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INTRODUCTION: TheHubble constant (H0) quan-
tifies the rate at which the Universe is expand-
ing. It has been predicted that observations
of a supernova (SN) that is multiply imaged
by a foreground gravitational lens could, in
principle, be used to measure H0. The time
delays between the SN’s multiple images are
expected to be inversely proportional to the
value of H0.
In late 2014, a SNwas found thatwas strongly

lensed by the galaxy clusterMACS J1149.5+2223.
Dubbed SN Refsdal, it appeared in four images

around a galaxy that was a member of the
cluster. Models of the gravitational lens pre-
dicted that a fifth image of SN Refsdal would
appear within the next year. Multiple teams
made blind predictions for the timing and
relative brightness of the SN’s reappearance.

RATIONALE: The twomost precisepreviousmea-
surements of the Hubble constant are incon-
sistent with each other (at >5s significance),
which is known as the Hubble tension. Mea-
surements of thermonuclear supernovae (SNe)

in thenearbyUniversehave yielded H0 ¼ 73:0 T
1:0 km s�1 Mpc�1. Observations of the cosmic
microwave background (CMB) have led to a
lower valueof H0 ¼ 67:4 T 0:6 km s�1 Mpc�1,
assuming standard cosmology. If this tension
is confirmed using independent measurements,
it could indicate problems with standard cos-
mology. An alternative cosmology, such as
those involving an additional early dark en-
ergy or more species of particles, might be
required to reconcile the measurements.
The predicted additional image of SN Refsdal

appeared in 2015. Follow-up observations have
allowed the time delays and magnification ra-
tios between the multiple images to be deter-
mined.We combine thosemeasurements with
the pre-reappearancemodel predictions to per-
form a blinded calculation of the value of H0.

RESULTS: We compute the likelihood of the
time delay, magnification, and position mea-
surements given each lensmodel’s predictions
after rescaling the time delay predictions for
different values of H0. This approach weights
each model’s contributions in a combined con-
straint on H0. Weights are assigned according
to each model’s ability to reproduce the obser-
vations that are independent of H0 (location
of the reappearance, magnification ratios, and
ratios of time delays).
We perform two estimates ofH0: (i) from all

lens models that made published predictions
before the reappearance was observed and
(ii) using a subset of those models, by select-
ing those that are most consistent with the
observations and dominate the weights.

CONCLUSION:We infer a value ofH0 of 64:8
þ4:4
�4:3

km s�1 Mpc�1 using the full set of eight pre-
reappearance models and of 66:6þ4:1

�3:3 km s�1

Mpc�1 from the two preferred models. Our
results are most consistent with theH0 value
measured from the CMB but do not exclude
the higher value from nearby SNe.
We used a simulation of a galaxy cluster lens

to verify that the uncertainty on our measure-
ment of H0 is consistent with expectations.
The ability of the lensmodels to reproduce the
positions of the SN images also implies an
expected uncertainty on H0, which we find
agrees with our constraints. The best agree-
ment between lens models and observations
that are independent of H0 is achieved by
the models that were constructed by assign-
ing dark-matter halos to both the cluster and
to individual galaxies in the cluster.▪
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Appearance and reappearance of SN Refsdal, strongly lensed by the galaxy cluster MACS J1149.5+2223.
Both panels were taken with the Hubble Space Telescope. (A) Images S1 to S4 (labeled) of SN Refsdal
appear in an Einstein cross configuration in 2014. Models predicted the appearance of an additional
image SX in the region denoted by the red box. (B) Observation of SX in spring 2016 after its appearance
in late 2015. In (A), colors were assigned to coadded images taken in these filters: blue, F606W
(V-band) and F814W (I-band); green, F105W (Y-band) and F125W (J-band); and red, F140W (between
the J- and H-bands) and F160W (H-band). The image in (B) used only the F125W filter, so it is shown
in grayscale.
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The gravitationally lensed supernova Refsdal appeared in multiple images produced through
gravitational lensing by a massive foreground galaxy cluster. After the supernova appeared in 2014,
lens models of the galaxy cluster predicted that an additional image of the supernova would appear in
2015, which was subsequently observed. We use the time delays between the images to perform a
blinded measurement of the expansion rate of the Universe, quantified by the Hubble constant (H0).
Using eight cluster lens models, we infer H0 ¼ 64:8þ4:4

�4:3 kilometers per second per megaparsec. Using the
two models most consistent with the observations, we find H0 ¼ 66:6þ4:1

�3:3 kilometers per second per megaparsec.
The observations are best reproduced by models that assign dark-matter halos to individual galaxies
and the overall cluster.

