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We produce a mapping class group—invariant pressure metric on the space QF(S) of
quasiconformal deformations of a cofinite-area fuchsian group uniformizing S. Our
pressure metric arises from an analytic pressure form on QF(S) which is degenerate
only on pure bending vectors on the fuchsian locus. Our techniques also show that
the Hausdorff dimension of the limit set varies analytically.
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1 Introduction

We construct a pressure metric on the quasifuchsian space QF(.S) of quasiconformal
deformations, within PSL(2, C), of a fuchsian group I in PSL(2, R) whose quotient
H?/ T has finite area and is homeomorphic to the interior of a compact surface S. Our

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/agt.2023.23.3615
http://www.ams.org/mathscinet/search/mscdoc.html?code=57K32
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/
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pressure metric is a mapping class group—invariant path metric which is a Riemannian
metric on the complement of the submanifold of fuchsian representations. Our metric
and its construction generalize work of Bridgeman [9], in which H?2/ T is a closed
surface.

McMullen [30] initiated the study of pressure metrics, by constructing a pressure
metric on the Teichmiiller space of a closed surface. His pressure metric is one way
of formalizing Thurston’s notion of constructing a metric on Teichmiiller space as the
“Hessian of the length of a random geodesic” (see also Wolpert [48], Bonahon [4]
and Fathi and Flaminio [18]) and like Thurston’s metric it agrees with the classical
Weil-Petersson metric (up to scalar multiplication). Subsequently, Bridgeman [9]
constructed a pressure metric on quasifuchsian space, Bridgeman, Canary, Labourie
and Sambarino [10] constructed pressure metrics on deformation spaces of Anosov
representations, and Pollicott and Sharp [33] constructed pressure metrics on spaces of
metric graphs (see also Kao [21]). The main tool in the construction of these pressure
metrics is the thermodynamic formalism for topologically transitive Anosov flows with
compact support and their associated well-behaved finite Markov codings.

The major obstruction to extending the constructions of pressure metrics to deformation
spaces of geometrically finite (rather than convex cocompact) Kleinian groups and
related settings is that the support of the recurrent portion of the geodesic flow is
not compact and hence there is not a well-behaved finite Markov coding. Mauldin
and Urbariski [29] and Sarig [39] extended the thermodynamical formalism to the
setting of topologically mixing Markov shifts with countable alphabet and the BIP
property. In the case of finite-area hyperbolic surfaces, Stadlbauer [42] and Ledrappier
and Sarig [27] construct and study a topologically mixing countable Markov coding
with the BIP property for the recurrent portion of the geodesic flow of the surface. In
previous work, Kao [23] showed how to adapt the thermodynamic formalism in the
setting of the Stadlbauer-Ledrappier—Sarig coding to construct pressure metrics on
Teichmiiller spaces of punctured surfaces.

We adapt the techniques developed by Bridgeman [9] and Kao [23] into our setting to
construct a pressure metric which can again be naturally interpreted as the Hessian of
the (renormalized) length of a random geodesic.

Theorem 9.1 If S is a compact surface with nonempty boundary, the pressure form
P on QF(S) induces a Mod(.S)—invariant path metric, which is an analytic Riemannian
metric on the complement of the fuchsian locus.
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Moreover, if v € T,(QF(S)), then P (v, v) = 0 if and only if p is fuchsian and v is a
pure bending vector.

The control obtained from the thermodynamic formalism allows us to see that the
topological entropy of the geodesic flow of the quasifuchsian hyperbolic 3—manifold
varies analytically over QF(S). We recall that the topological entropy /(p) of p is
the exponential growth rate of the number of closed orbits of the geodesic flow of
N, = H?3/p(T") of length at most 7. More precisely, if

Rr(p) =1lyl€[T110 < Lp(y) =T},

where [I'] is the collection of conjugacy classes in I" and £, ()) is the translation length
of the action of p(y) on H?3, then the topological entropy is given by

#R1(p)
—

Sullivan [45] showed that the topological entropy and the Hausdorff dimension of

h(p) = i
()= fim,

the limit set agree for quasifuchsian groups. So we see that the Hausdorff dimension
of the limit set varies analytically over QF(S), generalizing a result of Ruelle [36]
for quasifuchsian deformation spaces of closed surfaces. Schapira and Tapie [40,
Theorem 6.2] previously established that the entropy is C! on QF(S) and computed
its derivative (as a special case of a much more general result).

Corollary 5.3 If S is a compact surface with nonempty boundary, then the Hausdorff
dimension of the limit set varies analytically over QF(S).

Concretely, the pressure form PP at a representation pg is the Hessian of the renormalized
pressure intersection J(pg, ) at pg. The pressure intersection of p, n € QF(S) is given

» 6)
. Y
I(p.n) = lim >
T R 14
—oo |R7(p)| [V]€Rr(p) p(¥)
and the renormalized pressure intersection is given by
h(n) .. 1 & ()
J(p.m) =-—1 :

= 1m .
R
hp) 1500 [R5 ()

The pressure intersection was first defined by Burger [12] for pairs of convex cocompact
fuchsian representations. Schapira and Tapie [40] defined an intersection function for
negatively curved manifolds with an entropy gap at infinity, by generalizing the geodesic
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stretch considered by Knieper [26] in the compact setting. Their definition applies in
a much more general framework, but agrees with our notion in this setting; see [40,
Proposition 2.17].

Let (X1, o) be the Stadlbauer—Ledrappier—Sarig coding of a fuchsian group I" giving a
finite-area uniformization of S. If p € QF(S), we construct a roof function 7,: ¥ — R
whose periods are translation lengths of elements of p(I'). The key technical work
in the paper is a careful analysis of these roof functions. In particular, we show that
they vary analytically over QF(S); see Proposition 3.1. If P is the Gurevich pressure
function (on the space of all well-behaved roof functions), then the topological entropy
h(p) of p is the unique solution of P(—1,) = 0. Our actual working definition of
the intersection function will be expressed in terms of equilibrium states on X for
the functions —/(p)t,, but we will show in Theorem 10.3 that this thermodynamical
definition agrees with the more geometric definition given above.

Following Burger [12], if p, n € QF(S), we define the Manhattan curve
C(p,n)={(a,b)|a,b>0,a+b>0and P(—at,—bt,) = 0}.
The following result generalizes work of Burger [12] and Kao [22]:

Theorem (Theorems 6.1 and 10.3) If S is a compact surface with nonempty bound-
ary and p, n € QF(S), then C(p, n)

(1) is a closed subsegment of an analytic curve,

(2) has endpoints (h(p),0) and (0, h(n)), and

(3) is strictly convex, unless p and 7 are conjugate in Isom(H?).

Moreover, the tangent line to C(p, ) at (h(p), 0) has slope —1(p, n).

We use Theorem 6.1 in our proof of a rigidity result for the renormalized pressure
intersection (see Corollary 7.2) and in our proof that pressure intersection is analytic
on QF(S) x QF(S) (see Proposition 7.1). We also use it to obtain a rigidity theorem
for weighted entropy in the spirit of the Bishop—Steger rigidity theorem for fuchsian
groups; see [3]. If a, b > 0 and p, n € QF(S), we define the weighted entropy

.1
h*?(p, m) = lim 71 €lT0 <al(p(y) +bL(y)) =T}
Corollary 6.3 If S is a compact surface with nonempty boundary, p,n € QF(S) and

a,b >0, then h(p)h(n)

Wb (p,m) < o
bh(p) +ah(n)
with equality if and only if p = 1.
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Other viewpoints If p € QF(S), then N, = H?/p(T") is a geometrically finite hy-
perbolic 3—manifold. As such, its dynamics may be analyzed using techniques from
dynamics which do not rely on symbolic dynamics. For example, it naturally fits into
the frameworks for geometrically finite, negatively curved manifolds developed by
Dal’bo, Otal and Peigné [14], negatively curved Riemannian manifolds with bounded
geometry as studied by Paulin, Pollicott and Schapira [32], and negatively curved
manifolds with an entropy gap at infinity as studied by Schapira and Tapie [40]. In
particular, the existence of equilibrium states and their continuous variation in our
setting also follows from the work of Schapira and Tapie [40].

Since all the geodesic flows of manifolds in QF(S) are Holder orbit equivalent, one
should be able to think of them all as arising from an analytically varying family
of Holder potential functions on the geodesic flow of a fixed hyperbolic 3—manifold.
However, for the construction of the pressure metric it will be necessary to know that
the pressure function is at least twice differentiable. Results of this form do not yet
seem to be available without symbolic dynamics. We have therefore chosen to develop
the theory entirely from the viewpoint of the coding throughout the paper.

