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Adaptive Angle-Constrained Enclosing Control for
Multirobot Systems Using Bearing Measurements

Ke Lu, Shi-Lu Dai, Member, IEEE, and Xu Jin, Member, IEEE

Abstract—This paper proposes a constrained control frame-
work to solve the moving-target enclosing problem for non-
holonomic multirobot systems, where the safety and precision
constraints are considered during the encircling motion. Based
on bearing measurements, the target-robot and inter-robot angles
are constrained to satisfy the requirements of limited sensing
range and collision avoidance. The precision constraint further
guarantees all robots converging to a small neighbourhood of
the desired enclosing formation. With the help of adaptive
estimators, universal barrier Lyapunov functions are employed
to the constrained control framework despite the lack of target’s
velocity. Simulation results verify the effectiveness of the proposed
control algorithm.

Index Terms—Enclosing control, angle constraints, collision
avoidance, nonholonomic mobile robots, limited sensing range.

I. INTRODUCTION

Coordination and control of multiagent systems have re-
ceived great attention in many fields [1]-[4] due to promising
applications such as surveillance, search, rescue, etc. Target
enclosing control is an important problem in multiagent coor-
dination, where an enclosing formation is utilized to entrap,
attack, protect, and monitor a target. A great number of
control design techniques have been presented for the target
enclosing problem [5]-[18], where mobile agents are driven to
enclose a static or moving target. In enclosing control tasks,
many works generate a desired formation based on relative
distances or positions. Compared with position or distance
sensors, bearing-only sensors are simpler and cheaper, which
promotes the advance in bearing-based formation control
[19]-[21]. Consequently, control designs based on bearing
measurements have been developed in the target enclosing
control literature [10]-[12], in which a fixed or time-varying
formation is achieved around the target. However, most of the
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existing target enclosing control algorithms do not consider
any constraint requirement.

In enclosing control tasks, safety is typically a primary
concern, which requires that autonomous agents cannot go
beyond some predefined ranges. In practice, an onboard sensor
only can work effectively within a certain range due to the
limited sensing capability [22]-[24]. In addition, as a practical
problem, collision avoidance with the target or neighbouring
agents has been addressed in the enclosing control literature
[11]-[18]. In [11], a maximum allowed subtended angle is
employed to guarantee collision avoidance with a disk tar-
get. Furthermore, a precise formation for multiagent systems
usually requires small formation tracking errors during the
transient and steady-state stages [25], [26]. The precision
constraint has been addressed in synchronization control [27],
formation maneuvering [28], and path-following control [29].
How to develop a constrained control framework for the
target enclosing problem, such that both safety and formation
precision are addressed, is a challenging research topic that has
not been fully considered in the enclosing control literature.

The constrained control design can prevent multiagent
systems violating some certain limits specified by different
constraint requirements such as safety and line-of-sight range
[30]-[33]. Barrier Lyapunov functions (BLFs) are usually
incorporated with control design to deal with the constrained
systems [34]-[36]. In [34], an asymmetric BLF is employed to
handle output-constrained nonlinear systems. Both symmetric
and asymmetric BLFs are applied to prevent the violation of
full state constraints [35]. A novel universal BLF proposed
in [36] can not only address asymmetric and symmetric
constraint requirements, but also work for the system with no
constraints. Therefore, how to extend the BLF-based controller
design to constrained enclosing control systems is another
motivation for this work.

In this work, we develop a constrained control framework to
solve the moving-target enclosing problem for nonholonomic
multirobot systems with safety and precision requirements.
Based on bearing measurements, the target-robot and inter-
robot angles are constrained to guarantee the limited sensing
range and collision avoidance with the target and neighbouring
robots. Universal BLFs and adaptive estimators are incorpo-
rated with bearing-angle-based control strategy to satisfy all
constraint requirements despite the lack of target’s velocity.
The contributions of this work are summarized as follows.

(i) A constrained control framework is proposed to solve
the moving-target enclosing problem with the concern of
both safety and precision constraints.

(i) The angle constraints related to the safety are addressed,
which enables mobile robots to avoid collisions with the
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target and neighbouring robots while guaranteeing the
limited sensing requirement.

(iii) The precision constraint, which requires small formation
tracking errors, enforces mobile robots to converge to a
desired enclosing formation despite the lack of accurate
knowledge of target’s velocity.