S
trong gravitational lensing occurs when
the gravitational influence of a fore-
ground mass, such as a galaxy cluster,
producesmultiple images of awell-aligned
background source. In principle, the

time delays between the images of a strongly
lensed supernova (SN) directly determine the
geometric distance, which enables a mea-
surement of the Hubble constant H0 (1). Al-
though originally proposed for supernovae
(SNe), this technique, known as time-delay
cosmography (2), has only been applied to
quasars strongly lensed by single-galaxy fore-
ground lenses (3–5). The strongly lensed SN
Refsdal appeared in late 2014 in four resolved
images, designated S1 to S4 (coordinates listed
in table S1), arranged in a cross-like configura-
tion (known as an Einstein cross) around an
early-type member of the galaxy cluster MACS

J1149.5+2223 (right ascension 11h49m35.8s, dec-
lination +22°23′55″, all coordinates are J2000
equinox; hereafter referred to as MACS J1149)
(fig. S1A) (6). Models of the gravitational lens
predicted that an additional image would ap-
pear, designated SX (table S1), which was ob-
served in 2015 (fig. S1B) (7). A companion paper
(8) has measured the relative time delay be-
tween the images S1 to S4 and image SX as
376:0þ5:6

�5:5 days, a precision of 1.5%, usingHubble
Space Telescope (HST) observations in the near-
infrared F125W (J-band) and F160W (H-band)
broadband filters. If the matter distribution in
the foreground MACS J1149 cluster lens were
known exactly, time-delay cosmography could
provide a measurement of H0 with equivalent
1.5% precision.
The value of H0 is currently debated because

of a tension between early-time and late-time

probes of the expansion rate of the Universe.
Assuming a standard cosmological model
with flat geometry, a cosmological constant
L, and cold dark matter (CDM), the cosmic
microwave background (CMB) measurements
using the Planck satellite imply H0 ¼ 67:4 T
0:6 km s�1 Mpc�1 (9). By contrast, the alterna-
tive local distance ladder method, used by
the Supernova H0 for the Equation of State
(SH0ES) team, yields H0 ¼ 73:04 T 1:04 km s�1

Mpc�1 (10). This tension between the SH0ES
and Planck H0 measurements has >5s statis-
tical significance, indicating a potential prob-
lem with standard cosmology (11).
Measurements of H0 using independent

techniques are needed to confirm or refute
the apparent tension. A local distance ladder
measurement using the tip of the red giant
branch (TRGB) method yields H0 ¼ 69:8 T
0:8 statð Þ T 1:7 sysð Þ km s�1 Mpc�1 (12). Time-
delay cosmography using quasar systems,
multiply imaged by foreground galaxy-scale
lenses, find H0 ¼ 73:7þ1:4

�1:5 km s�1 Mpc�1 (13)
orH0 ¼ 74:5þ5:6

�6:1 km s�1 Mpc�1 (with broader
assumptions) for time-delay lenses andH0 ¼
68:4þ4:1

�3:2 km s�1 Mpc�1 when combining time-
delay lenses with non–time-delay lenses at
lower redshift, assuming that both are drawn
from the same parent population (14). The
appearance of the final image of SN Refsdal
provides an opportunity to make an inde-
pendent measurement ofH0 using models of
MAC J1149 (15, 16). The systematic uncer-
tainties of cluster-scale models (17) differ from
the galaxy-scale models used for quasar time-
delay measurements.
Lensed SNe (18) are predicted to provide

more precise time-delay measurements than
quasar observations and require shorter ob-
servations spanning months or years (19–21).
Time delays of months or years are expected
to be unusual among SNe that are strongly
lensed by clusters with extensive preexisting
observations (22). The massive galaxy cluster
MACS J1149 [total mass 1:4 T 0:3ð Þ � 1015 M⊙
(23–25)] was observed numerous times before
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the appearance of SN Refsdal, placing strong
constraints on its mass distribution (26–28).
Numerous teams have used lens models to
predict the reappearance of SNRefsdal, before
the observation of SX (29, 30). These models
used several different assumptions, so the ap-
pearance of SX can also be used to test those
assumptions.
The reappearance of SN Refsdal, in image