Iommi, Riquelme and Velozo [20] have previously used the Dal’bo—Peigné coding [16]
to study negatively curved manifolds of extended Schottky type. These manifolds
include the hyperbolic 3—manifolds associated to all quasiconformal deformations of
finitely generated fuchsian groups whose quotients have infinite area. In particular,
they perform a phase transition analysis and show the existence and uniqueness of
equilibrium states in their setting. The symbolic approach to phase transition analysis
can be traced back to lommi and Jordan [19]. Riquelme and Velozo [34] work in a
more general setting which includes quasifuchsian groups with parabolics, but without
a coding, and obtain a phase transition analysis for the pressure function as well as the
existence of equilibrium measures.
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2 Background

2.1 Quasifuchsian space

Let S be a compact orientable surface with nonempty boundary and suppose that
I' C PSL(2,R) is a discrete torsion-free group such that H?/ T is a finite-area hy-
perbolic surface homeomorphic to the interior of S. We say that p: ' — PSL(2 C)
is quasifuchsian if there exists a quasiconformal homeomorphism ¢ : C — C such
that p(y) = ¢y¢~! for all y € T'. Equivalently, p is quasifuchsian if and only if
there is an orientation-preserving bilipschitz homeomorphism from N, = H3/p(T) to
N = H3/T in the homotopy class determined by p (see Douady and Earle [17]). Let
QC(I") € Hom(I", PSL(2, C)) denote the space of all quasifuchsian representations.
We recall — see Maskit [28, Theorem 2] —that p: I' — PSL(2, C) is quasifuchsian if
and only if p is discrete and faithful, p(dS) is parabolic and p(I") preserves a Jordan
curve in C.

The quasifuchsian space is given by
QF(S) = QC(I')/PSL(2,C) C X(S) = Hom(I', PSL(2, C))/PSL(2, C),

where Homy, (I, PSL(2, C)) is the space of type-preserving representations of I" into
PSL(2, C) (ie representations taking parabolic elements of I" to parabolic elements of
PSL(2, C)). We call X(S) the relative character variety and it has the structure of a
projective variety. The space QF(S) is a smooth open subset of X (S), so is naturally
a complex analytic manifold. (See Kapovich [24, Section 4.3] for details.) Bers [2]
showed that QF(S') admits a natural identification with 7(S) x T(.S), where T(S) is
the Teichmiiller space of S.

If p € QC(I") and ¢ is a quasiconformal map such that p(y) = ¢py¢~! forall y € T,
then ¢ restricts to a p—equivariant map £,: A(I') — A(p(I')), where A(p(I")) is the
limit set of p(I"), ie the smallest closed p(I")—invariant subset of C. Notice that, since
€, is p—equivariant, it must take the attracting fixed point '+ of a hyperbolic element
y € I to the attracting fixed point p(y)™ of p(y). Since attracting fixed points of
hyperbolic elements are dense in A(I"), £, depends only on p (and not on the choice
of quasiconformally conjugating map ¢). We now record well-known fundamental
properties of this limit map.

Lemma 2.1 If p € QC(T"), then there exists a p—equivariant bi-Holder continuous map

ot A(T) = A(p(T)).
Moreover, if x € A(T"), then §,(x) varies complex analytically over QC(I").
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Proof Since each &, is the restriction of a quasiconformal map ¢: C — C and
quasiconformal maps are bi-Holder (see [1, Theorem 10.3.2]), &, is also bi-Holder.

Suppose that {p;},ea is a complex analytic family of representations in QC(I")
parametrized by the unit disk A. Sullivan [46, Theorem 1] showed that there is a
continuous map F: A(T) x A — C such that, if z € A, then F(-,z) = §,,, and, if
x € A(T), then F(x,-) varies holomorphically in z. Hartogs’ theorem then implies
that £, (x) varies complex analytically over all of QC(I"). |

2.2 Countable Markov shifts

A two-sided countable Markov shift with countable alphabet .4 and transition matrix
T € {0, 1}**A is the set

Y ={x=(x;) € A% | ty;x;,, = | foralli € Z}

equipped with a shift map o: ¥ — ¥ which takes (x;);ecz to (x;+1);ez. Notice that
the shift simply moves the letter in place 7 into place i — 1, ie it shifts every letter one
place to the left.

Associated to any two-sided countable Markov shift 3 is the one-sided countable
Markov shift

7t ={x=(x;) e AN | tx;x;4, = 1 foralli € N}

equipped with a shift map o: T — X1 which takes (x;);en to (X;11)ien. In this
case, the shift deletes the letter x; and moves every other letter one place to the left.
There is a natural projection map p*: X — X1 given by p*(x) = xT = (x;)ien.
which simply forgets all the terms to the left of x;. Notice that pT oo =00 pT. We
will work entirely with one-sided shifts, except in the final section.

One says that (X1, o) is topologically mixing if, for all a,b € A, there exists N =
N (a, b) such that, if n > N, then there exists x € X such that x; =« and x,, = b. The
shift (X, o) has the big images and preimages property (BIP) if there exists a finite
subset B C A such that, if a € A, then there exists bg, by € Bsuch that 1 , =1 =1,4,.

Given a one-sided countable Markov shift (X7, ¢) and a function g: 7 — R, let

Vu(g) = sup{|g(x)—g(»)|:x,yeXt, x; = y; forall 1 <i <n}

Algebraic € Geometric Topology, Volume 23 (2023)
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be the n™ variation of g. We say that g is locally Holder continuous if there exists

C > 0and 0 € (0, 1) such that
Vu(g) = CO"

for all n € N. We say that two locally Holder continuous functions f: 7 — R and
g: T — R are cohomologous if there exists a locally Holder continuous function
h: 2T — R such that

f—g=h—hoo.
Sarig [37] considers the associated Gurevich pressure of a locally Holder continuous
function g: ¥t — R, given by

. l Sng(x)
P(g)= lim - log > e
x€Fix"
X1=a
for some (any) a € A where

n
Su(@)(x) =Y g(c'(x))
i=1
is the ergodic sum and Fix" = {x € ©7 | 0" (x) = x}. The pressure of a locally Holder
continuous function f need not be finite, but Mauldin and Urbanski [29] provide the
following characterization of when P( f) is finite:

Theorem 2.2 (Mauldin and Urbarski [29, Theorem 2.1.9]) Suppose that (X, o) is
a one-sided countable Markov shift which has BIP and is topologically mixing. If f is
locally Holder continuous, then P( f) is finite if and only if

Zl(f) e Z esup{f(x):xlza} < +OO
acA

A Borel probability measure 7 on 71 is said to be a Gibbs state for a locally Holder
continuous function g: T — R if there exists a constant B > 1 and C € R such that

m(lay,...,a
% = E[Snlg(X)—ng ! =B
for all x € [ay,...,a,]}, where [ay,...,ay] is the cylinder consisting of all x € &
such that x; = a; for all 1 <7 <n. Sarig [39, Theorem 4.9] shows that a locally Holder
continuous function f on a topologically mixing one-sided countable Markov shift
with BIP such that P(f') is finite admits a Gibbs state r. Mauldin and Urbanski [29,
Theorem 2.2.4] show that, if a locally Holder continuous function f* on a topologically
mixing one-sided countable Markov shift with BIP admits a Gibbs state, then f* admits

a unique shift-invariant Gibbs state. We summarize their work in the statement below:
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Theorem 2.3 [29, Theorem 2.2.4; 39, Theorem 4.9] Suppose that (Z"',o) is a
one-sided countable Markov shift which has BIP and is topologically mixing. If f is
locally Holder continuous and P( ') is finite, then f admits a unique shift-invariant
Gibbs state Lf.

The transfer operator is a central tool in the thermodynamic formalism. Recall that the
transfer operator Ly : C b(z+) > Cb(=7) of a locally H6lder continuous function f
over XV is defined by

Lr(g)(x) = Z ef(y)g(y) forall xe =T,

yeo~1(x)

If (1, 0) is topologically mixing and has the BIP property, v is a Borel probability
measure for X1 and (£ )W) = Py (where (£ £)* is the dual of transfer operator),
then v is a Gibbs state for f; see Mauldin and Urbanski [29, Theorem 2.3.3].

A o—invariant Borel probability measure m on XV is said to be an equilibrium measure
for a locally Holder continuous function g: £ — R if

P(&)=ho(m)+ [ gdm.

where /,;(m) is the measure-theoretic entropy of o with respect to the measure 1.
Mauldin and Urbaiiski [29] give a criterion guaranteeing the existence of a unique
equilibrium state:

Theorem 2.4 [29, Theorem 2.2.9] Suppose that (X7, o) is a one-sided countable
Markov shift which has BIP and is topologically mixing. If f is locally Holder
continuous, vy is a shift-invariant Gibbs state for f and — [ f dvy < 400, then vy is
the unique equilibrium measure for f.

We say that {g,: ©7 — Rl,ens is a real analytic family if M is a real analytic
manifold and, for all x € ¥F, u — g,(x) is a real analytic function on M. Mauldin
and Urbariski [29, Theorem 2.6.12 and Propositions 2.6.13 and 2.6.14] —see also
Sarig [38, Corollary 4; 39, Theorems 5.10 and 5.13] — prove real analyticity properties
of the pressure function and evaluate its derivatives. We summarize their results in
Theorem 2.5. Here the variance of a locally Holder continuous function f: 1 — R
with respect to a probability measure 7 on X1 is given by

Var(f,m)=nli>n;o%/E+Sn((f—/E+fdm)2)dm.
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Theorem 2.5 (Mauldin-Urbanski, Sarig) Suppose that (X1, o) is a one-sided count-
able Markov shift which has BIP and is topologically mixing. If {g,: 7 — Rluem
is a real analytic family of locally Holder continuous functions such that P(g,) < oo
for all u, thenu — P(g,) is real analytic.

