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Abstract

Nanoparticles embedded within a crystalline solid serve as impurity phonon scattering centers
that reduce lattice thermal conductivity, a desirable result for thermoelectric applications. Most
studies of thermal transport in nanoparticle-laden composite materials have assumed the nanopar-
ticles to possess a single size. If there is a distribution of nanoparticle sizes, how is thermal con-
ductivity affected? Moreover, is there a best nanoparticle size distribution to minimize thermal
conductivity? In this work, we study the thermal conductivity of nanoparticle-laden composites
through a molecular dynamics approach which naturally captures phonon scattering processes
more rigorously than previously used analytical theories. From thermal transport simulations of a
systematic variety of nanoparticle configurations, we empirically formulate how nanoparticle size
distribution, particle number density, and volume fraction affect the lattice thermal conductivity.
We find at volume fractions below 10%, the particle number density is by far the most impact-
ful factor on thermal conductivity and at fractions above 10%, the effect of the size distribution
and number density is minimal compared to the volume fraction. In fact, upon comparisons of
configurations with the same particle number density and volume fractions, the lattice thermal
conductivity of a single nanoparticle size can be lower than that of a size distribution which contra-
dicts intuitions that a single size would attenuate phonon transport less than a spectrum of sizes.
The random alloy, which can be considered as a single size configuration of maximum particle
number density where the nanoparticle size is equal to the lattice constant, is the most performant
in thermal conductivity reduction at volume fractions below 10%. We conclude that nanoparticle
size distribution only plays a minor role in affecting lattice thermal conductivity with the particle
number density and volume fraction being the more significant factors that should be considered in
fabrication of nanoparticle-laden composites for potential improved thermoelectric performance.

1 Introduction

Magnification of phonon scattering to reduce lattice thermal conductivity has been a critical focus
in nano-scale-engineering efforts to improve the performance of thermoelectric materials [1]. The
thermoelectric figure-of-merit of a material is proportional to the electrical conductivity divided by
the thermal conductivity which can be considered as the sum of the electron and phonon contributions
to thermal transport. To increase figure-of-merit, it is desired to increase electrical conductivity or
reduce thermal conductivity, however, the electrical conductivity is directly proportional to the electron
contribution to thermal conductivity per the Wiedemann-Franz law [2]. Therefore, modification of the
electron transport will impact both electrical and thermal properties. To bypass this problem in the
effort to improve the figure-of-merit, researchers have focused on lowering the phonon contribution
to thermal transport, or the lattice thermal conductivity, by exploiting the differences in transport
properties between electrons and phonons [3]. Particularly, lattice thermal conductivity reduces with
increased phonon scattering, therefore, the thermoelectric material may be nano-structured to magnify
phonon scattering opportunities with minimal modification to electron scattering [4].

Embedded nanoparticles, nano-scale sized dopant particulates embedded within a host lattice, can
serve as impurity phonon scattering centers that reduce lattice thermal conductivity. Nanoparticle-
laden composites have demonstrated promise as low cost, but high efficiency thermoelectric materials
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[5]. Thus, it is of significant interest to study phonon transport behaviors through these composites
to guide design of more performant thermoelectric materials. Several theoretical analyses of phonon
scattering by mass-mismatched nanoparticles have been made to predict the thermal conductivity of
nanoparticle-laden composites, however, most studies solely considered the nanoparticles to possess a
single size [6] [7]. Minimal detail has been paid to the case where the nanoparticles possess a distribution
of sizes. A nanoparticle size distribution may be influential in modifying thermal properties as materials
possess a broad spectrum of phonons with varying contribution to lattice thermal conductivity [4].

Zhang and Minnich notably investigated the impact of a nanoparticle size distribution through
an application of a Monte-Carlo optimization algorithm that identified a size distribution which best
minimized a numerical thermal conductivity calculation of a Si/Ge composite considering phonon-
nanoparticle scattering [8]. While conceptually illustrative of the effect of nanoparticle size distribu-
tion on lattice thermal conductivity, the implemented analytical expression of the phonon-nanoparticle
scattering rate was non-mode-resolved and poorly describes wavelength dependence through an ap-
proximate “patching” solution of the short and long wavelength regimes, derived from an analytical
treatment of phonons as electromagnetic waves [9]. We argue that this simplified analysis provides
little confidence to describing the true effect of a nanoparticle size distribution on lattice thermal
transport.