II. PROBLEM FORMULATION

Consider a moving target is enclosed by a team of n > 2
nonholonomic mobile robots in a plane. For convenience of
presentation, we define the index set N = {1,...,n}. The
kinematics of nonholonomic robot i, ¢ € A, is modeled as

= [ St o

0;(t) = wi(t)

where p;(t) = [z;(t) v:(t)]T € R? is the robot’s position
with respect to the global coordinate frame, 0;(t) is the
heading angle of the ith robot, and v;(t) and w;(t) are the
linear and angular velocity control inputs, respectively. As
shown in Fig. 1, an onboard sensor is installed at the position
psi(t) = [25i(t) ysi(t)]T € R2, which is shifted a non-zero
distance d from p;(t) along direction 6;(¢). The position py; ()
is described by pg;(t) = p;(t) +d[cos 0;(t) sin6;(t)]*, whose
dynamics is modeled as

(D

Psi(t) = Gi(t)ui(t) 2
with u;(t) = [v;(t) w;(t)]T, where G;(t) is defined as
| cosOi(t)  —dsin0(t)
Git) = sinf;(t) dcosb;(t) |- )

Note that det(G;(t)) = d, which implies that G;(t) is invert-
ible if d # 0. The moving target is governed by po(t) = vo(t),
where po(t) = [zo(t) yo(t)]T € R? and vy(t) € R? are the
position and velocity of the target, respectively. The relative
distance between the onboard sensor and the moving target
is defined as p;(t) = \/(zo(t) — 5 (t))% + (yo(t) — ysi(t))2
whose derivative yields

pit) = — @] (t)[psi(t) — vo(t)] 4)
with o;(t) = [po(t) — pei(t)]/pi(t) = [cos ¢i(t) sing;(t)]",

where ¢;(t) is the measurable unit vector from the onboard
sensor pointing to the target, and ¢;(¢) is the bearing angle
to the target with respect to the onboard sensor as shown in
Fig. 1. The unit vector @;(t) is orthogonal to ¢, (t), which is
described as @;(t) = [cos(¢;(t) & 5) sin(¢;(t) + )7 where
+7 denotes the opposite directions being orthogonal to ;(t).

A. Target-Robot Angle Constraint

It is assumed that the onboard sensor only provides bearing
measurements, rather than distance information, e.g., p;(¢)
defined in (4). Specifically, as shown in Fig. 1, two points prr;
and prg; on the surface of a disk target can be detected via an
onboard sensor, e.g., a monocular cameral system, and thus the
bearing measurements grr;, grr:, and @, are obtained, where

Robot i
piCxyi)

i
Robot i +1
P, (%0 Vi)

0 X

Fig. 1. TIllustration of enclosing a disk target by multiple mobile robots.

the subtended angle ;(t) € (0,7/2) is further available.
According to geometrical relation shown in Fig. 1, we have
To

pilt) = sin (3;(t) ®)

where o denotes the radius of the target. The derivative of
(5) along system (4) produces

. 7, osin? Bi(t) .
Bi(t) = 5 (t) 70 cos Bi (1) [Psi(t)
Note that sin 3;(¢) € (0, 1) is strictly monotonically increasing
with 8;(t) € (0,7/2), and it is clear from (5) that p;(¢) has
the maximal value as 3;(t) — Sumin,; and has the minimal
value as 61(0 - 6max,i7 where ﬁmin,i and Bmax,i are the
minimal and maximal subtended angles, respectively. Hence,
the target-robot angle constraint

Bmin,i < ﬂ?(t) < ﬁmax,i (7)

ensures the limited sensing range and collision avoidance with
a target. In terms of the geometrical relation, the selection of
Bmin,i and Bmax,i should SatiSfY Bz < Smﬁrﬁ < p1(t) <
bmgﬁ < p;, where P, > r; 4+ 1o and p; denote the minimal
and maximal relative distances, respectively, and r; is the
safety radius of the robot . However, the target’s radius rg
is not necessarily needed for converting 2 and p; t0 Bmin,i
and Bax ;. For example, by setting the robot close enough to
a disk target, the measured subtended angle can be specified as
Bmax,i- This corresponds to the constraints P and p; required
to be known a prior in the distance-based framework. Define
the subtended angle error as

epi(t) = Bi(t) — Pues,i (8)

where Sges,; is the desired subtended angle with Spin,; <
Bdes,i < Bmax,i- Substituting (8) into (7) yields

vo(t)). (6)

—eg; < €5i(t) < ég; 9

where €g; = ﬁdes,i - ﬁmin,i and éﬁi = ﬁmax,i - 6des,i~
Remark 1: Instead of a fixed camera, a monocular camera
is mounted on a pan-tilt unit at position pg; such that it can
rotate about the axis perpendicular to the moving plane of
the robot. The subtended angle f3; is invariant represented in
different coordinates, e.g., camera and robot coordinates, and
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thus it can be directly applied to the controllers. With the
concern of the inherent limitation of a camera, the selected
Bmax,i is required to be less than the limited angle of view.

