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This work presents a general chemical reaction network theory for olfactory sensing processes
that employ G-protein-coupled receptors as olfactory receptors (ORs). The theory is applicable to
general mixtures of odorants and an arbitrary number of ORs. Reactions of ORs with G-proteins,
both in the presence and the absence of odorants, are explicitly considered. A unique feature of the
theory is the definition of an odor activity vector consisting of strengths of odorant-induced signals
from ORs relative to those due to background G-protein activity in the absence of odorants. It is
demonstrated that each component of the odor activity defined this way reduces to a Michaelis—
Menten form capable of accounting for cooperation or competition effects between different odorants.
The main features of the theory are illustrated for a two-odorant mixture. Known and potential
mixture effects, such as suppression, shadowing, inhibition, and synergy are quantitatively described.
Effects of relative values of rate constants, basal activity, and G-protein concentration are also
demonstrated.

Olfaction, the natural machinery of chemical sensing, [1-6] in general initiates with the activation of a set of
olfactory receptors (ORs) by odorants. Activated ORs then generate electrical signals at the neuronal level [2, 3, 7-9],
which are further amplified and processed until they are recognized as a sense of smell in the perception space of a
brain. Details of how ORs become activated and how signals from ORs are processed may vary between organisms,
but the majority of the olfaction consists of a few distinctive information processing stages [4] as shown in Fig. 1.
While understanding this level of the mechanism of olfaction is a significant progress that has been achieved through
experimental breakthroughs over multiple decades [1-4, 10], many key questions remain unanswered. In particular,
there is no well-established and general molecular-level theory capable of explaining the chemical sensitivity, selectivity,
and diversity of olfactory sensing[5, 6, 11, 12] yet. Of particular importance is the relationship between odorants-OR

Odorant  Odor Receptor
Olfactory Sense

° |
n % |
\' S[A(1)] corex ™ Smell
A
* 0

=
gz
S g
<

A(t) MIA(?)]
Chemical Free Energy  Spatio-temporal =~ Multidimensional ~ Perception
Space Space Signal Space Pattern Space Space

(No) (2N + 2Ny Ng)

FIG. 1. Schematic of the olfactory process, where a mixture composed of different odorants is introduced to the olfactory
system (see the text for details). Odor Receptor means olfactory receptor (OR).
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reactivity and olfactory codes that can also be defined for all distinctive mixtures as well. This letter presents a theory
that can serve as such a general framework, upon further refinement and experimental information, by generalizing a
recently developed kinetic model of the activation of mammalian ORs [13].

Our previous kinetic model of olfaction[13] was developed for mammals that employ the G-protein-coupled receptors
(GPCRs) as ORs and is consistent with known information on GPCRs. [2, 14-21] Important features of this model[13]
are as follows. i) The model naturally leads to the Michaelis-Menten type[22]| response to the odorant concentrations,
which is fully specified by the reaction coefficients and equilibrium constants of underlying reactions that are in
principle measurable. ii) All agonistic, antagonistic, and inverse-agonistic behaviors can be described simply by
choosing appropriate rate constants. This allows for explaining different ORs with one unifying model. iii) The model
suggests that quantifying the ECsq value,[23] which depends on G-protein concentrations, can offer key information
of equilibrium constants. Overall, the model can describe essential features of dynamics between a single odorant
and OR, based on a standard chemical kinetic theory, while suggesting a prescription for quantitative experimental
verification.

The generalization of the kinetic model [13] for multiple odorant—OR pairs, as being developed in this letter, is
significant considering recent advances in experimental capability to detect responses to mixtures of odorants [24—28|
and relevant theoretical developments [24-26, 28, 29]. In particular, these research outcomes have established that
signals generated by ORs due to mixtures of odorants are far from being additive, and cooperative or inhibitory
effects between different odorants are fairly common, instead. As a result, even if all the information at the individual
odorant-OR level was known, it is not possible to predict the odor codes for the vast majority of mixtures. It is shown
that a general kinetic framework of olfactory sensing for multi-component and multi-OR systems can be constructed
so as to elucidate the mechanism and extent of the cooperative effect.

We start our formulation from a standard model of the chemical reaction network but with an arbitrary flux of
odorant mixtures. We also explicitly express the reactions between ORs and G-proteins, unlike other existing models.
Under the assumption of the steady-state limit, which is valid given that there is a clear time scale separation between
the flux of odorants and reaction processes involving ORs, we obtain a simple expression for the odor activity from
the steady-state concentrations of each odorant, equilibrium constants, and the concentrations of the G-protein. We
show that our theory generalizes the theory utilized by Singh et al. [26] and consolidates the effects of competition
for G-proteins.

The central assumption of our theory is that all the chemical information of odorants retrieved by the olfactory
system is entirely encoded into their reactivity with ORs and ensuing changes in the reactivity of ORs with G-proteins.
This assumption is well supported by most primary olfactory sensing mechanisms of vertebrates [14, 30]. Under this
assumption, the process leading to the downstream signal processing, which starts from the dissociation of G-proteins
from ORs, can be modeled by a set of kinetic equations. The scope of our theoretical model is to represent these
reactions of ORs, together with odorants and G-proteins, and to establish clear relationships between the overall
olfactory sensing activity and reaction parameters.

We here introduce terms representing concentrations and probabilities. We quantify odorants and G-proteins in
terms of concentrations, i.e., numbers of molecules per unit volume. On the other hand, we specify ORs of different
states in terms of probabilities. This is because the total number of different ORs, denoted as Ng, remains fixed for a
given olfactory system. We note that N is typically in the range of 100 — 1000. For example, Ng ~ 400 for humans
and Ng =~ 1,000 for mice [31, 32].

To be more specific, consider an olfactory sensing process where a mixture of different odorants (chemicals) is
introduced into the olfactory sensing region (OSR). Let us assume that the mixture consists of No different odorants.
The concentrations and probabilities of odorants are assumed to be time-dependent for now. Detailed definitions and
notations are provided below.

e C,4(t): The concentration of free odorant ¢ within the mixture consisting of No odorants, Thus, ¢ =1,--- , No.
e C(t): The concentration of free G-proteins.

e PY(t): Probability of the n-th OR in a free state, unbound by any odorant, where n =1,--- | Ny.

e P%(t): Probability of the n-th OR in a state forming a complex with a G-protein.

