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Abstract

Consider the ¢, regularized linear regression, also termed Bridge regression. For a € (0,1), Bridge
regression enjoys several statistical properties of interest such as sparsity and near-unbiasedness of
the estimates (Fan and Li, 2001). However, the main difficulty lies in the non-convex nature of
the penalty for these values of «, which makes an optimization procedure challenging and usu-
ally it is only possible to find a local optimum. To address this issue, Polson et al. (2013) took
a sampling based fully Bayesian approach to this problem, using the correspondence between the
Bridge penalty and a power exponential prior on the regression coefficients. However, their sam-
pling procedure relies on Markov chain Monte Carlo (MCMC) techniques, which are inherently
sequential and not scalable to large problem dimensions. Cross validation approaches are similarly
computation-intensive. To this end, our contribution is a novel non-iterative method to fit a Bridge
regression model. The main contribution lies in an explicit formula for Stein’s unbiased risk estimate
for the out of sample prediction risk of Bridge regression, which can then be optimized to select
the desired tuning parameters, allowing us to completely bypass MCMC as well as computation-
intensive cross validation approaches. Our procedure yields results in a fraction of computational times
compared to iterative schemes, without any appreciable loss in statistical performance. An R imple-
mentation is publicly available online at: https://github.com/loriaJ/Sure-tuned_BridgeRegression.
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1 Introduction

For regression coefficients § € RP, the Bridge
regression estimate is usually stated as the solu-
tion to the following optimization problem:

B = argmﬁin{;Hy—Xﬁg +VZ|51'|Q} , (1)

where y € R™ is the response variable, X € R™"*P
is the design matrix, v > 0 is a penalty parameter,
and « € (0,2] is the coefficient exponent. Partic-
ular cases of interest are: the degenerate av = 0,
which corresponds to the ¢y penalized regression;

when a = 1, it corresponds to the lasso procedure;
and « = 2 is ridge regression. When a € (0,1),
this optimization problem is non-convex, and for
a € [1,2], it is a convex problem. Furthermore, the
Bridge model has the desirable properties of spar-
sity and near-unbiasedness (Fan and Li, 2001),
when « € (0,1).

However, for the same setting of a €
(0,1), Polson et al. (2013) argue that a purely
optimization-based approach is inappropriate, as
the penalized likelihood surface is multi-modal,
which in turn leads to several possible solutions
or local optimality conditions instead of global
optimality, which is hard to establish (Mazumder
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et al, 2011). In this context, three iterative
strategies are currently available for solving this
problem, to the best of our knowledge. These are:
1. A sampling based fully Bayesian Markov
chain Monte Carlo (MCMC) procedure by
Polson et al. (2013). The key to their
approach is the observation that a solution
to the optimization problem in Equation (1)
could be obtained as the posterior mode
under the model:

y| X, 8~ N(XB,07),
P(/D)z') X eXP(—V|5i|a)7

where the density on the last line was termed
the exponential power density by Box (1973,
p. 157). Consequently, Polson et al. (2013)
recommend a fully Bayesian approach using
this hierarchical model and outline two pos-
sible sampling schemes. Also of interest are
the approaches of Gémez-Sanchez-Manzano
et al. (2008), and Mallick and Yi (2017).

2. Expectation-maximization (EM) point esti-
mation routines for finding the maximum a
posteriori estimate under a power exponen-
tial prior, which coincides to the solution of
the optimization problem in Equation (1),
proposed by Polson and Scott (2013), and
Mallick and Yi (2017). Moreover, pathwise
coordinate descent approaches are also avail-
able for solving the penalized optimization
problem (Griffin, 2022, Marjanovic and Solo,
2014, Mazumder et al., 2011).

3. Finally, a variational Bayes approach, for a
tractable approximation to the target poste-
rior under a fully Bayesian model (Armagan,
2009).

While the approaches above could be termed
respectively as fully Bayesian, frequentist and
approximately Bayesian; and hence together they
cover the full spectrum of statistical inference rea-
sonably well, a common and recurring theme is
their reliance on iterative routines for the pur-
pose of model fitting, inherently limiting their
scalability. The main contribution of the cur-
rent paper is to present a non-iterative approach.
Our approach exploits a closed form expression
for the desired posterior moments in a penal-
ized likelihood formulation of the Bridge problem,
given a latent Gaussian representation, using the

celebrated result of West (1987) that an expo-
nential power density, px(z) o« exp(—|z|*), for
a € (0,1), is a normal scale mixture with respect
to a positive /2 stable density for the latent
scale variable. This result leads to a closed form
expression for Stein’s unbiased risk estimate or
SURE (Stein, 1956, 1981) for Bridge regression,
allowing a selection of v by minimizing SURE
via a simple one-dimensional grid search. Upon
selecting v, the penalized likelihood estimate of 3
that coincides with the Bridge optimization prob-
lem is also available analytically, once again by
exploiting the latent Gaussian representation. The
connection between SURE and cross validation
has been explored by Efron (2004), who showed
the latter to be a Monte Carlo estimate of SURE.
Thus, choosing the desired tuning parameters via
minimizing SURE allows us to completely bypass
computationally demanding cross validation pro-
cedures. Another notable method to avoid the
high computational burden of cross validation is
an approximate leave-one-out cross validation due
to Wang et al. (2018). However, its theoretical
investigations are currently restricted to convex
penalties. The explicit formula resulting from our
latent Gaussian representation preempts iterative
Markov chain Monte Carlo simulations as well,
since the desired posterior moments are available
in closed form. Our results still require numeri-
cal evaluation by means of vanilla Monte Carlo of
some functions of the latent stable scale variable,
but these evaluations are not inherently sequen-
tial in the same sense an MCMC or an iterative
optimization routine is.

We compare our procedure to the fully
Bayesian approach of Polson et al. (2013), which
is implemented in the R package BayesBridge
as well as with cross validation using an EM
approach, also implemented in the R package
BayesBridge. Our results indicate similar sta-
tistical performance, but with a run time that
is typically much faster than a fully Bayesian
MCMC routine or cross validation. Predictive
comparison on a set of spectral reflectances for
photosynthetic prediction in plants (Meacham-
Hensold et al., 2019) is also presented, once again
yielding similar out-of-sample prediction errors,
but in a fraction of the time.

To summarize, our main contributions are:

1. An explicit formula for the desired posterior
moments in a latent Gaussian representation



of the Bridge regression model, yielding a
closed form expression for SURE.

2. A demonstration that the estimates have
finite Monte Carlo variance, while avoiding
iterative MCMC and optimization routines
altogether.

3. A numerical demonstration on simulated and
a photosynthetic data set, indicating similar
statistical performance with a large saving in
computational time.

The rest of the manuscript is organized as fol-
lows. In Section 2 we present explicit formulas for
the Bridge regression model. Next, in Section 3
we include a closed form expression for SURE,
for a general prior on the coefficients of a linear
regression. We also provide details of the imple-
mentation that makes clear how we are able to
avoid an iterative routine, with vanilla Monte
Carlo being sufficient for our purposes. This is fol-
lowed by Section 4 where we consider simulation
experiments to validate our method, and verify
the bounds on the variances. Further, in Section 5
we implement our method in a prediction problem
with spectroscopic measurements. We conclude in
Section 6 by pointing out some future directions.

2 A Penalized Likelihood
Framework for Bridge
Regression

In what follows, consider a € (0,2), a fixed con-
stant. Denote a random variable B following the
exponential power distribution as B ~ EP(«,v),
with probability density function:

av

pu(B) :W exp (—2°v%|8]?).

There is a direct relationship between the den-
sity of the exponential power distribution, and the
penalty we are considering, since —log(p,(8)) =
2°p%|B]|%, up to an additive constant. That is,
the penalty is the negative logarithm of the den-
sity function, for a fixed parameter v. With that
in mind, and motivated by the observations of
West (1987) and Polson and Scott (2012), we
consider a positive «/2—stable random variable
L ~ ST(a/2,v), usually defined by its Laplace
transform, given by: ¢5(¢) = Elexp(—¢L)] =
exp(—v®/?|¢|*/?), (see Equation 4.5, Cont and

Tankov, 2004). This is because explicit analytical
expressions for the density of a positive a-stable
variable exist only for certain special cases. Mak-
ing use of the Laplace exponent, West (1987) and
Polson and Scott (2012) expressed the density
of an exponential power as a normal mixture of
positive stable densities. Namely:

2

P9 octn() = [ e (= G ou(orde, 2

where we denote by py () the density of a positive
a/2—stable random variable with scale param-
eter 1, denoted as S*(a/2,1). Noting that the
exponential term is proportional to a mean zero
normal density in 8 with variance vz~!, a multi-
plicative factor of v~1/221/2 is needed to complete
the normal density. This motivates using the
polynomially-tilted positive stable density: T ~
PS*(a/2,5), 6 > 0, with density pr, given by
pr(z) o« x %y (x), where pr is the density of
L ~ S*(a/2,1), defined by Devroye (2009). We
obtain:

po(B) o /Ooo po(B | 2)a2pp (z)dx
~ / " (8 | 2)pr(@)de,

where p,(8 | z) = N(B | O,vz™!) and T ~
PS*(a/2,1/2). The previous expression shows
that the density of an exponential power acts as
the marginal of a normal mixture model. To make
use of this for the Bridge model, we apply it to
the prior and obtain the posterior moments of
conditional on T and y. The following hierarchy
corresponds to the n-means model:

ind
Yi ‘ 52 NN(Bi702)7 (3)
61' %Ep(av V)7 (4)
fori =1,...,n, and 0? € R*. To obtain the pos-

terior estimates in this n-means model, we make
use of the following lemma.