SX, was detected in HST observations taken
on 11 December 2015 universal time (UT) (6)
and was reported to the community the next
day (31). This initial observation was used to
estimate the relative time delay between SX
and S1 as 320 to 380 days (32).
Each lensmodel yielded predictions Dtpred;70X;1

for the relative time delay between images SX
and S1 (designated by the subscripts X and 1,
respectively) as well as between other image
pairs, assumingH0 ¼ 70 km s�1 Mpc�1 (denoted
by the superscript 70). For fixed values of the
cosmological matter density parameter WM

and the dark energy densityWL, the predicted
time delay DtpredX;1 H0ð Þ for a given value of H0

depends inversely on the value of H0

DtpredX;1 H0ð Þ ¼ Dtpred;70X;1 � 70 km s�1 Mpc�1

H0

ð1Þ
which allows the predicted time delay to be
computed for a given value of H0 for each
model. The uncertainty associated with this
rescaling of the predictions is smaller than
~0.7 km s−1 Mpc−1, given the weak depen-
dence ofH0 onWM andWL. Using a simulation
of a galaxy cluster (33), we calculate that the
single model that receives the greatest weight
in our analysis can recover H0 with at least
5% accuracy (34). We also determine that our
error budget is consistent with the model’s
astrometric errors (35).
We use two sets of lens models to compute

parallel estimates of the value ofH0, using our
observations of SN Refsdal. We first obtain
an estimate of the value of H0 using a set of
predictions from eight models—which we re-
fer to as the Diego-a free-form model (29); the
Zitrin-c* light-traces-mass (LTM) model (29);
and the Grillo-g (29), Oguri-a* and Oguri-g*
(29), Jauzac-15.2* (30), and Sharon-a* and
Sharon-g* (29) simply parameterized models.
Models that are simply parameterized use
easy-to-compute parametric forms to describe
the distribution of dark matter, using priors
inferred from the luminous tracers and cos-
mological simulations. They include one or
more cluster-scale halos and assign a dark-
matter halo to each luminous galaxy-cluster
member after scaling the halo mass according
to the galaxies’ properties, such as stellar mass
or velocity dispersion. The second, parallel es-
timate includes only the Grillo-g and Oguri-a*
models, which we selected before unblinding

the time delay, as explained below. In both
cases, each model’s contribution to the H0 in-
ference is weighted according to its ability to
reproduce H0-independent observables.

Blinded analysis

To avoid human bias, we carried out our anal-
ysis without knowledge of the time-delaymea-
surements and the implied value of H0. For
the light curve (flux as a function of time) of
each of the images S1 to SX, we selected a
random number, whose value was stored but
kept hidden, which was added to the dates
associated with the flux measurements, shift-
ing the light curve in time by an unknown
amount (8). Before unblinding the time delay,
we were only aware that the relative delay of
SX and S1 was in the range of 320 to 380 days
(68% confidence level) from a previously pub-
lished analysis of two epochs of imaging (36).
This range corresponds to ~17% in H0 before
unblinding.

Observables used for likelihood functions

We use constraints on the time delay between
images A and B from the observed light curves
(LCs) expressed as a probability P DtA;B LCj Þ�

.
The prediction for the time delay, Dtpred;70A;B ,
from each lens model Ml is then used with
Bayes’ theorem to constrain H0

P H0;Ml LCj ÞºP H0ð ÞP Mlð Þð
∫P DtA;B Ml;H0j ÞP DtA;B LCj ÞdDtA;B

�� ð2Þ

where P(H0) is a prior probability for H0,
P(Ml) is a prior probability for model l, and
P DtA;B Ml;H0j Þ�

is the likelihood ofDtA;B, given
the model prediction and a value of H0.
We include in our likelihood function the

relative time delays between four image pairs,
S2 and S1, S3 and S1, S4 and S1, and SX and
S1, and magnification ratios of three image
pairs, S2/S1, S3/S1, and SX/S1 (the exclusion
of the magnification ratio S4/S1 is discussed
below), and the position of the reappearance.
For the set of observables O, we find