) Pﬁq(t): Probability of the n-th OR in a state bound to an odorant ¢ in its active site. The reactivity of this
complex with a G-protein is, in general, significantly different from that of the unbound one.

° PﬁqG (t): Probability of the n-th OR in a state bound to an odorant ¢ at the active region while also complexed
with a G-protein.
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FIG. 2. (a) The reaction of an unbound odor receptor (OR) with a G-protein in the absence of odorants. R, represents
the n-th OR, and k{jn and kﬁyn represent coefficients of forward and backward reactions of unbound R,, with a G-protein.
(b) Two reactions of an OR in the presence of odorants. Coefficients kcfl,nq and kg’nq determine the forward and backward
reactions of diffusional encounter of an odorant O, and the n-th OR, R,, which controls the production of the unstable
complex O4R,,, followed by relaxation of the odorant into the active site. Coefficients kf,nq and kg,nq control the forward and
backward reaction of the complex formation, namely the odorant-OR-G-protein complex G-O4R,,, respectively. (c) Illustration
of complete reaction pathways per receptor, given No types of odorants.

The sum of all the probabilities for each type of OR has to become unity. Thus, the following constraint for each of
n=1,---, Ng has to be satisfied:

No
Pr(t) + PE(t) + Y [P, (1) + PS ()] = 1. (1)

q=1

The overall reaction schemes in the presence and absence of odorants are provided in Fig. 2. Detailed rate equations,
relevant definitions of rate coefficients, and additional terms are provided below. In this work, we consider idealized
chemical reactions and assume that all reaction rate coefficients are independent of time and concentrations.

First, the rate equation governing the concentration of each odorant ¢ =1,--- , Np is given by
dC,(t)
d(.Zt = Iy(t) — 74C,(1)

Nr
3 [FhnaPia® = K Ca P (2)
n=1

where I,(t) is the time-dependent concentration flux (concentration change per unit time) of the ¢ odorant within
a mixture introduced into the OSR. The coefficient in the second term, -, is the decay rate of the odorant ¢ due
to degradation, deactivation, and escape from the OSR. In the second line of the above equation, kf;n g 18 the rate
coefficient for the forward rate between the n-th OR and the odorant ¢ leading to the relaxation of the odorant into
the active site of the OR, and kgmq is the rate for the backward reaction of the same process.

There are four reactions for each type of OR, involving four different probabilities defined in the last subsection.



First, the rate equation for the probability of free unbound form of the n-th OR is

dPu(t) <A, . ; .
dt = ; [kdvnqpnq (t) - kqucq (t)Pn (t)

where the terms in the first line are the same as those in the second line in Eq. (2), namely rate change due to the
dissociation from and the association with each odorant. As noted above, this rate represents the combined effect of
the diffusional encounter/departure between the odorant and the OR and the relaxation of the former into the active
site of the latter. In the second line of the above equation, k{:n is the coefficient of the forward reaction rate of the
unbound n-th OR forming a complex with a G-protein, and kgn is the coefficient for the backward process, where
a G-protein is released from an unbound n-th OR. Note that these two processes are the only reactions that change
the probability for the complex between the n-th OR and a G-protein. Thus, for each of n =1,--- | Np,
dPg(t) b pG

Similarly, the probability for O4R,, the n-th OR bound with the odorant ¢, is governed by the following rate

equation:

APy, (1)
di = ktjie,nqCQ(t)P:; (t) - k?l,nqprfq (t)
_kg,nqCG(t)Pﬁq (t) + ks,anTCLqG(t)7 (5)
where kinq and kZ’nq are defined through Egs. (2) and (3). In the second line of the above equation, k:fnq is the rate

coefficient for OqR, to be complexed with a G-protein, and k:lc’,nq is the rate for the backward process.

The probability for G-O4R,,, the n-th OR bound with the odorant ¢ and complexed with a G-protein, is governed
by the following rate equation:

dP5S (t) . .
"é‘; = k"g,nqCG(t)an(t) - klc)’,an)ng7V (t)’ (6)
where kf,,, and k%, are through Eq. (5).

Lastly, the concentration of the G-protein is governed by the following rate equation:

Ngr
1Calt) _ > [~ HLCotope) + 1 PE
3 (kL Colt) Py 0) 4 Ry PES )}
+1c(t) — vaCa(t), (7)

where all the rate constants have previously been defined through Egs. (3)—(5), I (t) is the flux of G-proteins provided
externally, and v is the decay rate of the G-protein due to degradation and escape from the OSR. We assume that
this additional flux and drain mechanisms of G-proteins are much faster than other intermediate rates.

The transduction of the olfactory sensing signal starts from the release of an olfactory signal processing component
of the G-protein, known as G, subunit, from G-O4R,,, the odorant bound OR and G-protein complex. The released
G, subunit then initiates a cascade of events [2, 4, 33, 34] that involve cyclic adenosine monophosphate (cAMP)
messengers, cyclic nucleotide-gated (CNG) ion channels, and ultimately chloride channels. The depolarization across
the membrane of olfactory sensory neurons (OSNs), which primarily involves chloride ions, generates electrical pulses
that travel through the OSN and are collected at glomeruli in the olfactory bulb, which are amplified before they are
transferred to projection neurons.

It is known that ORs can still bind to G-proteins in the absence of odorants and generate the same signal-processing
components of G-proteins, resulting in non-zero background signals (basal activity).[8, 9] Thus, we assume that
olfactory signal processing can also result from the dissociation of G-R,, the complex of an OR and a G-protein
without odorant, although at a different rate. Therefore, we define the following odor activity from the n-th OR due
to interaction with odorant ¢:

anq(t) =Tn [kb PCG(t) + kﬁ’n(SPE(t)] ) (8)

c,ng*t ng



where 7, is a multiplicative factor characteristic of the n-th OR and is in the unit of time. The physical meaning
of 7, is that it can be viewed as an “effective time” for the duration of signal processing following G-protein release.
Determining this parameter however goes beyond the scope of the chemical network theory presented here. As will
become clear below, it is possible to convert the odor activity into a form that does not explicitly need the value of
7. 6P%(t) is the difference between PY(t) in the presence of odorants and the absence of odorants. Then, the odor
activity vector for odorant g can be defined as

a1q(t)
a,t) = | aw) |. (9)

ay,qt)

While it is possible to define the individual odor activity for each odorant, what is perceived in the actual olfactory
sensing is the sum of all contributions of odorants in a given mixture. Then, we can define the following net odor
activity vector for a mixture:

Aq(t)
AW =| A0 |, (10)
Ang (1)
where
No
A”(t) =Tn Z kz,nqpvfg(t) + kz,nCSPnG(t) . (11)
q=1

Thus, the odor perception for a mixture of odorants results from the mapping of the net odor activity into the
perception space, which we denote as M(A(t)) (see Fig. 1).