Alternative methodologies, both analytical and computational, exist and have been used to in-
vestigate and model phonon-nanoparticle scattering [10] [11] [12] [7] [13]. Among the various tools
employed, molecular dynamics (MD) emerges as a rigorous approach where phonon transport as the
discrete modes of lattice vibrations can be explicitly modeled [14]. In this work, we apply MD sim-
ulation techniques to study the lattice thermal conductivity of nanoparticle-laden composites. We
particularly examine how various nanoparticle size distributions, both irrationally and rationally de-
signed, influence the lattice thermal transport. Furthermore, we also investigate the roles of particle
number density and volume fraction to formulate a holistic empirical model of lattice thermal conduc-
tivity modification in the particulate solid medium.

2 Methodology

We perform nonequilibrium molecular dynamics (NEMD) simulations to predict the lattice thermal
conductivity of a systematic variety of embedded nanoparticle composites. We chose a Lennard-Jonnes
(LJ) FCC structure as our model material system for reduced computational cost. The LJ model for
interatomic interactions is given as [15]

ij(rij) = de [(:j)m - (;)6] (1)

where r;; is the interatomic distance between atoms 7 and j and € and o are parameters. The host ma-
trix has a molecular weight of 40 g/mol, approximately the weight of solid argon, while the nanoparticle
matrix has a molecular weight of 90 g/mol. The atomic mass of the nanoparticle has been chosen to be
2.25 times that of the matrix material for two reasons. First, it falls within the range of atomic mass
ratios of the material pairs used in previous experimental studies of phonon transport properties in
heterogeneous structures or nanocomposite materials. Examples include Si/Ge (2.59), BizTes/SbyTes
(1.28 when averaged as a single material or 1.72 for Sb/Bi), and GaAs/AlAs (1.42 when averaged as
a single material or 2.58 for Ga/Al) [16] [17]. Second, we have followed the same choice of atomic
mass ratio as in our previous studies on superlattices, because we anticipate comparing nanocomposite
systems with superlattice structures in the future [18] [19]. The parameter set of €4, = 0.0104 eV,
o4r = 0.34 nm, and a cutoff radius of 2.50 4,- has been used in previous studies on LJ-modeled solid
argon [20] [21]. In this work, we use € = 16€ 4, for the interactions of all atom types to mimic stronger
bonded materials such as Si/Ge and GaAs/AlAs as done in previous LJ NEMD investigations [22] [23].
We forgo inclusion of an elastic contrast as it is an added degree of complexity to the scattering system
and impurity scattering is shown to be primarily due to the mass contrast [24]. The relaxed lattice
constant determined from MD relaxation commands for the given material model was a = 5.2686 A.
Discussion of the specifics of lattice thermal conductivity prediction from the NEMD method can
be found in other works [14] [26] [27]. A diagram of our simulation domain is presented in Figure 1.
The dimensions of our hot and cold baths are 40 unit cells (UC) in the z direction and 29 UC in both y
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Figure 1: Nonequilibrium molecular dynamics (NEMD) system diagram. The fixed temperature dif-
ference between the hot and cold baths induces a heat flux through the sample from which the effective
thermal conductivity x can be calculated using Fourier’s law at steady state. Sample image visualized
using OVITO [25]