Moreover, if v € Ty, M and there exists a neighborhood U of uq in M such that
—[s+ gudmyg, < oo if u €U, then

DuP(gw) = [_, Do(gu(x)) dmg,,
and
DﬁP(gu)=Var(Dvgu,mgu0)+/E+D5gu dmg,.

where mg, = is the unique equilibrium state for gy,

2.3 The Stadlbauer-Ledrappier-Sarig coding

Stadlbauer [42] and Ledrappier and Sarig [27] describe a one-sided countable Markov
shift (X1, o) with alphabet .A which encodes the recurrent portion of the geodesic
flow on T'!(H?/T'). In this section, we will sketch the construction of this coding and
recall its crucial properties.

They begin with the classical coding of a free group, as described by Bowen and
Series [7]. One begins with a fundamental domain Dy for a free convex cocompact
fuchsian group I', containing the origin in the Poincaré disk model, all of whose
vertices lie in JH?, such that the set S of face pairings of Dy is a minimal symmetric
generating set for I'. One then labels any translate y(Dg) by the group element y.
Any geodesic ray r, beginning at the origin and ending at z € A(I") passes through an
infinite sequence of translates, so we get a sequence ¢(z) = (Vi )ren. One may then
turn this into an infinite sequence in S by considering b(z) = (yx Vk__ll)keN (where
we adopt the convention that yy = id.) If I" is convex cocompact, this produces a
well-behaved one-sided Markov shift (Z;S, o) with finite alphabet S. The obvious map
w: E;s — A(I") which takes b(z) to z is Holder and (E;S, o) encodes the recurrent
portion of the geodesic flow of H?/T.

If one attempts to implement this procedure when I'" is not convex cocompact, then
one must omit all geodesic rays which end at a parabolic fixed point and there is no
natural way to do this from a coding perspective. Moreover, if one simply restricts w to
the allowable words then w will not be Holder in this case. (To see that w will not be
Holder, choose x, y € E]J{S so that x; = y; =« for all 1 <i <n, where « is a parabolic
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n

face pairing, and x,+1 # yn+1; then dy+ (x, y) = ™", while dypp2 (0(x), w(y)) is
BS

comparable to 1/n2.)

Roughly, the Stadlbauer-Ledrappier-Sarig coding begins with ¢(z) = (¥4 ) and clumps
together all terms in b(z) = (v )/k__ll) which lie in a subword which is a high power of
a parabolic element. One must then append to our alphabet all powers of minimal word
length parabolic elements and disallow infinite words beginning or ending in infinitely
repeating parabolic elements. When I" is geometrically finite, but not of cofinite area,
Dal’bo and Peigné [16] implemented this process to powerful effect for geometrically
finite fuchsian groups with infinite-area quotients. However, when I' has cofinite area,
the actual description is more intricate. The states Stadlbauer, Ledrappier and Sarig
use record a finite amount of information about both the past and the future of the
trajectory.

Let C be the collection of all freely reduced words in S which have minimal word length
in their conjugacy class and generate a maximal parabolic subgroup of I". Notice that
the minimal word length representative of a conjugacy class of « is unique up to cyclic
permutation. (One may in fact choose Dg so that all but one pair of parabolic elements
of C is conjugate to a face pairing.) Since there are only finitely many conjugacy classes
of maximal parabolic subgroups of I', C is finite. They then choose a sufficiently large
even number 2N so that the length of every element of C divides 2N and let C* be
the collection of powers of elements of C of length exactly 2/N. (One may assume that
two elements of C* share a subword of length at least 2 if and only if they are cyclic
permutations of one another.)

Let A; be the set of all strings (bg, b1, ..., brx) in S such that bob; - - - by is freely
reduced in S and such that neither b1by - - bopy nor bobq ---bypy—1 lies in C*. Let A,
be the set of all freely reduced strings of the form (b, w*, wy,...,wx_;,c), where
w=wi--wyy €EC*,beS—{wrn}, 1 <k <2N,s>1andceS—{wy}

Let A = A; U A, and define functions
rrA—-N and G: A—->T

by letting r(a) = 1 if a € A; and r(b, w*, wy,...,wg_1,c) = s + 1 otherwise. If
a = (by,b1,...,boN) € Ay, then G(a) = by. If a = (b, ws, wy -+~ wg_q, ¢), then let
G(a) = w¥ 'wy ---wy ;. Notice that, by construction, if n € N, then

#(r~' (n)) <#(C*)(#HS)*)(2N).
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So, r~!(n) is always nonempty and there exists D such that » ~!(n) has size at most D
for all n € N, ie there are at most D states associated to each positive integer.

Given a geodesic ray r, beginning at the origin and ending at a point z in the set A, (I")
of points in the limit set which are not parabolic fixed points, let ¢(z) = (V¢ )ren be the
sequence of elements of I" which record the translates of Dy through which r, passes.
Let b(z) = (br(2)) = (& )/k__ll) e SN. We then associate to 7 a finite collection of
infinite words in SN0}, by allowing bg to be any element of S such that boby ---byn
does not lie in C*.

Suppose we have a word (bg)xeNufoy arising from the previous construction. If
(bo,b1,...,boN) € Ay, then let x; = (bg, b1, ...,byn) and shift (b;) rightward by 1
to compute x,. If not, let x; be the unique substring of byby - - - by - -- which begins
at by and is an element of A,. Then x; = (bg, w*, wy --- Wi _1, by) for some w € C*,
s € N and v=2Ns+k — 1. In this case, we shift (b;) rightward by 2N(s—1)+k + 1
to compute x;. One then simply proceeds iteratively. By construction, if x; € Aj;, then
Xj4+1 must lie in Aj.

Examples If I' uniformizes a once-punctured torus, then S = {a,a™ !, B, 71} isa
minimal symmetric generating set for I' and

C={apa”' 7" Ba7 T w07 BT B, B e BapT T apT e B,
,B_lcx_lﬂa,a_lﬂcxﬂ_l}.

If T uniformizes a four times—punctured sphere, then one may choose Dg so that

S={a,a B, 87, y.y7 !} and

C={a.a .7y aBy ByayaB y T B e BT ey Ty T

The following proposition encodes crucial properties of the coding:

Proposition 2.6 (Ledrappier and Sarig [27, Lemma 2.1] and Stadlbauer [42]) Suppose
that H?/ T is a finite-area hyperbolic surface, then (X1, o) is topologically mixing,
has the big images and preimages property (BIP), and there exists a locally Holder
continuous finite-to-one map

w: 2T = A)

such that w(x) = lim(G(xy) --- G(x,))(0) and w(x) = G(x1)w(o(x)). Moreover, if
y is a hyperbolic element of T, then there exists x € Fix" for some n € N, unique up
to cyclic permutation, such that y is conjugate to G(x1) --- G(xp).
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Notice that every element of A can be preceded and succeeded by some element of A,
so (21, 0) clearly has BIP. The topological mixing property is similarly easy to see
directly from the definition, so the main claim of this proposition is that w is locally
Holder continuous.

Another crucial property of the coding is that the translates of the origin associated to
the Stadlbauer-Ledrappier—Sarig coding approach points in the limit set conically (see
property (1) on page 15 in Ledrappier and Sarig [27]).

Lemma 2.7 (Ledrappier and Sarig [27, property (1) on page 15]) Given y € H?,
there exists L > 0 such that, if x € X1 and n € N, then

d(G(x1)G(x2) - G(x)(0), yo(x)) < L.

Since the proof of Lemma 2.7 appears in the middle of a rather technical discussion
in [27], we will sketch a proof in our language. Choose a compact subset K of H? /T
so that its complement is a collection of cusp regions bounded by curves which are
images of horocycles in H?. Without loss of generality we may assume that y is
the origin in the Poincaré disk model for H?2. Notice that, if the portion of lm))
between y5(Dg) and ys4:(Dyg) lies entirely in the complement of the preimage of K,
and ¢ > s, then yy4,y; ! is a subword of a power of an element in C. Let K be the
intersection of the preimage of K with Dg. Notice that we may assume that y € K
(by perhaps enlarging K). Suppose the last 2N + 1 letters of x, are b, --- b, 12N,
then 660—(;) intersects one of y,(K), ..., ¥r+2n(K) (since otherwise by - -+ b, 42 n—1
or by ++-b,yan+1 would lie in C*, which is disallowed). But then

d(G(x1) -+ G(xn)(»). yo(x)) < R +diam(K),
where
R=max{d(y,(s1---5p)(») |si €S, pe{l.....2N}}.