B. Inter-Robot Angle Constraint

The target-robot angle constraint (7) implies the existence of
a minimal distance 2 According to the arc length formula, the
existence of a minimal distance between neighbouring robots
results from the minimal radius p. and the corresponding
minimal inter-robot angle, wh1ch establishes neighbouring
robot collision avoidance. Let the index set N' = N\ n, and
define the driving robot, i.e., robot n, which is assigned with an
encircling speed. Then, its pre-neighbor robot n —1 is defined
in the clockwise or counterclockwise radial order around the
target according to the encircling motion direction. In terms of
this definition, the robot i, i € N, has its next-neighbouring
robot ¢ + 1 labeled as iy for convenience of presentation.
As shown in Fig. 1, we define the separation angle «;;  to
describe the inter-robot angle between the robot ¢, ¢ € N, and
its next neighbour 7., which can be calculated as

ol (Dpi, (1)

where cos™1(:) is the inverse cosine function. The robot i is
assumed to have only access to ;. (¢) from its neighbour i
via local communication. According to the neighbouring robot
definition, the first robot (robot 1) is the next neighbour of the
robot n. Define their separation angle as

an(t) =21 — Z @i, (1)

ieEN

iy (t) = cos™

(10)

which implies that the separation angle «,, 1(t) relates to the
rest of separation angles o ;, (t). Besides, the lower bound of
(rn,1(t) relies on the upper bounds of a; ;_ (t), that is, a,, ; <
2m — Zie & @i, » Which prevents collision between the first
and the last robots. Hence, the inter-robot angle constraint

(11)

ensures collision avoidance between each robot and its next
neighbour, where Qg and @; ;, are the minimal and maximal
separation angles, respectively. The separation angle error is
defined as

Qi <@gy () <aig,, i€ N

eai(t) = i, (t) —

where e 5,5, 1s the desired separation angle with @, <
Qdes,iiy < Qi i, . Substituting (12) into (11) produces

Qldes i,iy 1€ ./\7 (12)

—€ni < €ailt) < Eqi, 1 €N (13)

where e,; = Qdes,iiy — @, aNd €a; = Qi — des,iyiy -
Remark 2: According to the definition of neighbouring
robots, the desired separation angle ayges,n,1 between the first
and the last robots is not specified and it relies on ces s,5 , » that
1S, Qdes,n,1 = 27 — Zieﬂ/ Qldes,i,i - Lhe separation angle error
Can(t) = an1(t) = Qdes,n,1 = — D ;e €ailt) in view of (10),
which indicates that the separation angle error e, (t) depends
on the sum of separation angle errors between the robot ¢ and
its neighbour ¢. Thus, a small error e, (t) requires that all
errors eq;(t), i € N, converge to small neighborhoods of zero.

C. Precision Constraint

To ensure a precise formation, it requires that the angle error
constraints (9) and (13) are further restricted by

—Q;(t) <epilt) < Qpi(t) (14)
=0, (t) <eqi(t) < Quilt) (15)

where Q,(t) > 0 and €;(t) > 0, j = Si,ai, are designed
decreasing C! functions such that the angle errors eg;(t) and
€qi(t) are driven to small neighbourhoods of zero as time
evolves. Besides, Q;(t) and ; () require to be bounded which
is associated with the boundedness of control signals. More-
over, the constraint requirements (14) and (15) should further
satisfy the angle error constraints (9) and (13), respectively,
that is, —e; < —Q;(t) < e;(t) < Q;(t) < e;, j = Bi, ai.

Remark 3: As discussed in Remark 2, small separation
angle errors e, © € N, are preferred. Thus, the precision
constraints are further considered to obtain a precise formation.
Accordingly, time-varying precision constraints (14) and (15)
are designed to ensure that not only subtended angle errors
but also separation angle errors should not deviate much from
zero. As a result, the robot group is driven to surround a
moving target with a precise enclosing formation, despite the
lack of accurate knowledge of target’s velocity.

Assumption 1: At the initial time ¢ = 0, the robots do not
violate the angle constraints (7) and (11), that is, Bmin,; <
ﬂl(O) < Bmaxu ) EN and a”+ < Oéi’iJr(O) < di’i+, ieN.

Assumption 2: The target’s velocity is bounded, i.e.,
[lvo|| < Do, where Ty > 0 is a constant.