Lemma 1 The Bridge n-means model, given by
Equations (3) and (4), is equivalent to the hierarchical
model:

ind
yi | Bis T; "~ N (Bi, 0?),



Bi | T3 N0, 0T Y,
T; "5 pSst(a)2,1/2),

fori=1,....,n

Proof of Lemma 1 can be found in
Appendix A.1. On its own, the previous lemma
is not very surprising and is an immediate conse-
quence of the result by West (1987). Its usefulness
becomes clear in the following theorem.

Theorem 1 Under the model defined by
Equations (3) and (4), the marginal density for y; is:

mu(y;) =/R+ pu(y; | )pr(t)dt < oo,

and the posterior expectation of the first two moments
of B; is given by:
Bi :=E[B; | yi]
1

:m /000 yw(a2t + I/)_lpy(yi | £)pr(t)dt,

3P —E[5? | yi]

1 /°° v Y22
= +
mw(y:) Jo o2t+v (02t +v)?

X pu(y; | pr(t)dt,

where the densities in the integrals correspond to
T ~ PS*(a/2,1/2), and y; | t ~ N(0,02 + vt~ 1) .

Proof of Theorem 1 can be found in
Appendix A.2. Theorem 1 implies that we can
estimate the marginal density, m, (y;), through a
Monte Carlo (and not MCMC) averaging, by sam-
pling from the distribution of 7'. This sampling is
easily done by following the method proposed in
Devroye (2009). We are not specifically interested
in estimating the marginal density. More impor-
tantly, we can estimate the posterior expectation
and variance of 3; through a Monte Carlo simula-
tion. Specifically, let 71, ..., T; 4 PS+ (a/2,1/2),
and denoting T = (Tl,..., ), define the esti-

mates as:
1 J
j Z yz | T
j:
1 J
B[S | wilr = 55 Z (v | THE[B: | v, Ty,

E[B8? | yi)T v(yi | Tj) (Var[B; | s,

H'MN

Jmu yz
[Bl | yi7Tj]2) :

In a Monte Carlo estimation, it is natural to won-
der: (1) whether the estimates are unbiased and
(2) whether they have bounded variance. Now we
present a small technical lemma which gives a
bound for the marginal. This helps us address the
above concerns.

Lemma 2 The marginal under the n-means model
admits the following lower bound:

y.2
my(y;) > exp (— 2;2> Clo2 )

where C(,2 ) is a strictly positive constant indepen-
dent of y.

Proof of Lemma 2 can be found in
Appendix A.3. The two concerns above arise since
(1) we are using a ratio of two Monte Carlo
estimates that come from the same simulations
and (2) we employ simulations of random vari-
ables which are related to a—stable densities. The
following theorem settles those concerns.

Theorem 2 QOur estimators have the following prop-
erties:

1. The estimator my(y;)T un-biasedly estimates
muy(y;). Next, B[B; | yil7T is an asymptotzcally
unbiased estimator of B;, as well as B[3? | y]7 of

Bi(?), when J — 0.

2. The variances of our Monte Carlo estimates are
finite and are bounded by:

Var[my (yi)7 | yi] < J~(2m0%) ™"

Var[E(8; | 9)7 | yi] < J~ ' (2m0%) 7" exp(yl/rf)
Clor oy (wil + B:)?, and

Var[E(57 \yl>fr|yz]<J Y2ro®) ! exp(yf /o%)x
(0% +yf = B2

Proof of Theorem 2 can be found in
Appendix A.4. The first part of the theorem
ensures our estimates are asymptotically unbi-
ased. The second part of this theorem is also
non-trivial, for two reasons: (1) the inverse of the

Tl



marginal has been shown to have infinite vari-
ance in some circumstances (Newton and Raftery,
1994), and (2) positive a/2—stable do not even
have a finite first moment (Samorodnitsky, 1994,
Property 1.2.16). This means some care must be
exercised when working with variables related to
them. Having a finite variance ensures conver-
gence to a normal distribution for our estimator
at the usual parametric rate J~'/2 by the cen-
tral limit theorem. It also bears mention that our
approximation of the desired posterior moments
for B; consists of approximating the numerator
and the denominator (the marginal m(y;)) sepa-
rately via vanilla Monte Carlo by drawing from
the prior of T that can be naively vectorized. It is
certainly possible to recast the desired moments
with respect to (T' | y). However, ii.d. draws
from this posterior are not available directly, and
would necessitate an iterative MCMC technique,
something we strain to avoid in the current work.

Now, we continue to explore the general case,
where we have a vector of n observations y, with
design matrix X with p covariates. We do not
impose any conditions on n or p, other than these
being positive integers. That is, we contemplate
both n > p and p > n cases. The likelihood and
priors are given by Equations (5) and (6). Namely:

y| X, B~N(XB, %), ()

Bi “r\flEP(a v), fori=1,...,p. (6)

Similar to Lemma 1, we present Lemma 3, where
we use the mixture representation of the exponen-
tial power to derive an equivalence between the
Bridge model and a normal hierarchical model.
This equivalence is in the sense that the T; act
as lurking variables, and by integrating them we
recover the marginal prior, the negative of the
logarithm of which is the desired Bridge penalty.

Lemma 3 The Bridge regression model, given by
Equations (5) and (6), is equivalent to the hierarchical
model:

y| X,B8,T ~N(XB,5),
Bi | T; N0, 0T,
T, % pst(a/2,1/2),
fori=1,...,p

The proof of Lemma 3 can be found in
Appendix A.5. Lemma 3 links the Bridge model
to a normal hierarchical model, where the prior
on the variance of the coeflicients is given by a
polynomially-tilted stable distribution. In what
follows, we prove results for the Bridge model,
going through the hierarchical model stated in
Lemma 3. These results give a simple way to com-
pute the marginal of y and the posterior mean and
variance of the coefficients. Although we make use
of the marginal, we only need its value up to a nor-
malizing constant. This avoids the complications
that arise from estimation of marginal likelihood.

Theorem 3 Under the model given by Equations (5)
and (6), the marginal density of y is given by:

m,,<y):/(R+ Sy | t) HpT

where t = (t1,...,tp). We can compute the poste-
rior first and second moments of B, and these are
respectively given by:

B =E,[8 |yl

i)dt; < oo,

po(y | O)EL (BB | y,t)

X H pr(ti)dt
i=1

where py(y | t) is the density: y | t ~ Na(0,0V4,,),
and the expectatzons inside the integrals come from:
Byt ~ Np(AeXTV g v — vAX TV X A).
Denoting Ay = diag(t; 1), it =1,....,p, Vi
(XA XT + u—lz).

The proof can be found in Appendix A.6. We
omit the normalizing constants in Theorem 3 as
those appear in the numerator and denominator.
As previously mentioned, this result holds for both
n > p and n < p, since we do not need the
inverse of X7 X. It is possible to include a covari-
ance structure on the observations if one is known
beforehand. Also, the constant v acts as a bal-
ance between the sample covariance matrix of the
covariates: vXA¢X” and the error variance given



by ¥, with v implicitly weighing between these
two variances. Furthermore, in Corollary 1 we give
an explicit expression for the first two moments of
the fitted values.

Corollary 1 The posterior expectation and variance
of X given y,t can be expressed as:

E[XB |y, t] = Ag(Ag + v 'D) 'y,
Var(XB | y,t) = vS(Ag + v '9) " Ay,

where we define Ay = XAtXT.

Proof of Corollary 1 can be found in
Appendix A.7. This corollary is relevant since we
can compute Ay after simulating A¢. Once that is
done, we just have to perform inversion and addi-
tion to compute the posterior mean and variance
of the observations, for a fixed v. This is once again
plain Monte Carlo that can be vectorized and not
MCMC, allowing us to bypass an iterative routine
resulting in faster computation.

Using now 7 = {T; j o= 1,...J},
where for each j, T; = (Th;,...,Tp ), and
T;; % PS+(a/2,1/2), we define the Monte Carlo
ebtlmateb.

17
:jz (y | Ty),

E[B | ylT =

Mk I

1
E[ﬁﬁT ‘ y]T = W

1

+E[B | y, T;]E

<.
Il

Bly,T

As before, we want to address the unbiasedness
and finite variance of these estimators. However,
first we need a small technical lemma.

Lemma 4 The marginal my(y) in the linear regres-
sion setting admits the following lower bound:
Tw—1
mu(y) > exp(—y X7 y/2)C(x . x),
where C(s ), x) s a strictly positive constant indepen-
dent of y.

Proof of Lemma 4 can be found in
Appendix A.8. This lemma is a building block for

S T Z (y | THEB | y, Ty,

pu(y | Tj){Var[3 |y, T

31"

5]

the bounds of the variances that we give in the
following theorem.