and z directions. The dimensions of the embedded nanoparticle composite “sample” located between
the baths are 500 UC in the z direction (aligned along the [100] crystal orientation) and 29 UC in
both y and z directions. The large cross-section is necessary to accommodate both large particles up
to 10 nm diameter and a multiple number of particles in the cross-section. At 500 UC, the sample
length is larger than the majority of phonon mean free paths contributing strongly to heat conduction
in the pure host material, therefore, finite size effects typically associated with the NEMD method are
minimal. From this, we forgo conducting simulations of different sized systems in order to extrapolate
a bulk thermal conductivity value. The apparent thermal conductivity measurements from the NEMD
simulations conducted in this work are reasonable estimates of the bulk thermal conductivity value.
Periodic boundary conditions are applied to all three directions. We use a simulation time step of 1
fs according to the criterion in Reference [21]. Our specific NEMD simulations are conducted with
the LAMMPS software package [28] in the following process. (1) Each atom is given a random initial
velocity corresponding to a temperature of 5 K. (2) The entire system is relaxed in the isothermal-
isobaric (NPT) ensemble at zero pressure, and the temperature is increased from 5 K to 40 K in 1000
ps. (3) The entire system is relaxed in the NPT ensemble at zero pressure and 40 K. (4) A 7 A
layer of atoms at both ends of the simulation are frozen and kept such that fixed boundary conditions
are applied in the z direction. (5) The simulation configuration is switched from the NPT ensemble
to the microcanonical ensemble (NVE) and the hot and cold baths are maintained at temperatures
of 60 K and 20 K, respectively using a Langevin thermostat. Step (5) lasts for 12000 ps to ensure
the heat current through the system reaches steady state. Finally, the apparent thermal conductivity
k of the sample is evaluated using Fourier’s law. Thermal conductivity prediction from the NEMD
method is not significantly influenced by changes in the initialization of atom velocities as the system
is forced into nonequilibrium by an applied temperature gradient [26]. Therefore, it is unnecessary to
run multiple simulations with perturbations in initialization for statistical averaging. Consequentially,
we conduct only one NEMD simulation for each sample configuration explored in this work.

3 Results and Discussion

3.1 Single Size Distribution and Random Alloy
3.1.1 Introduction

We first compute the thermal conductivity & values for the both the composite with a single nanopar-
ticle size and the random alloy to establish a quasi-control group for later comparison to composites
possessing a distribution of nanoparticle sizes. The single size distribution for a fixed volume fraction
fv 1s constructed by first selecting a specific nanoparticle diameter D and then determining the num-
ber of such sized nanoparticles N that would satisfy the value of f,,. Then, the composite structure is
generated by positioning N such spherical nanoparticles lattice-matched into the host matrix. For all
composite configurations presented in this article, the nanoparticles are positioned randomly through-
out the sample while ensuring no overlap. Since the total volume of the sample V' in the NEMD
simulation is the same in all configurations studied, the particle number density N7 = N/V changes
linearly with N and so in this article, we will equate direct changes in number of nanoparticles N to
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Figure 2: (a) Single size distribution percent decrease in thermal conductivity x as a function of
nanoparticle diameter D at different volume fractions f,. (b) Single size distribution percent decrease
in k as a function of f, for various values of D.

direct changes in particle number density Np. In this sense, comparisons of single size distributions
with the same f, but differing D are effectively comparisons of different values of N. Furthermore,
the random alloy which is the random substitution of host matrix atoms with impurity atoms, can be
considered as a single size distribution of maximum possible N where the nanoparticle size is equal to
the lattice constant.

3.1.2 Results and Discussion

We present the percent decrease in thermal conductivity x for varying values of D at different volume
fractions f, in Figures 2a and 2b. Figure 2a reveals that for all values of f,, the attenuation of lattice
thermal transport increases as D decreases. This trend effectively means that for a fixed volume
fraction, lattice thermal conductivity of the single size distribution decreases with increasing number
of nanoparticles N. The slope of the trend is magnified at low values of f, and gradually decreases as
fv increases. Most notably, at large volume fractions f, > 10%, there is minimal difference in xk as N
is varied as seen in Figure 2b.

The data presented in Figures 2a and 2b suggest that for the single size distribution, at low values
of f,, Kk is strongly dependent on N with higher N resulting in lower values of x. This result agrees well
with experimental data of thermal conductivity of (Bi,Sb)sTes ladened with SiC nanoparticles at fixed
fo = 0.4% where for a single size distribution, smaller nanoparticles were found to reduce thermal
conductivity more effectively than larger sizes [29]. A direct comparison of thermal conductivity
reduction is unavailable as the sizes of the experiment nanoparticles are too computationally expensive
for MD simulation. As volume fraction is increased, we find x does not vary as considerably with N,
likely due to the volume of dopant material being large enough that the variation in sizes only has a
minimal impact on x. We also note for all volume fractions f, tested below 10%, the random alloy
configuration achieved the lowest thermal conductivity . At large f, > 10%, a few low D single size
distribution possessed lower x values than the random alloy, however, the difference was practically
within the error of the NEMD thermal conductivity prediction. Additionally, it will be shown in later
sections exploring other configurations, that the nanoparticle size distribution has minimal influence
at large f,. Finally, the reduction in x with increasing f, is consistent with previous experimental
data on nanoparticle dispersion in the crystal matrix [30] [31] [32]. It should be mentioned that there
must exist an optimal volume fraction of nanoparticles to achieve the lowest thermal conductivity for
a specific particle size or size distribution. Analogous to binary alloys, the thermal conductivity of
nanoparticle-laden composites initially decreases as the volume fraction of nanoparticles increases, but
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it subsequently rises when the volume fraction of nanoparticles becomes sufficiently large, typically
around 50%, resembling the characteristics of a pure nanoparticle material [8]. Given the anticipated
nature of this phenomenon and the fact that our research is solely focused on investigating the influence
of particle size and size distribution on thermal conductivity, we have made a deliberate decision to
not explore volume fractions exceeding 25%.