Pending more concrete experimental evidence, it is worth mentioning an important step involved in this mapping
process. Due to the allosteric nature of the activation of the CNG ion channels, which can combine up to four
cAMPs, and other amplification mechanisms, the actual signal strengths that pass through OSNs for a given mixture
of odorants are expected to be different from the odor activity defined above. Since this quantity is experimentally
observable, it may be necessary to define the following odor strength for each OR type:

Sn(t) = Hn(An(t)), (12)

where H,,(z) represents an amplification function for each type of OR during neuronal signal generation (see Fig. 1)
and is related with the fact that many odor signals can be modeled empirically by Hill function.[24, 25, 29, 43] Possible
mechanisms for obtaining such Hill function were provided in our previous work.[43] In addition, considering that
the net outcome of odor signal comes from multiple independent actions of numerous ORs, it is also possible that
Poisson-type processes can be employed for the modeling of H,(z) as well. Thus, the detailed form of H,(z) is
expected to be dependent on various details of signal transduction and measurements, and remain an important topic
of future theoretical and experimental efforts.

Let us assume that the active olfactory sensing period is preceded by the approach of a steady-state limit, where
all the intermediate reactions involving ORs have effectively zero rates on average. Even in the steady-state limit, the
odorant concentration Cj is generally time-dependent because Eq. (2) is not zero due to incoming flux I,(¢) and the
decay process with rate v,. Given that the stationary states of other reaction steps are reached much faster than the
time scales of these two processes, the time dependence of C,(ts) at the steady-state limit can be determined by

ts
Cq(ts)z/o dre =T (7). (13)

A similar relation is assumed for Cg(ts) as well. Under these assumptions, closed-form expressions for steady-
state solutions can be obtained as detailed in Supporting Information (SI). The resulting net odor activity from the
interaction between odorant ¢ and the n-th OR is

N
o Zq’zl Co fng
u,n 1 + CGKu,n N

o TnCG
1+ Zé\{i1 Oq’fnq/ + CGKu,n

Cokd 1 King

c,ng

(14)

Gngq




TABLE I. Definitions of association constants (ACs) and fnq.

Symbol Definition

Keng = kc nq/kc na AC for G-protein binding with odorants (Eq. S4 in SI?)
Kang = kd’nq/kqu AC for odorant binding (Eq. S5 in SI?)

Kun =kl /K AC for G-protein binding without odorants (Eq. S13 in SI%)

Jrng = Kang (1 +CaKeng) A function defined in Eq. S9 in SI®
¢ Supporting Information.

In the above expression, we used the definitions of the association constants and f,, as shown in Table I. One
important feature of Eq. (S24) is that the second term within the square bracket can naturally explain antagonistic
and inverse agonistic behaviors.

The set of anqs expressed as Eq. (S24) completely specifies the odor activity vector a, defined by Eq. (9) in the
steady-state limit for each pair of odorant and OR. However, what is perceived by the olfactory system is the net
odor activity defined by Eq. (10), where each component is given by

fnqu,n
ZC< R =1 ok )| )

TnCG
1"’2 Ofnq"'OGKun

This is the main result of our theory for the net activity, and can also be rewritten in the Michaelis-Menten (MM)
form:

N,
A, = g1 Ong Ca/ EC5Y . (16)
" 1+ 30 Cy/ECH

In the above expression, a%™ defined by Eq. (S15) in SI is the activity of the n-th OR when there is only odorant ¢
in the limit of Cy — oo. ThlS quantifies the agonistic behavior: a%™ > 0 for agonistic, anq = 0 for antagonistic, and
2(;" < 0 for inverse-agonistic activities. Importantly, in principle, the net odorant activity can have negative values
when the odorant-triggered activity is weaker than the basal activity defined in Eq. (11). Another important quantity
ECZ{ is the corresponding half-maximum activity concentration of odorant ¢ (see Eq. (S17) in SI). Note that in the
MM form, the activity is independent of 7,, because it is rescaled by the maximum activity (see Eq. (S16) in SI).

Equation (16) is similar to the expression suggested by Singh et al. [26] However, we have explicitly derived the
net activity A, in the most general manner. In addition, our model can account for the effect of basal activity and
incorporates G-protein concentrations into aO " and ECL{ (see SI for more details). Since the derived net activity
incorporates inverse-agonistic scenarios, it prov1des quantltatlve threshold conditions for various OR responses, which
we describe in detail below.

Now, let us consider the case where there are two odorants of types 1 and 2, with corresponding steady-state
concentrations C7 and Cs. Thus, the total concentration of odorants is C' = C; 4+ Cs, and the mole fraction of odorant
1is &y = C1/C, thereby yielding the mole fraction of odorant 2 as zo =1 — ;.

According to Eq. (16), the net activity in this case is expressed as

0,m
oy 4 (1 1)
An(caxl) C 1—x i (17)
+ + p
C’ EC"1 ECZZ
Depending on the agomst condition for each odorant type (determined by the sign and the magnitude of ao 1" and

avy™) as well as ECE) and ECZZ, the odor activity as a function of ; changes substantially, and sometimes even

qualitatively, as shown in Fig. 3. More comprehensive and detailed calculation results are provided in sections IV and
V of SI.