Theorem 4 Our estimators have the following prop-
erties:

1. The estimator my(y)T unbiasedly estimates
the marginal my(y). Next, E[B | y]r and
E[BB" | y]7- are asymptotzcally unbiased estima-

tors of ﬂ, and ,3

2. The variances of these Monte Carlo estimates are

finite and have the following explicit bounds:
Var[my (y)7 | y) < 7~ (2m) P det(S 1),
Var([E[8 | yl7ll2 | y) < J~'(2m) 7P det(277)
X exp(yTEfly)C(;,AX)
X (V2pK2M
+ 11813 + 20 K1 VM| B]l2),
Var (IE[B8" | yl7llz | y) < J 7 (2m) " det(= ")
X exp(yTEfly)C&iy’X)
X (C + 20| B+
+ 18213
where C = pKo + 2MpK3 + M@Kg[ﬁ +

M?Ky + M?*p(p — 1)K3, My = vpK; +
MpKs, K; = [git ‘pr(t)dt, and M =

—1)2 210,112
=2 X 2llyll2-

The proof of the previous theorem can be

found in Appendix A.9.

Although Theorems 3 and 4 extend the results

for the n-means models to a regression setting, it
still is of interest to understand how the n-means
case works in practice, as has been done before
for other non-convex regression approaches, for
example, the horseshoe regression (Bhadra et al.,
2019). Denote r = min(n, p), and consider the sin-
gular value decomposition of X = UDV”, where
U, D,V are matrices with dimensions: n xr, r X r,
and p X r, respectively, D is a diagonal matrix with
positive entries, U and V satisfy: UTU = VTV =
I., with I,. the r xr identity matrix. Based on these
definitions, we further define: Z = U D, and place
the prior on a linear transformation of 8 given by
V', instead of on B. Explicitly, the model we use

y| X, ~N(XB,0%L), (7)



i iid EP(a,v), fori=1,...,p. (9)

As an immediate consequence, the least squares
estimate of «y is given by: 4 = (Z7Z)~1ZTy. Then,
4 | v ~ N(v,02D~2), which has diagonal variance
matrix with positive entries, by definition of D.
That is, we have reduced this case to Theorem 1.
We formalize this in Corollary 2.

Corollary 2 Under Equations (7), (8) and (9),
E[8|4.v.0%] = V'Ely | 4,v,0°D7%),
where the marginal of 4; is given in Theorem 1, with

variance 02d;2. The posterior variance and posterior
ezxpectation of v can be computed using Theorem 1.

The proof of Corollary 2 can be found in
Appendix A.10. We can now estimate the poste-
rior mean and variance for a fixed penalty v, in
both the general model and the n-means model,
using the SVD.

3 SURE for Bridge Regression

A central question in Bridge regression, or for
that matter, in any penalized regression, is how to
choose the penalty parameter v in Equation (1).
While the closed form expression and Monte Carlo
estimates of the posterior moments of 8 have been
worked out in the previous section, the motiva-
tion has not been quite clear yet. In this section,
we demonstrate that we now have all the neces-
sary ingredients for computing Stein’s unbiased
risk estimate or SURE (Stein, 1956, 1981) for
Bridge regression. As the name suggests, SURE is
an unbiased estimate of the out of sample predic-
tion risk under an assumption of Gaussian errors.
A tractable expression is not always available, but
when it is available, SURE is known to be a Rao—
Blackwellized version of the cross validation loss,
a connection pointed out by Efron (2004). Con-
sequently, minimizing SURE provides a natural
approach for selecting v, if prediction is the main
modeling goal. We note here that similar formu-
las for SURE for the lasso regression have been
worked out by Zou et al. (2007) and Tibshirani
and Taylor (2012) and for the horseshoe regression
by Bhadra et al. (2019).

Starting from the formula for SURE defined
by Efron (2004, Equation 2.11):

r

SURE = [ly — g3 +20% >
=1

i
yi ’

where the first term is an estimate for the squared
bias for prediction and the second term is the so
called degrees of freedom, providing an estimate of
the variance. In this way, SURE also makes the
bias—variance tradeoff explicit.

Based on the definition of SURE, we give an
expression for it in each of the two cases we con-
sider: the n-means model and the linear regression
model.

Theorem 5 Denote with Var(y | 4,v) the posterior
variance-covariance matriz, from the normal likelihood
model with a prior specification on vy that depends on
a parameter v, where y = Zy +¢; Z = UD from the
SVD decomposition as previously described. Then:

.
SURE(v) =|ly — g3 +2_ o%d; Var(y | 4,v)is
=1

The proof can be found on Appendix A.11.
Theorem 5 means that in the case of an orthog-
onal design matrix X, we can work directly
with the principal components, and reduce our p-
dimensional integrals to p individual 1—dimension
integrals. In the multivariate case without an
orthogonal design matrix, we get a similar result
for SURE, and state it in Theorem 6.

Theorem 6 Consider a general prior for B, which we
denote by w(B), and the normal model as in Equation
(5), with ¥ = 021, then:

SURE =|ly — g3 + 2tr(Var(X3 | v)),

where we denote with § the prediction of y, with an
estimated 8 = E[8 | y].

The proof of Theorem 6 can be found in
Appendix A.12. We emphasize the notation
change for the prior of 3, now expressed as ()
to indicate that this applies to any proper prior,
and not only to the exponential power prior.
Theorem 6 is a generalization of Theorem 5,
and does not restrict the dimensions of X.
When applying Theorem 6 to our setting, we use



Var, (X | y), and minimize SURE as a func-
tion of v, since ¢ is also a function of v using
the estimated § = E,[3 | y]. As noted, SURE is
an explicit numeric measure of the bias-variance
trade-off, where the first term is a measure of the
squared bias and the second of the variance.

With this in mind, it can be seen from the
bias and variance terms that v acts as an explicit
parameter to control the bias-variance trade-off.
When v — 0, we have least squares regression
and the bias is small, but the variance is large.
When v — oo, the estimate becomes intercept
only, which has zero variance but a potentially
large bias. While these properties of v are well
known, what is not always available is a formula-
tion of SURE as a function of v, which can then
be passed on to a one-dimensional numerical opti-
mizer to proceed via grid search. We have closed
this gap through the expressions of desired fitted
quantities.

3.1 Tuning v by Minimizing SURE

To estimate E,«[3 | y] for v* the value that min-
imizes SURE, we make use of Corollary 1 and
Theorem 6. -

First, simulate T); i PST(a,1/2) a
polynomially-tilted stable random variable, for

7 = 1,.... M, ¢ = 1,...,p, using
the method described in Devroye (2009). Let
T, = (Tj1,...,Tjp) a p-dimensional vector.
Define: Ay, = diag(Tj1,...,Tj,), and com-
pute Ay, = XA, XT. Compute: log(p,(y |

T;)),E[Xf |y, T;], Var(X3 | y, T;), using respec-
tively the formula from Theorem 3, and from
Corollary 1. For these we only need to compute
the inverse of (Ar, + v~1X) once per v and per
j, which dramatically speeds up our performance
for large p, since this is an n X n matrix.

Next, since we are not concerned about the
value of the marginal, we use the log — exp — sum
trick. Specifically, define:

log(wj) = log(py(y | Tj)) — max (log(p.(y | T;))),

j=1,...M
M —1
o * 2 *
j=1

Using these weights, we estimate the posterior
mean as: § = ZJM:1 w;E[XB | y,T;]. Similarly,

the posterior variance is estimated by:

M

Var, (X8 | y) = w; (Var(XB | y, T;)
j=1

+E[XB |y, T,JE[XS |y, T;]")
—E[XB | ylE[XB | y)".

To ensure that these are the correct estimates, we
present the following corollary of Theorem 3.

Corollary 3 The estimators for the posterior mean
and variance satisfy:

7= XE[B|y]T,
Var, (X8 | y) = X(E[BST | yl7 — BB | y]7EB | v ) X T

The proof of this corollary can be found in
Appendix A.13. Now that we have all the ingre-
dients, we proceed to optimize over v in the
expression SURE = ||y — §|3 + 2Var, (X8 | y).

To ensure we are optimizing on a smooth sur-
face of v, and to minimize performance time, we
simulate the polynomially-tilted stable random
variables only M X p times, instead of repeating it
several times. Then, we perform a one-dimensional
minimization of SURE(v) for this fixed set of sim-
ulated T's. The optimization surface is smooth,
as all the functions are infinitely differentiable as
functions of v, for positive values of v.