3.2 Irrational Distributions
3.2.1 Introduction

In this section, we investigate the lattice thermal transport in composites possessing a distribution of
nanoparticle sizes. We distinguish the different distributions as irrational and rational. The irrational
distributions are composites with nanoparticle size distributions generated from common distribution
functions used in the field of probability and statistics. The rational distribution is a size distribution
generated from the lattice thermal conductivity spectrum of the host matrix in order to target the
wavelengths that contribute most strongly to thermal transport. In this section, for the irrational
distributions, we examine the thermal conductivity x values of composites generated from the Gamma,
Exponential, and Uniform distribution functions. To our knowledge at the time of writing, there is no
experimental data on these distributions. Still, simulation agreement with experiment in the previous
section gives us confidence in our methodology and thus following predictions and analyses.

3.2.2 Results and Discussion

Gamma Distribution We first present the results for the Gamma distribution at low, intermediate,
and high volume fractions (f, = 1%, 4%, and 10%, respectively). The nanoparticle size distribution
is constructed in the following process. (1) Values of f, and N are selected and fixed. (2) A value
of the shape parameter « is chosen and N random numbers, s, are generated from the corresponding
probability density function p(s) of the one-parameter Gamma distribution

1
= ’1 — = aga—l, —as 2
p(s) amma(a, 1/a) (o) a“s* e (2)
where T' is the gamma function. (3) Those N numbers are normalized such that the mean (s) is unity
and then a mean radius (R) is determined from the following equation

3 _ fvv

where V is the sample volume. (4) The nanoparticle radii in the composite are then set to R = s(R).
Histograms of the mean-normalized nanoparticle diameters D = 2R at various shape parameter «
values are shown in Figure 3.

First, we examine the configuration where N is set to the mean value of N for single size distri-
butions ranging from D = 1 nm to D = 10 nm. For the remainder of this article, we will term this
value of N as the “unfixed case”. The percent decrease in thermal conductivity k for varying values
of « at different volume fractions f, for the unfixed case are presented in Figure 4. For all volume
fractions f,, thermal conductivity  is observed to decrease as shape parameter « is increased which
corresponds to a narrowing of the distribution to a single nanoparticle size as seen in Figure 3. Due to
the IV value of the unfixed case being less than that of the single size distribution with D = 1.3 nm,
the nanoparticle size that the Gamma Unfixed distribution converges to is larger than 1.3 nm. For
all o and f, values tested, the Gamma Unfixed distribution did not possess a thermal conductivity
lower than the reported single size distribution with larger N and the random alloy. This result means
the Gamma distribution in the unfixed case is insufficient in improvement of thermal conductivity
reduction over the single size distribution with larger N.

To provide further depth to this discussion, we repeated the investigation of k variation with «
in the case that N for the Gamma distribution exactly matched the value of N for the single size
distribution with D = 1.3 nm. We will term this configuration as the “fixed case” as we are fixing the
value of N in a way to solely assess the difference in thermal conductivity between the distribution
possessing a specific spectrum of nanoparticle sizes and the equivalent single size distribution. The
results for the Gamma Fixed configuration are presented in Figure 5. Similar to the unfixed case,

(3)
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Figure 3: Normalized size distribution plots of the Gamma Unfixed and Gamma Fixed nanoparticle
size distributions at f, = 4%. As shape parameter a increases, the distributions converges to a single
size distribution. Changes in number of nanoparticles N between the unfixed to fixed cases leads to

changes in the mean particle size, standard deviation, and the minimum and maximum sizes.
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Figure 4: Gamma Unfixed distribution percent decrease in thermal conductivity x for varying values
of shape parameter « at different volume fractions f,. For all @ and f, tested, the Gamma Unfixed
distribution is unable to achieve a lower thermal conductivity than the single size distribution with
D = 1.3 nm and the random alloy. The result is likely due to a reduced particle number density rather
than the specific spectrum of sizes.