3 Roof functions for quasifuchsian groups

If p € QC(I"), we define a roof function t,: YT — R by setting

p(X) = Bg, (w(x)) (bo. (G (x1))(bo)),

where by = (0,0, 1) and B;(x, y) is the Busemann function based at z € 9H?> which
measures the signed distance between the horoballs based at z through x and y. In the
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Poincaré upper half-space model, we write the Busemann function explicitly as
|p—zI*h(p)

lg —z|2h(q)”

where z € C C 0H?, p,q € H? and h(p) is the Euclidean height of p above the
complex plane, and Boo (p.q) =h(p)/h(q).

B.(p.q) = log

It follows from the cocycle property of the Busemann function that

m—1
SmTp(x) = Z 75(0" (%)) = Bg, (w(x)) (P0. (G (x1) - - G(xm)) (bo)).
i=0
In particular, if x = (xq,...,X;m) € >7, then

SmTp(x) = £p(G(x1) - G(xm)).

We say that the roof function 7, is eventually positive if there exists C >0 and N € N
such that, if n > N and x € %, then S, 7,(x) > C.

The following lemma records crucial properties of our roof functions. It generalizes
similar results of Ledrappier and Sarig [27, Lemmas 2.2 and 3.1] in the fuchsian setting.

Proposition 3.1 The family {t,},eqc(r) of roof functions is a real analytic family of
locally Hélder continuous, eventually positive functions.

Moreover, if p € QC(I), then there exists C,, > 0 and R, > 0 such that

2logr(xy) —Cp < 1p(x) <2logr(x;) +C,
and
|Sntp(x) —d(bo, G(x1) - +- G(xn)(bo))| = R

forall x e ¥t and n € N.

Proof Since £,(¢g) varies complex analytically in p for all ¢ € A(I"), by Lemma 2.1,
and B;(by, y) is real analytic in z € C and y € H3, we see that 7,(x) varies analytically
over QC(T") forall x € &7,

Recall —see Douady and Earle [17] —that there exists K = K(p) > | and a p-
equivariant K-bilipschitz map ¢: H? — H? such that ¢(yo) = by, where yj is the
origin in the disk model for H?2. Therefore, if L is the constant from Lemma 2.7
and x € 7T, then p(G(x1)---G(x,))(bo) lies within KL of the K—bilipschitz ray
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¢ (yow(x)). The fellow-traveler property for H? implies that there exists R = R(K) >0
such that any K-bilipschitz geodesic ray lies a Hausdorff distance at most R from the
geodesic ray with the same endpoints. Therefore, if M = KL + R, then, for all n € N,

d(p(G(x1) -+ G(xn))(bo). bokp(w(x))) < M.

We next obtain our claimed bounds on the roof function. If x € X1, then

7o (x)| < d(p(G(x1)) (o). bo),

so, if a € A, there exists C, such that, if x; = a, then |7,(x)| < C,. Since our alphabet
is infinite, our work is not done.

If w € C*, we may normalize so that p(w)(z) = z + 1 and by = (0,0, by) in the
upper half-space model for H?. If z € C C 9H? and r > 0, we let B(z, r) denote the
Euclidean ball of radius » about z in C. Since g, has length at most 2N + 1 in the
alphabet S, we may define

cw = max{|p(gq)(bo)| : G(a) = w’g, for some a € Ay},

where |p(g4)(bo)| is the Euclidean distance from p(g,)(bg) to 0 = (0, 0, 0). Suppose
that x € %, r(x;) > 2 and G(x) = w’g,, where s = r(a) — 2. By definition,
p(ga)(bo) € B(0, cw), so

p(w*ga)(bo) = p(w*)(p(ga)(bo)) € p(w*)(B(0,cw)) = B(s. cw).

Let S = max{eMcy, : w € C*}. If s > S, then by does not lie in B(s, eMcy,), but
bo&p(w(x)) passes through B(s, eM ¢,,), which implies that Ep(w(x)) € B(s, eMey).
It then follows from our formula for the Busemann function that

1bo — & (@ (x))2h(p(w? g4) (bo))

|p(w? ga) (bo) — &p (e (x))|2h(bo)

<log (b% + (s + eMcy)?)h(p(ga) (bo)) ~ log b + (s +eMey)?
B h(p(ga)(b0))?bu h(p(ga)(bo))bu

7p(x) = log

Similarly,

(by + (s —eTcw)»)h(p(ga) (o))

(7(p(ga) (b0))? + e2McZ)) by
Since there are only finitely many choices of gg, it is easy to see that there exists Cy,
such that

Tp(x) > log

2logr(x1) — Cy < 1p(x) <2logr(x;) + Cy
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whenever x € =1, r(x;) > S +2 and G(x;) = w®g,. Since there are only finitely
many w in C* and only finitely many words a with r(a) < S + 2, we see that there
exists Cp such that

2logr(xy) —Cp = 1p(x) <2logr(x;)+Cp
forall x e 7.

We next show that 7, is locally Holder continuous. Since w is locally Holder continuous,
there exists A and o > 0 such that, if x, y € >t and x; = y; for 1 <i <n, then

d(w(x),w(y)) < Ae™*".

Since &, is Holder, there exists C and B > 0 such that d(§,(z),&,(w)) < Cd(z, w)P
for all z, w € A(T"), so

d (Ep(@(x)), Ep(@(p))) < CAPePn,
If a € A, then let

0z )z=zo

Dy = sup{ B:(bo. p(G(@) (b)) | : 20 = £p(@(x)) and x| = }

SO
sup{|tpo(x) — T, (¥)| 1 x, y €[a, X2, ..., xp]} < D CAPe—Pn.

However, the best general estimate one can have on D, is O(r(a)), so we will have to
dig a little deeper.

We again work in the upper half-space model, and assume that r(a) > S 4 2 and
G(a) = w’g,, where s = r(a) — 2 and normalize as before so that p(w)(z) = z + 1.
We then map the limit set into the boundary of the upper half-space model by setting
§,, = T o§p, where T is a conformal automorphism which takes the Poincaré ball
model to the upper half-space model and takes the fixed point of p(w) to co. Notice
that 7" is Ky—bilipschitz on 771 (B(0,eM¢y,)). Therefore, if x, y € [a, X2, ..., Xn),
then

1E0(x) =&, (1) = [Ep(w™* (x) —Ep(w ™ (x))| < Ky CAPe™*P=D),
Moreover, there exists Dy, such that

0

a2 |._, Bz(bo. p(G(@) (b)) | < D

z=z

if zo € p(w)*(B(0,eMcy)), so
sup{|tpo(x) — T, (¥)| : x, y €a, X2, ..., xp]} < Ky Dy CAPe™@B=1),
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Since there are only finitely many @ where » (a) < .S + 2 and only finitely many choices
of w, our bounds are uniform over A and so 7, is locally Holder continuous.

It remains to check that 7, is eventually positive. Since

d(p(yn)(bo). boEp(w(x))) < M
for all n € N, we see that
|Sntp(x) —d(bo, G(x1) -+ G(xn)(bo))| <2M = Rp.

Since the set
B={y el [d(p(y)(bo),bo) <2R,}

is finite, there exists N such that, if y has word length at least N (in the generators,
given S), then y does not lie in B. Therefore, if n > N and x € =%, then Sntp(x) >
R, > 0. Thus, 7, is eventually positive. O

It is a standard feature of the thermodynamic formalism that one may replace an
eventually positive roof function by a roof function which is strictly positive and
cohomologous to the original roof function. (For a statement and proof which includes
the current situation, see [8, Lemma 3.3].)

Corollary 3.2 If p € QC(I"), there exists a locally Holder continuous function T, and
¢ > 0 such that T,(x) > ¢ forall x € £ and 7, is cohomologous to t,.

4 Phase transition analysis

We begin by extending Kao’s phase transition analysis — see Kao [23, Theorem 4.1] —
which characterizes which linear combinations of a pair of roof functions have finite
pressure. The primary use of this analysis will be in the case of a single roof function,
ie when a = 1 and b = 0. However, we will use the full force of this result in the proof
of our Manhattan curve theorem; see Theorem 6.1.

Theorem 4.1 If p,n e QC(I'),t € R and a + b > 0, then P(—t(at, + bty)) is finite
if and only if t > 1/2(a + b). Moreover, P(—t(at, + bty)) is monotone decreasing
and analytic int on (1/2(a + b), 00), and

lim P(—t(atp + bty)) = +o00.
t—1/2(a+b)T

If, in addition, a, b > 0, then

tli)rgo P(—t(at, + bty)) = —00.
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Riquelme and Velozo [34, Theorem 1.4] previously established results closely related to
Theorem 4.1 in the more general setting of negatively curved manifolds with bounded
geometry.