The implementation is available
https://github.com/loriaJ /Sure-tuned_
BridgeRegression, and we include a small example
of how it can be executed.

online

3.2 Computational Time
Complexity

Computing the symmetric matrix A, defined in
Corollary 1, costs O(n?p), as it only requires simu-
lating the stable T'; random variables which costs
O(1) (Devroye, 2009), followed by matrix multipli-
cations. Next, the inverse of the n xn matrix Vr ,,
defined in Theorem 3, costs O(n?). The rest of the
required computations have lower complexity, giv-
ing an overall complexity of O(n?p) when p > n
for the proposed procedure, which is linear in p
for a given n. This favorable scaling in p is verified
via simulations in Supplementary Section S.2.
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4 Numerical Experiments

To measure the performance of our method, we
compare it to the fully Bayesian method proposed
by Polson et al. (2013) (labeled “BayesBridge”)
as well as with an EM method by the same
authors, choosing v via cross validation (labeled
“Cross-validation”). We compare the following:
(1) prediction error as measured by out-of-sample
sum of squared errors (SSE), and (2) running
time. For this, we simulate data sets X,y. Tak-
ing X as a multivariate normal with mean vector
equal to zero, and with an equicorrelated covari-
ance matrix with diagonal equal to one, and
off-diagonal entries equal to p. We report the
results for p = 0.9 here, and in the Supplemen-
tary Section S.1, we report additional results for
lower correlations (p = 0.1,0.5) in the design
matrix. We simulate y using Equation (5), setting
3} as the identity matrix. We do this exercise for
p = 1000,n = 100, and using S with ten signals
which equal ten, and the rest equal to zero, plus a
normal noise with standard deviation of 0.1.

As a note, Polson et al. (2013) propose two
MCMC methods, which they call “stable” and
“triangular”. They both sample from a fully
Bayesian model with the same marginal, but dif-
fer in the latent representation used. In our initial
simulations the latter performed a lot worse in
terms of SSE than the former, so we do not include
comparisons with it.

Figure 1 shows the comparison of average run-
ning time in seconds for the case of p = 1000, p =
0.9,n = 100. Remarkably, our proposed method
(termed “SURE-Bridge”) runs in about one fourth
of the time of BayesBridge, and is in general
more computationally efficient than cross vali-
dation. The running times are non-uniform for
the cross validation method and we comment
further on this in Supplementary Section S.5.
Furthermore, the error bars indicate less variabil-
ity around the mean running time compared to
iterative approaches. We remark here that cross
validation was parallelized across different folds,
which means that hardware specification then
enters the picture through the number of avail-
able processors, and complicates the comparison
of the raw running times. However, for the SURE-
Bridge method we did not parallelize it. Potentials
for further speed up also exists for the proposed
SURE-Bridge approach, for example, by farming

out the vectorized vanilla Monte Carlo calcula-
tions to a graphics processing unit or GPU. We
have refrained from these engineering experiments
in current work, and our figures paint an accu-
rate picture of the raw running times for a single
processor (possibly multi-threaded) machine with-
out an explicit attempt at parallelization for the
proposed method.

The improved computational speed for SURE-
Bridge is only meaningful if there is not a con-
siderable price to be paid so far as the statistical
performance is concerned. In Table 1, we show
the SSE and their standard deviation (SD) for the
methods under consideration, and the estimated
SURE at the optimum v = v*. Using n = 100 and
p = 1000, with a design matrix produced using
p = 0.9, BayesBridge and SURE-Bridge have sim-
ilar statistical performances over all the values of
«, while the cross validation approach has similar
statistical performance except for « greater than
1.5, where it performs poorly. Furthermore, SURE
mostly falls within one standard deviation of the
SSE for BayesBridge and SURE-Bridge.

To summarize the numerical results, then, our
claimed achievement in this paper is not a better
statistical estimator per se. Instead, the innova-
tion lies in achieving competitive statistical perfor-
mance, at a fraction of the running time for other
methods, thereby facilitating the deployment of
Bridge models at far larger problem dimensions.
This is possible because we are able to bypass the
iterative routines needed for the other methods
through our closed form calculations and vanilla
Monte Carlo approaches.

We present additional numerical results in
Supplementary Section S.2 to understand the scal-
ing of the computational times with changes in
n and p for all methods, where the advantage
of our method stands out with larger p com-
pared to other approaches. We assess robustness
to two departures from modeling assumptions:
namely normality and independence of the error
terms in Supplementary Section S.3, that shows
our method to be relatively robust to model-
ing violations. Further, we compare the efficiency
of the parameter estimates in Supplementary
Section S.4 for all methods, and find our method
performs similarly to BayesBridge in signal recov-
ery, although it is tuned to minimize out of sample
prediction error, which is a different modeling goal
compared to feature selection.
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Fig. 1: Comparison of average running time (s) & SD by method, when changing the o parameter. Using
n = 100, p = 1000, in design matrices generated using p = 0.9.

Table 1: Average SSE (SD) by method in one hundred out of sample simulated datasets, by «. Using
n = 100, p = 1000, in a design matrix generated with p = 0.9.

a SURE SURE-Bridge BayesBridge cross validation
0.30 198.89 (0.30) 199.07 (28.04) 170.82 (25.55) 197.81 (47.95)
0.50 198.76 (0.26) 199.79 (29.61) 191.16 (28.45) 197.48 (27.15)
0.70  198.78 (0.23) 196.30 (30.80) 196.08 (30.58) 200.92 (31.23)
0.90 198.79 (0.17) 199.99 (26.44) 199.89 (26.42) 216.00 (32.4)
1.10 198.83 (0.16) 195.54 (29.63) 195.50 (29.59) 195.85 (29.21)
1.30 198.87 (0.17) 197.63 (27.70) 197.62 (27.69) 202.91 (49.49)
1.50 198.88 (0.17) 196.87 (28.43) 196.90 (28.42) 213.69 (94.49)
1.70  198.89 (0.17) 197.98 (24.06) 198.03 (24.05) 456.77 (842.21)
1.90 198.90 (0.17) 197.27 (30.98) 197.34 (31.00) 962.52 (1971.39)

5 Prediction of
Photosynthetic Capacity
with Spectroscopic
Measurements

To predict photosynthesis in plants Meacham-
Hensold et al. (2019) use spectral measurements.
They consider the photosynthetic capacity for
their measured leaves by the maximum electron
transport rate (Jmax). Measuring the electron
transport rate is expensive and time intensive.
This prompted the research by Meacham-Hensold
et al. (2019) to use spectral measurements of the
leaves to be able to predict it, as they report
that this is much less expensive. For this task,
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they collected n = 94 observations and p = 2156
covariates.

We consider this variable as the response (y).
Using the leaf reflectances as the predictors (X).
We repeat ten times splitting the data into equal-
sized parts. We fit all methods in the training split
and measure the prediction error as the SSE for
the testing split. For each split we obtain an SSE
per-method and an estimate of SURE from our
method.

In Figure 2 we display the time comparison
between our method and the BayesBridge method
(Polson et al., 2013) for the variable Jmax. This
only refers to the training portion. In this figure,
it is clear how our method runs in about a tenth
of the time of the competing methods.
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Fig. 2: Comparison of running time (s) by method, for photosynthetic capacity data with p = 2156 and

n = 94, based on ten splits

a SURE SURE-Bridge BayesBridge cross validation
0.30 32.60 (4.05) 34.64 (6.07) 34.10 (5.23)  37.97 (8.08)
0.50 32.56 (4.09) 34.71 (6.11) 34.04 (5.24)  40.55 (11.45)
0.70  32.56 (4.09) 34.72 (6.12) 33.83 (5.32)  42.12 (9.60)
0.90 32.56 (4.10) 34.73 (6.12) 33.77 (5.37)  44.20 (14.41)
1.10 32.56 (4.10) 34.73 (6.13) 33.70 (5.31)  36.57 (8.07)
1.30 32.56 (4.10) 34.73 (6.12) 33.75 (5.54)  36.96 (8.64)
1.50 32.56 (4.10) 34.73 (6.13) 33.71 (5.43)  39.61 (13.23)
1.70  32.56 (4.10) 34.73 (6.13) 33.71 (5.60)  39.25 (11.32)
1.90 32.56 (4.10) 34.73 (6.13) 33.71 (5.63)  39.47 (10.04)

Table 2: Average prediction SSE (SD) by method in ten partitions of photosynthetic capacity data with

p = 2156 and n = 94

Furthermore, our results show that statistical
accuracy is similar in all methods, see Table 2. In
this table, we also show the estimated SURE, and
how it is within one standard deviation of the SSE.

6 Conclusion

We have proposed a new non-iterative approach
for fitting the Bridge regression model, by
selecting the tuning parameter through a one-
dimensional numerical minimization of SURE.
Once the tuning parameter is selected, using the
latent Gaussian representation of the exponen-
tial power distribution yields the desired posterior
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moments in a tractable form that may be eval-
uated using vectorized vanilla Monte Carlo rou-
tines with well-behaved variances for the desired
quantities. The construction of the Bridge regres-
sion estimate then follows from the equivalence
between the Bayesian maximum a posteriori esti-
mate and the penalized optimization problem
stated at the very outset of this paper. Conse-
quently, our approach is non-iterative, yielding
substantial computational gains over both fully
Bayesian MCMC approaches as well as EM or
coordinate descent algorithms for finding the max-
imum a posteriori estimate.

