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ABSTRACT 8 

The stress-strain behavior of Ottawa F65 sand is investigated through an extensive series of 9 

constant volume stress-controlled cyclic direct simple shear (CDSS) tests performed at different 10 

densities, overburden pressures, and static shear stresses prior to cyclic shearing to quantify their 11 

effects on the cyclic strength of Ottawa F65 sand. Results of the CDSS tests are used in the 12 

constitutive model calibration exercise for the Liquefaction Experiments and Analysis Project 13 

(LEAP-2022). The collected database of CDSS tests is used to develop an Artificial Neural 14 

Networks (ANN) model capable of predicting Ottawa F65 liquefaction strength for a specified set 15 

of relative density, overburden pressure, static shear stress ratio, and cyclic shear stress ratio. After 16 

training, validation and testing, the ANN model is further assessed using blind prediction of the 17 

liquefaction strength in new CDSS tests for a relative density and overburden stress that are not 18 

available in the training dataset. CDSS tests under similar conditions were then carried out in the 19 

laboratory for validation of the ANN model. The comparisons of the predictions with the 20 

experimental results have demonstrated the ANN model predictive capability for liquefaction 21 

strength and its sensitivity to changes in relative density, overburden stress and cyclic stress ratio.   22 

Keywords 23 

Cyclic direct simple shear tests (CDSS), Liquefaction strength, Ottawa F65 sand, Artificial Neural 24 

Network.  25 

1. Introduction  26 

Soil liquefaction has been observed to cause excessive ground displacement including lateral 27 

spreading and settlement, and extensive damage to structures [1]. The phenomenon is generally 28 

observed in loose to medium dense saturated granular soils that develop significant excess pore 29 

pressure under cyclic shearing in undrained condition. Many aspects of the stress-strain response 30 

of liquefiable soils have been studied extensively in the past few decades and a large number of 31 

empirical relationships have been developed for estimation of liquefaction strength of sandy soils. 32 

The main focus of the current work is to extend the extensive dataset available on the stress-strain-33 
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strength response of Ottawa F65 sand and to facilitate the use of the extended dataset for calibration 34 

of advanced constitutive models and machine learning techniques. 35 

In this study, the cyclic stress-strain behavior and liquefaction strength of Ottawa F65 sand are 36 

investigated through multiple series of stress-controlled constant volume cyclic direct simple shear 37 

(CDSS) tests. The experimental campaign aimed to study the effects of soil density, overburden 38 

stress, and static shear stress on the liquefaction strength. The collected database of CDSS tests is 39 

used to develop an Artificial Neural Networks (ANN) model with the objective of predicting the 40 

cyclic strength of Ottawa F65 sand for densities and loading conditions that are not covered in the 41 

experiments.  42 

The CDSS tests were performed in dry conditions where a constant volume condition is enforced 43 

by constraining the vertical and lateral displacements of the soil specimen. Soil contraction results 44 

in decreased vertical effective stress and soil dilation results in increased vertical effective stress 45 

to maintain a constant volume condition, which is respectively equivalent to increased excess pore 46 

water pressure (soil contraction) and decreased excess pore water pressure (soil dilation) in 47 

undrained condition. Therefore, the variation of vertical effective stress in constant volume 48 

condition is related to the variation of excess pore water pressure in undrained condition [2]. 49 

Constant volume direct simple shear tests have been widely used to investigate liquefaction of 50 

sands. For instance, Wijewickreme et al. [3] have investigated the cyclic response of loose Fraser 51 

River sand using constant volume CDSS tests conducted on air-pluviated and water-pluviated 52 

specimens. In addition to considering the effects of confining stress and initial static shear stress, 53 

the study has also demonstrated the importance of soil fabric on the cyclic resistance of sands. Da 54 

Fonseca et al. [4] have also used constant volume CDSS tests conducted on two different types of 55 

sandy soils to evaluate the correction factor related to the magnitude of confining stress.  56 

The stress-strain behavior of sands under monotonic and cyclic loading conditions has been 57 

extensively investigated in the literature using laboratory element tests (triaxial tests, direct simple 58 

shear tests, torsional simple shear tests). This has emerged with the work of Seed and Lee [5] 59 

where the factors affecting sand liquefaction were studied through undrained triaxial tests on 60 

isotropically consolidated saturated sand specimens. Among the available testing options, the 61 

direct simple shear test has attracted significant interest in practice because of the relative ease in 62 

the specimen preparation and the ability to conduct constant volume tests without saturating the 63 

soil. Several recent studies have investigated the stress-strain response of sandy soils in direct 64 

simple shear tests by exploring the factors affecting the soil response and examining some 65 

limitations of the direct simple shear testing option. Wai et al. [6] have investigated the effect of 66 

imperfection in boundary conditions on the results of monotonic and cyclic direct simple shear 67 

tests. The near-frictionless vertical boundaries result in a non-uniform stress distribution near the 68 

boundaries. Also, vertical compliance can result in high axial strain that may alter the constant 69 

volume condition. It was concluded that while near-frictionless vertical boundaries in the DSS test 70 

can be used to approximate simple shear conditions, and the effect of top-cap tilting is negligible, 71 

vertical compliance can significantly affect the measured response of sandy soils. 72 

Several past studies have demonstrated the multi-parameter dependence of soil response. Castro 73 

and Poulos [7] and Ishihara [8] have demonstrated that cyclic resistance increases with increased 74 
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soil density and decreased initial confining stress. Idriss and Boulanger [9] have developed a 75 

correction factor to account for the effect of overburden stress on liquefaction strength of sandy 76 

soils. In the case of a sloping ground, the consideration of a static shear stress prior to cyclic 77 

shearing was shown to impact the liquefaction strength [10-12]. Seed [10] has introduced a 78 

correction factor to account for the effect of static shear stress ratio on the liquefaction strength of 79 

sandy soils. The correction factors to account for the effects of overburden stress and static shear 80 

stress ratio were shown to be dependent on soil relative density that is also correlated with 81 

normalized SPT N-values and CPT tip resistance [9,11]. Park et al. [12] have conducted a series 82 

of cyclic direct simple shear tests on loose and dense Nakdong River sand specimens. The study 83 

showed that increased vertical effective stress results in decreased cyclic strength. The decrease of 84 

cyclic resistance with increased vertical effective stress is more significant in cases where initial 85 

static shear stresses are considered. The increase of static shear stress ratio was shown to decrease 86 

the cyclic strength for looser specimens. The effect of static shear stress on cyclic strength of 87 

denser specimen were observed to depend on the applied vertical effective stress. It was also shown 88 

that the increase of cyclic strength with higher relative densities is more significant for cases with 89 

higher initial static shear stress levels. Park et al. [12] have measured the correction factor to 90 

account for the effect of static shear stress in a series of CDSS tests on Nakdong River sand. The 91 

correction factor to account for this effect is measured as the ratio of cyclic resistance ratio at a 92 

non-zero static shear stress ratio 𝛼 to cyclic resistance ratio at a static shear stress ratio of zero 93 

(𝐶𝑅𝑅𝛼/𝐶𝑅𝑅𝛼=0).  These ratios were obtained for a moment magnitude of earthquake M=7.5, 94 

which corresponds to cyclic strength at 15 uniform stress cycles [13]. It was concluded that the 95 

increase in static shear stress ratio results in a decreased correction factor for loose specimens, 96 

which indicates that cyclic strength has decreased with higher static shear stress. For denser 97 

specimens, the correction factor was observed to increase with increased static shear stress ratio 98 

for a vertical effective stress of 100 kPa. However, for moderate and higher vertical effective 99 

stresses (150 kPa and 200 kPa), the variation of the measured correction factor with static shear 100 

stress ratio shows first an increase followed by a decreasing trend. The results of the experiments 101 

presented by Park et al. [12] showed that for dense specimens, the experimentally measured 102 

correction factors 𝐾𝛼 are overestimated by the correlations proposed by Idriss and Boulanger [9].  103 

Loading frequency may also influence the liquefaction strength. By considering various loading 104 

frequencies while performing element tests, some studies have reported that the cyclic strength is 105 

uninfluenced or slightly influenced by the loading frequency by conducting cyclic simple shear 106 

tests on Monterey sand under a vertical confining stress of 500 kPa and a relative density of 50% 107 

[14], cyclic torsional tests on Bandaijima sand under a vertical confining stress of 33 kPa and a 108 

relative density of 37% [15], cyclic triaxial tests on Monterey sand under a vertical confining stress 109 

of 100 kPa and a relative density of 60% [16], and cyclic triaxial tests on Toyoura sand under a 110 

vertical confining stress of 100 kPa and a relative density of 50% [17]. Other studies have found 111 

that the loading frequency significantly increases the liquefaction resistance by conducting cyclic 112 

triaxial tests on EI Monte sand and Silt under a vertical confining stress of 100 kPa and relative 113 

densities of 50% and 75% [18], cyclic triaxial tests on Fujian sand under a vertical confining stress 114 

of 100 kPa and a relative density of 30% [19], and cyclic triaxial tests on a sandy soil subjected to 115 

vertical stresses of 100 kPa to 300 kPa and prepared at relative densities of 28% to 70%. Therefore, 116 
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it can be concluded that loading frequency may increase the liquefaction strength or leave it 117 

unchanged. In this study, all CDSS tests were conducted under similar loading frequency to 118 

eliminate eventual effects of loading frequency on the obtained liquefaction strength.   119 