Lemma 1: [37] For any constant € > 0 and any variable
zeR,wehaveO§|z\—\/ﬁ<a

III. TARGET ENCLOSING CONTROL OBJECTIVE

Under Assumptions 1-2, the target enclosing control objec-
tive is to design the feedback control law w;(¢) such that
(i) the subtended angle [3;(t) and the separation angle
@, (t) eventually converge to a small neighborhood of
the desired angles SBues,; and e i,i. , Tespectively; and
(i1) every robot can avoid collisions with the target and its
next-neighbouring robot, while guaranteeing the limited
sensing requirement during the encircling motion.
To deal with the constraint requirements, the following
universal barrier function [36] is applied in the control design

_ Qijej

Q) —ej)(ej + Q)
where 7); is the transformed error variable, which has the
following properties: i) 1; = 0 if and only if e; = 0; ii)
nj — —oo when e; — —{;; and iii) 1; — +oo when
e; — Q The derivative of 7); produces

j=p0i,ai  (16)

8%9 +anJQ +877]

= 50, 99,77 " e, €50 J = Blai (D)
where
o _ —Q€j on; _ el
0 (Q —ej)2(e; +2;)" 9 (Y —e;)(e; + Q)
o _ 0;9;(9,Q; +€3)
dej  (Qy —ej)(e; +92;)%
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The control laws for the robot i, ¢ € N, are taken as

u; = Gfl (%‘Uu + Piug; — @il — Wiﬁ2i>7 ieN (18)

_ . _w .
with
cos f3; _ Oeg; Ong; =
i = o5 - k ZQ ZQ ; 7 1
“ sin? §; < Li3ipiasgiflpi — Npi 00, 8931
_ Oegi Ongi O
Ngi 6Qﬁi 8&&‘7 i
1 = Gem- 877(12' =2
i = -k iQaiQ il — Tlai 57 =
U2 Sin B, < 2% taizlaillod i 58 900
. ) 8eai anai -2 B '87704i
Nevi 0., agai—az Navi Dewns
. - Hy; . - Hy;
U1 00—, U2 = V0 F——s
1 0 H121 P 2 0 H221 P
ongi sin? §; ONei
H i — 7 ) H i — Tai 7
! 6 Oeg; cos f3; 2= Oeqi sin 5

where k1; > 0 and ko; > 0 are control gains, ¢; and @; are
unit vectors defined in (4), G ! is the inverse matrix defined
in (3), € > 0 and @ > 0 are design parameters, and ¥ is the
estimate of the upper bound of velocity ¥y with the estimation
error vy = U0 — Ug. The adaptive laws ;o are designed as

A 2 H121 H222 ; \/
Vio = %(-Uﬂ}io+ JE i JEEi2) ieN
(20)
X ~ H2.
Uioz’n(—mvio-i-h), i=n 1)
VHE + €2

where 7; > 0 and o; > 0 are design parameters. The
separation angle describes the difference in bearing angles
between neighbouring robots in view of (4), which implies
that the dynamics of separation angle reflects the difference in
the rate of change of bearing angles, that is,

Qi =i —Gi, 1EN (22)
where for an encircling motion, the dynamics of bearing angle
can be obtained as
@;T(psz - UO)’ ie N

Pi

Remark 4: The controller (19) indicates that the robot n
assigned with the encircling speed @; (¢ )W is constrained
by the moving target only. By contrast, the controller (18) lacks
the encircling speed term but has the extra terms about 7)q;.
This indicates that the robot i, i € N, is constrained by the
moving target and its neighbour 7 in two directions ¢; (¢) and
@;(t), respectively. Consequently, the controller (18) needs to
simultaneously handle two constraint requirements.

Remark 5: The encircling speed @; (¢ )7“) can be treat-
ed as an external disturbance that forces the whole formation to
revolve around a moving target. It follows from (12) and (22)
that the convergence of separation angle error e,;(t) results
from both dynamics qSZ and ¢;, . However, the robot 4, i € N,

¢i = (23)

has only access to bearing information without the knowledge
of (bL , from its neighbour. With the higher magnitude of the
encircling speed, the separation angle may not converge to its
desired value, which implies an enclosing formation distortion.
To deal with such a problem, the precision constraint is
introduced to ensure the convergence to a correct formation.
As a result, when any robot is assigned with an encircling
speed, the rest of robots are driven by their neighbours to
revolve around a target with small formation tracking errors.

Remark 6: The control laws (18) and (19) require that
G;(t) defined in (3) is invertible with d # 0. If such a
condition is removed, the velocity control inputs v; and w;
in (1) need to be further designed under the same constrained
control framework, where u; in (18) and (19) are treated as
the desired inputs u;q without Gi_l. Specifically, u;q has the
form wu;q = p;u1iq4 + Piuzi;q Which can be written as

{ Uida } [ U1id COS Qj + Usgiq SN @;

Uid = = .

Uidy U14d SIN @5 — U2;q COS P;

and the desired heading angle 6,4 is defined as 6;y =
arctan(““y) for uiq # 0, and 0;4 = 0 for u;gy = 0. The
control ob]ectlve is to drive the robot’s heading angle 6;
to align with the desired heading angle 6;4, and then the

magnitude of v; is the same as [|u;q[|. It follows from (8),

(12) and (16)—~(21) that the variables in u;q are i, ;.
Q]Z, Qﬂ, Vios Bis l+, Ois J B, «, which implies that
U'Ldk - Fk: + 8u1dk 51 + 804 ik dz 2+ ldk (bl’ =T,Y, where
Fk consists of the derlvatlve of u;qx W1th respect to Qﬂ, Q

QJ,, Qﬂ, and 9, and thus F}, is known, whereas vy, (bu, 70,
and p; are unknown in the rest parts of ;4. Define the angle

error and its derivative as

0id7

egi =0 — €gi = w; — Biq.