PðH0 LCj Þº P H0ð ÞX
l

P Mlð Þ

∫P O Ml;H0j ÞP O LCj ÞdO1:::dOnðð ð3Þ

Including these observables, in addition to
the SX to S1 time delay, allows us to weight
each model’s contribution to the H0 inference
according to its ability to reproduce the ob-
servables (15). We only include observables in
the likelihood function if their values were
not available to lens modelers before they
made their pre-reappearance predictions.
Figure 1 shows the predicted position of the

final image (SX) from each lens model, over-
laid on a difference image showing the de-
tected position of SX. We use the SX position
in the likelihood calculation because it was not

known when the pre-reappearance models
were constructed.
The HST F125W and F160W light curves of

image S4 have very strong evidence (>5s) that
the SN overlaps a region of highmagnification
because of one or more stars (or stellar rem-
nants) in the foreground cluster lens (micro-
lensing) (8). The apparent F125W-F160W color
of S4 is bluer than the other four images of
the SN by0:28 T 0:05 mag in the first 150 days
after its peak brightness (in the observer frame)
and 1:8 T 0:4 mag after 150 days [figure 12 of
(8)]. This bluer color implies that (i) the SN
does not have a uniform color and (ii) it over-
laps a region, called a caustic, where the mag-
nification due to stars changes abruptly, which
causes differential magnification (8). Simula-
tions of lensing of an azimuthally symmetric
synthetic SN, with properties similar to those
of SNRefsdal (37), by objects in the foreground
cluster lens do not predictmicrolensing events
with color differences as large as that observed
for S4 [figure 6 of (8)]. Therefore, we exclude
the magnification ratio of S4 to S1 because we
cannot model accurately the extreme micro-
lensing event, cannot correct its magnifica-
tion, or assign an uncertainty.
The observables O we use to compute like-

lihoods are a set inferred from the light curve
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Fig. 1. Comparison between the predicted and
actual positions of the reappearance of SN
Refsdal image SX in late 2015. Grayscale
shows the difference between a coaddition of
HST F125W images taken after the appearance of
SX (December 2015 through May 2016) and a
coaddition of F125W imaging acquired before
the reappearance of SX (before July 2015).
SX appears as a white source in this presentation,
at coordinates listed in table S1. Overlain are
colored circles indicating the positions predicted
by each model (labeled next to each circle). The
radius of each circle indicates the root mean
square (RMS) of the offsets between the predicted
and observed positions of all multiply imaged
galaxies used as constraints on the lens model
(29, 30). The pre-reappearance Oguri-a prediction
is dashed bright green, and the revised position
of the Oguri-a* model, after including SX’s
position as a constraint, is dashed light orange.
The location of the circle shown for Zitrin-c* in
solid purple was not computed before the
reappearance.
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O1;j ¼ Dt2;1;Dt3;1;Dt4;1;DtX;1; m2=m1; m3=m1; mX=m1
� �

ð4Þ
where Dtj;1 is the relative time delay between
the jth image and S1, and mj=m1 is the ratio
of the magnifications of image jth and image
S1. Two additional observables describe SX’s
position

Op ¼ aX; dX½ � ð5Þ
where aX and dX are (respectively) the right
ascension and declination coordinates of SX.
The measured ratios of the relative time de-
lays of the images, magnification ratios, and
relative positions of the images are all inde-
pendent of H0.

Lens models

Table S2 lists the lens models of MACS J1149
that were published before the appearance of
SX: There are eight models from six research
groups (29, 30). We use these models, with
updates described below, to constrainH0. The
Bradac and Merten models were not used to
make predictions and were excluded from the
time-delay calculations (34).
Several of the published pre-reappearance

calculations have required revisions. The first
Zitrin calculation was amended to address an
issue affecting the time-delay surface (29). Al-
though their underlying mass models have
remained the same, the Sharon-a, Sharon-g,
and Jauzac15.1 time-delay predictions required
revisions by ~20% because of technical issues
affecting their time-delay calculations (30, 34).
The observed location of SX differed by >1s
from that predicted by the Oguri-a and Oguri-g
models (Fig. 1), so we also updated the Oguri-a
and Oguri-g models by adding SX’s position
as a constraint. To preserve blinding, the di-
rection of the ~1s shift in the SX to S1 time
delay was not disclosed until after we un-
blinded the time-delay measurement. We use
an asterisk to denote models whose predictions
were updated or first made after the reap-
pearance. When computing the likelihood of
each model, we use pre-reappearance Oguri
predictions for SX’s position.
For the first of our parallel estimates of H0,

we use the full set of eight pre-reappearance
models, after the corrections above. The Diego-a
and Zitrin-c*models were not able to reproduce
the Einstein cross. The second parallel estimate
for the value of H0 uses only the Grillo-g and
Oguri-a* models because their time-delay cal-
culations did not require large corrections
(~20%), and they reproduced the positions
of the four images S1 to S4 with <0.1′′ pre-
cision. These two models were selected be-
fore unblinding the time-delay measurement.
With the exception of the Jauzac model, all
other model predictions were published as
part of an organized effort (29). These models
were given the choice to use only the images of
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A