Cappellaro et al. [21] have conducted cyclic undrained direct simple shear tests on Christchurch 120 

sandy soil specimens prepared by water sedimentation to replicate the fabric of fluvial soil 121 

deposits. The study has considered two sands, a non-plastic silt, and their mixtures. The combined 122 

effect of soil density and fines content on liquefaction strength was investigated by preparing 123 

specimens at two relative densities and different fines contents. The study has demonstrated 124 

differences in the sensitivity of liquefaction strength to changes in soil relative density and fines 125 

content between the two sands. It was concluded that liquefaction strength may decrease or remain 126 

constant with increased fines content and the effect of fines content on liquefaction strength is 127 

dependent on particle size distribution of the soil-fines mixture. The different soil fractions 128 

considered in soil mixtures have resulted in different soil fabrics, which has led to different 129 

relationships between liquefaction resistance, relative density, and fines content. The difference in 130 

soil fabric affected the density state, the role of fines, and the resulting soil behavior under 131 

shearing. In monotonic DSS tests, the study showed that soil fabric does not influence the position 132 

of the critical state line of the studied sandy soil.  133 

The CDSS tests conducted in the present study intend to further characterize the cyclic response 134 

of Ottawa F65 sand and complement the existing database on Ottawa F65 sand developed as part 135 

of the Liquefaction Experiments and Analysis Project LEAP [22-24]. The CDSS tests were 136 

conducted on samples prepared using constant height dry pluviation method used in the LEAP-137 

GWU-2015 [25], LEAP-UCD-2017 [26], and LEAP-Asia-2019 [27]. Since the CDSS tests were 138 

stress-controlled and conducted on relatively dense specimens, the soil was expected to experience 139 

cyclic mobility. The liquefaction strength is quantified as the number of cycles required for the 140 

soil to reach a specific magnitude of shear strain amplitude. The shear strain amplitude can range 141 

from 2% single amplitude to 10% double amplitude shear strain [28]. Previous studies have 142 

conducted a thorough characterization of Ottawa F65 sand by determining the soil specific gravity, 143 

particle size distribution, hydraulic conductivity, and maximum and minimum void ratios [29-32]. 144 

Moreover, the soil stress-strain strength response was extensively characterized using laboratory 145 

element tests including triaxial tests [29,32], cyclic direct simple shear tests [30,32], and torsional 146 

shear tests [33]. The CDSS tests presented in this study were used in the constitutive model 147 

calibration exercise for the 2022 edition of the Liquefaction Experiments and Analysis Project [22-148 

24] where the seismic response of a sheet-pile retaining structure supporting a deposit of Ottawa 149 

F65 sand is investigated through a series of centrifuge experiments and numerical simulations 150 

performed at different facilities and institutions across the world.  151 

To investigate the effect of density, overburden stress, static shear stress, and cyclic stress ratio on 152 

the cyclic strength of Ottawa F65 sand, a relatively large number of experiments was required to 153 

cover different relative densities, overburden stresses, and static shear stresses. However, it was 154 

realized that other possible relative densities, overburden pressures, and static shear stress values 155 

are often needed in numerical modeling of geo-structures. To investigate whether the current 156 

CDSS data could be used to estimate the liquefaction strength of Ottawa F65 sand for densities 157 
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and loading conditions that are not covered in the experimental results, an Artificial Neural 158 

Networks (ANN) model is developed to predict the soil liquefaction strength for densities and 159 

loading conditions that are not available in the experimental results.  160 

In recent years, several studies have used Artificial Neural Networks to predict the liquefaction 161 

potential of soils based on field data. Goh [34] showed reliability of ANN models in predicting 162 

liquefaction potential. The study used an ANN model to predict the liquefaction potential using a 163 

standard penetration test (SPT) dataset including the SPT value, grain size, percent fines, dynamic 164 

shear stress and earthquake magnitude. This model was modified to include cone penetration test 165 

(CPT) data [35]. Ali and Najjar [36] have used 61 field data sets from various earthquake sites to 166 

train a backpropagation ANN model. The model was validated against 44 records not included in 167 

the training data sets. The developed model was shown to outperform fuzzy logic and statistically 168 

based approaches. Juang et al. [37] used a dataset collected from cone penetration test (CPT) 169 

measurements and field observations of liquefaction to train an ANN model with the goal of 170 

predicting the occurrence of liquefaction based on soil properties and earthquake loading 171 

conditions. Predictions of the ANN model were then used to define a liquefaction boundary 172 

surface. An empirical equation was associated to the surface by regression analysis. Then, a 173 

probabilistic evaluation method of liquefaction potential was developed by conducting probability 174 

analyses of the dataset cases using the Bayesian mapping function approach. The simplified 175 

method developed by Juang et al. [37] based on CPT data illustrated the suitability of ANN models 176 

in predicting liquefaction potential.  177 

Artificial Neural Networks were also used in the literature to predict liquefaction strength of sandy 178 

soils based on laboratory experiment data. Young-Su and Byung-Tak [38] have developed an ANN 179 

model to predict the liquefaction strength of nine clean sands using triaxial and direct simple shear 180 

tests results available in the literature. Different combinations of soil parameters were investigated 181 

to develop a model with optimum predictions of the number of cycles required for liquefaction 182 

triggering. The study has demonstrated applicability of ANN models to soil liquefaction prediction 183 

even though these models do not describe the mechanical properties of soils through mathematical 184 

equations. The abovementioned studies have selected the training datasets from existing laboratory 185 

tests or field data on a particular soil.  Hence, the ANN models developed in these studies could 186 

only be validated against the existing datasets.  A further assessment of the ANN models using the 187 

results of new tests that are not known to the predictors would lend additional credibility to the 188 

developed models.  189 

In this study, the developed ANN model was trained on a dataset of 65 constant volume CDSS 190 

tests on Ottawa F65 sand including 54 CDSS tests conducted in the present study and 11 CDSS 191 

tests conducted by ElGhoraiby et al. [32]. It is noted that the CDSS tests in this study and the 192 

CDSS tests reported by ElGhoraiby et al. [32] were conducted in the same facility following the 193 

same procedure. A good agreement between these CDSS tests was obtained in terms of 194 

liquefaction strength. The ANN model was trained, validated, and tested to predict the liquefaction 195 

strength of Ottawa F65 for a specified set of vertical effective stresses, cyclic stress ratios, static 196 

shear stresses and relative densities. The ANN model was further assessed using blind predictions 197 

of the liquefaction strength obtained under a new vertical effective stress and a new soil density 198 
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that are not included in the training dataset. The blind predictions of the developed ANN model 199 

were then validated by carrying out CDSS tests on Ottawa F65 sand under similar density and 200 

loading conditions used in the blind predictions. 201 

2. Materials and methods 202 

2.1. Description of Ottawa F65 sand 203 

Ottawa F65 sand is a whole grained white silica sand with a silica purity of 99.7% mined from 204 

deposits near Ottawa, Illinois and produced by US Silica [30,32]. Ottawa F65 sand particles are 205 

mostly subrounded as shown in Scanning Electron Microscope (SEM) characterization of Ottawa 206 

F65 sand (Figure 1). Ottawa F65 sand is selected as the main soil in the Liquefaction Experiments 207 

and Analysis Project (LEAP) [22-24]. Previous studies have conducted a series of characterization 208 

tests on Ottawa F65 sand to determine its physical and index properties [29-32]. The soil 209 

characterization tests included specific gravity of soil particles tests, particle size distribution 210 

analysis, hydraulic conductivity tests, and minimum and maximum void ratio tests. Table 1 211 

summarizes the physical and index properties of Ottawa F-65 sand [29,30,32] (D10, D30, and D60 212 

are, respectively, particle diameters defining 10%, 30%, and 60% finer from the grain-size 213 

distribution curve, e denotes the void ratio, and emax and emin represent, respectively, maximum 214 

and minimum void ratios).  215 

 216 
Figure 1: SEM characterization of Ottawa F65 sand. 217 

 218 

 219 

 220 

 221 

 222 

 223 

 224 
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Physical properties Vasko (2015) Bastidas (2016) ElGhoraiby et al. (2020) 

Specific gravity, Gs 2.65 2.65 2.65 

Particle size distribution 

D10 (mm) 0.13 0.14 0.136 

D30 (mm) 0.17 0.17 0.174 

D60 (mm) 0.21 0.22 0.235 

Coefficient of uniformity, Cu 1.62 1.61 1.728 

Coefficient of curvature, Cc 0.947 0.96 0.96 

Hydraulic conductivity 

Permeability (cm/sec) 0.0118 for e = 0.639 

0.0164 for e = 0.724 

0.022 for e = 0.791 

0.016 for e = 0.539 

0.008 to 0.015  

for e = 0.486  

to e = 0.766 

Maximum and minimum void ratios 

emax 0.754 0.83 0.78 

emin 0.491 0.51 0.51 

Table 1: Physical and index properties of Ottawa F-65 sand 225 

2.2.  Cyclic direct simple shear experimental set up  226 

 In this study, multiple series of constant volume stress-controlled cyclic direct simple shear 227 

(CDSS) tests were conducted using an SGI type device [39] shown in Figure 2. The equipment 228 

includes vertical and horizontal loading rams, and Linear Variable Differential Transformers 229 