Figure 3(a) illustrates the odor activity when both odorant types are agonistic but type 2 is two-fold stronger
(ao,m

o1 =95 and %2 = 10). Depending on the ratio ECLy /ECZ3, A,, decreases or increases, converging to a value close

to a2 = 5 as x; increases to unity. This is because we chose the parameter value C/ECES = 10, meaning that the
odorant concentration is sufficiently large to reach a?;{” for type 1. Note that the parameter ratio,

ECZ) _ Kin2(1+ CaKen2)
Ecgg Kd,nl(l =+ OGKc,nl) ’

(18)
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FIG. 3. Odor activity A, (Eq. (17)) when (a) both types are agonist, (b) type 1: antagonist, type 2: agonist, (c) type 1:

inverse agonist, type 2: agomst and (d) both types are inverse agonist. The arrows in (c) depict the threshold fraction z7*¢°

given in Eq. (19). We use a2 = 5 and a23" = 10 for the agonist condition, a>/" = a’3" = 0 for the antagonist condition,
a,;" = —5 and a = —10 for the 1nverse agonist condition, and C/ECE} = 10. In (a), the red and green curves show

“suppression”, the blue ‘overshadowing”, and the orange lnhlbltlon In (b) and (c), all curves show “suppression”. In (d), the
red and green curves show “suppression”, the blue “overshadowing”, and the orange “synergy”.

is dictated by the odorant binding ratio via Ky n2/K4n1 for small Cg, and approaches (Kjg, nch n2)/ (Kan1Keni)
for large Cg. As ECEy /ECEZ increases, the activity in the limit of vamshmg a:l approaches a = 10, which fulfills
the saturation concentration for both types (see the red curve for ECE / EC = 10). We observe rich phenomena of
activity in Fig. 3(a) depending on different values of ECZ}/ EC The red and green curves exhibit “suppression,” the
blue “overshadowing,” and the orange “inhibition.” Note that the choice of values for a%lm =5 and a%n = 10 above,
although somewhat arbitrary, are good examples representing the case of two comparable but different odorants, for
which rich cooperative and competitive effects are expected. For more comprehensive model calculations including
other values of parameters, please refer sections IV and V of SI (see Figs 82 S4 in SI).

While keepmg the identical agonist condition for odorant type 2 ( = 10), we now consider the antagonist
condition (anl = 0) for type 1, as shown in Flg 3(b). As 7 increases, the activity indeed decreases to zero, where
the decay characteristic is determined by ECZ) /ECEZ and exhibits a “suppression” of activities.

Interestingly, as shown in Fig. 3(c), when the odorant type 1 is inverse agonistic ( Olm = —5) and the type 2 is
agonistic (a?l’zm = 10), we find a crossover (sign change) of the activity A, as x; changes. This indicates that the
agonist condition of the mixture can be tuned (from agonistic to inverse agonistic and vice versa) by changing a
fraction of one odorant type. The crossover occurs at the threshold fraction (obtained by solving A, = 0 in Eq. (17)

1
*,ag0
nl 1 ay"ECE? ( )
ayy BCLS

which satisfies 0 < z; < 1 if and only if a / a,s" < 0, meaning that the odor activity crossover occurs only in a
mlxture of agonistic and inverse agonistic odorant types. Although the activity features “suppression” responses for all

/ EC50, the agonistic condition is largely dependent on 7 [see the arrows in Fig. 3(c)]. We expect this result will
be partlcularly useful for further quantitative studies of odorant-dependent OR response and widespread inhibition.
Recently, Inagaki et al. have found that the OR response can be largely modulated by changing a fraction of one
odorant type in a mixture of agonists and inverse agonists [35]. The OR response can undergo excitatory-to-inhibitory
transitions by changing a fraction of inverse agonists in a mixture (see Fig. 4B in Ref. [35]). In addition, Pfister et
al. have found the inhibitory-to-excitatory transitions of OR response by increasing an agonist fraction in a mixture
of agomsts and inverse agonists (see Fig. 7B in Ref. [36]). These findings are consistent with A, in Fig. 3(c) at

23 JECE2 = 10 (red curve), the threshold of which can be quantitatively determined by Eq. (19). Furthermore, the
result enables us to define the following vector for the threshold fraction of odorant type ¢:

*,a80
xlq
X280 x*,ago (20)

* ago
xNRq
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FIG. 4. Relative odor activity A, given by Eq. (21) when (a) both types are agonist, (b) type 1: antagonist, type 2: agonist,
(c) type 1: inverse agonist, type 2: agonist, and (d) both types are inverse agonist. We use a%’lm =5 and a%;@ = 10 for the
agonist condltlon (121 =aYy" = 0 for the antagonist condition, a2} = —5 and ay" = —10 for the inverse agonist condition,
and C/EC5O =

which provides the transition threshold profile of odor receptors for given odor types in a mixture.

Figure 3(d) shows A, when both types are inverse agonistic (a>;" = —5 and a2y" = —10), which is equal to —A4,
of the agonist case shown in Fig. 3(a). We observe that the red and green curves exhibit “suppression”, the blue
“overshadowing”, and the orange “synergy”.

Comparing the above net odor activity with those for single-odorant cases can classify different behaviors of a
mixture, specifically, the synergistic behavior. Therefore, we define a relative activity

§A,(C,x1) = An(C 1) — a2, (Cxy) — a2, [C(1 — 21)],

where a); (Cz1) is the odor activity for odorant 1 at concentration Cz; in the absence of odorant 2, and a2,[C(1—x1)]
is the odor activity for odorant 2 at concentration C(1 — z1) in the absence of odorant 1. Then, we find

_C? :ré(ll Jél)2 Q0m o0
EC5, ECsg nl n2
0An(Crn) = 1, <1+C EohT Tirolz ) @)
1+ C Ecnl + Ecg,g C 0"2

Figure 4(a) depicts §A,, when both odorant types are agonistic (a nlm = 5 and a?L’Qm = 10), which is the same
condition as given in Fig. 3(a). We find that dA,, is always negative. Thus, the net odor activity is always smaller
than the direct algebraic sum of independent and individual activities. This suggests that a synergistic enhancement

is impossible (anti-synergistic).