Throughout our calculations in this paper,
we have assumed i.i.d. Gaussian error for the
errors with known variance o2. If this condition



is violated, SURE is not necessarily an unbiased
estimation of the out of sample prediction risk
(Stein, 1981). For our simulations, we worked
with the true known o2 and for the spectroscopic
data analysis we standardized both the predictors
and responses and assumed i.i.d. standard normal
error terms. The original paper by Stein (1981)
outlines a strategy for dealing with the unknown
error variance case and shows it is still possible
to construct an unbiased estimate of the predic-
tion risk in the n-means case. However, in linear
regression models under heteroskedastic normal
or possibly non-normal errors this problem is still
open, with some recent progress by Xie et al.
(2012). Empirical and theoretical extensions of the
techniques developed in this paper to potential
violations of the modeling assumptions should be
a promising direction for future works.

Supplementary Material

The Supplementary Material contains additional
simulation results. Computer code publicly is
available from github at: https://github.com/
loriaJ /Sure-tuned _BridgeRegression
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A Proofs

A.1 Proof of Lemma 1

Using Equation (2), we have that the exponential power prior satisfies:
pu(Bi) occexp(—2°v*|B;])

=/ P (Bi | ti)tfl/sz(ti)dti,
0
0</ pu(Bi | ti)pr(ti)dts,

0

where p,(B; | t;) = exp(—B%t;/(2v))(2nv/t;)"' /2, and pr corresponds to the density of T; (Y

PS*(a/2,1/2), which by definition is proportional to ti_l/2pL (t;). This completes the proof.

A.2 Proof of Theorem 1

For this proof we omit the sub-index 1.
From Lemma 1, we integrate out 3, and obtain y | T ~ N(0,02 + vT~1!), a property of the normal
hierarchical model. This means that the marginal is given by:

mulo) = [ oty | Opr (),
0
where pr(t) is the density of T ~ PST(a/2,1/2). Now, we show that it is bounded, as follows:

exp(—(y?/2)(c? + vt~ 1)1
mot) = [ e oy

1 ; 1/2
—_ t)dt
< (2m)1/2 /R+ (02t+1/> pr(®)

< (2mo?)"V/2,

where the first inequality follows by upper bounding the exponential term by one, and the second
inequality follows from: 02¢(ct + v)~' < 1, and [;° pr(t)dt = 1.
Now, for the posterior moment, we use iterated expectations as follows:

E[8 | y] =E[E[B | y,t] | y]
=E[vy(o’T +v)" | y]

1 <y
e [ st | Der(t

where on the second line we use that: 3 | y, T ~ N (vy(o*T+v)~1, 0?v(0?T +v)~1), by Lemma 1 and the
normal hierarchical model, and the third line follows by Bayes’ rule. Similarly, for the second posterior
moment:

E[5” | y] =E[E[8? | y,T] | ¥]
=E[o*v(c®T +v)~" + (vy(c®T +v)~")* | o]
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:mul(y) /O‘X’ (o;ﬁ ot (a?ﬁ y)2> p(y | )pr(t)dt.

A.3 Proof of Lemma 2

Define the positive constant:

) 1/2
- t
Cloz,) = (2m0?)~1/2 /O (HV((;?)I) pr(t)dt.

Since the density pr is strictly positive the constant must be positive. It is finite since t/(t 4+ a) < 1 for
all a > 0. Now, by definition of the marginal:

molo) = @) [T e (< gzt ) (@) e

v - 2 v —1/2 (2 _1\—1/2

- sz ) (2 t H)dt

exp(202>/o P (+y 202(02t+u)>( )T H ) pr ()t
2

> (277)_1/26Xp<_y )/OOO (02 + vt 2 pr(tydt

202

2
-y
= exp (W) 0(02,1/)7

where the second line follows by using, inside the exponential, that ¢/(t +b) = 1 — b/(¢t + b), and
appropriately multiplying by —y?/(202). The last line follows by using the definition of C(,2,) and that
an exponential of a positive value is greater than 1.

A.4 Proof of Theorem 2

Again, we omit the i. For simplicity call: m; = p(y | T;), and m = (mq + --- + my)/J. Note that
Elm | y] = E[m; | y] = m,(y). Which proves that m,(y)7 is an unbiased estimate. Next, let s; =
vy(o®T; +v) " 'p(y | Tj), 5= (s1 + -+ ss)/J. By definition, we have that:

E[5 |yl =E[s; | y]
=my,(y)E[E[3 | y,T] | y]
=m,(y)E[B | y],

using Bayes’ rule and iterated expectations. For what follows, we define us = m, (y)E[S | y]. Next, using
independence of the T}, we have that:

J
1
Varlm, ()7 | v] = - ;Vammj )
= J ' Var(m; | y).
Then, we have:
Var(m; | y) < E[m] | y]

-/ "y | P pr (e
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=(2n)! /Oo exp[—y2(0? + vt™H)](o% + vt L pr(t)dt
0
< (2mo®) 7L

The first inequality follows from the usual formula for the variance, the second equality from the definition
of a normal random variable, and the second inequality follows since exp(—y?(c? +vt~1)) < 1, and since
(6 +vt=1) "t =t/(0%t + v) < 1/0?. This finishes the first part of the proof.

Now, for the second part:

Var(s; | y) < E[s7 | yl,
[ere}

E
/ V2 yp(y | £)% (0%t + v) " *pr(t)dt,

<y / Py | £pr(t)dt,
< (2mo?) 1y,

where the first inequality follows by the variance formula: Var(X) = E(X?2)—E(X)?, the second inequality
follows from the fact that v/(v + a) < 1, for a > 0, and the last inequality follows from the proof
of finite variance of the marginal. This means that for large enough J, V/J(5 — ps) ~ N(0,02), and
\/j(m — pm) ~ N(0,07).

Further, define o5, = Cov(s;,m; | y), and we have: |o4,| < |y|(270?)~!. Using the delta method we
have that:

\/j < S Hs ) ~ N(()’Vh(,um’u,m)TEvh(/imMn))’

m ILL'HL
s 0% Oum '
Osm 02,
First note that this means that our estimate is asymptotically unbiased, as ps/um = E[8 | y]. Next, since
Vh(a,b) = (1/b, —a/b?), the variance term above becomes:

where h(a,b) = a/b, and

Vh(ﬂ& ,Udm)TEVh(:Us’ ,un) = Ufﬂ;f - 20’sm,us:u77n3 + a?nﬂi:u;;l'

Plugging in the values for ug, t,, and using the inequalities we derived before, this becomes:

Var(E[B | yl7 | y) = mu(y) 2(02 — 205m3 + %)
< (2m0®) " 'ma (y) 2(ly| + B)2,

which gives the second bound we stated.
Next, denote v; = p(y | t;)(c?v(0?t; + v) ™! + y*v*(o%t; + v)72), and ¥ = (v + - +vy)/J. Then:

Var(v; | y) <E[v? | y]

= /OOO (y|t)? (U v(o*t+v)” —|—y2u2(02t+1/)72)2pT(t)dt,
< [ o ol 020

< 2mo®) o +y*)? /OOO pr(t)dt,
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where the second inequality follows since for any positive a: v/(a +v) < 1,1%/(v + a)? < 1, and since
g(z) = 2% is a monotone function for z > 0. The third inequality follows by using the first part of the
proof. Similarly, Cov(vj,m; | y) < (2m0?)~!(0? + y?). The rest of the proof follows as the second part,
by replacing the s sub-indices with v sub-indices and we obtain:

Var(B[8? | gl | ) = (270®) " m, (5) (0% + *)° — 20> + 4B + (BD)?)
= (270) " 'mu () (0% + 47— FO)?

A.5 Proof of Lemma 3

Using Equation (2), we have that the exponential power prior satisfies:

Py (Bi) ocexp(—v|Bi|¥)
=/ pu(Bi | ta)t; o (t)dt,
0

:/0 pu(Bi | ta)pr(ti)dts,

where ;| t; indep- N(0,vt; 1), and the density pr corresponds to T' ~ PS*(a/2,1/2), which completes
the proof as the likelihood does not change by adding the information of T'.

A.6 Proof of Theorem 3

Using Lemma 3, we get:
P
w=[ [ sl I s
Rp (R+)p =1
P
= p(y | B,t) | | p(Bi, ti)dpdt;,
ey Jurtr 20T
[ wwim [ we 10 et
(R+)P (R+)P il
= plylt)]]p
/R+)p ‘ H T

where y | t ~ N(0,vV4,), Vo, = XA¢XT + v~ 1%, by using the fact that:

Ay A XT
(ﬁvy)T | t~ N <(0"’OP)T7 |:X/§t VtVt,u]) .

We also need to prove that m, (y) is finite. For this we do:

m,(y) < (2m)7P/? / det(vVe) "2 [ [ prti)dts,

(RT)P i=1

p
< (2m)7P/2 det(Z)—W/ [[pr(t)at
(RH)P ;54
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where the first inequality follows since the exponential of a negative value is bounded by one, the second
inequality since ¥ < vV, ,,, which means that det(X) < det(vV;,). Similarly,

E[B |yl =E[E[3 |y, T] | y]

1 p
_ /(R+)p E[B |y, tlp.(y | t) HpT(ti)dt“

mu (y) palet

by applying Lemma 3. The expectation inside the integral can be computed using 8 | y,t ~
N(AeX TV;,}y, (A1 4+ XTEX)~1), using the posterior normal formula. Now, for the second moment:

E[B8Y | y] = EE[BST | v, T] | y]
1

- m /(R+)p E[B6" |y, tlp(y | t) ng(ti)dti~

We comment on the invertibility of V4 ,, which was assumed throughout the proof. Consider z €
R™\ {6}, we name w = X'z, and 2T XA XT 2+ 272 = wl Ayw + 27 2, since Ay is a diagonal matrix with
positive entries the first term is non-negative, and the second term is positive. This implies that V; , is
positive definite, as is required for a proper variance matrix; which concludes the proof.