(LVDT) for vertical and horizontal displacement measurements. The soil specimen is placed 230 

between top and bottom caps on which porous stones disks are placed. The soil specimen is 231 

enclosed in a rubber membrane and is laterally constrained using a stack of Teflon coated 232 

Aluminum rings kept in a vertical position using clevis pins. Figure 2 shows the final set-up of soil 233 

specimen.  234 

The top cap is connected to a vertical loading ram via a vertical load cell that allows for precise 235 

control of the applied vertical load (precision of 99.8%). The bottom cap is placed on a base 236 

pedestal that sits on a shear sliding base. The shear sliding base is connected to a shear loading 237 

ram via a horizontal load cell that controls the horizontal displacement applied to the shear base. 238 

The bender elements embedded in the top and bottom caps are connected to a wave generating 239 

device and enable measurement of shear wave velocity before and after different stages of the 240 

CDSS test.  241 

 242 

 243 

 244 

 245 

 246 

 247 

 248 
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 261 

 262 

The direct simple shear test usually follows three major steps. First, the soil specimen is prepared 263 

following a painstaking procedure to ensure consistency and repeatability of the test results in 264 

terms of measured soil density and soil stress-strain behavior. Second, the soil specimen is 265 

subjected to a vertical (consolidation) stress. Third, a monotonic or cyclic shear stress is applied 266 

to the soil specimen in the horizontal direction. In the case of tests with static shear stress, a pre-267 

cyclic shearing stage is added to the third step. 268 

In this study, the samples were prepared using dry pluviation technique. The dry pluviator shown 269 

in Figure 3 is composed of a 1-inch diameter tube connected to a bucket at its top. A sieve number 270 

8 covers the bottom of the tube. The tube is supported by a pluviator lift attached to a steel frame 271 

through a threaded rod that can have upwards and downwards movements controlled by a DC 272 

motor connected to a power supply. A height measuring ruler with graduations in millimeter is 273 

attached to the steel frame to indicate the height of drop.  274 

In sample preparation, the soil density is conditioned by the height of drop. Depending on the 275 

target density, an initial height of drop is determined by trial and error and the pluviator lift is 276 

positioned at that height. Then, sand is deposited in the upper bucket and upward movement is 277 

imposed on the pluviator lift at a constant speed in order to maintain a constant height of drop. The 278 

sand is gradually collected inside the stacked rings covered by the rubber membrane as shown in 279 

Figure 4. Attention is given to the symmetry of the deposited sample as it conditions the symmetry 280 

Teflon coated 

aluminum rings 

Soil specimen set-up 

Wave generating device 

Bottom and top caps  

and embedded bender elements 

Cyclic Direct Simple Shear Testing Equipment 

Figure 2: Cyclic direct simple shear experimental set up. 
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of the stress-strain response under cyclic loading. When the sand fills the volume inside the stack 281 

of rings and overflows from the surface, the upward movement of the pluviator lift is stopped. The 282 

excess sand is collected in the sand collector. The sample surface is then leveled as shown in Figure 283 

4.  284 

 

 

 
 

 
 

Figure 3: Constant height dry pluviation station. 

 285 

 

Figure 4: Direct simple shear sample preparation steps after dry pluviation. 
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Measurements of the height and diameter of the volume that will be occupied by the cylindrical 286 

soil specimen are taken at four different locations before dry pluviation. For each specimen, the 287 

average height and diameter are obtained, and the specimen volume is calculated. At the end of 288 

sample preparation, the specimen surface is leveled as shown in Figure 4. After vacuuming the 289 

extra sand on the edges, the weight of the soil specimen with the base pedestal, stack of rings, 290 

membrane, and O-rings is measured. The weight of soil specimen is obtained by subtracting the 291 

weight of the base pedestal, stack of rings, membrane, and O-rings. The soil density is calculated 292 

from the measured volume occupied by sand and the measured weight of sand collected inside the 293 

stack of rings after leveling the specimen surface. By ensuring consistency in the specimen 294 

preparation approach and maintaining the same height of drop in dry pluviation, soil specimens 295 

are prepared with a relatively small variation in relative density (coefficients of variation less than 296 

2% for target relative densities used in this study). Considering all constant volume direct simple 297 

shear tests conducted in this study, the average specimen height was estimated at 23.5 mm with a 298 

coefficient of variation of 0.45%, and the average specimen diameter was estimated at 64.2 mm 299 

with a coefficient of variation of 0.05%. In this study, four target relative densities were considered 300 

ranging from 55% to 75%. The weight of soil specimen varied with increased target relative 301 

density. The average coefficient of variation of soil specimen weight was estimated at 0.59%.  302 

During the constant volume CDSS tests, the lateral displacement of the soil specimen is 303 

constrained using the stack of Teflon coated Aluminum rings. As mentioned earlier, the soil 304 

specimen is placed between top and bottom caps on which porous stones disks are positioned. The 305 

vertical displacement is unconstrained during the consolidation phase. Before shearing, the vertical 306 

displacement is locked using a passive control system that prevents the development of axial strain 307 

during shearing. The constant volume condition is ensured through the constrained lateral and 308 

vertical displacements during shearing.   309 

3.  Results and Discussion  310 

In this study, a total of fifty-four CDSS tests were conducted for a set of overburden stresses, 311 

relative densities, static shear stresses, and cyclic stress ratios to demonstrate the effect of these 312 

parameters on the soil cyclic strength. The relative densities for each test are calculated based on 313 

a maximum void ratio of 0.78 and a minimum void ratio of 0.51 used in the LEAP 2017 [31,24]. 314 

In each CDSS test, the soil specimen was loaded to a maximum shear strain of 10% in double 315 

amplitude using stress control criterion for load reversal.  316 

3.1. Cyclic direct simple shear tests results 317 

3.1.1. Effect of overburden stress on cyclic strength of Ottawa F65 318 

Two series of constant volume CDSS tests were conducted under overburden stresses of 40 kPa 319 

and 100 kPa on specimens prepared at average relative densities of 66.2% (covariance of 0.8%) 320 

and 66.7% (covariance of 1.4%), respectively. These tests complement the experiments conducted 321 

by ElGhoraiby et al. [32] by considering higher cyclic stress ratios. Table 2 summarizes 322 

information about the average dry density before consolidation (ρ
d 

), average void ratio after 323 

consolidation (eac), average relative density after consolidation (Dr,ac) for the two sets of CDSS 324 
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tests subjected to vertical stresses (𝜎′𝑣) of 40 kPa and 100 kPa. The ranges of cyclic stress ratios 325 

(CSR) and ranges of the measured number of cycles required to reach 3.5%, 5%, and 7.5% double 326 

amplitude (DA) shear strain (Ncyc − 3.5%, Ncyc − 5%, Ncyc − 7.5%) are reported in the Table. In 327 

these tests, the specimens were not subjected to static initial shear stress. Hence, the static shear 328 

stress ratio 𝛼 (defined as the ratio of static initial shear stress to initial vertical effective stress) is 329 

zero.  330 

𝝈′𝒗 = 𝟒𝟎 𝒌𝑷𝒂 , 𝜶 = 𝟎 

ρd (kg/m3) eac Dr,ac(%) CSR Ncyc − 3.5% Ncyc − 5% Ncyc − 7.5% 

1641 0.601 66.2 0.15 - 0.25 1 - 26 1.5 - 28 2 – 32.5 

𝝈′𝒗 = 𝟏𝟎𝟎 𝒌𝑷𝒂 , 𝜶 = 𝟎 

1628 0.600 66.7 0.17 – 0.25 1 - 3 1 - 5 1.5 – 7.5 

Table 2: Summary of constant volume CDSS tests with  σ′v = 40 kPa, 100 kPa.  331 

For each CDSS test, shear wave velocity measurements were taken after the consolidation phase 332 

and before cyclic shearing using the bender element and wave generating device shown in Figure 333 

2. At the end of consolidation, a shear wave is transmitted using the wave generating device. Figure 334 

5 presents the transmitted and received shear wave time history for a test conducted under a vertical 335 

stress of 40 kPa. The departure and arrival time of the shear wave are recorded. The time difference 336 

between departure and arrival is calculated (peak to peak time difference). Then, the shear wave 337 

velocity is computed knowing the distance traveled by the wave. The shear modulus 𝐺 is computed 338 

using the equation 𝐺 = 𝜌𝑉𝑠
2 where 𝜌 is the soil density and 𝑉𝑠 is the shear wave velocity. The 339 

peak-to-peak time difference recorded in Figure 5 is 82.8 μs, which corresponds to a calculated 340 

shear modulus of 35.5 MPa.  341 

 342 
Figure 5: Example of transmitted and received shear wave. 343 

Table 3 summarizes the average shear wave velocity and average shear modulus for CDSS tests 344 

conducted under vertical stresses (𝜎′𝑣) of 40 kPa and 100 kPa.  345 

 346 
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𝜎′𝑣 (kPa) 
Shear wave velocity, 𝑉𝑠 Shear modulus, 𝐺 

Mean (m/s) COV (%) Mean (MPa) COV (%) 

40 147.3 2.9 35.7 5.8 

100 157.5 2.3 40.6 4.9 

Table 3: Shear wave velocity and shear modulus for constant volume CDSS tests 347 
with  𝜎′𝑣 = 40 𝑘𝑃𝑎  and 𝜎′𝑣 = 100 𝑘𝑃𝑎. 348 