B

Fig. 2. Constraints on H0 from SN Refsdal. (A) Constraints using the full set of eight models constructed
before the reappearance, some with subsequent updates. (B) Parallel constraints using the subset of two
pre-appearance models: the Grillo-g and the Oguri-a* model, with the latter only updated using the
reappearance’s position. Both panels show the posterior probability densities for each model as colored lines
(see legend), and their sum (dashed black line), assuming a uniform prior. The colored markers beneath
each plot show the most probable value of H0 for each of the models, calculated from their predicted SX to
S1 time delays. The vertical gray lines show the most likely value from the summed distribution, with the
pair of dashed vertical lines marking the 16th and 84th percentile confidence intervals. Models were weighted
by their ability to describe the data (Table 2), so for most models in (A), the probability densities are
very small with the lines overlapping zero. The purple arrow for Zitrin-c* in (B) points toward the model’s
most probable value of H0, which is smaller than 39 km s−1 Mpc−1.

Table 1. H0 constraints and weights determined by posterior probabilities for each set of
lens-model predictions. The first column lists the most probable value of H0 and our 16th, 84th, and
99.7th percentile confidence levels. Other columns list the weights (out of 1.0) we calculated using
the constraints from SN Refsdal. The first and second rows are our parallel estimates of the value of
H0 using all eight models and our two preferred models, respectively. The relative weights are
proportional to the models’ posterior probabilities. Dashes indicate not applicable.

H0

(km s−1 Mpc−1)
Weight of each model

Confidence levels Diego-a Grillo-g Jauzac15.2* Oguri-a* Oguri-g* Sharon-a* Sharon-g* Zitrin-c*
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .

16-50-84 99.7
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .

64:8þ4:4
�4:3 73.6 7.1 × 10−6 0.044 1.0 × 10−5 0.44 0.51 0.00072 0.0062 3 × 10−9

. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .

66:6þ4:1
�3:3 74.8 – 0.091 – 0.91 – – – –

. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .
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strongly lensed galaxies with spectroscopic
redshifts (referred to as the gold sample) or
all the images of strongly lensed galaxies. We
label models using the gold sample with a “g”
suffix and those that used all images with an
“a” suffix. The Grillo team only produced a
model using the gold set of images. The Oguri
models were created with both sets, but its
authors preferred the Oguri-a* model over the
Oguri-g* model (28). We therefore chose to
adopt the Oguri-a* model.
Table S2 also lists several models that were

produced after the reappearance, which could
therefore not make pre-reappearance predictions
for SX. For completeness, we also calculated a
value of H0 that includes these models with-
out using SX’s position, but we do not regard
it as a blinded result.

Likelihood calculation
We used light-curve simulations to compute
the likelihood of the data, given a value of H0.
In total, 1000 sets of simulated light curves of
S1 to SX were produced (8) for random rela-
tive magnifications and time delays. These light
curves have noise characteristics and measure-
ment cadences that closely approximate the SN
Refsdal observations and include the lensing
effects of the expected population of dark-
matter subhalos and stars in the foreground
cluster (8). The simulated light curves are used
to measure and correct the bias associated
with the four light-curve fitting algorithms
(8) and construct a Gaussian mixture model
for the likelihood of the observations that ac-
counts for the covariance among the measure-
ments (34).

H0 constraints
For the two parallel estimates of H0, table
S3 lists the values of our unblinded measure-
ments of the relative time delays and mag-
nification ratios, including the companion
paper’s constraint on the SX to S1 time delay
of 376:0þ5:6

�5:5 days (8). Gravitational lensing
magnification has a sign (positive or nega-
tive) associated with it, but only the absolute
value of the magnification can be measured
directly through observations of images’ bright-
nesses.Whenweunblinded the revisedOguri-a*
and Oguri-g* model predictions, by analyz-
ing Markov chain Monte Carlo (MCMC) chains
of lens model parameters, we did not antici-
pate that the predicted magnification values
(which we had not inspected) included the
magnification’s sign. After unblinding, the
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A B