A.7 Proof of Corollary 1

The first equality follows from E[Xf | y,t] = XE[S | y,t], and using Theorem 3. The second equality
similarly follows from Theorem 3 and using the Woodbury matrix identity.

A.8 Proof of Lemma 4
Define:

p
Cizux) = / det(vX A XT + ) 712(2m) P2 T [ pr(t:)dt:.
(R+)?

i=1

Since the matrix inside the determinant is positive definite this determinant will be positive, which implies
that C(s,,,x) > 0. This integral will be finite since vV, = ¥, which implies that det(vV;,) > det(X).
That is: det(vV;,, ) /2 < det(X) /2. By definition of the marginal:

/4
exp(yTzly/Q)/( . exp(By (A '+ XTS 7' X) 7' By /2) det(vV,) /2 [ [ pr(ti)dts
R+)p =1
p
>eXp(—yT§]_1y/2)/ X det(th)y)_l/QHpT(ti)dti
(R*)? i=1

= exp(—y" =7 'y/2)Cs.0.x).
where the second line follows by using Woodbury’s formula and defining the p-dimensional real vector

B, = XT% 71y, the first inequality follows since the inverse of a positive definite matrix is positive definite
and the exponential of a positive value will be greater than one.
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A.9 Proof of Theorem 4

Define m; = p(y | t7), and m = (mq + --- +my)/J. As a direct consequence of this, E[m] = E[m;] =
m, (y), which means m is an unbiased estimator of m, (y). Next, let s; = p(y | t))Au X7V 'y, § =
(s1+---+sy)/J, It follows that:

Efs] = Els;]

p
- / ply | t)AtXTVtWprT(ti)dti
(®*)? i=1

= Bml/(y)

For clarity of what follows, we denote the mean of 5 by us = Bmu(y) We proceed by proving the
variance bounds for m; and s;. The bound for m; will imply the first bound we state in the theorem,
and the second bound we state will follow by using the delta method. For this we will need to know that:
lvVerllz < |71, and det(vV; ) > det(X), both of which follow by using the fact ¥ < vV .

Now, the first bound:

Var(m, (y)7 | y) = J~' Var(m;)
< J'E[m7 | y]

p
= po(y | £)? | | pr(t)dt;
Jeoy o211
p
< J‘l/ (27)~P det(thj)HpT(ti)dti
(R+)P "

<sem) [ der(s~) [T ottt

(RF)P

.
Il
-

= J 12m) P det(E ),
where the first inequality is a well known property of the variance. Next, is the definition of expectation.
Then, the inequality mentioned in the previous paragraph. Finally, since pr(t;) are probability density

functions which integrate to 1.
Now, we repeat this for the norm of s;:

Var(||s;lz | ) < Ellls;13 | 1,

P
_ / p(y | 021X TV 3 [ pr(t)dts
(R+)P i=1

p
< (27r)"’|y||§/(R+) det (Ve DA IXT I3 IV 3 T [ e (t)dts
P i=1

p P
< (2m) 7P det(Efl)HzflllgllyllgllXTllg/ >t [ ort)at
®YP =1 =1
< det(S71)(2m) U pKo S Byl X 13
Similar to before, the first inequality follows by a known property of the variance, next is using the

definition of expectation. The second inequality follows since the product of the norms is greater than
the norm of the product. The third inequality is by using the inequalities of the first paragraph. Next
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is by using the definition of the Euclidean-norm. Finally, we have Ky = [, t=2pr(t)dt < oo, since the
negative moments of a/2-stable random variables are finite. This means that the variance of both § and
mm are finite. By central limit theorem, for big enough J we have:

V(i —my (y)) ~ N(0,07,),
\/j(g - Ms) ~ N(Oa Zs)'

We need a bound on the norm of the covariance between m; and s;:

[Cov(my,s; | y) ||2||/ p(y | t) AXTVtVyHPT

2

<[ AKXVl T
R*)P i=1

< (2m) P det( ) / IAXTV 2yl [ pr ),
(R+)P

=1

p
< Cor) A X s | YN [T
)P =1 i=1
= (2m) " det(S X el el op K,

where the first line is definition of the p-dimensional covariance, second line is using the fact that the
norm of an integral is smaller than the integral of the norm, next is using the bounds established above
for p(y | t). The third inequality follows by the submultiplicative property of the norm and the triangle
inequality on A¢. The last line follows from independence of the ¢;’s, and defining Ky = [, t~'pr(t)dt.

By definition of m, 5 we have the vector: Cov(m, 5 | y) = J~'Cov(my, s; | y) = J '0g,m. As mentioned
before, we use the delta method:

NG (; 5) ~ N (0,V47S%g) |

m

T
where: ¥* = ( s US”") ;

Tsm O
h(a,b) = (a1/b,...,a,/b), and
9= Vh(ps,my(y)).

This means that:

Vh(a,b) = <1/b7...,1/b,—§p:ai/b2> ,

which implies that:

p 2 P
Var(5/m) =J | m,(y) 2%, + 02, (Z uw) my(y) ™ + 2 Z Osmyitbs,imu (y) >

i=1 i=1
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The rest of this bound follows by using Cauchy-Schwarz inequality and the bounds proved before:
Var(|[E[8 | yl7[l2) < I~ mu () 2 (PpE S By IBIX T3 + 1815 + 201X 2llyll2 1= lopKal|5]l2)-

Now, we need to verify that E[337 | y]+ will be asymptotically unbiased, and we also want to bound
its variance. With this in mind, define:

v; =py | t/) (VAtj — A XV X A + A XV yy Vi XAu) ,

t7,1 ti,v

and v = (v1 + -+ +vy)/J. Then we have,

p
Py | t) (vAe — vAX TV XA + A X TV yy Ve XA [ [ o (i) dts

i=1

Il
%\%\%\

14

(Var(8 |y, T) + E(B | y, )E(B" | y.£))p(y | £) [ [ pr(ti)dt;

+)r i—1

P

E[BB" |y, tlp(y | £) [ [ pr(ts)dt:

i=1

»(WEE[BBT | y,t] | y]
LWEBBT | ],

[
3 3

where the first equality follows from definition of v, the second one from definition of v;. The third one,
using the formulas derived in Theorem 3. The next equality by using the formula E[S7] = Var(B) +
E[B]E[8]T, finally by using Bayes’ Theorem and the iterated expectations property. Similarly, we define

po = my (YEBBT | y].
Now, we proceed to prove the bound, as follows.

Var([lvjll | %) < Elllv;]|* | ]

_ _ _ 2
_ / Py | 62 A — vAX TV XA + A X Vi yy Vi XA
()

p
x [ [ pr(ts)dts,
i=1

< (27) 7P det(Z7Y) / (IvAe = vAXTV XA, + ||AtXTth,}nyvtj;XAt|\2)2

(R+)P
p
X HpT (ti)dti
i=1

_ _ _ 2
< (2m)77 det(% 1)/( (el + AV I3 I1I31X13)

Rt)P
p

X H p(ti)dti,

i=1

_ — _ 2
< (2m)77 det(% 1)/(R+) (v Aelly + w2 A SIS HIEIX N3 Y 112)
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p
X H pT(ti)dti
i=1

2

P 1/2 p
. V<Zt;2> +M§t;2

i=1

< (@m)r det(z—l)/

(R

P
X HpT(ti)dti
i=1

p p p p
< (2m)7Pdet(27h) / SV 2My Yy 72y 7+ MQ(Zti‘L +Y° tﬁtjz)
=1 i=1 =1

RHP A\ i=1 i#j

P
x [ pr(t:)dt:
i=1

-1
= (2m) P det(X71) (pV2K2 + 2MupKs + Ml/p(pT)KgKl + M?Ky + M?p(p — 1)K22> .

The first line follows from the variance computation formula, the second line follows by definition of
expectation, the second inequality uses triangle inequality and the inequality proved above for p(y | t),
the third inequality by the property that the norm of a product is smaller than the product of the norms
and Ay — A X TV{fX Ay = Ag, the fourth inequality since Vt’_l,1 < v¥~! next one by using the definition of
the norm and defining M = v?||X71(13]| X||3||y||3, and the last line follows since all the negative moments
of a,/2-stable random variables are finite. This means that the variance of v; is finite.

