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1 Introduction

There has recently been a growing interest in the possibility to generate large peaks in
the amplitude of perturbations at the late stages of inflation. Such peaks may lead to the
formation of primordial black holes (PBHs) and to generate a stochastic gravitational wave
background (SGWB) which can be explored with future gravitational wave interferometers.

One of the first fully developed models to generate such peaks in the primordial power
spectrum (PPS) of the perturbations and consequently seed PBH formation was proposed
in [1] in the context of the hybrid inflation scenario [2, 3]. There, it was argued that under
certain conditions such PBHs may provide a significant contribution to dark matter. Many
other interesting mechanisms were proposed to produce a bump in the PPS from inflation.
Among them is the PBH production due to large isocurvature perturbations [4], amplification
of perturbations during rapid turns of inflationary trajectory [5–11], a sudden slowing down of
the inflaton evolution often referred to as Ultra Slow Roll [12–22] or other types of features [23–
29] and creation of black holes and wormholes by colliding walls [30, 31]. For a review of these
and other mechanisms of PBH formation and their cosmological implications see e.g. [32–34].

In this paper, we will revisit the mechanism of [1] in the recently proposed α-attractor
generalization [35] (see also [36]) of the hybrid inflation scenario [2, 3] and consider its
consequences on PBH and SGWB production. While, due to the large uncertainties in the
critical process of PBH formation, we will just touch upon it, we will instead provide a full
characterization of the SGWB produced by the large perturbations at horizon re-entry during
the radiation dominated era [37–39] (see e.g. [40] for a review), which can be used in the
future to test this model. We will pay particular attention to the consistency with large
scale measurements of the Cosmic microwave Background (CMB) anisotropies from the latest
Planck/BICEP/Keck Array release [41–43], which is not a trivial task since models producing
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a peak in the small scale power spectrum often tend to predict a spectral index which is
slightly redder than the Planck best fit.

Let us start with a quick reminder of the basic hybrid inflation model [2, 3]. The effective
potential of this model is given by

V (χ, φ) = 1
4λ(M2 − λχ2)2 + m2

2 φ2 + g2

2 φ
2χ2 . (1.1)

For φ > φc = M/g the only minimum of the effective potential V (χ, φ) with respect to χ,
sometimes referred to as hybrid field, is at χ = 0. The mass squared of the field χ at χ = 0 is
equal to Vχ,χ(χ = 0) = −M2 + g2φ2. At large φ, the curvature of the effective potential in the
χ-direction is much larger than in the φ-direction. Thus, during the first stages of expansion
of the universe, the field χ rolls down to χ = 0, whereas the field φ could remain large and
drive inflation for a much longer time. At that time, the potential of the inflaton field φ is
given by V (φ) = m2

2 φ
2 + Vuplift, where the uplift potential is given by M2

4λ .
At the moment when the inflaton field φ becomes smaller than φc = M/g, the effective

mass squared of the field χ at χ = 0 becomes negative (tachyonic), quantum fluctuations of this
field begin to grow, and a so-called waterfall phase transition with symmetry breaking occurs.

In the simplest versions of the hybrid inflation scenario, the absolute value of the
tachyonic mass of the field χ becomes much greater than the Hubble constant H shortly after
the field φ becomes smaller than φc. In that case, the tachyonic instability leads to an abrupt
end of inflation at φ ≈ φc [2, 3]. However, in some models the tachyonic mass of the field χ
at φ . φc may remain much smaller than the Hubble constant H . In the Higgs-type potential
V (χ) ∼ (χ2−χ2

0)2 used in [1–3], this regime occurs for χ0 � 1 (in Planck mass units Mpl = 1).
In such cases, inflation continues while the field χ slowly rolls down towards the minimum of
V (χ). As we will explain later, the amplitude of perturbations produced at the second stage
of inflation in hybrid inflation models with such properties can be extremely large.

In fact, these perturbations can be so large that in addition to producing PBH they may
also trigger the process of eternal inflation inside some regions of the observable part of the
universe [1]. One way to avoid this problem and regularize the amplitude of the perturbations
is to consider models with χ0 . 1 [1]. However, this does not solve the problem of superheavy
topological defects in this scenario and in its various generalizations, such as the Clesse-Bellido
model [44].

In this paper we are going to show that both of these problems can be solved by adding a
tiny linear term ∼ χ to the potential (1.1). As we will see, this allows to control the strength
of the effect and the amplitude of the peak in the PPS, and simultaneously solve the problem
of topological defects.

Whereas the basic mechanism of the PBH production described above [1] is quite general
and can be implemented in a broad class of hybrid inflation models, the simplest versions of
hybrid inflation [2, 3] resulted in the spectral index ns ≈ 1 + 2m2/Vuplift > 1, which did not
match the Planck data [45].