C D

E F

G H

Fig. 3. Model predictions and measured relative time delays and magnification ratios between images S2 to SX and S1. (A, C, E, and G) Relative time
delays between images S2 to SX and S1. Colored bars indicate the model predictions (see legend), with dots at the median value and bars extending to the 16th
and 84th percentiles (8). (B, D, F, and H) Same, but for the ratios of the magnification of images S2 to SX and S1. (A) and (B) compare S1 with S2, (C) and
(D) compare S1 with S3, (E) and (F) compare S1 with S4, and (G) and (H) compare S1 with SX. Models with an asterisk were revised after SX was observed. The

predicted time delays shown were computed for H0 ¼ 70 km s�1 Mpc�1.
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negative magnifications affected the weights
of the Oguri-a* and Oguri-g* models, but
the issue was immediately apparent. We re-
port it for transparency; we addressed it by
applying an absolute value function to the
magnification used in the weighting pro-

cess. The only other postblinding changes
to our analysis were choosing to present an
additional estimate of H0 that includes all
pre-reappearance models (not just the pre-
ferred models) and to use SX’s position
instead of the SX to S1 angular separation

to weighmodels, which changed the results by
0.1 km s−1 Mpc−1.
When we consider all eight pre-reappearance

models, we find H0 ¼ 64:8þ4:4
�4:3 km s�1 Mpc�1

(Fig. 2). The weights for all eightmodels, listed
in Table 1, show that the Oguri-a* and Oguri-g*
models receive weights of 0.44 and 0.51, re-
spectively, whereas the Grillo-g model receives
0.044 (from a total of 1.0). Figure 3, A to H,
shows a comparison between the constraints
on the observables and the model predic-
tions. The Ogurimodels are the bestmatch to
the observations, which is why they received
higher weights. When we consider only the
Grillo-g and Oguri-a* models, we find H0 ¼
66:6þ4:1

�3:3 km s�1 Mpc�1. In this sample, Grillo-g
receives a weight of 0.091, and Oguri-a* re-
ceives a weight of 0.91. For all models listed in
table S2 that can be used to make time-delay
calculations, even those produced after the ap-
pearance of SX, we find H0 ¼ 64:6þ4:4

�4:2 km s�1

Mpc�1 (fig. S3). The latter calculation does
not use the position of SX to weight models
because it was already known when some of
those models were produced.
The measured value of the delay is 376:0þ5:6

�5:5
days (8), which yields H0 ¼ 64:8þ4:4

�4:3 km s�1

Mpc�1 considering the eight pre-reappearance
models. We next calculate the time delay ex-
pected if H0 is equal to the value found by
the SH0ES local distance ladder. For H0 ¼
73:04 km s�1 Mpc�1 , the weighted combina-
tion of the eight pre-reappearance models
yields a delay between SX and S1 of 333.8 days.
While holding the time delay between SX

and S1 fixed but allowing the ratio of their
magnifications to vary, we fitted the F125W
and F160W light curves of SX and S1 using
a piecewise polynomial model (8). This model
describes the light curve in each filter as two
polynomials. The first, a third order polynomial,
applies before 150 days after peak bright-
ness, and the second, a second-order polyno-
mial, applies at later epochs. We first fix the SX
to S1 time delay to 333.8 days (correspond-
ing to H0 ¼ 73 km s�1 Mpc�1 ) and then to
376.0 days H0 ¼ 64:8þ4:4

�4:3 km s�1 Mpc�1
� �

. The
fixed 333.8-day SX to S1 delay yields a worse
c2 greater by 58.1 for 178 degrees of freedom.
We conclude that a shorter time delay of 333.8
days for H0 ¼ 73 km s�1 Mpc�1 and a flexible
model provide a substantially worse match
to the observations of SN Refsdal. Figure 4
shows the light curves of images S1 and SX
shifted by 376.0 days (Fig. 4, A and B) and
333.8 days (Fig. 4, C and D). The ratios of the
magnifications of SX and S1 that minimize
the c2 value between a piecewise polynomial
model of the light curve (8) and the measured
photometry are 0.31 and 0.32, respectively.
Figure 5A compares our measurements of

H0 from SN Refsdal with previous results
using both the late-time and early-time Uni-
verse constraints. The posterior probability
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A

B

C

D

Fig. 4. Shifted light curves of images S1 and SX. (A and B) Fluxes of the images S1 (red circles) and
SX (black squares) in the F125W filter (A) and the F160W filter (B), shown as a function of time after
removing the measured 376.0-day delay (8), which corresponds to a constraint on the value of H0
of 64:8þ4:4