Proof Recall from Theorem 2.2 that, since —#(at, +b1y) is locally Holder continuous
and (X1, 0) is a one-sided, topologically mixing countable Markov shift with BIP,
P(—t(aty,+ bty)) is finite if and only if Z;(—1(at, +bty)) < +o00. Since there exists
D € N such that #7~1(n) < D for all n € N, Proposition 3.1 implies that

o0
Zy(~t(aty +bry)) < D Y e @D @Iogn-max(Co.Co),
n=1
so P(—t(atp+ bty)) < +ooif £ > 1/2(a + b). Similarly, since r~!(n) is nonempty
if n > 1, we see that

oo
Zl(—t(arp +bfn)) > Z e—t(a—i—b)(zlogn-i—max{Cp,Cn})’

n=1
so P(—t(atp, + bty)) = +ooift <1/2(a+b) and

lim Zi(—t(aty +bty)) = +o00.
t—>1/2(a+b)*

It follows from the definition that P(—t(at, + bty)) is monotone decreasing in ¢ and
Theorem 2.5 implies that it is analytic in ¢ on (1/2(a 4+ b), 00). In the proof of [29,
Theorem 2.1.9], Mauldin and Urbariski show that, given a locally Holder continuous
function f on a one-sided countable Markov shift which is topologically mixing and
has property BIP, there exist constants g, s, M, m > 0 such that, for any n € N,

n+s(n—1) e~ M+(M—m)n
Z Zi(f)= qn—_lZl(f)n,

i=n
where, if E" is the set of allowable words of length # in A, then
Zn(f) — Z esup{Snf(x)Ix,-zw,- for all 1<i<n} and lim l log Zn(f) — P(f)
weEn "
It follows that, for all n, there exists 4 > 0 and 7 € [n,n + s(n — 1)] such that
Zi=>A"Z (), s0 P(f)=>(1/(1+5))Z1(f)—1log A. Therefore,

lim P(—t(atp + bty)) = +o00.
t—1/2(a+b)T
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If a,b > 0 and x € Fix", then Sy (at, + b1y)(x) > 0, so, if # > 1, then

S eSntan, thn)) < 1 3 eSnan—bu))
Tt

X €Fix" x €Fix"

X1=a X1=a

since ¢! <(1/t)cif 0 <c¢ <1 andt > 1. Therefore,
P(—t(at, + bty)) < P(—at, —bty) —logt,

so lim; o0 P(—t(at, + bty)) = —00. ad

S Entropy and Hausdorff dimension

Theorem 4.1 implies that, if p € QC(T"), then there is a unique solution /(p) > % to
P(—=h(p)tp) = 0. This unique solution /(p) is the topological entropy of p; see the
discussion in Kao [23, Section 5]. Theorem 2.5 and the implicit function theorem then
imply that /1(p) varies analytically over QC(I"), generalizing a result of Ruelle [36]
in the convex cocompact case. Since the entropy /(p) is invariant under conjugation,
we obtain analyticity of entropy over QF(S). We recall that Schapira and Tapie
[40, Theorem 6.2] previously established that the entropy is C! on QF(S).

Theorem 5.1 If S is a compact hyperbolic surface with nonempty boundary, then the
topological entropy varies analytically over QF(S).

Sullivan [45] showed that the topological entropy /(p) agrees with the Hausdorff
dimension of the limit set A(p(I")).

Theorem 5.2 (Sullivan [45; 47]) If p € QC(T"), then its topological entropy h(p) is
the exponential growth rate of the number of closed geodesics of length less than T in
N, = H?3 /p(T"). Moreover, h(p) is the Hausdorff dimension of the limit set A (p(T")).

Theorems 5.1 and 5.2 together imply that the Hausdorff dimension of the limit set
varies analytically.

Corollary 5.3 The Hausdortf dimension of A(p(I")) varies analytically over QC(T").

Remarks (1) Sullivan [47] also showed that &(p) is the critical exponent of the

0,(s) = Z o34 (bo.p(¥)(bo))
yel

Poincaré series

ie Q,(s) diverges if s < h(p) and converges if s > h(p).
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(2) Bowen [6] showed that, if p € QF(S) and S is a closed surface, then /2 (p) > 1,
with equality if and only if p is fuchsian. Sullivan [44, page 66] — see also
Xie [49] — observed that Bowen'’s rigidity result extends to the case when H?2/ T’
has finite area.

6 Manhattan curves

If p, n € QC(T"), we define, following Burger [12], the Manhattan curve
C(p.n) ={(a.b) € D| P(~az,—br,) = 0},

where D = {(a,b) € R? |a,b >0 and (a, b) # (0, 0)}. Notice that, since the Gurevich
pressure is defined in terms of lengths of closed geodesics, if p is conjugate (or complex
conjugate) to p and 7 is conjugate (or complex conjugate) to n, then C(p, n) = C(p, 7).

One may give an alternative characterization by noticing that P(—ab, —bty) = 0 if
and only if
.1
" (p.n) = lim - log #{[y] € [[] 0 < alp(y) + bly(y) < T} = 1.
where [I'] is the collection of conjugacy classes in I'. Moreover, h%?(p, ) is also the
critical exponent of

0%h()=3Y" o—5(ad 0.p(¥)(0)+bd(0,n(y)(0)))
yel
(see Kao [22, Theorem 4.8, Remark 4.9 and Lemma 4.10]).

Theorem 6.1 If p,n € QC(T"), then C(p, n)

(1) is a closed subsegment of an analytic curve,
(2) has endpoints (h(p),0) and (0, h(n)), and

(3) is strictly convex, unless p and n are conjugate in Isom(H?).
Moreover, the tangent line to C(p, ) at (h(p), 0) has slope

S mdm_ps,
f Tp dm—h(p)fp
Burger [12] established Theorem 6.1 for convex cocompact fuchsian groups, with

the exception of the analyticity of the Manhattan curve, which was established by
Sharp [41].
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Notice that, if p and 7 are conjugate in Isom(H?), then 7, = 75, so C(p, ) is a straight
line. We will need the following technical result in the proof of Theorem 6.1:

Lemma 6.2 If p,n,0 € QC(I'), 2(a + b) > 1 and P(—at, — bty) = 0, then there
exists a unique equilibrium state m_,y,—p<, for —at, — bty and

0< /E+ t9gdm_gg,—pr, < +00.

Proof Notice that, since P(—at,—bty,) =0, there exists a unique shift-invariant Gibbs
state m_47, pr, for —at, — bty; see Theorem 2.3. However, by [29, Lemma 2.2.8],

/EJrarp +btydm_ge,—pr, < +00
if and only if

Z I(at, + by, s)el(_ar”_bt”’s) < 00,
seEA

where I(f,s) =inf{ f(x) | x € ¥, x; = s}. But, by Proposition 3.1,

Z inf(at, + bfn|[a])einf(—arp—br,,|[a])

acA
<D (la|Cy+ [|Cy + 2(a + b) log n)elICotIbICh=2(a+bYlogn
neN
— nplalCo+1bIC |a|Cp +|b|Cy +2(a +b)logn
= De!*%r n Z S ’

neN

which converges, since 2(a + b) > 1. Theorem 2.4 then implies that dm_g;, —p-, is
the unique equilibrium state for —at, — bty

Proposition 3.1 implies that there exists B > 1 such that, if » is large enough, then

1 _ T9(xX)

B~ aty(x) +bry(x) —

for all x € £ such that r(x1) > n. (For example, if logn > 4 max{aC, +bCy, Cg, 1},
then we may choose B = 8(a+b).) Since 1y is locally Holder continuous, it is bounded
on the remainder of 1. Therefore, since [s+ atp+brydm_g, ,—bt, < 100, we see
that

/E+ T9g dm _gg,—pr, < +00.
Now notice that, since 74 is cohomologous to a positive function 7g, by Corollary 3.2,

/ZJ+ 16 dm—atp—brn = /;:_,’_?9 dm—arp—btn > 0. o
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Proof of Theorem 6.1 Recall that t = /(p) is the unique solution to P(—tt,) =0
(see the discussion at the beginning of Section 5). So, the intersection of the Manhattan
curve with the boundary of D consists of the points (%(p), 0) and (0, ~(n)).

Let
D={(ab)eR*|a+b>1}.

Theorem 4.1 implies that P is finite on D. Lemma 6.2 implies that, if @, b € D and
P(—atp —bty) = 0, then there is an equilibrium state m_g;, —p-, for —at, — bty and
that [ 79 dm_gz,—pe, is finite for all 6 € QC(I"). Theorem 2.5 then implies that

0
%P(—afp—brn) :/Z+_tpdm_“’ﬂ_b’"’

0
%P(—arp—brn) = /):+ —Tn dM_g1,—br,-

Since [5,4 —Tp dm_ge,—py, and [, —Ty dm_ge, _py, are both nonzero, P is a sub-
mersion on D. Since P is analytic on D, the implicit function theorem then implies
that

C(p.n) ={(a.b) € D | P(—atp,—bty) =0}

is an analytic curve and that, if («,b) € C(p, n), then the slope of the tangent line
to C(p, n) at (a, b) is given by
fz—i— Tp dm—arp—brn
_fz:+ TpdM_gz, b,
Notice that C(p, ) is the lower boundary of the region
Clp.m) = {(a.b) | Qf:5(1) < 0o}
The Holder inequality implies that, if (a, b), (c,d) € C(p,n)and t € [0, 1], then

Qi)(’l;-(l—t)c,tb-i'(l—t)d < Q(Cl,b)tQ(C,d)l_t,

c(a,b) =

s0C (p, n) is convex. Therefore, C(p, ) is convex.