To avoid the singularity issue, the angle error is restricted
inside a feasible region, that is, —ey, < —Qp;(t) < eg; <
Qo (t) < &g;, with ey, = €g; < 7/2. Then, the control laws
are designed as

1 _ .
Vi = l|wial|, — wi = woi + Ui + T
oS eg;
O deg; ~
where ugi = —k3iQ0iQgM0i — 552-Q0i — fo.-Leis Upi =
tan eg; deq; ~ A - \/
Uiy + 0 FE [Hi (uy; — Uq) — le‘(u2i — )], i €N,
= - _ taneg, degn ) - Onei (T2
Uon = Unp = = = Gnon 11105 6, > WO 1100 gey, (lez

L3yi+ LR+ L3+ L, )s i € N llgn = —non 522 (L, +

i a:F — Widy
L2'un + Lln + L%n)’ and Uip = o dUTjde with Ly, =
Ly; co8(¢;—0;)vi, Lay; = Lo; sin(¢;—0;)v;, L1; = Lg, 22 g
Lo; = Lg, sinf3; + La“ sinB;, i € N, Loy, = L, sin By,
1 Ouiay OUide
Lj = m(uzdm aJdJ — Uidy ajd ), J = Bi, ¢i, @i, . Note

that the term taﬁ;"’ gf}z in 2g; will not tend to infinity when
the angle error ep; in the denominator tends to zero due to the
property lim,_,q S22 = 1.

Theorem 1: Under Assumptions 1-2, consider robot kine-
matics (1) and the dynamics (2) with the control laws (18)
and (19), and the adaptive laws (20) and (21), then we have

the following results.
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(i) Every robot can avoid collisions with the target and its
next-neighbouring robot, while guaranteeing the limited
sensing requirement during the encircling motion.

The subtended angle f;(¢f) and the separation angle
@, (t) eventually converge to a small neighborhood of
the desired angles Bues; and es,i, i , respectively.

The estimation error ;0 (t), the dynamics of bearing angle
$;(t), and the signal u;(t) are bounded.

Proof: (i) Consider the Lyapunov function for the robot n as

(i)

(iii)

To 2 1 ~9
whose derivative along (2), (6), (8), (17), the control law (19),

and the adaptive law (21) produces

_ ONgn - -
= — kan,@nQﬂn 8776 nﬂn 0-77'177210 — O0pUnovo
e
8 877 n A
+T0Ngnon 89 " Qg — (nﬁnaﬂiﬁﬁn>
a TIpn anﬁn ?
+ 10N 5o Lan — (man 70— 2sn
agﬁn aﬂﬁn
H2
T — in
— Hinp,v0 — Uom- (25)
By completion of squares, we have
onj = 1 on; S .
ronjm Q<= ( z—mj Q, ) + 20 j=pBi,ai  (26)
o G 22
7"077]877] Q] 2( 85? Qg) + 207 j=Bi,ai  (27)
—Jiﬁi()@(] S%U?@ + 5’08, xS N (28)

For the term Qﬁngﬂn gzg" in (25), it follows from (17) that

Go 0m _ (©92)%(20; +¢)
J==3 8(2] (Qj — 6j)2(ej +QJ)2

>n7, j = Bi,ai. (29)

Moreover, in (25), we have —Hy;0 vo < ||Hyiol|| [|vo]] <
| H1;|0o, and thus in view of Lemma 1, the following inequality

HZ
\H1i|170—1707 <evg, tEN (30)
VHT +
holds. Substituting (26)—(30) into (25) yields
Vi < —/f1n77?3n — 2” T 4+ 2 5 T2 + et + 1. 31)
Completing the squares, for any variable z € R, we obtain
(22 =12 >0= -zt < —222 + 1. (32)

Hence, it follows from (24) that V in (31) leads to V <

—,unV + C, where pu, = mln{ it
%208 + evo + r§ + 1, which implies that

,onvnt and C, =

C, Cn
Vi < (Vo — —2) exp(—pnt) + —2=.
7 7

n mn

(33)

It follows from (24) and (33) that 7g,, and Uno are bounded.
Hence, the precision constraint (14) is never violated according
to (16), which further satisfies the constraint requirement (9).

As a result, the constraint imposed on the subtended angle (7)
is guaranteed, which implies that, in view of (5), the relative
distance py(t) is also bounded, ie., 0 < p < pn(t) < pn.