the Gamma Fixed composite thermal conductivity x decreases with increasing shape parameter a.
The fixed case k expectedly approaches the value of the single size as the distribution is narrowed.
Most importantly, the data presented in Figure 5 reveals that like the unfixed case, the Gamma Fixed
distribution is unable to achieve a thermal conductivity lower than the single size distribution and the
random alloy up to high « for all f, tested. Specifically, the low a values suggest that the attenuation of
lattice thermal transport by the Gamma distribution can be less than the single size distribution with
equivalent N. This result is a first example in this study of a nanoparticle size distribution possessing
a spectrum of sizes being less performant in thermal conductivity reduction than a configuration with
a single nanoparticle size when volume fraction and particle number density are identical between the
two distributions. A possible explanation is that at low «, there is a significant amount of nanoparticles
with diameters smaller than 1.3 nm which likely scatter phonons less strongly. The presence of a few
nanoparticles with sizes larger than 1.3 nm is not sufficient to counteract the reduced phonon scattering
by the greater number of smaller nanoparticles.

Additionally, we find in both the fixed and unfixed cases, the difference in thermal conductivity
reduction between the Gamma distribution and the single size distribution decreases as volume fraction
fv increased. This result supports our conclusion made in the previous section that at large f,, k is
minimally affected by variation in nanoparticles sizes and particle number density due to the presence
of a large amount of dopant material in the host matrix.

Exponential Distribution The second irrational distribution we investigate is the Exponential
distribution. The nanoparticle size distribution is constructed in the following process. (1) Values
of f, and N are selected and fixed. (2) A value of the rate parameter p is chosen and N random
numbers, s, are generated from the corresponding probability density function p(s) of the Exponential
distribution

p(s) = exp (u) = pe™"* (4)

(3) Considering s to be a set of diameters in nm, the distribution is rescaled to be a set of radii in A and
then a mean radius (R) is determined from Equation 3. (4) The nanoparticle radii in the composite are
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Figure 5: Gamma Fixed distribution percent decrease in thermal conductivity x for varying values of
shape parameter a at different volume fractions f,,. The fixed case x expectedly approaches the value
of the single size as the distribution is narrowed, however at low «, the Gamma Fixed distribution is
unable to achieve a thermal conductivity lower than the single size distribution and the random alloy.
This result is likely due to there being a significant amount of nanoparticles with diameters smaller
than 1.3 nm which likely scatter phonons less strongly. The presence of a few nanoparticles with sizes
larger than 1.3 nm is not sufficient to counteract the reduced phonon scattering by the greater number
of smaller nanoparticles.
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2 then set to R = s(R). Due to the properties of the Exponential distribution and our specific fixing of
22 volume fraction f,, and number of nanoparticles N, there is effectively only one possible configuration
23 of an Exponential nanoparticle size distribution for specified values of f, and N. Thus, we examine
24 the thermal conductivity of a composite with this configuration at different values of f, for the fixed
25 and unfixed cases of N. Histograms of the nanoparticle diameters D for the fixed and unfixed cases
2% are shown in Figure 6.
27 The results of the percent decrease in thermal conductivity x for the Exponential distribution and
28 its comparison to the single size distribution with D = 1.3 nm and the random alloy are presented in
29 Figure 7. For all tested volume fractions f, and both the fixed and unfixed cases of N, the thermal
30 conductivity s reduction of the Exponential distribution is less than both the single size distribution
31 and the random alloy as it was for the Gamma distribution. The fixed case result is a second example
32 of a nanoparticle size distribution possessing a spectrum of sizes being less performant in thermal

conductivity reduction than an equivalent single size distribution. This result is expected as the shape
33 ey e - . Y
of the Exponential distribution, seen in Figure 6, is similar to the shape of the Gamma distribution,

gg seen in Figure 3, at low shape parameter o. Furthermore, we see a repeat of the x behavior at large
36 fv observed for prior distributions. The difference in thermal conductivity x reduction between the
37 Exponential distribution and the single size distribution decreases with increasing volume fraction f,,.
38 This result is additional evidence supporting the conclusion that at large f,,, variation in nanoparticles
39 sizes and particle number density has a minimal influence on «; the volume fraction being the dominant
40 factor on lattice thermal transport.