When the odorant type 1 is antagonistic and type 2 is agonistic (an’1 = 0 and a = 10), we find a similar
antl—synerglstlc condition [see Fig. 4(b)]. However, when odorant type 1 is inverse agomstlc (a, o0 = 75) and type 2 is
agonistic (ay" = 10), we find a large variation of §A,, [Fig. 4(c)]. Depending on z; and ECY /EC5O, the net activity
can be synerglstlc (6A,, > 0) or anti-synergistic (§A4,, < 0). The threshold synergistic condltlon is found as

1+ ?LZ”LEC:O + ECQOQ
*,8 an
xnfyn = = a0 "’EC"Q ) (22)
1= W

nl

which satisfies 0 < ™" < 1 if and only if a) /aom < 0. The odor activation is synergistic in the range of
0 <z < x,;°", where the range becomes larger as "1 /EC"2 increases and vice versa for the anti- Synergistic
range. The change of §A, (x1) is substantial, partlcularly resulting in qualitative difference for large ECE, /ECsO,
where the slope of the decaying curve at the crossover point becomes sharper. This implies that a small change in x4
can significantly modulate the synergistic condition.

In Fig. 4(d), when both types are inverse agonistic (a>7" = —5 and ay" = —10), 6 A, (1) is identical to —§A,, in
the agonist case shown in Fig. 4(a). Note that in our model the synergistic activity occurs only when the mixture
contains an inverse agonist. This means that the synergistic effect in a GPCR-based signal downstream is dictated
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FIG 5. Agomst synergist condition for a mixture of inverse agonists (type 1: a = —5) and agonists (type 2: an2 = 10) at

iy EC2 =1and C /ECE} = 10, which depends on z;. Five different scenarios are depicted by numeric indices. 1: Agonistic
and synergistic, 2: Agonistic and non-synergistic, 3: Agonistic and anti-synergistic, 4: Antagonistic and anti-synergistic, and
5: Inverse agonistic and anti-synergistic.

by the number of inhibitory encounters (odorants, ligands, or drugs). Moreover, the synergistic threshold vector,

*,5yn
1q

x*syn — x*,.syn (23)

* 5yn
xNRq

provides a synergistic threshold profile of odor receptors given the odor types in a mixture. This result offers insights
into a quantitative understanding of OR-dependent response and synergy criteria. Recently, Inagaki et al. have
found that depending on ORs, the odor activity response by an identical mixture can be considerably different—
“suppression” or “synergy” (see Fig. 6B in Ref. [35]). What is notable is that the synergistic activity has been found
from the OR response by a mixture of agonists and inverse agonists in the experiment, which is consistent with our
theoretical model (e.g., see scenario 1 in Fig. 5).

It is worthwhile to explain several important points relevant to our main results. For mammalian olfactory GPCR
signaling, the concentration of G-proteins in an OSN is known to be ~ 1 mM [37, 38]. In addition, a success probability
of odorant- triggered signal downstream from GPCR to G-protein is found to be very low (~ 10~%) [37]. This suggests
that the ratio ECZ) /ECES given in Eq. (18) for olfactory sensing becomes

=, (24)

where the key factor determining the agonist—synergist condition is the odorant-binding (association) constant.
Figure 5 shows the agonist—synergist condition depending on the mole fraction x; of odorant type 1 based on the

net act1v1ty A, and the relative activity A, for a mixture of inverse agonists (type 1: ao " = —5) and agonists (type

2: a2 = 10) at ECI3 /ECE2 = 1 and C/ECZ} = 10. Various scenarios are possible: 1: Agonistic and synergistic,
2: Agonistic and non-synergistic, 3: Agonistic and anti-synergistic, 4: Antagonistic and anti-synergistic, and 5:
Inverse agonistic and anti-synergistic conditions. In general, these conditions are determined by the threshold space
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(x3 %80, x25Y") given by Eqgs. (19) and (23), which can be measured in experiments in terms of the Michaelis-Menten
parameters.

Interestingly, agonist—synergist modulation becomes significant when there are inhibitory ligands, i.e., inverse-
agonistic odorants, in the mixture. A noteworthy crossover between the net and the relative activities occurs only when
a pair of agonists and inverse agonists compose the two-odorant mixture. We found the agonist—synergist condition
can be tuned by changing a mole fraction of one odorant in a mixture. This is in line with previous observations
of “competitive antagonism” and “widespread modulation”, [39, 40] where antagonists or inverse agonists [41] in the
odorant mixture modulate the signal downstream.

Various theoretical models [24, 29, 39, 40, 42, 43|, mostly based on the Hill equation as an empirical formula, have
been used to understand the odorant-dependent modulation of receptor reaction by mixtures. Recently, Singh et al.
presented the “competitive-binding” model [26] based on the Michaelis-Menten equation similar to what we derived
previously [13] and is extended here, and showed possible widespread modulation of ORs in an equimolar mixture
(x1=x2=1/2). Our model provides further information on microscopic parameters, such as G-protein concentrations,
association constants, and more importantly, the basal activity, and can serve as a general framework for understanding
the model by Singh et al.[26]

It should be noted that experimental observations point towards a broad range of basal activities across different
types of OSNs [35, 44, 45]. We find that Cg K, , is crucial for determining the basal activity. For low basal activity,
the probability for G-proteins to bind to an OR in the absence of odorants (Eq. (S22) in SI) is small, which vanishes
as CgK, ,, — 0. Instead, for large C¢ K, ,, the basal activity is high. Therefore, ECL{ (Eq. (S17) in SI) turns out
to depend on the basal activity, while the ratio ECZ) /ECEZ for a mixture is independent of the basal activity. This
finding may be useful for quantitative analyses of olfactory sensing with mixtures.

In conclusion, in this work, we generalized the rate equations for multi-odorant and multi-OR reactions by explicitly
incorporating the effects of odorant binding, G-protein binding, and basal activity. The resultant analytical solutions
yield the net activity and relative activity expressed in terms of the Michaelis-Menten equation, with corresponding
microscopic biochemical contributions as functions of 1 and Cg. Our theory provides mechanisms and quantitative
criteria for the important effects of odorant mixtures. In addition, our main theoretical results can be used to construct
feature space of odorants based on their reactivity with ORs. Thus, our theory, along with recent experimental progress
to objectively measure odor codes at the neuronal level,[6] can be utilized for the development of more efficient and
experimentally verifiable Machine Learning approaches for olfaction since the space of chemical rates and equilibrium
constants can serve as an effective feature space for modeling olfactory codes.