Now, we need to compute a bound on the norm of the covariance between v; and m;, we use the fact
that:

P 1/2 p
vl < (20) P2 det(Z"H)Y2 [ v 2 +MD t72],
J 2 [

=1 =1

which follows from the proof on the bound of the variance of v;. Using this inequality we have that

P
|Cov(vy, m; | w)ll2 < / oy lam; [ pr(to)dts
(R+)P i=1

p 1/2 p
Y (Z ti—2> + M;ti—2

i=1

< (@m)" det(z—l)/

(R
P
X HpT(ti)dti
i=1
P P
< (2m)7Pdet(X7Y) / <y Yottt M Z)
(RF)P i=1 i=1

p
X H pT(ti)dti
i=1

< (2m) 7P det(X 1) (vpKy + MpK>),
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where the first two lines are using the inequalities derived above for v; and m;, next using the fact that
the square root is a sub-additive function (i.e., va + b < y/a + v/b). The last line follows by using the
definition of K7 and K5 we previously established.

For a large enough J, applying central limit theorem, v/.J (o — p,) ~ N(0,%,). The rest of the proof
follows by applying the same technique as the bound for the variance of s;/m;, replacing all the s
sub-indices with v sub-indices. Finally,

Var(|E[B8T | yl7ll2 | y) < T~ (27) 7P det(S™")my (y) "> (C + 2Ma[|3P |12 + 18P |3),
where C' = pKj + 2MpKs + M2 [ Ky + M2Ky + M2p(p — 1)K2, and My = vpK; + MpKo.

A.10 Proof of Corollary 2

Follows from applying Theorem 1 with variance ozdi_ 2 to each of the r components.

A.11 Proof of Theorem 5

We know by definition that SURE = ||y — g3 + 20231, gyl For the first term, the bias, we can

use directly the prediction § = Z5 = ZE[y | 4,02D~2]. For the “degrees of freedom”, denote with

n= d‘%y d;i log(m,(%)). By Proposition 1 of Brown and Griffin (2010), which is a consequence of Tweedie’s

formula (Efron, 2011, Equation 1.4):

Var(y | 4) =o*(Z72)~ + o* (2" Z)"'n(2" Z) 7!
=0?D (I + o*nD™?),

(m(%)))

r(Var(y | 4)) ZO’Qd 14 0%d;? aa 5

S vty ),
i
Since we only look into the diagonal terms, we can use the trace to summarize it nicely. We have:
dyz 9y
20 - =20%%r (52)
Z 3y

=202tr <ZD_1UT +

dc*UD ™'V 5 log(m(%)) 9y
2] dy
=202r + 20*tr(D 1)

2
=2 r+2042d 2 a log( ()

=20" ZVM(V | 9)ads
=1

which concludes the proof.

A.12 Proof of Theorem 6:

We know by definition that: SURE = ||y — g[|3 + 202> ,(93;)/(dy;). As in Appendix A.11, we use
)

the prediction of §j = X 3. Using Sor 1 (09:)/(0y;) = tr((87)/(0y™)), it suffices to find an expression for
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(09)/(0yT). By definition of §j we have that:

oy . 9B
oyT oy
1 0 -1 9
_Xm(y)ayT/Rﬂp(y|X’ﬁ)ﬂ(ﬂ)dﬁ_ﬁm(y)8mi(y)
1
=X— By — XB)7T X dgxt
o) S By — XB) ply | X, B)n(B)dp
_ ~L () _ T -1
Xt [ = X80y | X Bye(8)a5s
=XE[T1XTet — XByT + XByT — xppTxTn!
=XE[BA" |y XS - XBRTXTE T, (10)

which is a multivariate version of Tweedie’s formula (Efron, 2011, Equation 1.4). Using the variance
formulas: Var(X 3 | y) = X Var(B | y) XT = XE[B8T | y]XT — XBBTXT, Equation (10) becomes:

9y

oyT -

Var(X5 | y) 277,
as required.

A.13 Proof of Corollary 3

Let p; = p,(y | T;), and denote with p, = max; p;. We want to prove that w; = pj/(zj p;). By definition:

_ppst
Zj pjp:l
Dj

ijj,

where the second line follows by definition of w}, and the third line by cancelling p,” ! in the numerator

and denominator. This means that m,(y)7r = Y. D The first equality we wanted to prove follows by
multiplying E[S3 | y]7 by X.

Now, the second equality follows by taking the X out of the variance, and applying the variance
formula:

Var(X3 | y) = XVar(X | y) X7
= X(E[BB" | yl7 — E[B | y]7E[B | y]7) X7,

concluding the proof.
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Supplementary Material for
SURE-tuned Bridge Regression

by
Jorge Loria and Anindya Bhadra

S.1 Simulations with Varying Correlations among the Columns
of the Design Matrix

We provide additional simulation results with n = 100, p = 1000 for p = 0.1, 0.5, where p is the correlation
among the columns of the design matrix X. Figures S1 and S2 make the computational advantages of
SURE-Bridge over the competing methods explicit in terms of running time. Next, Tables S1 and S2
display that this computational advantage does not come by sacrificing statistical performance, and the
cross validation method performs poorly in regards to SSE.
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Fig. S1: Comparison of average running time (s) = SD by method, when changing the a parameter.
Using p = 1000, n = 100, in design matrices generated using p = 0.1
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Table S1: Average SSE (SD) by method in one hundred out of sample simulated datasets, by «. Using
p = 1000, n = 100, in a design matrix generated with p = 0.1.

a SURE SURE-Bridge BayesBridge cross validation
0.30 199.87 (0.04) 202.44 (28.01) 195.21 (26.21) 447.24 (145.24)
0.50 199.86 (0.03) 206.43 (28.80) 204.66 (28.45) 773.52 (551.38)
0.70  199.86 (0.03) 195.58 (25.57) 195.54 (25.57) 755.39 (265.3)
0.90 199.86 (0.02) 199.97 (34.47) 199.91 (34.47) 800.74 (225.33)
110 199.87 (0.02) 198.22 (28.72) 198.25 (28.75) 201.28 (42.41)
1.30 199.87 (0.02) 199.53 (28.79) 199.57 (28.78) 201.49 (36.10)
1.50  199.87 (0.02) 196.22 (29.52) 196.23 (29.54) 627.28 (2461.64)
1.70  199.88 (0.02) 196.85 (28.21) 196.85 (28.24) 3095.95 (11037.11)
1.90 199.88 (0.02) 201.88 (33.12) 201.86 (33.11) 8131.94 (19833.97)
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Fig. S2: Comparison of average running time (s) £ SD by method, when changing the o parameter.
Using p = 1000, n = 100, in design matrices generated using p = 0.5.

Table S2: Average SSE (SD) by method in one hundred out of sample simulated datasets, by «. Using
p = 1000, n = 100, in a design matrix generated with p = 0.5

a SURE SURE-Bridge BayesBridge cross validation
0.30 199.77 (0.05) 205.29 (29.87) 193.84 (27.90) 344.67 (112.95)
0.50 199.75 (0.06) 198.47 (29.23) 195.69 (28.75) 515.83 (503.85)
0.70  199.74 (0.05) 198.38 (25.71) 198.32 (25.78) 477.83 (153.63)
0.90 199.75 (0.04) 203.47 (27.90) 203.46 (27.89) 524.75 (128.41)
1.10 199.76 (0.03) 200.25 (27.80) 200.29 (27.83) 200.33 (27.73)
1.30 199.77 (0.03) 200.09 (26.24) 200.14 (26.30) 213.35 (117.09)
1.50 199.77 (0.03) 197.99 (26.16) 198.00 (26.18) 602.09 (2892.13)
1.70  199.78 (0.03) 199.75 (29.12) 199.76 (29.16) 1904.76 (5699.6)
1.90 199.78 (0.03) 204.42 (29.29) 204.46 (29.25) 3720.81 (8400.79)
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S.2 Scaling of Computational Times with n and p

We present results on the scaling of computational times for all competing approaches. Figure S3 displays
the scaling of computation times over the number of covariates p, for a fixed sample size n = 100 and
Table S3 displays the corresponding SSEs for the three methods. Similarly, Figure S4 displays the scaling
of computation times over n, for a fixed p = 1000 and Table S4 displays the corresponding SSEs. The
overall finding is that the proposed approach (SURE-Bridge) enjoys very favorable scaling for increasing
p compared to other methods, explained by its computational complexity as reported in Section 3.2,
which is linear in p for a given n.
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Fig. S3: Comparison of average running time (s) £ SD by method, for a fixed @ = 0.7, varying the
number of covariates (p), with a fixed number of observations n = 100 in design matrices generated using
p = 0.9, using a number of signals equal to max(0.01p, 10).

Table S3: Average SSE (SD) by method in one hundred out of sample simulated datasets, by p. Using
a = 0.7, n = 100, with design matrices generated with p = 0.9, using a number of signals equal to

max(0.01p, 10).

p SURE SURE-Bridge BayesBridge cross validation
500 198.49 (0.34) 194.35 (25.99) 190.34 (25.42) 162.05 (27.71)
600 198.54 (0.30) 197.41 (26.59) 195.44 (26.35) 166.16 (25.37)
700 198.62 (0.25) 198.39 (28.46) 197.31 (28.36) 182.47 (25.92)
800 198.65 (0.28) 209.46 (32.78) 209.00 (32.58) 190.44 (25.03)
900 198.73 (0.23) 196.29 (27.53) 195.87 (27.67) 189.56 (27.96)

1000 198.78 (0.23) 196.30 (30.80) 196.08 (30.58) 200.92 (31.23)
1100 198.92 (0.21) 200.12 (30.22) 199.93 (30.30) 207.55 (37.69)
1200 199.03 (0.18) 198.33 (26.94) 198.26 (26.99) 209.31 (62.94)
1300 199.12 (0.15) 194.35 (31.62) 194.22 (31.51) 204.18 (43.43)
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Fig. S4: Comparison of average running time (s) & SD by method, for a fixed a« = 0.7, varying the
number of observations (n), with a fixed number of covariates p = 1000 in design matrices generated
using p = 0.9.

