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Given a set of facilities and clients, and costs to open facilities, the classic facility location problem seeks to
open a set of facilities and assign each client to one open facility to minimize the cost of opening the chosen
facilities and the total distance of the clients to their assigned open facilities. Such an objective may induce an
unequal cost over certain socioeconomic groups of clients (i.e., total distance traveled by clients in such a
group). This is important when planning the location of socially relevant facilities such as emergency rooms.

In this work, we consider a fair version of the problem where we are given 𝑟 clients groups that partition
the set of clients, and the distance of a given group is defined as the average distance of clients in the group
to their respective open facilities. The objective is to minimize the Minkowski 𝑝-norm of vector of group
distances, to penalize high access costs to open facilities across 𝑟 groups of clients. This generalizes classic
facility location (𝑝 = 1) and the minimization of the maximum group distance (𝑝 = ∞). However, in practice,
fairness criteria may not be explicit or even known to a decision maker, and it is often unclear how to select a
specific "𝑝" to model the cost of unfairness. To get around this, we study the notion of solution portfolios where
for a fixed problem instance, we seek a small portfolio of solutions such that for any Minkowski norm 𝑝 , one
of these solutions is an 𝑂 (1)-approximation. Using the geometric relationship between various 𝑝-norms, we
show the existence of a portfolio of cardinality 𝑂 (log 𝑟 ), and a lower bound of Ω̃

(√︁
log 𝑟

)
.

There may not be common structure across different solutions in this portfolio, which can make planning
difficult if the notion of fairness changes over time or if the budget to open facilities is disbursed over time. For
example, small changes in 𝑝 could lead to a completely different set of open facilities in the portfolio. Inspired
by this, we introduce the notion of refinement, which is a family of solutions for each 𝑝-norm satisfying a
combinatorial property. This property requires that (1) the set of facilities open for a higher 𝑝-norm must be
a subset of the facilities open for a lower 𝑝-norm, and (2) all clients assigned to an open facility for a lower
𝑝-norm must be assigned to the same open facility for any higher 𝑝-norm. A refinement is 𝛼-approximate if
the solution for each 𝑝-norm problem is an 𝛼-approximation for it. We show that it is sufficient to consider
only 𝑂 (log 𝑟 ) norms instead of all 𝑝-norms, 𝑝 ∈ [1,∞] to construct refinements. A natural greedy algorithm
for the problem gives a poly(𝑟 )-approximate refinement, which we improve to poly(𝑟1/

√
log 𝑟 )-approximate

using a recursive algorithm. We improve this ratio to 𝑂 (log 𝑟 ) for the special case of tree metric for uniform
facility open cost. Our recursive algorithm extends to other settings, including to a hierarchical facility location
problem that models facility location problems at several levels, such as public works departments and schools.

A full version of this paper can be found at https://arxiv.org/abs/2211.14873.

ACM Reference Format:
Swati Gupta, Jai Moondra, andMohit Singh. 2023. Which 𝐿𝑝 norm is the fairest? Approximations for fair facility
location across all “𝑝”. In Proceedings of the 24th ACM Conference on Economics and Computation (EC ’23), July
9–12, 2023, London, United Kingdom.ACM, New York, NY, USA, 1 page. https://doi.org/10.1145/3580507.3597664

∗Part of this work was done while the first author was at Georgia Institute of Technology. This work was partially supported
by the NSF AI Institute grant NSF-2112533. The third author was supported by NSF CCF-2106444 and NSF CCF-1910423.

Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted without fee 
provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the 
full citation on the first page. Copyrights for third-party components of this work must be honored. For all other uses, 
contact the Owner/Author.

EC '23, July 9–12, 2023, London, United Kingdom
© 2023 Copyright is held by the owner/author(s).
ACM ISBN 979-8-4007-0104-7/23/07.
https://doi.org/10.1145/3580507.3597664

817

HTTPS://ORCID.ORG/0000-0002-9566-3856
HTTPS://ORCID.ORG/0000-0002-6401-1505
https://arxiv.org/abs/2211.14873
https://doi.org/10.1145/3580507.3597664
https://doi.org/10.1145/3580507.3597664
http://crossmark.crossref.org/dialog/?doi=10.1145%2F3580507.3597664&domain=pdf&date_stamp=2023-07-07

	Abstract