�4:3 km s�1 Mpc�1. mJy, millijansky. (C and D) The same light curves but using the delay of

333.8 days expected for H0 ¼ 73:04 km s�1 Mpc�1, the value inferred from the SN distance ladder (10) given
the eight pre-reappearance models weighted according to their ability to reproduce the H0-independent
observables. While we fixed the SX to S1 time delay, we allow the magnification ratio of SX and S1 to vary in
our model fitting. The ratios of the magnifications of SX and S1 that minimize the c2 value between a
piecewise polynomial model of the light curve (8) and the measured photometry are 0.31 and 0.32,
respectively. Error bars show 1s uncertainties. The c2 difference between the calculations for the two time
delays is 58.1 with 178 degrees of freedom, favoring (A) and (B) over (C) and (D).
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distributions from our H0 measurement are
shown in Fig. 5B along with several previous
measurements of the expansion rate. Our two
estimates of H0 using SN Refsdal favor values
for H0 that are smaller than the SH0ES esti-
mate (10) by 8.2 km s−1 Mpc−1 and 6.4 km s−1

Mpc−1, which correspond to 1.8s and 1.5s,
respectively. Our most probable values of H0

are smaller by 2.6 km s−1 Mpc−1 and 0.8 km s−1

Mpc−1, corresponding to differences of 0.6s
and 0.2s, respectively, from the value of H0

inferred from early-Universe observations (9).

Systematic uncertainties and error budget

We considered two sets of models for our par-
allel estimates ofH0, but everymodel separately
prefers smaller values of H0 than 68 km s−1

Mpc−1 given the SX to S1 time delay (Fig. 2). We
check whether our measurement of H0 is ro-
bust to the assumptions of the simply para-
meterized models using a model produced
after the appearance of SX. The Chen2020
model (38) makes only minimal assumptions
about the distribution of matter at the cluster
scale; it calculates an SX to S1 time delay of
332:35 T 9:32 days assuming H0 ¼ 70 km s�1

Mpc�1 (38), consistent with those of the simply
parameterized models (table S4). The Chen2020
model also reproduces the Einstein cross.
The closely related Oguri-a* and Oguri-g*

models account for 95% of the weight for our
primary estimate of H0, whereas the Oguri-a*
model accounts for 91% of the weight of our par-
allel estimate (Table 1). Given themodel’sweights,
we use theMCMC chain for the Oguri-a* mod-
el to construct an error budget for the model.
We split the Oguri-a* model parameters (28)
into six sets of related parameters and con-
struct a second-order model of the predicted
SX to S1 time delay in terms of these variables,
after subtracting the mean value of each pa-
rameter from the values of the parameters (34).
We next compute the reduction in the vari-
ance of the predicted SX to S1 time delay when
we add each group of model parameters in
succession.
There is covariance among the groups of

model parameters, sowe compute themean of
the reduction of the variance after repeating
the calculation for all permutations of the
groups of parameters. The resulting error bud-
get (fig. S4) shows that the cluster’s principal
dark-matter halo, which dominates its mass,
has the largest contribution to the uncertainty
in H0.
We used the Hera galaxy cluster simulation

(33) to assess the ability of the Oguri models to
recover the value of H0 by applying the same
modeling code [GLAFIC (28, 39)] to the sim-
ulation. In fig. S5, we compare the time delays
and uncertainties estimated from the Hera
simulation (33) with those estimated using
the GLAFIC code. This comparison assumes
the same cosmological parameters that were
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A

B

Fig. 5. Comparison of the H0 measurement using SN Refsdal with previous measurements. (A) Constraints
from our measurements of SN Refsdal for the full set of eight models (orange) and our preferred subset of the two
best models (blue). These are compared with previous constraints from SH0ES + Gaia (10), the Carnegie-Chicago
Hubble Program (CCHP) (12), H0 Lenses in COSMOGRAIL’s Wellspring (H0LICOW) (13), STRong lensing Insight into
DES (STRIDES) (40), surface brightness fluctuations (SBF) SN (41), SBF Tip of the Red Giant Branch (TRGB)+Cepheids
(42), Megamaser Cosmology Project (MCP) (43), gravitational wave event GW 170817 (44), Planck (9), and Dark
Energy Survey (DES) + Baryon Acoustic Oscillation (BAO) + Big Bang nucleosynthesis (BBN) (45). (B) posterior
probability densities for SN Refsdal (orange and blue), Planck [(9), dashed gray], SH0ES (10), and H0LICOW (13). Error
bars show the 16th, 50th, and 84th percentile confidence levels. Dashed horizontal line separates measurements
from observations of the early Universe from the late Universe. H0 measurements bracketed by different vertical gray
bars are entirely independent of each other. Figure generated using a previous comparison (46).