Consider the Lyapunov function for the robot i, i € N, as

ro,2 1 s
+ 9 Nevi + 2,}/1./010
whose derivative along (2), (6), (8), (12), (17), (22), (23), the
control law (18), and the adaptive law (20) gives

Vi= (34)

2‘“

4 37704 2
Q' 8ea2 nal

. B ong: _
Vi=-— kleﬁzQﬂzﬂngz — k2002

Oegp

00

a 1B 37Iﬂz 2 2 _T
+ Toﬁﬁi@Q& (Uﬁz‘ @Q .| — Hoyp; vo
anai = anozi = 2 _ H12
al A Qai - [T A= Qai - <
* o 8Qo¢i (n aQai ) v \/ H121 —+ 62
877041 . anozi . 2 _ H22
at Q i at aid - —_—
+ 7"077 89 —Q ( aQOﬂ— ) UO /7H22Z + &‘2

2
] anm > - Uﬁiof)m (35)

(632
8em

By completion of squares, we have

OMNei 1 OMeni 1 . \?
—mmz”¢u_2@mj >+2Qmu).<%>

OLZ

3nm
— ToNai de '¢z+ - <77

a

Substituting (26)—(30), (32), and (36) into (35) yields

2
. ;i ~ 1 N *
‘/i <= 2klznﬂz 2]‘52177041 - ?UZ'QO + 5 (T0¢i+) + C’L (37)
with Cf = 2ev9 + 2r§ + %05 + 2, which implies that

the convergence of V; requires the boundedness of (bz 4o 1€,
|¢Z+| < Cgiy . In view of (2), (5), (23), and the control law
(19), the bearing angle dynamics for the robot n is given by

b, = 2 _ Pnto

To Pn

where w > 0 is a design parameter, ry is the disk target’s
radius, gL is the unit vector, vy is the target’s velocity with
|lvo[| < 0o, and 0 < p < p;, according to (33). Hence, the
dynamics zj)n is bounded ie., |¢)n\ < Cgpn, which implies that
V; < —w; Vi +C; hollds for i = n—1, in view of (34) and (37),

(38)

where p; = 41?’ , 4:; ,o.viyand C; = CF+ (7’00@_'_) ,
with Cy;, = Cy,. Then, we have
C; C;
Vi < (Vio — —) exp(—pit) + —. (39)

i i

It follows from (34) and (39) that ng;, 14, and U0 are bound-
ed. Hence, the precision constraints (14) and (15) are never vi-
olated according to (16), which further satisfies the constraint
requirements (9) and (13). As a result, the constraints imposed
on the subtended angle (7) and the separation angle (11) are
guaranteed, which implies that, in view of (5), the relative
distance p;(t) is also bounded, ie., 0 < p. < pi(t) < p;.
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According to (2), (23), and the control law (18), the bearing
angle dynamics for the robot 7 is given by

1 (u? . Hj; ) _ Pivo
pi\ VHS +e? pi

where p;, eqi, and U are bounded due to the boundedness

bi = (40)

of g, Nai» and ;. Furthermore, it is clear that aem , g;;“? ,

i
Ooi Mo gpd ‘9’7‘“ are bounded, since the constraint (15)
aQa’i 8Q i

is guaranteed. As a result, the dynamics &; for the robot i — 1
is bounded, which implies that % in (37) for the robot 1,
i € N, can yield (39). It is concluded from (33) and (39)
that 7g;, 7 € N, and 1y, @ € N, are bounded. Therefore, the
constraints on the subtended angle /3; in (7) and the separation
angle «;;, in (11) are never violated, which means that the
limited sensing requirement and collision avoidance with the
moving target and the next-neighbouring robot are guaranteed.

(ii) In terms of (33) and (39), we have V; < % as
t — oo, which implies that 7; and 7,; will converge into

the sets {ng; : |ngi| < ,/fﬁi,i € N} and {nai : |nai] <
207;
T
directly associated with ky;, k2s, 04, Vi, €, Cgs,» U0, and rq.
Furthermore, from (16), we have that as ¢ — oo, the errors eg;
and e,; will converge into the sets {e; : —A;, < e; < A},
00— 0% -00; | /(09,0 0,9, ;)2 402,92,
20 20 ’
QL \/(QQ +Q;0,—00;)%+40%Q,;Q
20 20