While our theory describes the effects of competitive multi-odorant binding and G-protein binding for olfactory
GPCR signaling, the underlying model can also be adapted to provide a general framework for elucidating similar
GPCR-based ligand-receptor-effector reaction processes with ligand mixtures, e.g., gustatory sensing [46] and behav-
ioral regulation with a mixture of neurotransmitters [47]. It is important to note that our assumption that combines
a diffusional encounter of odorant and OR, as well as the relaxation of the former into an active site of the latter as
a single-step process, might be drastic simplification. Nonetheless, considering that this process is likely to be faster
than the diffusional encounter and the reaction of the unbound OR with a G-protein, it is reasonable to represent
the two processes by a single rate equation. Even in the case where these assumptions do not hold, it is still possible
to explicitly represent the two processes into two separate rate equations, which introduces an additional equilib-
rium constant in the steady-state limit. We expect that further refinement of our model with an increasing number
of experimental data is possible. The present results are based on the steady-state solutions, which are important
but yet describe only a fraction of our kinetic model. For longer time scales, one can incorporate the dynamics of
concentrations of odorants and G-proteins, as given by Egs. (2) and (7), which will provide a more comprehensive
perspective to understand the kinetics of olfactory sensing throughout a wide temporal range.
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I. SUPPORTING INFOMATION
A. Solution of rate equations in the steady-state limit

We consider the steady-state limit where all the rate equations involving the intermediates in the main text be-
come zero. Although the concentrations can still be time-dependent, for notational convenience, we drop all the
concentrations with such time dependence.

Let us first start from the conditions that Eqgs. 5 and 6 become zero. From the condition that Eq. 6 is zero, we
obtain

kS

c
c,ngq an

Cq=kb, P (S1)

engtng -
Combining the above condition with the condition that Eq. 5 is zero and rearranging terms, we find that

k)
Py = gt CuPt (s2)
snq

Employing the above expression in Eq. S1, we find that

!

kgn kdn w
P = h “0,Ca P, (S3)
¢,ngq ,nq

Now let us define the following equilibrium constants

With the above definitions, Eqs. S2 and S3 can be expressed as

Pt = KangCyPy, (S6)
PG = KgngKengCqCaPy. (S7)

Combining Egs. S6 and S7, we obtain

PS + P59 = CyfngPy, (S8)
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where
fnq = Kd.,nq [1 + CGKc,nq] . (89)

Note that f,, defined by Eq. S9 is a linear function of the concentration of G-protein, Cg, which is determined
by the specific physiological condition in the olfactory regions. All other parameters in f,, are fully determined by
equilibrium coefficients.

Employing Eq. S8 in the normalization condition, Eq. 1, we obtain

u 1_P'r?

P N (S10)
1+ 3270 Cyfng

The above equation provides a relationship between P and P&, probabilities of completely unbound OR and G-
protein-only bound OR in the steady-state limit. Combining this information with the condition that Eq. 4 is also
zero in the steady-state limit, we obtain the following expression

CGKu,n

PG = , (S11)
! I+ Zfl\[:ol qunq + CGKu,n
1
Py = NG , (S12)
1 + Zq:l qunq + CGKu,n
where
kil n
Ku,n = kﬁ,n' (813)
B. Single odorant case
We here consider the case where No = 1 with only odorant ¢, for which Eq. S24 reduces to
O T CaCy
n 1+ qunq + OGKu,n
f” qk5 n
kf Kgpg — ——a | S14
X c,ng d,nq 1 + CGKu,n ( )
In the limit where C; — oo, the above quantity reaches the following maximum:
aO,m _ T”CG kf K _ fniqk"{’n (815)
" Frg | "M T4 CoRyn |
Therefore,
0
Gnq — qunq
a%’,;n 1+ qunq + CGKu,n
Cq
= S16
ECIT + Cy (516)

where EC{ is the concentration of odorant ¢ for which its odor activity with the n-th OR becomes half of its maximum
and is expressed as

nq
1+ CgKu’n

= . S17
I(oi,nq(1 + CGKc,nq) ( )
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FIG. S1. Odor activity A,(Cq,z1) in Eq. 25 at (a) Kgn1/Kanz = 0.5, (b) Kani/Kanz = 1, and (c) Kgni/Kanz = 2 for
different values of K. n1/Kun. Middle row: Odor activity A,(Cq) at Kani/Kan2 = 1 [panel (b)] for (b-1) z1 = 0, (b-2)
x1 = 0.12, (b-3) &1 = 0.5, (b-4) z; = 0.75, and (b-5) 21 = 1. Bottom row: Odor activity A, (z1) at Kgn1/Kane = 2 [panel
(¢)] for (c-1) Ca =0, (c-2) Ce = 0.1, (c-3) Ca = 1, (c-4) Cg = 10, and (c-5) Cc = 100. We use k! ., /k{ . = kI, /K], = 100,
Kenz/Kun =1, and CKgn1 = 0.03.

Employing Eq. S17, we can express f,q in terms of ECL{ as follows:

1+ CGKu n
frg = ———a——. (S18)
T ROy
Using this expression in Eq. S15 and rearranging terms, we find the following expression:
aO,m(l + CaK, n)
ZCok!  Kype=—4 ey S19
T G c,ng d,ng EC5(()1 _an ( )
where
kf
Kpg = ——20 (S20)

kg,and,nq .
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C. Derivation of a, and A,

Under the steady-state condition with Eq. 13, simple expressions for steady-state solutions can be obtained as
detailed in Supporting Information. The resulting solutions for probabilities, dropping the explicit dependences on t;
for notational convenience, are given by Eqs. S11 and S12. Equation S12 can be combined with Eq. S7 to determine
the steady-state value of Pﬁqu that is needed for the calculation of the first term in the odor activity defined by Eq. 8.
Thus, we obtain the following expression:

PcG Kd anc nqC CG
ML 00 Cofug + CaKun

(S21)

where K¢ ng, Kang, fng, and K, , are defined by Eqs. S4, S5, S9, and S13, respectively.