Figure 6 shows results of two CDSS tests conducted at vertical stresses of 40 kPa and 100 kPa on 349 

soil samples prepared at a relative density of about 66.7% in average. The specimens were 350 

subjected to cyclic shearing at a cyclic stress ratio (CSR) of 0.20 under constant volume condition. 351 

Figure 6 presents the variation of shear stress with shear strain, the stress path (shear stress 352 

variation with vertical stress), and the variation of vertical effective stress and vertical effective 353 

stress ratio (vertical effective stress divided by initial vertical effective stress) with the number of 354 

cycles. The stress-strain response shows that the double amplitude shear strain increases as the soil 355 

weakens and deforms more with every additional cycle. The stress path response shows that the 356 

soil specimen contracts first under the applied shear stress, which corresponds to soil tendency to 357 

decrease in volume. Since the test is conducted under constant volume criteria, the vertical stress 358 

decreases to maintain a constant specimen height. Then, the soil contracts and then dilates at the 359 

end of each forward and backward loading as the soil resists shearing through dilation or volume 360 

expansion. As the vertical effective stress ratio approaches a near zero value, the contact stresses 361 

between soil particles momentarily approach zero and large strains develop in the soil.  362 

The test conducted under 40 kPa vertical stress has required a larger number of cycles for the 363 

vertical effective stress to reach a near zero value. It is also observed that a larger number of cycles 364 

was required to reach 10% double amplitude shear strain in the CDSS test conducted under a 365 

vertical stress of 40 kPa compared to the test conducted under a vertical stress of 100 kPa. Since 366 

the specimens in the two tests were subjected to the same cyclic stress ratio and have close relative 367 

densities, it is clear that cyclic strength increases with decreased overburden stress. 368 
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 369 
Figure 6: Constant volume stress controlled CDSS tests results, 𝜎′

𝑣 = 40 𝑘𝑃𝑎, 100 𝑘𝑃𝑎,  370 
𝐷𝑟,𝑎𝑐 ≈ 66.7%, 𝐶𝑆𝑅 = 0.20. 371 

Figure 7 presents the liquefaction strength curves obtained using the two series of constant volume 372 

CDSS tests conducted under overburden stresses of 40 kPa and 100 by considering the number of 373 

cycles required to reach 7.5% double amplitude shear strain. It is noted that, for similar density 374 

and cyclic stress ratio, a larger number of cycles is required for tests conducted under an 375 

overburden stress of 40 kPa to reach the same shear strain amplitude. The liquefaction strength 376 

curves shown in Figure 7 follow the general form 𝐶𝑆𝑅 = 𝑎 × 𝑁𝑐𝑦𝑐−𝑏 + 𝑐 where 𝑎, 𝑏, and 𝑐 are 377 

constant parameters. This form was more convenient to capture all datapoints covering cyclic 378 

stress ratios used in this study as well as those used by ElGhoraiby et al. [32]. Table 4 summarizes 379 

the constant parameters for the liquefaction strength curves shown in Figure 7.  380 
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 381 
Figure 7: Liquefaction strength curves for constant volume CDSS tests  382 

with 𝜎′𝑣 = 40 𝑘𝑃𝑎 and 100 𝑘𝑃𝑎, and 𝐷𝑟,𝑎𝑐 ≈ 66.5%. 383 

Vertical stress 𝜎′𝑣, kPa 𝐷𝑟,𝑎𝑐, % Parameter a Parameter b Parameter c 

40 66.2 0.20 0.45 0.105 

100 66.7 0.17 0.49 0.106 

Table 4: Liquefaction strength curves constant parameters for constant volume CDSS tests  384 

with σ′v = 40 kPa, 100 kPa and Ncyc-7.5% double amplitude shear strain. 385 

Idriss and Boulanger [9] have developed a correction factor 𝐾𝜎 for sandy soils to account for the 386 

increase in strength due to the decrease in confining stress based on the strength of the soil tested 387 

at a confining stress of 100 kPa. The correction factor 𝐾𝜎  is defined by the equation 𝐾𝜎 = 1 −388 

𝐶𝜎ln (
𝜎′𝑣0

𝑃𝑎
) where 𝜎′𝑣0 is the effective overburden stress, 𝑃𝑎 is the atmospheric pressure, and 𝐶𝜎 is 389 

a coefficient used to correlate soil relative density 𝐷𝑟, SPT N-values (𝑁1,60) and CPT tip resistance 390 

(𝑞𝑐,1,𝑁) to 𝐾𝜎. The high overburden correction, 𝐾𝜎, accounts for the increased susceptibility of 391 

sandy soils to cyclic liquefaction with increased effective overburden stress at the same cyclic 392 

stress ratio. 393 

Table 5 presents the average values of  𝐾𝜎 calculated for the two series of CDSS tests conducted 394 

under overburden stresses of 40 kPa and 100 kPa. The correction factor 𝐾𝜎 is compared to the 395 

experimental ratio of cyclic resistance ratio (CRR) values 𝐶𝑅𝑅40/𝐶𝑅𝑅100 (where 𝐶𝑅𝑅40 and 𝐶𝑅𝑅100 396 

correspond, respectively, to CRR values for tests conducted under vertical stresses of 40 and 100 397 

kPa) calculated for a moment magnitude of earthquake M=7.5, which corresponds to cyclic 398 

strength at 15 uniform stress cycles [13]. The measured ratio of the CRR values (𝐶𝑅𝑅40/𝐶𝑅𝑅100) 399 

obtained from the two series of CDSS tests is slightly higher (3.8% higher) than the correction 400 

factor 𝐾𝜎 calculated from the relationship proposed by Boulanger and Idriss [9]. This is consistent 401 
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with the observations made by Park et al. [12] who have measured the correction factor 𝐾𝜎 in a 402 

series of CDSS tests conducted on loose and dense specimens of Nakdong River sand. The study 403 

by Park et al. [12] suggested that the correction factor 𝐾𝜎 by Boulanger and Idriss [9] provides 404 

effective predictions for loose sand compared to the measured correction factor [12]. However, the 405 

correction factor 𝐾𝜎 provided significantly lower predictions for dense sand compared to the 406 

measured ratio of CRR values. It was also found that the predicted correction factor 𝐾𝜎 is only 407 

effective for cases where the initial static shear stress is insignificant.  408 

𝜎′𝑣 (kPa) 𝜎′𝑣/𝑃𝑎 𝐷𝑟,𝑎𝑐 , % 𝐶𝜎 𝐾𝜎 𝐶𝑅𝑅𝜎′
𝑣
/𝐶𝑅𝑅𝜎′

𝑣=100 𝑘𝑃𝑎 

40 0.39 66.22 0.134 1.05 1.09 

100 0.99 66.69 0.136 1.00 1.00 
 409 

Table 5: High Overburden Correction factor 𝐾𝜎 and CRR ratio at M=7.5. 410 

3.1.2. Effect of static shear stress on cyclic strength of Ottawa F65 411 

The effect of static shear stress on the cyclic strength of Ottawa F65 sand was studied by 412 

conducting four different series of constant volume CDSS tests where the soil specimen is 413 

subjected to a static shear stress after consolidation and prior to cyclic shearing. The application 414 

of a static shear stress after consolidation replicates the condition of sloping ground where any 415 

element under the ground surface is under a shear stress in addition to vertical and horizontal 416 

stresses. The constant volume CDSS tests with static shear stress include two sets of tests with a 417 

consolidation stress (𝜎′𝑣) of 100 𝑘𝑃𝑎 and static shear stress ratios (𝛼) of  418 

0.3 and 0.4, and two sets of tests with a consolidation stress of 40 𝑘𝑃𝑎 and static shear stress ratios 419 

of 0.25 and 0.375. Table 6 shows the average dry density before consolidation (ρd ), void ratio 420 

after consolidation (eac) and relative density after consolidation (Dr,ac) for the different sets of 421 

CDSS tests conducted with static shear stress. The ranges of cyclic stress ratio and ranges of the 422 

measured number of cycles required to reach 3.5%, 5%, and 7.5% double amplitude (DA) shear 423 

strain (Ncyc − 3.5%, Ncyc − 5%, Ncyc − 7.5%) are reported in Table 6. It is noted that, for 424 

constant volume CDSS tests conducted under a vertical effective stress of 100 kPa and static shear 425 

stress ratios of 0.3 and 0.4, the shear strain amplitude has not reached a value of 7.5% under the 426 

applied cyclic stress ratios. In these cases, the soil specimens did not reach a state of liquefaction 427 

and stress paths stabilized at a vertical stress higher than zero. 428 

𝝈′𝒗 = 𝟏𝟎𝟎 𝒌𝑷𝒂 , 𝜶 = 𝟎.3 

ρd (kg/m3) eac Dr,ac(%) CSR Ncyc − 3.5% Ncyc − 5% Ncyc − 7.5% 

1641 0.602 66.5 0.15 - 0.30 1 - 35 2 - 90 - 

𝝈′𝒗 = 𝟏𝟎𝟎 𝒌𝑷𝒂 , 𝜶 = 𝟎.4 

1637 0.602 67.7 0.15 – 0.30 2 - 48 5 - 126 - 

𝝈′𝒗 = 𝟒𝟎 𝒌𝑷𝒂 , 𝜶 = 𝟎.25 

1640 0.601 66.4 0.20 – 0.30 1.5 - 11 2.5 – 24.5 5 - 67 

𝝈′𝒗 = 𝟒𝟎 𝒌𝑷𝒂 , 𝜶 = 𝟎.375 

1638 0.601 66.4 0.22 – 0.35 4 - 24 7.5 - 74 15 - 280 

Table 6: Summary of constant volume CDSS tests with 𝜎′𝑣 = 100 𝑘𝑃𝑎, 𝛼 = 0.3, 0.4 and 𝜎′𝑣 = 40 𝑘𝑃𝑎, 429 
𝛼 = 0.25, 0.375.  430 
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Figure 8 presents results of three constant volume CDSS tests conducted at a vertical stress of 100 431 