41

42 Uniform Distribution The third and final irrational distribution we investigate is the Uniform
43 distribution. The nanoparticle size distribution is constructed in the following process. (1) Values of
44 f» and N are selected and fixed. (2) A uniform distribution of N diameters s that ranges from 0 to
45 some value D that satisfies f, is determined via a brute force search. (3) The nanoparticle diameters
46 are set to the found distribution. Histograms of the nanoparticle diameters D for the fixed and unfixed
47 cases are shown in Figure 8.

48 The results of the percent decrease in thermal conductivity  for the Uniform distribution and its
49 comparison to the single size distribution with D = 1.3 nm and the random alloy are presented in
50 Figure 9. Similar to both the Gamma and Exponential distributions, for both fixed and unfixed cases,
51 the Uniform distribution does not achieve a lower thermal conductivity x than both the single size
52 distribution and the random alloy. Additionally, the difference in x between the Uniform distribution
53 and the single size distribution decreases with increasing volume fraction f,, just like the Exponential
54 and Gamma configurations. However, upon comparison, the data in Figure 9 show that for all f,, the
55 thermal conductivity  of the Uniform distribution is lower than the equivalent Exponential distribution
56 and Gamma distribution up to high values of shape parameter o suggesting the Uniform distribution
57 is more performant in thermal conductivity reduction than the other irrational distributions explored
58 in this work.

59



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - NANO-135698.R2

Exponential
100 :

% Decrease in thermal conductivity &

-+-Random Alloy

40 -=-Single Size D = 1.3 nm-|
Fixed
-e-Unfixed
30— : :
01 4 10

Volume fraction f, (%)

Figure 7: Exponential distribution percent decrease in thermal conductivity & for various volume
fractions f,. In both the fixed and unfixed cases, the Exponential distribution is not able to achieve a
thermal conductivity lower than the single size distribution with D = 1.3 nm and the random alloy.
This result is likely due to the shape of the distribution, seen in Figure 6, which features a large
presence of small nanoparticles that scatter phonons less strongly.
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Figure 8: Size distribution plots of the Uniform Unfixed and Uniform Fixed nanoparticle size distri-

butions at f, = 4%. The reduced uniformity in the unfixed distribution is due to a lower number of
nanoparticles N. Changes in N correspond to changes in mean diameter and maximum particle size.
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Figure 9: Uniform distribution percent decrease in thermal conductivity « for various volume fractions
fv- In both the fixed and unfixed cases, the Uniform distribution is not able to achieve a thermal
conductivity lower than the single size distribution with D = 1.3 nm and the random alloy. The Uni-
form distribution is however, more performant in thermal conductivity reduction than the Exponential
distribution and the Gamma distribution at low shape parameter «. This result exemplifies that size
distribution contribution to « is still non-negligible.

The key conclusion we identify from the tested irrational distributions is that for a fixed volume
fraction and particle number density, an irrational size distribution is never able to outperform the
single size distribution and is in most cases, less performant than the single size distribution. Further-
more, we found the results for the irrational distribution matched the inferences from the single size
distribution data in the previous section. Specifically, (1) at low volume fractions, the particle number
density is a more significant contributor to thermal conductivity reduction than the nanoparticle size
distribution. (2) At large volume fractions, there are minimal differences in thermal conductivity re-
duction for changes in size distribution and particle number density. From these findings, we begin to
formulate an understanding that size distribution is not the most influential factor in lattice thermal
transport through a nanoparticle-laden composite. In fact, the particle number density and volume
fraction are shown to be far more significant in modifying the lattice thermal conductivity than the
specific nanoparticle sizes.

3.3 Rational Distribution
3.3.1 Introduction

In this section, we compute the percent decrease in thermal conductivity x of a composite possessing
a nanoparticle size distribution that approximately matches the thermal conductivity spectrum of the
host matrix. Specifically, we computed the wavelength-dependent thermal conductivity and treated
that function as a probability density function to which we construct the nanoparticle size distribution
from, equating phonon wavelengths to nanoparticle radii. We term this configuration as the “rational
distribution” as we are specifically targeting the wavelengths that contribute most to . Since we fix
volume fraction f, and the specific nanoparticle sizes, the number of nanoparticles NV is not able to
be user-defined and thus set to the value to which the rational distribution can satisfy the specified
volume fraction f,. In all configurations, IV for the rational distribution was less than the N for the
unfixed and fixed cases.