For the calculation of the second term in Eq. 8, we also need to determine the steady-state value of P in the
absence of odorants. This can be obtained by setting C;, = 0 for all ¢ in Eq. S11, which results in the following
expression:

G CGKu,n

= 22
'IL,O 1 + CGKu’n (S )

Subtracting this from Eq. S11, we obtain

5PG o (Z C fnq)CGKun

n . (523)
(1+Z C fnq+OGKu n)( +CGKu,n)

Using Eqgs. S21 and S23 in Eq. 8 result in the following steady-state expression for the odor activity from the
interaction between odorant ¢ and the n-th OR:

TnCG
1+ 302 Cy fug + CaFup

k‘f Z CfHQ]

anq ==

(S24)

Ck Kan
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D. Net odor activity depending on Cg and z:

For a two-odorant mixture, the net odor activity A,, in Eq. 15 is rewritten in a dimensionless form:

_ :L'leJﬂ <];:Z,n1 -T ) (1 — xl)Kd n2 (k FQ)
A, = i , (S25)
(1 + l/Cg)[l + 33‘1Kd’n11—‘1 + (1 - lUl)Kd,n2F2]

where we use I'y = (1 + CaKena)/(1+Ca), Ay = An/(1uk8 L), Co = CaKumy Kang = KangC, k!
K. ng = Keng/Kyn with ¢ = 1,2, For 1 = 1 A, reduces to the activity for the single odorant case (Eq. 20 in
Ref. [13]).

In Fig. S1, we show A, as a function of C¢ and 1, which features a rich landscape depending on the odorant
binding constant ratio (Kgn1 / K.n2) and relative G-protein binding ratio for odorants of type 1 (K n1/Ky,n). Here,

emg — g,nq/kiin7

we use k! kf no = 100, KC n2 = 1, and Kd n1 = 0.03, following the parameters considered previously [13|. This

c,nl
means that we keep the agonist condition for odorants of type 2 (kfn2 > K cen2) and we vary Kc,m, which changes the
agonist condition for odorants of type 1. These conditions are depicted by color codes in Fig. S1, in which starting
from orange to red, odorants of type 1 become agonists (orange, blue), antagonists (green), and inverse agonists (red),
while odorants of type 2 are always agonistic.

When the odorant binding ratio is Kg4,1/K4n2 = 0.5, as shown in Fig. S1(a), the activity is overall a decreasing
function of z;. This is because odorants of type 2 bind to OR two times faster than type 1, thus the activity is
suppressed by increasing x1, which becomes less and inverse agonistic as K ,1/K,,, increases. In Fig. S1(b), when
the odorant binding ratio is unity (Kg4n1/Kgn2 = 1), the z1-dependency of activity is determined by the agonist
condition of odorants of type 2: For IN{C,M = 1 (orange surface) that is actually the same as Kc’ng = 1, two odorant
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FIG. S2. Odor activity fln/éc given in Eq. S27, under the low basal activity condition (é’g < 1) for (a) both types agonist,
(b) typel: antagonist, type2: agonist, (¢) typel: inverse agonist, type2: agonist, and (d) both types inverse agonist. The
arrows in (c) depict the threshold fraction x:;llow given in Eq. S29. For an odorant of type «, we use kf,na = 10 for the agonist

condition, l::{na = 1 for the antagonist condition, l%fy,m = 0.1 for the inverse agonist condition, and R',Lm = 10.

types are indistinguishable, thus the activity is independent of z; and features the s-curve function of G-protein
concentration [see orange curves in panels (b-1)—(b-5)]. For K. ,1 > 1, however, the activity becomes a decreasing
function of x; because of the fraction of agonistic type 2 decreases. When odorants of type 2 bind two times faster
(Kan1/Kain2 = 10), as shown in Fig. S1(c), the activity shows intriguing z;-dependent behavior [see panels (c-1)-
(¢-5)] , which can be an increasing function of x; under the agonist condition for odorant type 1, otherwise it is a
decreasing function of x7.

The various behavior of odorant activity arises from the competition between two odorant types with different
agonist conditions. Up to K, ,1 = 100, we find that the activity is positive for all z; and Cg. For K, ,1/K, ,, = 1000
(red), the activity is positive only in a certain limited range of z; and C¢g [see the crossover of the red lines in
Figs. S1(b-1)-(d-5)]. This can be further generalized as the odor activity of a binary mixture is limited by the
threshold fraction z},:

1
* J—
2:,1(Ce) = 1 K1 (kL ,0-T1)
Rd,n?(i%f,nQ_FQ)

(526)

above which the olfactory signal subtracted by the basal activity, Eq. 12, becomes negative (inverse agonistic), provided
that type 2 is agonistic (vice versa, %, is the threshold to be agonistic when type 2 is inverse agonistic).

This agonistic competition in the mixture is well reflected in Figs. S1(b-1)—(c-5), which are cross-sections of
An(z1,Cg) in Fig. S1(b) cut for various fixed values of z1. The typical s-curve feature of A,(Cg) for single-type
agonistic odorants [Fig. S1(b-1)| changes dramatically when mixed with other odorants of different types with various
agonist conditions [Figs. S1(b-2)-(b-4)]. Depending on Cg and the mixing fraction z, the activity can be monotoni-
cally agonistic, nonmonotonically agonistic, and even nonmonotonically inverse agonistic. Interestingly, when a small
fraction of inverse agonistic odorants is mixed [the red curve in panel (b-2)]. As C¢ increases from zero, the activity
is maximized and becomes negative as C¢ increases further, showing the role of G-protein concentration dramatically
controlling the olfactory sensing. This behavior is not found for the single odorant case [panels (b-1) and (b-5)], which
is the unique feature arising from a mixture. Another interesting result is found when mixing antagonistic odorants
with agonistic odorants [the green curves in panels (b-3) and (b-4)], where the activity is also maximized at an optimal
C’G and the mixture becomes agonistic as C’G increases further.

In addition, to explicitly show the effects of the threshold condition z}; in Eq. S26 on the activity, we show
An(z1,Cq) in Fig. S1(c) cut for various fixed values of C¢ in Figs. S1(c-1)-(c-5). As C¢ increases, the crossover of
the activity is clearly seen in the red curves for the inverse-agonistic odorants of type 1, of which the crossover point
is quantified by Eq. S26.

The obtained theoretical result may provide insight into a quantitative analysis of the competitive effect of an
odorant mixture.