kPa and subjected to static shear stresses of 0 kPa, 30 kPa, and 40 kPa prior to cyclic shearing 432 

under a constant volume condition with a cyclic stress ratio of 0.25. The three specimens were 433 

prepared at nearly the same relative density. It is noticed that for tests with static shear stress, the 434 

soil specimen does not reach a state of liquefaction and stabilizes at a vertical stress that is higher 435 

for cases with larger static shear stress ratio. While the soil specimen subjected to no static shear 436 

stress has reached a near zero vertical effective stress ratio, the soil specimens subjected to static 437 

shear stresses of 30 kPa and 40 kPa have stabilized at vertical effective stresses of 60 kPa and 95 438 

kPa, respectively. It is also noted that a larger number of cycles is required to reach 5% double 439 

amplitude shear strain amplitude with increased values of static shear stress. 440 

Figure 9 presents the liquefaction strength curves corresponding to the abovementioned series of 441 

CDSS tests conducted with static shear stress in addition to the series of tests conducted without 442 

static shear stress and described in previous sections. The Figure shows that the cyclic strength 443 

increases with larger static shear stress for both series of CDSS tests conducted under overburden 444 

stresses of 100 kPa and 40 kPa. Table 7 summarizes the constant parameters of the liquefaction 445 

strength curves of general form 𝐶𝑆𝑅 = 𝑎 × 𝑁𝑐𝑦𝑐−𝑏 + 𝑐 (where 𝑎, 𝑏, and 𝑐 are constant parameters) 446 

for the liquefaction strength curves shown in Figure 9.  447 

 448 
Figure 8: Constant volume CDSS test results – 𝜎′𝑣 = 100 𝑘𝑃𝑎, 𝛼 = 0, 0.3, 0.4,  449 

𝐶𝑆𝑅 = 0.25, 𝐷𝑟,𝑎𝑐 ≈ 67%. 450 
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Figure 9: Liquefaction strength curves for CDSS tests with 𝜎′

𝑣 = 100 𝑘𝑃𝑎, 𝛼 = 0, 0.3, 0.4 (left) 

and 𝜎′𝑣 = 40 𝑘𝑃𝑎, 𝛼 = 0, 0.25, 0.375 (right). 

 451 

Vertical stress 𝜎′𝑣, kPa 𝛼 𝐷𝑟,𝑎𝑐, % Parameter a Parameter b Parameter c 

40 0 66.2 0.20 0.45 0.105 

40 0.25 66.4 0.32 0.40 0.140 

40 0.375 66.4 0.61 0.43 0.160 

100 0 66.7 0.17 0.49 0.106 

100 0.3 67.1 0.32 0.22 0.024 

100 0.4 67.1 0.39 0.41 0.097 

Table 7: Liquefaction strength curves constant parameters for constant volume CDSS tests  452 
with 𝜎′𝑣 = 40 𝑘𝑃𝑎,  Ncyc-7.5% shear strain, and  𝜎′𝑣 = 100 𝑘𝑃𝑎, Ncyc-5% shear strain. 453 

To account for the effect of static shear stress ratio on the liquefaction strength of sandy soils, a 454 

correction factor 𝐾𝛼 is often used where 𝛼 is the ratio of static shear stress to vertical 455 

(consolidation) stress [9]. The correction factor 𝐾𝛼 is defined as the ratio of CRR for a non-zero 456 

value of 𝛼 to the CRR for 𝛼 = 0. The correction factor 𝐾𝛼 is related to soil relative density 𝐷𝑟 and 457 

is also correlated with normalized SPT N-values (𝑁1,60) and CPT tip resistance (𝑞𝑐,1,𝑁).  Boulanger 458 

[11] has introduced a state-dependent index for describing the variation of  𝐾𝛼 with both relative 459 

density and confining stress. Table 8 shows the average values of  𝐾𝛼 calculated for the series of 460 

CDSS tests and their comparison with the experimental ratio of the CRR values (𝐶𝑅𝑅𝛼/𝐶𝑅𝑅𝛼=0) 461 

calculated for a moment magnitude of earthquake M=7.5, which corresponds to cyclic strength at 462 

15 uniform stress cycles [13]. Figure 10 compares the empirical 𝐾𝛼 versus the experimental ratio 463 

of the CRR values (𝐶𝑅𝑅𝛼/𝐶𝑅𝑅𝛼=0) for vertical effective stresses of 40 kPa and 100 kPa. 464 

Compared to the experimental results shown in Figure 10, the empirical equations [8,10] provide 465 

larger values of 𝐾𝛼 to account for the effect of static shear stress. These observations appear to be 466 

consistent with those made by Park et al. [12].  It is noted, however, that the empirical equations 467 

were developed from data for which the static shear stress ratio 𝛼 is less than 0.3.  468 

 469 
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𝜎′𝑣 (kPa) 𝜏 (kPa) 𝛼 𝐷𝑟,𝑎𝑐(%) (𝑁1)60 𝑞𝑐1𝑁 𝐾𝛼 𝐶𝑅𝑅𝛼

/𝐶𝑅𝑅𝛼=0 

40 0 0 66.2 20.2 129.3 1.00 1.00 

40 10 0.25 66.4 20.3 129.8 1.84 1.52 

40 15 0.375 66.4 20.3 129.7 2.20 2.16 

100 0 0 66.7 20.5 130.6 1.00 1.00 

100 30 0.3 66.5 20.4 130.2 1.79 1.39 

100 40 0.4 67.7 21.1 133.5 2.31 1.56 

Table 8: Static shear stress ratio Correction factor 𝐾𝛼 and experimental ratio of CRR at M=7.5 470 
for  𝜎′𝑣 = 40 𝑘𝑃𝑎 and 𝜎′𝑣 = 100 𝑘𝑃𝑎. 471 

 472 
Figure 10: Static shear stress ratio Correction factor 𝐾𝛼 and experimental ratio of CRR at M=7.5 473 

for  𝜎′𝑣 = 40 𝑘𝑃𝑎 and 𝜎′𝑣 = 100 𝑘𝑃𝑎. 474 

3.1.3. Effect of soil density on cyclic strength of Ottawa F65 475 

The effect of soil density on the cyclic strength of Ottawa F65 soil is studied by conducting 476 

multiple series of constant volume CDSS tests on Ottawa F65 sand specimens consolidated at a 477 

vertical stress of 40 kPa and prepared at average relative densities after consolidation of 55.2%, 478 

71.2%, and 75.5% in addition to the tests conducted at a relative density after consolidation of 479 

66.2% discussed in the previous section.  480 

Table 9 summarizes the average dry density before consolidation (ρ
d 

), void ratio after 481 

consolidation (eac) and relative density after consolidation (Dr,ac) for the different sets of CDSS 482 

tests subjected to a vertical stress of 40 kPa and conducted on specimens prepared at three target 483 

relative densities after consolidation of 55%, 71%, and 75%. The ranges of cyclic stress ratio and 484 

ranges of the measured number of cycles required to reach 3.5%, 5%, and 7.5% double amplitude 485 

(DA) shear strain (Ncyc − 3.5%, Ncyc − 5%, Ncyc − 7.5%) are reported in the Table.  486 

 487 
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𝝈′𝒗 = 𝟒𝟎 𝒌𝑷𝒂 , 𝜶 = 𝟎 

ρd (kg/m3) eac Dr,ac(%) CSR Ncyc − 3.5% Ncyc − 5% Ncyc − 7.5% 

1611 0.631 55.2 0.10 - 0.19 2.5 - 107 3 - 110 4.5 - 115 

1656 0.588 71.2 0.15 – 0.23 2.5 - 51 3 - 54 5 - 58 

1667 0.576 75.5 0.16 – 0.30 1 – 44.5 1 - 47 2 - 49 

Table 9: Summary of constant volume CDSS tests with  σ′v = 40 kPa  488 

and Dr,ac = 55.2%, 71.2%, 75.5%. 489 

Figure 11 presents the results of three constant volume CDSS tests on soil specimens prepared at 490 

three different soil densities (55%, 66.1%, and 75.9%). The specimens are consolidated under a 491 

vertical stress of 40 kPa and then subjected to a cyclic stress ratio of 0.19. The stress-strain 492 

responses show that, for each cycle, the shear strain amplitude is larger for specimens with lower 493 

relative density. The stress paths (shear stress variation with vertical stress) indicate that soil 494 

specimens with lower density are more contractive as their vertical stress decreases faster. A 495 

smaller number of cycles is required for the vertical stress to approach zero for looser specimens. 496 

 497 
Figure 11: CDSS tests with  𝜎′𝑣 = 40 𝑘𝑃𝑎 and 𝐷𝑟,𝑎𝑐 = 55%, 66.1%, 75.9%. 498 

Figure 12 presents the liquefaction strength curves obtained using the four series of CDSS tests by 499 

considering the number of cycles required to reach 7.5% double amplitude shear strain. As 500 

expected, cyclic strength of the soil increases with increased density.  501 
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 502 