The thermal conductivity spectrum of the host matrix is determined from phonon normal mode
analysis in equilibrium molecular dynamics simulations as molecular dynamics can model temperature-
dependent anharmonic phonon scattering to higher orders than anharmonic lattice dynamics techniques
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[33] [14]. First, the normal mode coordinates g, (t) and spectral energy density ®k , (w) are evaluated:

3
m U*
Qo) =YY 0D 4 5 ua (e exp (ik - rg) (5)
a b l ¢

2 Ck,u

Busl) = 1Floes O = ()
where ul b (t) represents the ath component of the displacement of the bth basis atom in the [th unit
cell, NV, is the total number of primitive unit cells in the entire system, m; is the mass of the bth basis
atom, t is time, e is the phonon eigenvector, k is the phonon wavevector, v is the phonon mode, and
rf) is the equilibrium position of the Ith unit cell. In Equation 6, the Fourier transform F of the time
derivative of the normal mode coordinate is fitted to a Lorentzian function to obtain the peak frequency
position Wf?y and spectral phonon scattering rate 7y, ! which is the inverse of the phonon relaxation time
Tk,v- Ck,» is a mode-specific constant. The phonon dispersion curves are obtained by connecting the
peak frequency position with continuous and differentiable curves from which phonon group velocity
Vg = ‘g—j: can be calculated using central difference technique. The [100] thermal conductivity spectrum
is then calculated from kinetic theory:

k(k) = Zcphngkw (7)

v

where cpp, is the phonon specific heat. As molecular dynamics is a classical system, the specific heat
may be evaluated as c,;, = kp/V where kp is the Boltzmann constant and V' is the system volume.
The normalized thermal conductivity spectrum of the host matrix is presented in Figure 10.

3.3.2 Results and Discussion

The results of the percent decrease in thermal conductivity x for the rational distribution at various
volume fractions f, are presented in Figure 11. We observe for all f, tested, like the irrational
distributions, the rational distribution possesses a lower thermal conductivity than both the single size
distribution with D = 1.3 nm and the random alloy. Additionally, the thermal conductivity reduction
of the rational distribution is actually less than that of the irrational distributions. As described in
the previous sections, this behavior is more likely due to the reduced number of nanoparticles i.e. the
particle number density rather than the specific distribution of nanoparticle sizes. Furthermore, we
once again observe a decrease in the x difference between the rational size distribution and the single
size distribution as volume fraction f, increases.

3.4 Nanoparticle-in-Alloy
3.4.1 Introduction

NEMD simulations in this work so far have showed the random alloy composite to be the most
performant in thermal conductivity s reduction from the pure material. A possible explanation for
this result, supported by findings in the previous sections, is that particle number density is the most
significant factor in affecting lattice thermal transport through a nanoparticle-laden composite. The
random alloy can be considered as a single size distribution of maximum particle number density and
therefore achieves a maximum in phonon scattering opportunities. However, the alloy impurities are
known to strongly scatter short wavelength phonons more so than longer wavelength phonons [3].
Thus, the lattice thermal conductivity is dominated by contributions of the low frequency phonons
near the Brillouin Zone center possessing long wavelengths. It has been experimentally shown that
the thermal conductivity of a semiconductor alloy can be reduced by embedding dopant nanoparticles
which strongly scatter the mid to long wavelength phonons [34]. The study and similar computational
investigations, however, only examined the case where the nanoparticle matrix was different than the
constituent materials of the alloy [7] [6]. It is still unclear how inclusion of both nanoparticles and
alloy impurities of the same matrix affects the thermal conductivity x of a pure crystalline solid. In
this section, we examine the x values of such “Nanoparticle-in-Alloy” structure.
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Figure 10: Normalized [100] thermal conductivity spectrum of the host matrix predicted from phonon
normal mode analysis in equilibrium molecular dynamics simulations. The nanoparticle size distribu-
tion is constructed by equating the normalized thermal conductivity spectrum to a probability density

