the subgroups showed enhancement of the leading-edge vortex via constructive interference with 

the center wake of the front subgroup led to better performance in the back subgroup. This creates a repeating high-

efficiency zone based on the spacing of the subgroups. Second, high efficiency in the second subgroup can be achieved 
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either by swimming compactly to maximize the interaction within the subgroup or in a wider formation to fully capture 

the wake of the front subgroup such that the leading-edge vortex of the outside pair are enhanced by the wake 

interaction. The improvement in performance for the front subgroup was shown to occur due to the thrust increase 

that results from the proximity of the two subgroups, and the advantage dissipates as the spacing between subgroups 

increases. Overall, the efficiency gain in the second subgroup is shown to be heavily dependent on both the lateral 

spacing of the subgroup and the space between groups. This ranges from 8% efficiency gains in the subgroup to a 

negative effect on efficiency from swimming in a subgroup in the worst cases. The net force benefit in the front 

subgroup was shown to rely solely on the spacing between the subgroups, benefitting most when they are the closest 

together.  
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