A convex analytic curve is strictly convex if and only if it is not a line, so it remains to
show that p and 7 are conjugate in Isom(H?) if C(p, n) is a straight line. So suppose
that C(p, n) is a straight line with slope ¢ = —h(p)/h(n). In particular,

h(p) fz+ Ty dm_p(p)z
() TP = e = —c(h(p),0) = -
h(n) O s o dm iy,
dm_
= (0, h(n)) = Js+ dm_nays,

fz+ Tp dm_p(y)e, '
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By definition,
hm—irye,) = h(n) [ 0 dm_ppz, = 0.

so, applying (1), we see that
h(m_p(p)z,) — h(p) /z+ Tp dM_p(p),

=hen) [, T dm sy, —h(0) [ T dm_sirys,
=0.
Since P(—h(p)tp) = O, this implies that m_j(y), is an equilibrium measure for
—h(p)tp. Therefore, by uniqueness of equilibrium measures, m_4(;)z, = M—p(n)z, -
Sarig [39, Theorem 4.8] showed that this only happens when —/(p)7, and —h(n)t,

are cohomologous, so the Livsic theorem [39, Theorem 1.1] (see also Mauldin and
Urbaniski [29, Theorem 2.2.7]) implies that

h(n)

bo(y) = —n(v)
g h(p) "
for all y € I'. Kim [25, Theorem 3] proved that, if £,(y) = ¢{;(y) for all y € I, then
p and 7 are conjugate in Isom(H?). ad

As a nearly immediate corollary, one obtains a generalization of the rigidity results of
Bishop and Steger [3] and Burger [12]:
Corollary 6.3 If p,n e QC(T") and (a, b) € D, then

< h(p)h(n)
~ bh(p) + ah(n)

with equality if and only if p and n are conjugate in Isom(H?).

ha’b(,O,

7 Pressure intersection

We define the pressure intersection on QC(I') x QC(T"), given by

Js+ T dm_i)e,
Js+ Todm_p(p)e,
It follows from Lemma 6.2 that I(p, n) is well defined. We also define a renormalized

h
J(p,n) = %I(p, n).

We notice that the pressure intersection and renormalized pressure intersection vary

I(p,n) =

pressure intersection

analytically in p and 7.
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Proposition 7.1 Both I(p, n) and J(p, n) vary analytically over QC(I") x QC(T").

Proof By Theorem 4.1, Proposition 3.1 and Theorem 2.5, P = P(—at, — bty) is
analytic on
R ={(p.n.(a,b).1) € QC(T') x QC(T") x D}.

Since we observed, in the proof of Theorem 6.1, that the restriction of P to {p}x{n}x D
is a submersion for all p, n € QC(I"), P itself is a submersion, and V = P~1(0) N R
is an analytic submanifold of R of codimension one. Then —/(p, n) is the slope of
the tangent line to V N {(p, n) x D} at the point (o, 1, (h(p), 0)), so I(p, ) is analytic.
Theorem 5.1 then implies that J(p, n) is analytic. |

We obtain the following rigidity theorem as a consequence of Theorem 6.1. The
inequality portion of this result was previously established by Schapira and Tapie [40,
Corollary 3.17].

Corollary 7.2 If p,n € QC(I"), then
J(p.m) =1

with equality if and only if p and 7 are conjugate in Isom(H?).

Proof Recall that the slope ¢ = c(h(p), 0) of C(p, ) at (h(p), 0) is given by

_ _fz+ Ty dM—n(p)z,

=—1(p,n).
Js+ todm iz,
However, by Theorem 6.1,
c < _}M
— h(n)

with equality if and only if p and 7 are conjugate in Isom(H?). Our corollary follows
immediately. O

8 The pressure form

We may define an analytic section s: QF(S) — QC(T") so that s([p]) is an element of
the conjugacy class of p. Choose coprime hyperbolic elements « and 8 in " and let
s(p) be the unique element of [p] such that s(p)(«) has attracting fixed point 0 and
repelling fixed point oo and s(p)(B) has attracting fixed point 1. This will allow us to
abuse notation and regard QF(S) as a subset of QC(I").
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Following Bridgeman [9] and McMullen [30], we define an analytic pressure form P
on the tangent bundle 7T QF(S) of QF(S), by letting

Pri, qr(s) = ™ (Hess(J (s(p).-)) |Ts(p)s(QF(S)))’
which we rewrite with our abuse of notation as
Pr,qr(s) = Hess(J(p, ).
Corollary 7.2 implies that P is nonnegative, ie IP (v, v) > 0 for all v € TQF(S).

Since IP is nonnegative, we can define a path pseudometric on QF(S) by setting

s (p.n) = inf{ [ VPG, ) dil,

where the infimum is taken over all smooth paths in QF(.S) joining p to 7.

We now derive a standard criterion for when a tangent vector is degenerate with respect
to P; see also [11, Corollary 2.5; 10, Lemma 9.3].

Lemma 8.1 If v e T,QF(S), then P(v,v) = 0 if and only if

forall y €T.

Proof Let H denote the space of pressure-zero, locally Holder continuous functions
on T, We have a well-defined thermodynamic mapping v : QF(S) — H, given by
Y (p) = —h(s(p))Ts(p)- Notice that, by Proposition 3.1 and Theorem 5.1, ¥ (QF(S))
is a real analytic family.

Suppose that {p;};e(—e,e) is @ one-parameter analytic family in QF(S) and v = py.
Then

_2 J(po, pt) = d_z(fE‘i' ¥ (pr) dml/f(po)) _ f2+ 1:0.0 ANy (pg)
di?f;—o di2\ [+ ¥ (p0) dmy o)) [5+ ¥ (po) dmy (o)’
where 42
Yo=—=| V(o)
|, "
Theorem 2.5 implies that
d? . .
0= pr) tZOP(K/f(Z)) = Var(Yo. my (o)) + /2+ Vo Ay (pg)-
where J
do=2| _ i,
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SO
2

dr?

J(pos pr) = Varyo. o)
k) t) —— .
t=0 f2+ ¥ (po) dml/f(Po)

Recall — see Sarig [39, Theorem 5.12] — that Var(tﬁo, My o)) = 0 if and only if 1&0 is
cohomologous to a constant function C. On the other hand, since P(y;) = 0 for all ¢,
the formula for the derivative of the pressure function gives that

d

O_Et=o

P(y) = /z+ Yo dmy (o)

so C must equal 0. However, fho is cohomologous to 0 if and only if, for all x € Fix"
and all n,

0=Sudo(0) = 5| _ Suvitv) =] _ (h(p0)kacery-ceam (00)

t=
(see [39, Theorem 1.1]). Moreover, for every hyperbolic element y € I', there exists
x € Fix" (for some n) such that y is conjugate to G(x1)---G(x,), 80 £y (p;) =
LG (x1)G(xy)(pr) for all z. If y € T is not hyperbolic, then £, (p;) = 0 for all z, so

% t=0(h(’0t)£)’(l0t)) =0

in every case. Therefore, 1&0 is cohomologous to 0 if and only if

% t:o(h('o’)ey(,ot)) =0

forall y eT'. m|

9 Main theorem

We recall that a quasifuchsian representation p: I' — PSL(2, C) is said to be fuchsian
if it is conjugate into PSL(2, R), ie there exists 4 € PSL(2, C) such that Ap(y)4~! €
PSL(2,R) for all y € T". The fuchsian locus F(S) C QF(S) is the set of (conjugacy
classes of) fuchsian representations.

We say that v € T,QF(S) is a pure bending vector if v = dp;/0dt, p = po is fuchsian
and p_; is the complex conjugate of p; for all ¢. Since the fuchsian locus F(\S) is the
fixed-point set of the action of complex conjugation on QF(.S) and the collection of
pure bending vectors at a point in F(S) is half-dimensional, one gets a decomposition

T,QF(S) = T,F(S) & B,
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where B, is the space of pure bending vectors at p. If v is a pure bending vector at
p € F(S), then v is tangent to a path obtained by bending p by a (signed) angle ¢ along
some measured lamination A (see Bonahon [5, Section 2] for details).

We are finally ready to show that our pressure form is degenerate only along pure
bending vectors.

Theorem 9.1 If S is a compact hyperbolic surface with nonempty boundary, then the
pressure form P defines an Mod(S)—invariant path metric dp on QF(S) which is an
analytic Riemannian metric except on the fuchsian locus.

Moreover, if v € T,(QF(S)), then P(v, v) = 0 if and only if p is fuchsian and v is a
pure bending vector.

Proof If v is a pure bending vector, then we may write v = pg, where p_; is the
complex conjugate of p; forallz, so 1, (p;) is an even function for all y € I'. Therefore,
Dyht, =0 forall y €T, so Lemma 8.1 implies that P (v, v) = 0.

Our main work is the following converse:

Proposition 9.2 Suppose that v € T,QF(S). If P(v,v) =0and v # 0, then v is a
pure bending vector.