Figure 12: Liquefaction strength curves for CDSS tests with  𝜎′𝑣 = 40 𝑘𝑃𝑎  503 
and 𝐷𝑟,𝑎𝑐 = 55.2%, 66.2%, 71.2%, 75.5%. 504 

Table 10 summarizes the constant parameters of the liquefaction strength curves of general form 505 

𝐶𝑆𝑅 = 𝑎 × 𝑁𝑐𝑦𝑐−𝑏 + 𝑐 (where 𝑎, 𝑏, and 𝑐 are constant parameters) for the liquefaction strength 506 

curves shown in Figure 17. The values of the parameter b are similar for tests conducted with soil 507 

relative densities of 55.2% and 66.2%. The parameter b decreases with increasing soil density for 508 

the series of tests conducted with soil relative densities of 71.2% and 75.4%. It is noted that 509 

approximately 19% increase in cyclic strength (CRR corresponding to 15 uniform cycles) is 510 

observed when the soil relative density is increased by 10%. 511 

Vertical stress 𝜎′𝑣, kPa 𝛼 𝐷𝑟,𝑎𝑐, % Parameter a Parameter b Parameter c 

40 0 55.2 0.22 0.45 0.073 

40 0 66.2 0.20 0.45 0.105 

40 0 71.2 0.24 0.39 0.096 

40 0 75.4 0.27 0.36 0.094 

Table 10: Liquefaction strength curves constant parameters for constant volume CDSS tests 512 
with 𝜎′𝑣 = 40 𝑘𝑃𝑎 and 𝐷𝑟,𝑎𝑐 = 55.2%, 66.2%, 71.2%, 75.4%. 513 

For these series of tests, shear wave velocity measurements were taken after the consolidation 514 

phase and before cyclic shearing using the wave generating device shown in Figure 2. Table 11 515 

summarizes the average shear wave velocity and average shear modulus for CDSS tests conducted 516 

under vertical stresses of 40 kPa at average relative densities of 55.2%, 66.2%, 71.2%, and 75.4%. 517 

 518 

 519 

 520 
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𝐷𝑟,𝑎𝑐(%) 
Shear wave velocity, 𝑉𝑠 Shear modulus, 𝐺 

Mean (m/s) COV (%) Mean (MPa) COV (%) 

55.2 131.8 3.9 28.0 7.6 

66.2 147.3 2.9 35.7 5.8 

71.2 151.5 2.6 38.0 5.3 

75.4 158.6 2.7 41.9 5.4 

Table 11: Shear wave velocity and shear modulus for constant volume CDSS tests  521 
with  𝜎′𝑣 = 40 𝑘𝑃𝑎 𝑎𝑛𝑑 𝐷𝑟 = 55.2%, 66.2%, 71.2%, 75.4%. 522 

Figure 13 presents the variation of shear wave velocity and shear modulus with relative density 523 

for tests conducted at a vertical stress of 40 kPa. Each boxplot indicates the median shear modulus 524 

represented by the central mark, as well as the 25th and 75th percentiles represented by the bottom 525 

and top edges respectively. Overall, it is observed that the shear wave velocity and shear modulus 526 

increase with increased relative density.  527 

 528 

  
Figure 13: Shear wave velocity versus relative density (left)  

and shear modulus versus relative density (right). 

3.2. Approximation of Ottawa F65 cyclic strength using surface plots  529 

In the CDSS tests presented in previous sections, four varying parameters were considered: soil 530 

density, vertical stress, static shear stress, and cyclic stress ratio. For every set of CDSS tests, one 531 

parameter was constant while the three other parameters were changing. In order to approximate 532 

the cyclic strength of Ottawa F65 sand for values of the varying parameters not available in the 533 

experimental data, a surface fitting tool for three-dimensional data was used to approximate the 534 

variation of number of cycles with cyclic stress ratio and relative density, or the variation of 535 

number of cycles with cyclic stress ratio and static shear stress. The surface fitting tool used is a 536 

Python open-source code that fits the experimental data against multiple functions, and then 537 

provides a ranking of the functions by considering the highest to the lowest coefficient of 538 

determination 𝑅2. The Python open-source code is available at Bitbucket Git-based source code 539 

repository [40]. The code uses a genetic algorithm for initial parameter estimation [41] and 540 

includes orthogonal distance and relative error regressions [42]. 541 
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Figure 14 presents surface plots used to fit the variables considered in the different sets of CDSS 542 

tests conducted in this study. Figure 14 describes:  543 

(1) The variation of the number of cycles to reach 5% shear strain with cyclic stress ratio (CSR) 544 

and static shear stress ratio (𝛼) for CDSS tests conducted under a vertical stress of 100 kPa 545 

(graph 1). 546 

(2) The variation of the number of cycles to reach 7.5% shear strain with cyclic stress ratio 547 

(CSR) and static shear stress ratio (𝛼) for CDSS tests conducted under a vertical stress of 548 

40 kPa (graph 2).  549 

(3) The variation of the number of cycles to reach 7.5% shear strain with cyclic stress ratio 550 

(CSR) and relative density after consolidation 𝐷𝑟,𝑎𝑐 for CDSS tests conducted under a 551 

vertical stress of 40 kPa (graph 3). 552 

 553 

Figure 14: Surface plots of static shear stress ratio with cyclic stress ratio and number of cycles 554 
 for 𝜎′𝑣 = 100 𝑘𝑃𝑎 (1) and 𝜎′𝑣 = 40 𝑘𝑃𝑎 (2), and surface plot of relative density with cyclic stress ratio 555 

and number of cycles for 𝜎′𝑣 = 40 𝑘𝑃𝑎 (3). 556 

The surface plots presented in Figure 14 were generated respectively using equations (1), (2), and 557 

(3) corresponding respectively to graphs (1), (2), and (3) and defined as follows: 558 

𝑁𝑐𝑦𝑐 = 10𝑎×exp (𝑏×𝛼+𝑐×𝐶𝑆𝑅2)+𝑑×𝐶𝑆𝑅+𝑓×𝛼+𝑔         (1) 559 
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where 𝑁𝑐𝑦𝑐 is the number of cycles to reach 5% shear strain, 𝐶𝑆𝑅 is the cyclic stress ratio, 𝛼 is 560 

the static shear stress ratio, and 𝑎, 𝑏, 𝑐, 𝑑, 𝑓, 𝑔 are fitting parameters given by: 𝑎 = 7.176, 𝑏 =561 

1.717 × 10−1, 𝑐 = −1.252 × 102, 𝑑 = −6.811, 𝑓 = 2.581, 𝑔 = 1.682. 562 

𝑁𝑐𝑦𝑐 = 10
𝑎0+

𝑎1

1+𝑒𝑎2(𝑎3×𝐶𝑆𝑅+𝑎4×𝛼+𝑎5×𝐶𝑆𝑅×𝛼)                         (2) 563 

where 𝑁𝑐𝑦𝑐 is the number of cycles to reach 7.5% shear strain, 𝐶𝑆𝑅 is the cyclic stress ratio, 𝛼 is 564 

the static shear stress ratio, and 𝑎0, 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 are fitting parameters given by: 𝑎0 =565 

−1.914 × 10−2, 𝑎1 = 1.684 × 101, 𝑎2 = 5.956 × 10−1, 𝑎3 = 2.586 × 101, 𝑎4 = 3.791, 𝑎5 =566 

−4.817 × 101. 567 

𝑁𝑐𝑦𝑐 = 10𝑎×exp (𝑏×𝐷𝑟+𝑐×𝐶𝑆𝑅2)+𝑑×𝐶𝑆𝑅+𝑓×𝐷𝑟+𝑔         (3) 568 

where 𝑁𝑐𝑦𝑐 is the number of cycles to reach 7.5% shear strain, 𝐶𝑆𝑅 is the cyclic stress ratio, 𝐷𝑟,𝑎𝑐 569 

is the relative density, and 𝑎, 𝑏, 𝑐, 𝑑, 𝑓, 𝑔 are fitting parameters given by: 𝑎 = 7.247 × 10−2, 𝑏 =570 

7.096 × 10−2, 𝑐 = −1.431 × 102, 𝑑 = −7.375, 𝑓 = 2.627 × 10−2. 571 

From equations (1), (2), and (3), it can be concluded that the number of cycles 𝑁𝑐𝑦𝑐 to reach 5% 572 

or 7.5% shear strain increases with increase in CSR, increase in static shear stress ratio 𝛼, or 573 

increase in relative density 𝐷𝑟,𝑎𝑐. This agrees with previous conclusions stating that the cyclic 574 

strength of Ottawa F65 sand increases with higher static shear stress and higher relative density. 575 

The increase of 𝑁𝑐𝑦𝑐 with 𝛼 is more pronounced for low 𝐶𝑆𝑅 values, and the increase of 𝑁𝑐𝑦𝑐 576 

with decreased 𝐶𝑆𝑅 is slightly more pronounced at higher values of 𝛼.  Moreover, the increase of 577 

𝑁𝑐𝑦𝑐 with 𝐷𝑟,𝑎𝑐 is more pronounced for low 𝐶𝑆𝑅 values, and the increase of 𝑁𝑐𝑦𝑐 with decreased 578 