function and equating the phonon wavelengths to the nanoparticle radii.
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Figure 11: Rational distribution percent decrease in thermal conductivity x for various volume fractions
fv. For all f, tested, the rational distribution possesses a lower thermal conductivity than both the
single size distribution with D = 1.3 nm and the random alloy. Similar to the findings for the irrational
distributions, this result is most likely due to the reduced particle number density rather than the

specific nanoparticle sizes.
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Figure 12: Nanoparticle-in-Alloy percent decrease in thermal conductivity k for varying values of
nanoparticle diameter D at different volume fractions f,. Like the single size distribution, x expectedly
decreases with decreasing D and increasing random alloy fraction due to the increase in particle number
density. This result once again, confirms particle number density as the dominant factor on thermal
conductivity at low f,. At f, > 10%, we found the configuration with 75% random alloy possessed
thermal conductivity lower than the random alloy up to high D. Single size, random alloy, and
nanoparticle-in-alloy structures visualized using OVITO [25].
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3.4.2 Results and Discussion

For a thorough dissection of the lattice thermal transport through the nanoparticle-in-alloy structure,
we study cases where the fractions of nanoparticle volume and random alloy volume are varied while
fixing the total dopant volume fraction f,. We present the percent decrease in thermal conductivity
for composites containing a single size distribution mixed with the random alloy in Figure 12. Just like
the case for the pure single size distribution, nanoparticle-in-alloy structures containing nanoparticles
with smaller diameters D possess a larger number of nanoparticles N. The s reduction of such
structures is expectedly larger than configurations with smaller N. Similarly, x decreases as the
fraction of random alloy increases. These results are consistent with previous experimental data of
the nanoparticle-in-alloy system [34] [35]. We also observe these structures to be more performant in
k reduction than the single size distribution with D = 1.3 nm for all volume fractions f, tested up
to high values of D, however, the nanoparticle-in-alloy does not achieve a thermal conductivity lower
than random alloy at low f,. This result again confirms the dominance of particle number density on
thermal conductivity reduction at low volume fractions. At large f, > 10%, we found the configuration
with 75% random alloy possessed thermal conductivity lower than the random alloy up to high D.
Though such case is evidence of a nanoparticle size configuration that surpasses the pure random
alloy in thermal conductivity reduction, the maximum percent decrease from the thermal conductivity
of the random alloy is less than 10%. The tested nanoparticle-in-alloy configurations supports our
conclusions from the previous sections that at large volume fractions f,,, variation in particle number
density or nanoparticle sizes minimally affects the thermal conductivity in comparison to the dopant
volume.

4 Conclusions

In summary, we applied NEMD simulations to predict the effective lattice thermal conductivity x
of nanoparticle-laden composites possessing a systematic variety of nanoparticle size distributions.
We found that the specific nanoparticle sizes have a minimal influence on k, with particle number
density and volume fraction being the more significant factors. At low volume fractions f, < 10%, &
decreases considerably with increasing particle number density. Surprisingly, composites possessing a
spectrum of nanoparticle sizes were never able to outperform a single size distribution with equivalent
particle number density. A possible explanation is that the scattering efficiency of larger sizes is
not sufficiently larger than the efficiency of smaller nanoparticles, yet the larger sizes have a more
considerable contribution to the dopant volume cost. Essentially, many smaller nanoparticles is likely
more “cost-effective” for increased phonon scattering than fewer larger nanoparticles. Additionally,
we observed at large volume fractions f, > 10%, there were minimal differences in x for differences
in particle number density and nanoparticle sizes. This result is likely attributed to the reduction in
clearance between nanoparticles far below the mean free paths of phonons in the pure material. At this
point, there is significant multiple phonon scattering and so an average scatterer composition manifests.
More precisely, different phonons are scattered by approximately the same sample of nanoparticle sizes
so variation in sizes and scatterer density is negligible. The random alloy configuration achieved the
lowest  for all f, < 10% and was only surpassed by a nanoparticle-in-alloy distribution at f, > 10%,
but only by a less than 10% decrease from the random alloy thermal conductivity. It is possible there
exists some nanoparticle size distribution more performant in s reduction than the configurations
explored in this work, however, determining and fabricating such distribution may not be worth the
effort. Instead, we recommend material engineers to focus more on making the nanoparticles as
small as possible and develop strategies to minimize particle aggregation and grain growth during
manufacturing of thermoelectric materials. Such processes would maximize phonon scattering and
result in a lattice thermal conductivity minimum.
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