Recall —see [10, Lemma 13.1] —that, if a Riemannian metric on a manifold M is
nondegenerate on the complement of a submanifold N of codimension at least one and
the restriction of the Riemannian metric to TN is nondegenerate, then the associated
path pseudometric is a metric. We will see in Corollary 10.4 that the pressure metric is
mapping class group—invariant. Our theorem then follows from Proposition 9.2 and
the fact, established by Kao [23], that P is nondegenerate on the tangent space to the
fuchsian locus. O

Proof of Proposition 9.2 Now suppose that v € T,QF(S) and P (v, v) = 0. One first
observes, following Bridgeman [9], that, since, by Lemma 8.1, Dy (h{,) = 0 for all
yel,

(2) Dyly =kty(p)
forall y € I', where k = —Dyh/h(p).

If y € I, then one can locally define analytic functions try (o) and A, (p) which
are the trace and eigenvalue of largest modulus of (some lift of) p(y). Notice that
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£y (p) = 2log|Ay(p)|, so we can express our degeneracy criterion (2) as
3) Dy log|Ay| = klog|ry(p)
forally eT'.

We observe that Lemma 7.4 of Bridgeman [9] goes through nearly immediately in our
setting. We state the portion of his lemma we will need and provide a brief sketch of
the proof for the reader’s convenience.

Lemma 9.3 [9, Lemma 7.4] If P(v,v) =0,v e T,QF(S),v#0and y €T, then
Ay (p)? and try, (p)? are both real.
Moreover, if Dytry # 0, then Re(Dyry/Ag(p)) = 0.

Proof Suppose first that D, tr, % 0. Since

A2 —1
Dy(try) = Dv)\ot( a;% )s

we may conclude that DyAy 7% 0. Choose y € I so that y is hyperbolic and does not

commute with «. Bridgeman then normalizes (the lifts) so that

pla) = [XO“ Agl} and p(y) = [CCI 2],

where a, b, ¢ and d are all functions defined on a neighborhood of p such that ¢ and d
are nonzero. He then computes that

_opfad—1 _
log [Agny| = nlog|iy |+ logla| + Re(xoﬂn (a—z)) + O(|A,*")).
He differentiates this equation and applies (3) to conclude that

Dyrg (a(p)d(p)—1 ))
4 =0
@ Re(xa(p)( a(p)?

A final analysis, which breaks down into the consideration of the cases where the

argument of A2(p) is rational or irrational, yields that A (p)? is real. Since tr2 =
A2 +2+A,2, we conclude that tr(p) is real.

One may further differentiate the equation

trgny = akl, +dA,"

to conclude that
lim Dy trgny,  a(p) Dyhg

ke T ralp)
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so Dy trgny, # 0 is nonzero for all large enough n. Therefore, by the above paragraph,

trgny () = a(p)*ha(0)*" +2ad(p) + d(p)*ha(p) "

is real for all large enough n. Taking limits allows one to conclude that a(p)?, d(p)>
and a(p)d(p) are real. Equation (4) then yields that Re(DyAqy /A (p)) = 0. This
completes the proof when D, try # 0.

Now suppose that D, tr,, = 0. If y is parabolic, A, (p)? = 1 and tr)z, (p) = 4, which are
both real, so we may suppose that y is hyperbolic. Since there are finitely many elements
{a1,...,an} of T such that p € QF(S) is determined by {try, (0)?, ..., trg, (0)*} —
see [13, Lemma 2.5] — and trace functions are analytic, there exists « € I' such that
D, try # 0. The above analysis then yields that a(p)?, d(p)? and a(p)d(p) are all real.
Therefore,

try (p)* = a(p)® + 2a(p)d(p) + d(p)* = Ay (p)* + 2+ Ay (p) >

is real. So, we may conclude that A, (p)? is real in this case as well. ad

Since v # 0, there exists & € I" such that D, try, # 0 and

Dy Dy
Re( v a) _ U| al =Dvlog|)\,a|,

ra(p)) " 1ha(p)l
equation (3) and Lemma 9.3 imply that
_ Dy log |Ag| _
log [Aa(p)]

Therefore, Dyf, =0 forall y €T.

Notice that, since tr, (p)? is real for all ¥ € T', p(I") lies in a proper (real) Zariski
closed subset of PSL(2, C), so is not Zariski dense. However, since the Zariski closure
of p(I") is a Lie subgroup, it must be conjugate to a subgroup of either PSL(2, R)
or the index two extension of PSL(2, R) obtained by appending z — —z. Since p is
quasifuchsian, its limit set A(p(I")) is a Jordan curve and no element of p(I") can
exchange the two components of its complement. Therefore, p is fuchsian. (We note
that this is the only place where our argument differs significantly from Bridgeman’s.
It replaces his rather technical [9, Lemma 15].)

We can then write v = v + v, where vy € T, F(S) and v; is a pure bending vector.
Since v, is a pure bending vector,

0= Dyly = Dy by + Dy,ly = Dy, Ly
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for all y € T'. But, since vy € T, F(S) and there are finitely many curves whose length
functions provide analytic parameters for F(S), this implies that vy = 0. Therefore,
v = v is a pure bending vector. O

10 Patterson—Sullivan measures

In this section, we observe that the equilibrium state 7)., is a normalized pullback
of the Patterson—Sullivan measure on A(p(I")). We use this to give a more geometric
interpretation of the pressure intersection of two quasifuchsian representations, and
hence a geometric formulation of the pressure form.

Sullivan [43; 45] generalized Patterson’s construction [31] for fuchsian groups to define
a probability measure 11, supported on A(p(I")), called the Patterson—Sullivan measure.
This measure satisfies the quasi-invariance property

5) dp(p(y)(2)) = M OB Cor® 70D g (2)

for all z € A(p(I')) and y € I'. Sullivan showed that p,, is a scalar multiple of the
h(p)—dimensional Hausdorff measure on dH?* (with respect to the metric obtained from
its identification with Tbl0 (H?3)).

Let i, = (€, 0 w)* u, be the pullback of the Patterson—Sullivan measure to . Our
normalization will involve the Gromov product with respect to by, which is defined to
be

(6) (z,w) = 3(Bz(bo, p) + Bu(bo, p))

for any pair z and w of distinct points in dH?, where p is some (any) point on the
geodesic joining z to w. One may check that, for all @ € p(I') and z, w € A(p(I")),

(@(2), @(w)) = (z,w) — 5 (Bz(bo, @™ (bo)) + Bu(bo, ™ (bo))).
If x e =7, let
Ap(D))x = {Ep(@(y7)) |y € B,y =x},

where X is the two-sided Markov shift associated to T and y~ = ( yl__li)ieN. Notice
that each A(p(I"))x is open in A(p(I")). Furthermore, there are only finitely many
different sets which arise as A (p(I")) for some x € =T, since A(p(I"))x depends only
on xp and, if r(x1) > 3 and x1 = (bg, w*, wy,...,wi_1), then A(p(I'))x depends
only on by and w. Let H,: &1 — (0, 00) be defined by

H () — 20V @()).2) g ,
o) /A(p(r))xe Ho(2)
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Notice that A(p(T"))y is disjoint from &,(1x), where Iy is the component of dH? —3Dy
containing w(x), so e2#P € @)).2)vy i bounded on A(p(T))y. In particular, Hy(x)
is finite for all x. Since w is locally Holder continuous and &, is Holder, H, is locally
Holder continuous.

We now show that H,, is the normalization of the pullback /i, of Patterson—Sullivan
measure which gives the equilibrium measure for —/(p)7,. Dal’bo and Peigné [16,
Proposition V.3] obtain an analogous result for negatively curved manifolds whose
fundamental groups “act like” geometrically finite fuchsian groups of coinfinite area
(see also Dal’bo and Peigné [15, Corollary I1.5]).

Proposition 10.1 If S is a compact surface with nonempty boundary and p € QF(S),
then the equilibrium state of —h(p)t, on % is a scalar multiple of Hpji,.

Proof Let a(p,x) = p(G(x;))~' and notice that

a(p, X)(5p(@(x))) = &p(w(0(x))) and  a(p,x)(A(P(T))x) = A(p(T))g (x)-
The quasi-invariance of Patterson—Sullivan measure implies that

dir(o(y)) . dﬂp(“(p’x)(ép(w(y)))) _ eh(p)B(gp(w)(y))(bo,a(p,x)fl(bo))_

dp(y) — dpp(Ep(@(y))
We first check that Hp[i, is shift-invariant:
Hpy(o(x))d[ip(o(x))

- (/A(P(F))U(x) O (oG w) dup(w)) dpip(§p(@(0(x))))
= 2h(p){a(p.x) (&) (@(x))) a(p,x) (v))
(/A(p(l"))g(x) ¢ dpp(a(p, x)(v)))

~dpp((p. x) (Ep(@(x))))

— (/ eZh(p)(Sp(w(X)),v)e—h(p)(ng(w(x))(bo,(x(p,X)’l(bo))+Bv(bo,a(p,X)’l(bo)))
A(p(T)x

. oM(P) By (bo.a(p,x)~" (bo)) dup(v))eh(p)Bép (@) (bo,a(p,x) ™ (bo)) diip (ép (@(x)))

- (/A(p(r))xezh(p)(gp e dﬂp(v)) dpep(Ep((x)))
= Hp(x) d[ip(x).