€ N}, respectively. The size of convergence is

where A ;=

, with

0= mul , J = PBi, ai. Using the I’ Hopital’s rule, we obtain

lim,—0 AJ = 0 and lim,_¢ Aj = 0, which indicates that a
small C; and a large p; are preferred such that the errors eg;
and e,; will converge to small neighbourhoods of the origin.
For a large u;, large design parameters ki;, ko;, and ~y; are
desirable. To obtain a small C;, a small tuning number ¢ is
favored. As a result, the subtended angle 3; and the separation
angle a; ;. eventually converge to a small neighborhood of the
desired angles Byes; and oues,i,i, , respectively.
(iii) Now, we recall from (33) and (39) that 2%1'1:)1’20 <
(Vio — %)exp( wit) + % < ¢y, where ¢y is the upper
bound of initial condition, which implies |v;0| < +/27;co.
Furthermore, lim;_,oo V; < G implies that the estimation

error Usq is ultimately uniformly bounded by 2"2 L. In view

of (38) and (40), the dynamics of bearing angle q.ﬁl is bounded.
The signal u; is also bounded due to the boundedness of 7;,

eJ,QJ,Q Q Q j =ai,Bi, and v;p. m

Remark 7: Based on the bearing-only measurement, the
presented angle constrained strategy limits to the disk target.
Regarding to cases where the target is not circular, the pro-
posed constrained control framework is also compatible for the
position measurement. The orthogonal-vector-based control
design incorporated with universal BLFs has advantages in
constrained target enclosing problem, in which the formation
errors to be constrained can be distance or angle errors along
two orthogonal directions. In addition, universal BLFs can
handle the constraints with different types (asymmetric or
symmetric) and nature (time-varying or time-invariant) in a

uniform framework. Specifically, the enclosing formation is
partially specified by the relative distance p;(t) in (4), in-
stead of the subtended angle. Consequently, the distance error
epi(t) = pi(t) — rdes,i is imposed on both safety and precision
constraints, that is, —e,; < —Q ;(t) < ei(t) < Qpi(t) < &
where e, = rges;i — p and em = Pi — Tdes,i With Tges g
being the desned radius, ‘and p, and p; respectively being the
lower and upper bounds of pz( ). Then, the position-based

controllers are designed as u; = G 1(90Z-u11- + Qiugip; —
. T .3 -1
@il — Pilig;), i € N, and u; = G; (smm %mﬁ%wm)
i = n, where uy; = —kliQpiQm‘npi — Lo Q - g;] » Q
0 9 @i O i a ai
ugi = —k2iaiQ0iNai — 557 Qai — 3§MQQ Tai 5t
Onpi ai OMai i
Hy; = npigt, and Hy; = ’797 azm with ¢, being the unit

vector from the target pointing to the onboard sensor.
Remark 8: When the precision constraints (14) and (15) are
not considered, the transformed error given in (16) becomes
un % where the constraints are time-invariant
in view of (9) and (13) Accordingly, in control laws (18) and
(19), terms uy; and us; become up; = <255 ( kii€giesingi)

51112
) respectlvely

and Ug; =

1 —
sin 3; (_ineaigainaz Nevi Oe

IV. SIMULATION STUDIES
A. MATLAB Simulation

10 t=0s

o
Linear velocity control inputs (m/s)

3
Angular velocity control inputs (rad/s)
: o

-6

0 20 40 60 80
Time(s)

Fig. 2. The phase-plane trajectories with control inputs.

Comparative simulations with and without precision con-
straints are carried out using the proposed control algorithm,
where the mobile robots are expected to surround a target with
even distribution. The target moves from po(0) = [0 0]7 with
vp = [0.2 0.1sin(0.1¢)]Tm/s which is unknown to all robots.
The onboard sensor is shifted a distance d = 0.2m, and the
safety radii of the robots and the target are r; = 0.5m and
ro = lm, respectively. The angle constraints are selected as
Bmin,; = Tm/180rad, Bmax,; = m/6rad, Qi = 7 /6rad, and
@i, = 11m/24rad such that a5 ; = 27 — > @;;, = 7/6rad.
The desired angles are set as [ges; = 7/9rad, ¢ € N, and
Ques,i,i, = 2m/brad, i € N. The precision constraint functions
are taken as Qg;(t) = (eg; — 0.005) exp(—0.3t) + 0.005,
Qpi(t) = (egz — 0.005) exp(—0.3t) + 0.005, Q.;(t) =
(en; — 0.012) exp(—0.3t) + 0.012, and Qu;(t) = (Eai —
0.012) exp(—0.3t) + 0.012, where ez, = 137/180, ép; =
/18, e,; = 7m/30, and €,; = 7w /120 according to (9) and
(13). The design parameters are k1; = 2, ko; = 5, 7; = 15,
i€N,01=0.1,0,=001ieN\1,e=0.01and @ = 0.5.
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ors

RIS L TR R SV

Subtended angle e

o s B
Time(s) Time(s)

(2) (®)

Fig. 3. The profiles of subtended angle errors. (a) The proposed controller.
(b) The controller without precision constraints.

(b)

Fig. 4. The profiles of separation angle errors. (a) The proposed controller.
(b) The controller without precision constraints.