Table 2. Posterior probability for each set of lens-model predictions.

Diego-a Grillo-g Jauzac15.2* Oguri-g* Oguri-a* Sharon-a* Sharon-g* Zitrin-c*

7 × 10−9 4.3 × 10−5 9.9 × 10−9 0.00043 0.0005 7.1 × 10−7 6.1 × 10−6 3 × 10−12
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. .
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used to construct the Hera simulations H0 ¼ð
72 km s�1 Mpc�1 and WM ¼ 0:24Þ.We find that
the recovered and actual time delays in fig.
S5 are correlated, with a best-fitting slope of
1:046 T 0:021.We infer that GLAFIC can be used
to infer H0 within ~5%, consistent with the
error budget calculated for SN Refsdal.
Both the Grillo and Oguri teams performed

their time-delay calculations using the positions
of images S1 and SX as predicted by their
models. We examined whether the models’
SX to S1 time delays would shift if the images’
observed positions instead are used (34); we
find differences of <2 days (table S4), less than
the precision of the measured time delay. An
independent investigation by the Grillo team
into the accuracy of H0 estimated using SN
Refsdal found that a 3% constraint on the
relative S1 to SX time delay corresponds to
6% uncertainty in H0 (17), which is consistent
with our uncertainty calculations.

Analytical expectation for H0 uncertainty

The change in H0 due to an overprediction or
underprediction of the separation of two im-
ages of a strongly lensed object can be de-
scribed by a simple differential equation (35).
We use this relationship, and the predicted
image positions for S1 and SX in the MCMC
chain for the Oguri-a* model, to compute the
expected uncertainty in H0. We find that
the precision with which the Oguri-a* model
reproduces the separation of SX and S1 cor-
responds to a 5.5% uncertainty in H0. We also
find that ~92% of the variance in the relative
time delay of SX and S1 can be accounted for
by the predicted separation of the two im-
ages. Therefore, we conclude that our ~5%
error budget for the Oguri-a* model is con-
sistent with the analytic expectation.

SN cosmography with a cluster lens

We have used observations of SN Refsdal to per-
form cosmography and measure the cosmic ex-
pansion rate. Using two sets of models, we
derived constraints on H0 of 64:8þ4:4

�4:3 km s�1

Mpc�1 and 66:6þ4:1
�3:3 km s�1 Mpc�1.

We expect that our results have different
systematic uncertainties compared with other
methods for measuring H0, including time-
delay cosmography using quasars, which in-
stead use galaxy-scale lenses. The dominant
source of uncertainty in our H0 measurement
is the cluster lens model. The 1.5% uncer-
tainty in the measurement of the SX to S1
time delay (8) is sufficiently small that it
would provide an equally precise constraint
on the value of H0 if the cluster model were
perfect.
Our analysis uses lens models that were

blind to the time-delaymeasurement. Themod-
els that account for almost all of the weight
in our estimate of H0 are consistent with the
observations (Fig. 3), with the exception of

the relative magnification of image S4, which
appears to have experienced a microlensing
event. The simply parameterized models best
reproduce the observables, even when the
CMB and SN constraints on H0 are used as
priors (see supplementary text). We analyzed
our error budget using the Oguri-a* model,
finding that our ~5.5% uncertainty on H0 is
consistent with analytic expectations (35)
given the model’s astrometric accuracy. Fur-
ther tests using a simulated galaxy cluster also
indicated an expected uncertainty of ~5%.
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Editor’s summary
The Hubble constant measures the expansion rate of the Universe, but different methods give inconsistent values.
Kelly et al. studied a supernova that had its light split into multiple images by the gravitational lensing of a foreground
galaxy cluster. They combined measurements of the time delay between the multiple images with predictions made
by multiple lensing models of the cluster. This approach allowed the authors to make a blinded measurement of the
Hubble constant, finding a value that is more consistent with that derived from the cosmic microwave background than
with the cosmic distance ladder. —Keith T. Smith
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