So Hpji, is shift-invariant.
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Now we check that fi,, is a (scalar multiple of a) Gibbs state for —/1(p)z,. We recall,
from [29, Theorem 2.3.3], that it suffices to check that i, is an eigenmeasure for the
dual of the transfer operator £_j(p)¢,- If g ¥+ — R is bounded and continuous, then

foc oo @@ dp,m = [ (X eMOOg() diig(x)

yeo~l(x)

= [ e Og () diip(o(y)

= [ 80 dRo().
Therefore, [i, is a (scalar multiple of a) Gibbs state for —h(p)7,.

Finally, we observe that H, is bounded above. If p is a vertex of Dy, then, by
construction, there exists a neighborhood U, of p such that, if w(x) € Uy, then
there exists w € C* such that x; = (b, w*, wy, ..., wg_q,c) for some s > 2. Recall
that we require that b # w,nx and ¢ # wg. Observe that w; is the face pairing
of the edge of Dy associated to I, and that w, is the inverse of the face pairing
associated to the other edge E of dDy which ends at p. So, if [ is the interval in
dH? — Dy bounded by E, then A(po(T"))y is disjoint from &,(Ix U I). Therefore,
H, is uniformly bounded on w ! (U,) (since ¢2#(®){»@():2)vg i uniformly bounded
for all z € A(p(I'))x C A(p(I")) —&,(1 U I)). However, Dy has finitely many
vertices {p1, ..., pn} and H, is clearly bounded above if w(x) € dH? — | J U,, (since
again ¢21(P) (&0 (©()):20ny s yniformly bounded for all z € A(p(I'))x C A(p(T)) — I).
Therefore, H, is bounded above on >+,

Since every multiple of a Gibbs state for —/1(p)7, by a continuous function which
is bounded between positive constants is also a (scalar multiple of a) Gibbs state for
—h(p)t, (see [29, Remark 2.2.1]), we see that Hp[i, is a shift-invariant Gibbs state
and hence an equilibrium measure for —/(p)7, (see Theorem 2.4). O

If p € QC(T"), let N, = H3/p(T") be the quasifuchsian 3-manifold and let 71 (N,)™
denote the nonwandering portion of its geodesic flow. The Hopf parametrization
provides a homeomorphism

H: TN (Np)™ — Q= ((A(p(I")) x A(p(I')) — A) xR) /T
Let
2% ={(x.1):x €2, 0<1<T(x")}/~,

where (x, 7,(x")) ~ (o(x), 0), be the suspension flow over ¥ with roof function 7.
Recall that 7,: &1 — (0, 00) is a positive function cohomologous to .
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The Stadlbauer—Ledrappier—Sarig coding map o for ¥ extends to a continuous
injective coding map
w: X — AT)x A()

given by &(x) = (w(xT), w(x7)), where xT = (x;)jen and x~ = (xl__l,-)ieN- One
then has a continuous injective map

K:S% > Q
which is the quotient of the map ¥: ¥ xR — (A(,o(F)) x A(p(I')) — A) x R given by

K(x, 1) = ((§p X §p)D(X), 1).

(The image of « is the complement of all flow lines which do not exit cusps of N, and
has full measure in 2.) The map k conjugates the suspension flow to the geodesic flow
on its image, ie k o p; = ¢p; ok for all € R on K(Z?ﬂ).

The Bowen—Margulis—Sullivan measure mgM on €2 can be described by its lift to Q,
which is given by

g (2, w. 1) = Pz whng dpp(z) dpp(w) dt.

The Bowen—Margulis—Sullivan measure mgM is finite and ergodic (see Sullivan [45,

Theorem 3]) and equidistributed on closed geodesics (see Roblin [35, théoréeme 5.1.1]
or Paulin, Pollicott and Schapira [32, Theorem 9.11].)

Corollary 10.2 Suppose that F': (E+)?ﬂ — R is a bounded continuous function and
F:¥% > Ris given by ﬁ(x, t) = F(x™T,t). Then

~ = ot
Jo Fox™dmgy _ fz+(forﬂ(x )F(X’Z) dt) dm_p(p)e,
Ja dmgM Jz+ r;r)(?“L)6’1””—h(10)?p

Proof Let
R={(@(x).1) € A(p(T) x A(p(T) xR | x € B, 1 € [0, Tp(x )]}
be a fundamental domain for the action of I" on (A(p(F)) x A(p(T)) — A) x R and let

R={(w(x"),1)e A(pM) xR |xt e T re[0,2,(xT)]}.
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By Proposition 10.1,
/Q Fox™! dml;;M _ /ﬁﬁ ok~ Leh(P)2(z,whp, diip(z) duy(w) dt

= [ Flo! t h(p)2(z,w)py 4 d dt
JoF@ @.0(f, ¢ 0 djip(w)) dpiy(2)
= [ F@™ (). Hy(2) dpy(=) di
Zp (@™ (2) 1
_ A(pm)( /0 Flo™'(2),1) dt)Hp(z) dip(2)
Tp (x4)
= E+(/() F(x+,l) dl) dm_h(p)rp(er).
In particular, if we consider F' = 1, then we see that
oo _ P _ 7p(x+)
Idmill = [ dmpy= [ ([ de) dm_pepe, (1)

— +
= /E+ To(x™) dm_p(p)z, .
so our result follows. O

Let

1 S1y]
pnr(p) = E ;
R
IRT (O] iy Eo )

where 4|, is the Dirac measure on the closed orbit associated to [y] and

Rr(p) =yl €[m1 ()]0 <Lp(y) =T}

(If y = B" forn > 1 and B is indivisible, then 8[,,1/€,(y) =ndg)/Lp(B") = 8181/Lp(B).)
Since the Bowen—Margulis measure m]‘;M is equidistributed on closed geodesics,
{ur(p)} converges to mgM/ ||m§M|| weakly (in the dual to the space of bounded
continuous functions) as 7" — oo.

We finally obtain the promised geometric form for the pressure intersection. We may
thus think of the pressure intersection, in the spirit of Thurston, as the Hessian of the
length of a random geodesic.

Theorem 10.3 Suppose that S is a compact surface with nonempty boundary, X =
H? /T is a finite-area surface homeomorphic to the interior of S, and p € QF(S). If
{yn} CT and {8,(y,)/Lp(vn)} converges weakly to mgM/ngMH, then

. Ly (yn)
I(p,n) = lim 0m);
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Moreover,
Ly(y)

) gp(J/)'

I(p,n) = lim
T—oo |R7(p)] Rt

Proof Let {I},} be a sequence of finite collections of elements of [I"] such that

1 S1y] }
I) =
{“( V=6 2 )

[ylel,

converges weakly to mf,,/|[mGy|l. As in [23, Definition 3.9], consider the bounded
continuous function v : % >R given by

V(x, 1)~ ZEX}”(%) for all ¢ €[0, Tp(x)].

where f:[0,1] — R is a smooth function such that f(0) = f(1) =0, f(z) > 0 for
0<r<1,and [ f(r)dt=1.Then

1 Cy(y)
[Tl E,D(V),

/Qlﬁ ok dp(Ty) =

[v1eTly

where @(x, 1) = W(x*', t) for all x € X. So, by Corollary 10.2,
{ 1 Z Z77(Vr1)}
[Tl [y]eT, Lo(yn)
converges to

Jowok™ldmpy, S+ @) /2N (J& ™ £t /7o(0)) dt) dm_p(ye,
Mgy a Js+ To(x) dm_p(p)z,
Sz Tdmony,  [s+ Tdmon()e,
 Jss Todmonye, s+ todmongy,

As a consequence, we obtain a geometric presentation of the pressure form which
allows us to easily see that the pressure metric is mapping class group—invariant.

Corollary 10.4 If S is a compact surface with nonempty boundary and py € QF(S),
then

Plz,,qrcs) = Hess(J (po. p)) = Hess(

lim

h(p) . 1 Lo(y) )
h(po) T—o0 |RT (o) '

¢
ey (o) (0

Moreover, the pressure metric is mapping class group—invariant.

Algebraic € Geometric Topology, Volume 23 (2023)



3650 Harrison Bray, Richard Canary and Lien-Yung Kao

Proof The expression for the pressure form follows immediately from the defini-
tion and Theorem 10.3. Now observe that, if ¢ € Mod(S) and p € QF(S), then
$(0) = po dus 50 Lp(y) = Lo(p)(@«(¥)). Therefore, Rr($(p) = d«(Rr(p)), s0
|[RT(p)| = |RT(¢(p))| for all T, which implies that /4 (p) = h(¢p(p)). We can also
check that

, £p(v)
I(po.p) = lim ——— ?
" e [Re(po)l | 4 ()
1 14 *
= lim Lo 9= (1))

~ T—oo |R7(po) IeRe (o) Ls00) (@5 (V)

_ 1 Lo (V)
= P TR @ (o0))
= 1(¢(po). P(p)).

Therefore, J(pg, p) = J (P (po), P (p)) for all ¢ € Mod(S) and pg, p € QF(S), so the
renormalized pressure intersection is mapping class group—invariant, so the pressure

]
leRr o P01

metric is mapping class group—invariant. |
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