The initial states of the robots are [z1 y1 61]7 = [6 —1 —n]7T,
[Z‘Q Y2 92]T = [2 3 O]T, [$3 Y3 93}T = [—1.2 4.8 7T/12]T,
[ta ya 0a)" = [-2.3 1 «/3]", [25 ys 05" = [-2.2 —
3 27/3]T, and v;p = 0, i € N. The design parameters in the
comparative simulations are the same except for o; = 0.01.

The trajectories of the target and robots with the control
inputs are plotted in Fig. 2, where the moving target is tracked
and enclosed by n = 5 mobile robots. As shown in Figs. 34,
the subtended angle errors and the separation angle errors with
and without precision constraints always evolve within safety
constraints, which implies that the limited sensing requirement
and collision avoidance with the target and neighbouring
robots are guaranteed. However, without the consideration of
precision constraints (see the controllers discussed in Remark
8), the subtended and separation angle errors deviate farther
from the origin (see Figs. 3(b)—4(b)). In contrast, without the
knowledge of target’s velocity vy and the dynamics of bearing
angle qbi . » the control laws (18) and (19) ensure the precision
constraint requirements such that all angle errors converge to
small neighbourhoods of zero.

B. Gazebo Simulation

An uneven distribution of the robots surrounding a target
is further conducted using Gazebo simulator on ROS. The
same robot model is used to emulate a disk target with the
radius of 79 = 1m. The target is assigned to track the
trajectory [x; )T = [~10sin(—0.02¢) 10cos(—0.02t) —
10]7 from the initial pose of [zg yo 6o]7 = [0 0 0]T.
The angle constraints are selected as Bmin; = 77 /180rad,
Bmax,i 7 /6rad, Qi w/6rad, &y o = 66m/180rad,
and &;;, = 887 /180rad, ¢ = 2,3,4. The onboard sensor
is shifted a distance d = 0.2m. The desired angles are set

Target
Robot 1
Robot 2

—— Robot 3
Robot 4

——Robot 5

Linear velocity con

0 10 20 30 40 50
Time(s)

L ym

(radis)

Angular velocity control in

Time(s)

Fig. 5. The phase-plane trajectories with control inputs in the Gazebo
simulation.
(] )
LA Y P
—— o - =
- L x) r \\ =
B L
4 . S
~ s * SN - -
-
(@) (b) ()

Fig. 6. Snapshots taken in Gazebo. (a) t = 0s. (b) t = 100s. (c) t = 200s.

as fBaes; = m/9rad, i = 1,3,4, Paes; = m/1lrad, i = 2,5,
Qges,1,2 = 7/3rad, and oues,ii, = 4m/9rad, i = 2,3,4. The
precision constraint functions are designed as Q,(t) = (eg; —
0.03) exp(—0.3t) +0.03, Qg,(t) = (3; — 0.03) exp(—0.3t) +
0.03, 2,,.:(t) = (e,; — 0.05) exp(—0.3t) +0.05, and Qn;(t) =
(i —0.05) exp(—0.3t) +0.05. The design parameters are se-
lected as kli = 0.5, kigi = 5, Yi = 0.01, g; = 0.01, €= 0.008,
and @ = 0.3. The initial states of the robots are [z; y1 61]T =
3.2 — 14 —57/9|7, (20 y2 62]7 = [24 1.2 — 7/6]T,
[z3 y3 03] = [0.84 —7/12)7, [24 y4 04)T = [-2.5 3 7/3]7,
[(E5 Ys 95]T = [—28 —1 27’(’/3]T, and ,51_0 = 0, 1€ N

The trajectories, control inputs, and different snapshot mo-
ments are demonstrated in Figs 5-6. Both subtended and

ermors
ermors (rad)

Subtended angle
Subtended angle

0 25 3 3 4 45 50 o s 10 15 20 25 30 3 40 45 50
Time(s) Time(s)

(a) (b)
Fig. 7. The profiles of subtended angle errors in the Gazebo simulation.
7
R
ot [T
oo v A Vo
(a) (b)
Fig. 8. The profiles of separation angle errors in the Gazebo simulation.
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separation angle errors stay within their corresponding con-
straints, and converge to small neighbourhoods of zero shown
in Figs. 7-8, which implies the safety and precision constraint
requirements are satisfied.

V. CONCLUSION

This paper proposes a constrained control framework to
solve the moving-target enclosing problem for nonholonom-
ic multirobot systems with safety and precision constraints.
The target-robot and inter-robot angles obtained from bearing
measurements are constrained to satisfy the requirements of
limited sensing range and collision avoidance. The precision
constraint further guarantees all robots converging to a small
neighbourhood of the desired enclosing formation. Universal
BLFs and adaptive estimators are incorporated with control
design to handle different constraint requirements, despite the
lack of target’s velocity.
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