Table S4: Average SSE (SD) by method in one hundred out of sample simulated datasets, by n. Using
a = 0.7, p= 1000, with design matrices generated with p = 0.9.

n SURE SURE-Bridge BayesBridge cross validation
50.00 99.46 (0.13)  97.03 (17.80)  97.03 (17.85)  205.37 (340.94)
75.00 149.16 (0.15) 145.72 (21.95) 145.70 (21.92) 147.09 (46.46)

100.00 198.78 (0.23) 196.30 (30.80) 196.08 (30.58) 200.92 (31.23)
125.00 248.37 (0.32) 248.52 (28.22) 245.70 (28.16) 247.08 (35.53)
150.00 297.93 (0.36) 305.16 (37.37) 294.23 (36.24) 295.97 (32.54)
175.00 347.44 (0.47) 349.75 (42.60) 329.95 (40.54) 346.02 (42.03)
200.00 396.92 (0.51) 390.32 (36.19) 361.42 (33.87) 381.55 (45.25)
225.00 446.31 (0.67) 450.82 (40.57) 409.33 (36.50) 430.00 (46.36)
250.00 495.75 (0.85) 493.38 (41.90) 439.73 (37.78) 476.27 (45.74)
275.00 544.96 (0.84) 552.56 (43.92) 486.33 (39.81) 529.72 (50.35)
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S.3 Simulation Results under Deviations from Model
Assumptions

We perform robustness checks under two different deviations from our modeling assumptions: normality
and uncorrelatedness of the error terms. In Figure S5 and Table S5, we report results on noise generated
from a t-distribution with three degrees of freedom and variance one, violating the assumption of nor-
mality. Similarly, Figure S6 and Table S6 display results on noise terms generated from a multivariate
Gaussian with variance one and correlations equal to 0.1, violating the assumption of uncorrelated errors.
We remark that Stein’s unbiased risk estimate is no longer an unbiased estimate of the out of sample SSE
under these deviations. Remarkably, SURE is still within one standard deviation of the obtained SSEs of
the SURE-Bridge method. However, the standard deviations of the SSEs are larger than those displayed
in Section 4.
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Fig. S5: Comparison of average running time (s) £ SD by method, when changing the o parameter.
Using n = 100, p = 1000, in matrices generated using p = 0.9, with ¢-distributed errors with three degrees
of freedom and variance one.

Table S5: Average SSE (SD) by method in one hundred out of sample simulated datasets, by «. Using
p = 1000, n = 100, in a matrix generated with p = 0.9, with t-distributed errors with three degrees of
freedom and variance one.

a SURE SURE-Bridge BayesBridge cross validation
0.30 198.82 (0.35) 189.88 (87.38)  162.18 (78.31)  187.50 (66.13)
0.50 198.77 (0.28) 205.37 (87.28)  197.12 (85.69)  195.93 (66.35)
0.70 198.75 (0.26) 199.80 (84.73)  199.61 (84.56)  195.79 (57.52)
0.90 198.79 (0.20) 207.86 (116.03) 207.77 (116.09) 217.25 (93.39)
1.10 198.83 (0.17) 208.50 (85.00)  208.41 (85.04)  206.96 (77.41)
1.30 198.87 (0.17) 208.34 (100.16) 208.33 (100.24) 213.31 (113.72)
1.50 198.89 (0.17) 198.38 (88.02)  198.41 (88.00)  278.59 (678.51)
1.70  198.90 (0.17) 206.04 (90.98)  206.04 (90.96)  510.25 (1078.58)
1.90 198.90 (0.17) 212.02 (110.17) 211.98 (110.14) 1133.25 (2016.05)
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Fig. S6: Comparison of average running time (s) £ SD by method, when changing the o parameter.
Using n = 100, p = 1000, in matrices generated using p = 0.9, with correlated error terms.

Table S6: Average SSE (SD) by method in one hundred out of sample simulated datasets, by «. Using
p = 1000, n = 100, in a matrix generated with p = 0.9, using Gaussian errors generated with all their
correlations equal to 0.1.

a SURE SURE-Bridge BayesBridge cross validation
0.30 198.88 (0.3)  196.57 (35.57) 168.96 (31.96) 198.19 (49.44)
0.50 198.78 (0.27) 202.37 (39.25) 194.27 (38.21) 199.68 (36.7)
0.70 198.76 (0.24) 201.6 (35.2) 201.21 (35.12) 204.01 (34.55)
0.90 198.79 (0.19) 194.73 (29.51) 194.67 (29.34) 216.93 (44.75)
1.10 198.83 (0.17) 206 (44.82) 205.93 (44.78) 206.33 (44.39)
1.30 198.87 (0.17) 203.01 (44.51) 203.02 (44.64) 204.36 (45.04)
1.50 198.88 (0.17) 202.32 (42.37) 202.34 (42.43) 245.54 (317.54)
1.70  198.89 (0.17) 200.15 (41.08) 200.19 (41.05) 448.14 (794.65)
1.90 198.9 (0.17)  196.38 (40.27) 196.42 (40.26) 948.17 (1864.85)

S.4 Numerical Comparison of the Efficiency of the Estimates

An exact formula for the standard error of our estimates is unavailable. Hence, we use bootstrap to
assess the efficiency of the estimates, with the caveat that a theoretical investigation of the consistency
of bootstrap for this model is beyond the scope of the current paper. Table S7 shows the average squared
deviation of the estimates by method using B = 100 bootstrap replicates. Figure S7 shows the bootstrap
estimates of the three methods for a = 0.5. We find that our method performs similarly in signal
recovery compared to BayesBridge. Cross validation typically results in less bias at recovering the signals
in the training set in our experiments. However, as seen in the main paper, this typically leads to poorer
prediction performances, which is not surprising in the light of the role of bias—variance trade-off for out
of sample prediction.
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Table S7: Bootstrap mean squared error estimates by « and method, using p = 1000, n = 100, in a
design matrix generated with p = 0.9.

« SURE-Bridge BayesBridge cross validation

0.30 0.97 0.53 0.45
0.50 0.89 0.78 0.44
0.70 0.89 0.87 0.40
0.90 0.91 0.91 0.35
1.10 0.93 0.93 0.53
1.30 0.93 0.93 0.75
1.50 0.94 0.94 0.86
1.70 0.94 0.94 0.91
1.90 0.94 0.94 0.94
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Fig. ST7: Estimates = SD from one hundred bootstrap replicates, by method, using o = 0.5 for
n = 100, p = 1000 and p = 0.9. The signals correspond to the last ten entries.

S.5 Non-uniform Running Times for Cross Validation over o

The figures in the main paper as well as the rest of the Supplementary Material have a non-uniform
running time across « for the cross validation method which uses the EM procedure by Polson and Scott
(2013), with values of @ < 1 typically resulting in faster computation. Figures S8 and S9 display the
average time per call of the EM procedure against a. The reason is when the regression coefficient is very
close to zero, Polson and Scott (2013) drop that coefficient, and remove the corresponding column of
the design matrix, which results in computational savings. In the context of Bridge regression (Eq. (1)),
Fan and Li (2001) prove that when o > 1 there is no guarantee of sparsity, in contrast to o < 1, which
does give sparse estimates. The implementation of the algorithm by Polson and Scott (2013) indeed
takes advantage of these zero-ed entries by removing them from the problem, typically resulting in faster
solutions for o < 1.
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Fig. S8: Average time per call (£5D) of the EM procedure for each « in the simulation of Section 4.
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Fig. S9: Average time per call (£5D) of the EM procedure for each a in Section 5.

S.6 Numerical Verification of Variance Bounds

To avoid computing the constants that bound the variances in Theorem 2, we compare the ratios of the
variances when changing the number of Monte Carlo samples J. Specifically, we compute the quantities
of interest in 100 independent simulations, using n = 20,p = 50, p = 0.3, with 5 signals of 10 and the rest
centered standard normals. We do this with three different number of samples: J = 10,100, 1000. Next
we compute the variance of the quantities, and take the ratios. We display the results in Table S8. The
first column denotes the ratio between which variances according to their number of samples, the second
column denotes the ratio of |E[8 | y]7||2, and the third one this ratio for ||Var[8 | y]7]||2. Theorem 4
indicates that we would expect these ratios to be around 1/10 for one order of magnitude increase in .J,
which the results confirm.

Ratio  [[E[8 | yl7ll2 [[Var[8 | yl7|l2

V192 /10 0.40 0.26
V103 /U102 0.08 0.12
V194 /Y103 0.13 0.23

Table S8: Ratio of variances of the norms
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