𝐶𝑆𝑅 is slightly more pronounced for higher values of 𝐷𝑟,𝑎𝑐. 579 

3.3. Modeling of Soil Response using Artificial Neural Networks 580 

3.3.1. Development of the Neural Networks model 581 

The database of CDSS tests developed in this study (54 CDSS tests) and the CDSS tests conducted 582 

by ElGhoraiby et al. [32] (11 CDSS tests) is used to develop an Artificial Neural Network (ANN) 583 

model trained to predict the cyclic strength of Ottawa F65 sand for a specified set of vertical 584 

effective stresses, cyclic stress ratios, static shear stress ratios and relative densities after 585 

consolidation. The ANN model relates an output variable represented by the number of cycles 586 

required to reach 2.5%, 5% or 7.5% shear strain to four input variables including soil relative 587 

density after consolidation 𝐷𝑟,𝑎𝑐 (55.2%, 66.2%, 71.2%, 75.5%), vertical confining stress 𝜎′𝑣 (40 588 

kPa, 100 kPa), static shear stress ratio 𝛼 (0, 0.25, 0.375, 0.4), and cyclic stress ratio 𝐶𝑆𝑅 ranging 589 

from 0.1 to 0.35. The logarithm of the number of cycles was used to limit variations in the output 590 

data and improve the model predictive capability. The ANN model includes an input layer with 591 

four neurons representing the four input variables, a hidden layer with four neurons, and an output 592 

layer with one neuron representing the logarithm of the number of cycles required for Ottawa F65 593 

sand to reach 2.5% 5%, or 7.5% shear strain noted 𝑁𝑐𝑦𝑐. The ANN model was designed by trial 594 

and error considering the performance of the model during training, validation and testing. Figure 595 

15 presents the architecture of the ANN model used.  596 
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Figure 15: Architecture of the ANN model. 

3.3.2. Training of the Neural Networks model 597 

The ANN model is trained using feed-forward and back propagation methods. A hyperbolic 598 

tangent function was used as the activation function for connections between the input layer and 599 

the hidden layer, and a rectified linear unit function was used as the activation function for 600 

connections between the hidden layer and the output layer. Since the output variable contains 601 

continuous real numbers, the mean squared error was used as loss function quantifying the total 602 

loss created by incorrect predictions. The ANN model was developed using the Neural Network 603 

Toolbox in Matlab [43]. First, the ANN model was trained to capture the number of cycles required 604 

to reach 7.5% double amplitude shear strain for CDSS tests conducted without static shear stress. 605 

For this purpose, a total of 43 CDSS tests were used including tests conducted at vertical stresses 606 

of 40 kPa and 100 kPa, relative densities of approximately 55%, 66%, 71% and 75%, and various 607 

cyclic stress ratios. The dataset of 43 CDSS tests do not include CDSS tests conducted with static 608 

shear stress. The model was trained on 72% of the training data base (31 CDSS tests), and 28% of 609 

the training dataset (12 CDSS tests) was reserved for validation and testing of the model. In a study 610 

by Gholamy et al. [44], it was reported that empirical studies have shown that the best results are 611 

obtained if 70% to 80% of the data is reserved for training and 20% to 30% of the data is reserved 612 

for testing. The study has provided a theoretical explanation of such observations from empirical 613 

studies. 614 

Figure 16 presents the evolution of the mean squared error with epochs for the train, validation, 615 

and test batches. An epoch corresponds to training the neural network model with all the training 616 

data for one cycle including a forward pass and a backward pass. The best performance of the 617 

model was achieved at epoch 92 where the gradient decent was equal to 0.009. 618 
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Figure 16: Performance of the ANN model in terms of mean squared error evolution. 

Figure 17 presents results of the ANN model predictions on the training, validation and testing 619 

dataset of CDSS tests conducted at vertical effective stresses of 40 kPa and 100 kPa on specimens 620 

prepared at relative densities after consolidation of about 55.2%, 66.2%, 71.2% and 75.5%. It is 621 

shown that the ANN predictions are close to the experimental results and that the ANN model is 622 

sensitive to changes in overburden stress and relative density.  623 

  
Figure 17: ANN model performance on the training dataset for 𝜎′𝑣 = 40 𝑘𝑃𝑎, 100 𝑘𝑃𝑎, 

Dr,ac ≈ 66%, α = 0 (left) and for  σ′v = 40 kPa, Dr,ac ≈ 55%, 66%, 71%, 75%, α = 0 (right). 

The training of the ANN model was then extended to include the effect of static shear stress. For 624 

this purpose, CDSS tests conducted with static initial shear stress at a vertical stress of 40 kPa were 625 

included in the training dataset. The ANN model was trained to capture the number of cycles 626 

required to reach 7.5% double amplitude shear strain. A total of 57 CDSS tests were used, which 627 

corresponds to the entire dataset except for CDSS tests conducted at a vertical stress of 100 kPa 628 
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and static shear stresses of 30 kPa and 40 kPa for which the shear strain did not reach 7.5% shear 629 

strain amplitude. The model was trained on 68% of the training data base (39 CDSS tests), and 630 

32% of the training dataset (18 CDSS tests) was reserved for validation and testing of the model. 631 

Figure 18 (left) presents results of the ANN model predictions on the training, validation, and 632 

testing dataset of CDSS tests conducted at vertical effective stresses of 40 kPa with static shear 633 

stress ratios of 0, 0.25, and 0.375. It is shown that the ANN predictions are close to the 634 

experimental results and that the ANN model is sensitive to changes in static shear stress ratio. 635 

To extend the model predictions beyond one level of shear strain, the ANN model was trained to 636 

predict the number of cycles required to reach 2.5% and 5%, in addition to 7.5% double amplitude 637 

shear strain developed earlier. The model was trained on 70% of the training data base (45 CDSS 638 

tests), and 30% of the training dataset (20 CDSS tests) was reserved for validation and testing of 639 

the model. Figure 18 (right) presents results of the ANN model predictions on the training, 640 

validation and testing dataset of CDSS tests conducted at vertical effective stresses of 100 kPa 641 

with static shear stress ratios of 0, 0.3, and 0.4. Again, the ANN model is sensitive to change in 642 

static shear stress ratio. 643 

  
Figure 18: ANN model performance on the training dataset for 𝜎′𝑣 = 40 𝑘𝑃𝑎, 

Dr,ac ≈ 66%, α = 0, 0.25, 0.375 (left) and for σ′v = 100 kPa, Dr,ac ≈ 67%, α = 0, 0.3, 0.4 (right). 

Figure 19 shows the experimental and ANN-predicted scatter plots of cyclic stress ratio variation 644 

with the number of cycles to reach 2.5%, 5% and 7.5% double amplitude shear strain for CDSS 645 

tests conducted at a vertical effective stress of 100 kPa with no static shear stress. The ANN model 646 

shows sensitivity to the achieved shear strain amplitude as more cycles are generally required in 647 

the ANN predictions to reach a higher shear strain. 648 



27 

 

 
Figure 19: ANN model performance on the training dataset for 𝜎′

𝑣 = 100 𝑘𝑃𝑎, 

 𝐷𝑟,𝑎𝑐 ≈ 67%, 𝑁𝑐𝑦𝑐 − 2.5%, 5%, 7.5% 𝐷𝐴.  

Figure 20 presents a plot of ANN-predicted versus measured number of cycles required to reach 

7.5% shear strain. The plot pictures the overall performance of the ANN model during training, 

validation and testing.  

 
Figure 20: ANN-predicted versus measured number of cycles required to reach 7.5% shear strain. 

3.3.3. Validation of the Neural Networks model using blind predictions 649 

The ANN model was further assessed and validated using blind predictions of new CDSS tests (to 650 

be conducted) at a relative density after consoldation of 60% under a vertical effective stress of 70 651 

kPa. The predictions considered cyclic stress ratios (𝐶𝑆𝑅𝑠) of 0.1, 0.15, 0.20, 0.25, and 0.30 and 652 

zero static shear stress prior to cyclic shearing. Figure 21 presents the ANN blind predictions of 653 
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the number of cycles (𝑁𝑐𝑦𝑐) required to reach 2.5%, 5% and 7.5% shear strain for each cyclic 654 

stress ratio, as well as the corresponding liquefaction strength curves. 655 

  656 
Figure 21: Blind predictions of the ANN model for 5 CDSS tests with 𝜎′𝑣 = 70 𝑘𝑃𝑎 and 𝐷𝑟,𝑎𝑐 = 60%. 657 

Afterwards, five CDSS tests were conducted on Ottawa F65 specimens prepared under similar 658 

conditions as those considered in the blind predictions. Table 12 summarizes key information 659 

about the five cyclic direct simple shear tests conducted to assess and validate the ANN model 660 

performance. The Table includes values of the dry density before consolidation (ρ
d 

), void ratio 661 

after consolidation (eac), relative density after consolidation (Dr,ac), cyclic stress ratio (𝐶𝑆𝑅), and 662 

the number of cycles required to reach 1.5%, 2.5%, 5%  and 7.5% double amplitude shear strain 663 

(Ncyc − 1.5%, Ncyc − 2.5%, Ncyc − 5%, %, Ncyc − 7.5%). Figure 22 presents an example of test 664 

results in terms of stress-strain response and stress path for a constant volume cyclic direct simple 665 

shear test conducted at Dr,ac = 66.43%,  σ′v = 70 kPa,   α = 0, and CSR = 0.25. 666 