E. Connection to basal activity

We now consider two limiting cases of the activity, focusing on a connection to the basal activity.
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FIG. S3. Odor activity A,/Cg under low basal activity (Cc < 1), for (a) both types agonist, (b) typel: antagonist, type2:
agonist, (c) typel: inverse agonist, type2: agonist, and (d) both types inverse agonist. For an odorant of type «, we use
kina = 10 for the agonist condition, kfna = 1 for the antagonist condition, k{;na = 0.1 for the inverse agonist condition, and

Kgni=1.
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FIG. S4. Odor activity A, /Cc under low basal activity (Ce < 1) for (a) both types agonist, (b) typel: antagonist, type2:
agonist, (¢) typel: inverse agonist, type2: agonist, and (d) both types inverse agonist. For an odorant of type «, we use
kf,m = 10 for the agonist condition, kf na = 1 for the antagonist condition, lcc na = 0.1 for the inverse agonist condition, and
Ka.n = 100.

First, we focus on the low basal activity condition, under which the binding (or association) constant (K, ) for
G-proteins (of constant concentration) to bind to an odorant-unbound OR (u — G process in Fig. 2) is small, i.e.,
Cg < 1. We then find a leading order expression of the activity,

21 Kam (k —1) (1 - 21) K2 (k f1)

A, =Cgq (S27)
1421 Kgni + (1 —21)Kgno

Note that a key quantity that determines the activity is k! which is the binding rate of G-proteins to bind to an

c,no?
odorant-bound OR relative to Ic{in One thus finds that the agonist condition for single-type odorants is kc na > L.
However, for a binary mixture of odorants, we find a criterion for the mixture to be agonist,

Kd nl (k
Kd,n2(k

c,nl 1) 1 —1

> (S28)

c,n2

The right-hand side of the above equation is always negative or zero, therefore the inequality holds always when the
sign of k:f — 1 and kf no — 1 is the same., i.e., when both types are agonistic or inversely agonistic. This means
that for all xl, A,, > 0 when both types are agonlsts and A,, < 0 when both types are inverse agonists. Interestingly,
a crossover of A, (z1) can occur when one type is an agonist and the other is an inverse agonist, which controls the

activity by z; with the threshold condition,

*, 10w 1
oY = _ : (S29)
" 1— Ka nl(kc nlfl)
Kgq, nZ(k(- n2—1)
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FIG. S5. Threshold odorant fraction z}"#" in Eq. S32 as a function of (kf’nl/kﬁ,n - Kc,nl)/(kénz/kzz,n — K¢ n2) for different
Kd,nl/Kd,n2~

determining of the sign of activity.

Figure S2 shows the activity A, (x1)/ C for different odorant binding rate ratios Ky n2/Kqn1 and different agonist
conditions. When both odorant types are agonistic, as shown in Fig. S2(a), the mixture is also agonistic and the
sign of A,, is always positive for all 1. Depending on the odorant binding ratio Kg n2/Kqn1, the activity can be a
decreasing or increasing function of z;, which eventually converges to the value at Kg,2/K4n1 = 1 as 21 increases
up to unity (the single component limit). This tendency of activity is also found in Fig. S2(b) when odorants of type
1 are antagonistic and type 2 are agonistic, which decreases to zero as 7 increases. Note that for Kg ,o/Kqn1 =1,
the activity becomes a linear function of ;. When odorants of type 1 are inverse agonistic and type 2 are agonistic,
as shown in Fig. $2(c), we find the crossover of activity as z; increases. The threshold fraction z1°" given in Eq. $29
is depicted by the arrows in Fig. S2(c). When both odorant types are inverse agonistic, as shown in Fig. S2(d), the
mixture is also inverse agonistic and the sign of A, is always negative for all z;. We also show A,, (z1)/ C¢ in Figs. S3

and S4 for f(d,m =1 and IN(d)nl = 100 respectively, of which the overall tendency is similar to Fig. S2.

Figures S3 and S4 show the activity with the same parameters except for f(d,m =1 and f(d,m = 100, respectively,
of which the overall tendency is similar.

Now suppose that the G-protein-to-OR binding constant K, ,, is still small but the concentration of G-protein is
exceedingly high, yielding C > 1. This condition can also apply to a case of high basal activity condition when
Ky, > 1, under which the signal downstream can be strong even without odorant-binding events. In the limit of

Cg — 0o, we find

i _ wlf(d,nl (’_ﬂf,nl _Rc.n1)+(1_m1)kd,n2(kf,ng_Kc,nQ) (830)
" 1+z1Kd,n1Kc.n1+(1*1‘1>Kd,n2Kc,n2 ?

which yields the agonist criterion,

Kdﬂll(];g,nl - f(c,nl) S 1 —1
Kd,nz(fff — Ken2) x

c,n2

(S31)

Note that for 1 = 1, one finds kg,m/kz,n > 1, which is Eq. 22 in Ref. [13], the agonist criterion for the single odorant
case. The z;-dependency of A,, under this high basal activity condition is well represented in Fig. S1(c-5), in which
the crossover occurs at the threshold fraction. The latter is

high 1
zpy " = e, (S32)
Kd»nl(kc,nl_Kcﬂll)
7oK

n2—Ke,n2)

shown in Fig. S5 as a function of (kfnl/kzn - Kc,nl)/(kg,nz/kz,n — K. n2), which is positive for negative z-axis values
only, meaning a mixture of agonist and inverse agonist.
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FIG. S6. Odor activity A, in Eq. S25 as a function of K¢ ,1/Kcn2 at different values of Ca Ky pn, z1 and Kgn1/Kan2. We
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use iccfm = l~ccfn2 = 100, R’c,ng =1, and Rd’nz = 0.03, following the parameters considered previously [13].

F. Net odor activity depending on K, ,, and K. nq

Here, we present the odor activity A, given in Eq. 525, now as a function of association constants, K. n1/Kcn2

and Kd,nl/Kd,n2-

Figure S6 depicts the net odor activity A, (K¢ n1/Ken2), which provides an overall profile of activity depending on
the G-protein association constants. We also depict the net odor activity A, (Kqn1/Kan2) in Fig. S7, which shows

an overall profile of activity depending on the odorant association constants.
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FIG. S7. Odor activity A, in Eq. $25 as a function of Kg,1/Kan2 at different values of CgKy n, z1 and Ken1/Kena. We
use kinl = kf;nQ =100, K¢ n2 =1, and Ky 2 = 0.03, following the parameters considered previously [13].
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