Test No. 𝛒𝐝 (𝐤𝐠/𝐦𝟑) 𝐞𝐚𝐜 𝐃𝐫,𝐚𝐜 (%) 𝐂𝐒𝐑 
𝑵𝒄𝒚𝒄 

−𝟏. 𝟓% 

𝑵𝒄𝒚𝒄
− 𝟐. 𝟓% 

𝑵𝒄𝒚𝒄
− 𝟓% 

𝑵𝒄𝒚𝒄
− 𝟕. 𝟓% 

1 1621 0.621 58.9 0.1 182 188 197 208 

2 1624 0.618 59.9 0.15 7 9 11.5 14 

3 1621 0.615 61.2 0.2 1 2 5 6.5 

4 1617 0.617 60.4 0.25 1 1 1.5 2.5 

5 1616 0.622 58.7 0.3 0.5 0.5 1 1.5 

Average 1620 0.619 59.8      

COV (%) 0.2 0.4 1.6      

Table 12: Summary of constant volume cyclic direct simple shear tests with  σ′v = 70 kPa  667 

and Dr,ac ≈ 60%. 668 
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 669 

Figure 22: An example of the stress-strain response and stress path of the constant volume CDSS tests 670 
used for validation of the ANN model using blind predictions. 671 

Figure 23 presents the CDSS test results against the ANN model blind predictions presented in 672 

scatter plots of the cyclic stress ratio variation with the number of cycles required to reach 7.5%, 673 

5%, and 2.5% shear strain, and the corresponding liquefaction strength curves (Figure 23 (a), 674 

Figure 23 (b), and Figure 23 (c), respectively). By considering the surface areas underneath 675 

experimental versus ANN-predicted liquefaction strength curves, the respective errors of the ANN 676 

predictions for 7.5%, 5% and 2.5% double amplitude shear strain were estimated at 0.51%, 1.33%, 677 

and 0.91%. It is also noted that the ANN predictions are considered conservative since the ANN 678 

model predicts smaller number of cycles to reach liquefaction under a given cyclic stress ratio.  679 

 680 

 681 

 682 
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 688 

 689 

 690 
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 702 

 703 

 704 

 705 

 706 

In order to verify whether the error of ANN predictions is related to variation of relative density 707 

around 60% in the five CDSS tests conducted (coefficient of variation of 1.6%), additional 708 

predictions of the ANN model were performed for a vertical effective stress of 70 kPa with relative 709 

densities of 59% and 61% in addition to the previous predictions with a relative density of 60% as 710 

shown in Figure 24. It is noted from Figure 24 that the ANN model is sensitive to the slight change 711 

in the soil relative density, but the small variation of the achieved relative densities in the 712 

experiments does not justify the observed error in ANN predictions relative to the experiments for 713 

the relative density of 60%.  714 

Figure 23: Liquefaction strength curves of experiments versus ANN blind predictions, 

𝑁𝑐𝑦𝑐 − 7.5% (a), 𝑁𝑐𝑦𝑐 − 5% (b), 𝑁𝑐𝑦𝑐 − 2.5% (c). 

(a) (b) 

(c) 
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 715 
Figure 24: Liquefaction strength curves of experiments versus ANN blind predictions, 716 

 𝐷𝑟,𝑎𝑐 = 59%, 60%, 61%. 717 

Overall, the ANN model predictions were sensitive to increased relative density, increased static 718 

shear stress ratio, and increased cyclic stress ratio during training, validation, and testing (Figures 719 

17-19). The number of cycles predicted by the ANN model increased with higher relative density 720 

and higher static initial shear stress ratio and decreased with higher cyclic stress ratio. During the 721 

validation of the model using blind predictions, the results have also shown sensitivity to change 722 

in cyclic stress ratio and relative density (Figure 24). The ANN predictions of cyclic strength were 723 

conservative as the model generally predicted a smaller number of cycles to reach 2.5%, 5%, or 724 

7.5% double amplitude shear strain compared to the experimental number of cycles (Figure 23). 725 

The error of the ANN model predictions relative to measurements of the number of cycles were 726 

relatively small by considering surface areas underneath the ANN-predicted versus experimental 727 

liquefaction strength curves (error less than 2% on the surface area). Therefore, it can be concluded 728 

that the ANN model has shown capability of reasonable predictions of the cyclic strength of 729 

Ottawa F65 sand as well as sensitivity to changes in vertical stress, soil density, static shear stress 730 

ratio, and cyclic stress ratio. 731 

4. Summary and concluding remarks  732 

This study investigated the stress-strain response and liquefaction strength of Ottawa F65 sand 733 

through multiple series of stress-controlled constant volume cyclic direct simple shear (CDSS) 734 

tests. Specimens were prepared at four target relative densities ranging from 55% to 75% using a 735 

dry pluviation procedure, anisotropically consolidated at vertical stresses of 40 kPa and 100 kPa, 736 

subjected to static initial shear stress ratios ranging from 0 to 0.4, and then subjected to cyclic 737 

shearing. The collected dataset of constant volume CDSS tests was used to train an Artificial 738 

Neural Networks model with the objective to predict the cyclic strength of Ottawa F65 sand for 739 

densities and loading conditions that are not available in the experimental dataset. Key finding of 740 

the study are as follows:  741 
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1) An approximately 19% increase in cyclic strength (CRR corresponding to 15 uniform 742 

cycles) was observed when the soil relative density was increased by 10%. 743 

2) The shear wave velocities measured before subjecting the soil specimens to cyclic loading 744 

showed an increasing trend with increased soil density. This confirms the increase of shear 745 

wave velocity and shear modulus with increased soil density. 746 

3) CDSS tests on specimens prepared at a target relative density of 66% and subjected to 747 

vertical consolidation stresses of 40 kPa and 100 kPa have demonstrated that cyclic 748 

strength of Ottawa F65 sand decreases with increased vertical stress for this relative 749 

density. The corresponding liquefaction strength curves showed a good agreement with the 750 

CDSS tests conducted by ElGhoraiby et al. [32] for similar relative density and vertical 751 

stresses, and smaller values of cyclic stress ratio.  752 

4) CDSS tests conducted by considering a static initial shear stress prior to cyclic shearing 753 

have demonstrated that cyclic strength increases with increased static initial shear stress 754 

for a target density of 66%. These experiments included tests subjected to a vertical 755 

consolidation stress of 40 kPa and then subjected to static initial shear stress ratios ranging 756 

from 0 to 0.375, and tests subjected to a vertical consolidation stress of 100 kPa and then 757 

subjected to static initial shear stress ratios ranging from 0 to 0.4. 758 

5) The empirical correction factor 𝐾𝛼 to account for the effect of static shear stress ratio on 759 

the liquefaction strength of sandy soils developed by Idriss and Boulanger [9] provided 760 

larger values compared to the ratio of the CRR values (𝐶𝑅𝑅𝛼/𝐶𝑅𝑅𝛼=0) obtained from the 761 

tests conducted in this study.  762 

6) The empirical correction factor 𝐾𝜎, proposed by Idriss and Boulanger [9] to account for the 763 

increase in cyclic strength due to the decrease in confining stress, provided a slightly lower 764 

value compared to the ratio of CRR values 𝐶𝑅𝑅40/𝐶𝑅𝑅100 obtained from the CDSS tests 765 

(𝐶𝑅𝑅40 and 𝐶𝑅𝑅100 respectively correspond to the CRR at 15 uniform cycles for tests 766 

conducted under vertical stresses of 40 kPa and 100 kPa). 767 

7) Surface plots were used to approximate the variation of cyclic strength (𝑁𝑐𝑦𝑐 − 7.5% for 768 

vertical stress of 40 kPa and 𝑁𝑐𝑦𝑐 − 5% for vertical stress of 100 kPa ) with static initial 769 

shear stress ratio 𝛼 and cyclic stress ratio 𝐶𝑆𝑅. The variation suggested that the increase of 770 

𝑁𝑐𝑦𝑐 with 𝛼 is more pronounced for low 𝐶𝑆𝑅 values, and the increase of 𝑁𝑐𝑦𝑐 with 771 

decreased 𝐶𝑆𝑅 is slightly more pronounced for higher values of 𝛼. 772 

8) A surface plot was used to approximate the variation of cyclic strength (𝑁𝑐𝑦𝑐 − 7.5%) 773 

with relative density 𝐷𝑟,𝑎𝑐 and cyclic stress ratio 𝐶𝑆𝑅. The variation suggested that the 774 

increase of 𝑁𝑐𝑦𝑐 with 𝐷𝑟,𝑎𝑐  is more pronounced for low 𝐶𝑆𝑅 values, and the increase of 775 

𝑁𝑐𝑦𝑐 with decreased 𝐶𝑆𝑅 is slightly more pronounced for higher values of 𝐷𝑟,𝑎𝑐. 776 

9) The Artificial Neural Networks (ANN) model trained on the collected dataset of constant 777 

volume CDSS tests has shown capability of reasonable predictions of cyclic strength 778 

Ottawa F65 sand as well as sensitivity to changes in vertical stress, soil density, static shear 779 

stress, and cyclic stress ratio. The ANN model can potentially be used in predicting cyclic 780 

strength of Ottawa F65 sand under new loading conditions and soil density that are not 781 

available in the experimental database. 782 
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