An attempt to overcome this problem was made in [44]. The authors changed the sign
of m2 making the inflaton potential tachyonic, m2 < 0, which allowed to have ns < 1. This
paper, together with the detection of gravitational waves from a binary black hole merger
by the LIGO-Virgo collaboration [46], attracted new attention to the possibility pointed out
in [1] that PBH may constitute a substantial portion of the dark matter [47–49]. However,
the tachyonic potential V (φ) used in the toy model discussed in [44] is unbounded from below,
and the field φ & φc instead of moving towards φ = 0 tends to run to φ→∞. This makes
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it difficult to solve the problem of initial conditions for inflation in this scenario unless the
potential is further modified at φ > φc.

Fortunately, this problem can be addressed in the α-attractor versions [35] of the original
hybrid inflation scenario [2, 3]. For a broad choice of parameters, these models have the
standard universal α-attractor predictions [50–54] matching the Planck/BICEP/Keck Array
data [41, 42]. In particular, ns = 1 − 2

N ∼ 0.96–0.97 for the exponential attractors, where
N is the number of e-foldings [52]. However, in the large uplift limit Vuplift � m2

2 φ
2 these

models have another attractor regime, with ns = 1. By changing the parameters, one can
continuously interpolate between the two attractor predictions, ns = 1− 2

N and ns = 1 [35].
Because of the double attractor structure of such models, their predictions are compatible
with all presently available cosmological data. In the models where the tachyonic mass of the
field χ at φ . φc is smaller than the Hubble constant H, which we will study in this paper,
the range of possible values of ns is even broader.

In this paper, we will study the simplest versions of such models, explain how one can
solve the problem of initial conditions there, and evaluate the spectrum of perturbations in
these models. We will demonstrate that one can keep ns and r consistent with the latest
CMB data, while simultaneously controlling the shape, the width and the height of the peak
of the spectrum of perturbations which determine the features of the PBHs and the stochastic
SGWB background produced in this scenario.

This paper is organized as follows. We start with a discussion of hybrid inflation in the
context of α-attractors in section 2. After reviewing the basic results of [35], we discuss the
problem of initial conditions in our model in section 3. In section 4, we will make a step back
and study the perturbations in the χ-sector of hybrid inflation, temporarily ignoring the field
ϕ. As we will see, this will help to understand the origin of the high peak of perturbations
produced in various versions of the hybrid inflation scenario. In section 5, we explain in
details how the model parameters control distinct properties of the bump in the PPS and
discuss the constraints from Planck/BICEP/Keck Array data. Then, in section 6, we describe
the gravitational wave phenomenology of our model providing clear targets for gravitational
wave interferometers and discussing how to interpret a future detection of a SGWB in terms
of our model parameters. In section 7 we will generalize our results by considering models
based on polynomial attractors or KKLTI potentials [54]. We conclude in section 8. In the
appendix A, we provide an implementation of our model in SUGRA constructions. We set
Mpl = 1 throughout our analysis. The numerical results in this paper are obtained using a
multifield extension of the BINGO code [55], presented in [56], which is however not yet public.

2 Hybrid α-attractors

Before describing the hybrid attractors [35], we will represent the original model (1.1), together
with a small additional linear term µ3χ, in a slightly different form, which is more convenient
for our investigation:1

V (χ, φ) = M2
[

(χ2 − χ2
0)2

4χ2
0

+ m̃2

2 φ2 + g̃2

2 φ
2χ2 + dχ

]
. (2.1)

Here m̃ = m/M , g̃ = g/M , and d = µ3

M2 . In this paper we will consider models with χ0 = O(1)
and µ ∼M ∼ m ∼ g ∼ 10−5, with masses given in the Planck mass units Mpl = 1. In that

1One should also add a tiny constant term ∆V ≈ −µ3χ0 to the potential (2.1) to ensure nearly vanishing
value of the cosmological constant, but it can be ignored in the discussion of inflation.
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case m̃ ∼ g̃ = O(1), whereas the linear term can be very small, with d ∼ 10−5. Therefore it
does not affect early stages of inflation. However, as we will see, it plays an important role in
the theory of the PBH production.

Note that the linear term slightly breaks the symmetry χ→ −χ of the original hybrid
inflation scenario. This symmetry was introduced in [2, 3] for simplicity, it is not a fundamental
requirement, and in our context there is no gauge symmetry protecting it. Thus one may
argue that it is technically natural. Its possible interpretation in the context of supergravity
is discussed in the appendix A.

In the original version of the hybrid inflation [2, 3], both φ and χ are canonically
normalized. To present the simplest α-attractor generalization of the original model, it is
sufficient to modify the kinetic term of the field φ:

L√
−g

= R

2 −
(∂µφ)2

2
(
1− φ2

6α
)2 − (∂µχ)2

2 − V (χ, φ) . (2.2)

One may also make a similar generalization of the kinetic term of the field χ [35], but it is not
required in the context of our investigation. The geometric interpretation of this modification
can be found in [57] and its supergravity implementation for hybrid attractors is given in [35]
and in the appendix A of our paper.

Upon a transformation to the canonical variable ϕ, the hybrid inflation potential becomes

V (χ, ϕ) = M2
[

(χ2 − χ2
0)2

4χ2
0

+ 3α(m̃2 + g̃2χ2) tanh2 ϕ√
6α

+ dχ

]
. (2.3)

The potential at χ = 0 is given by

V (ϕ) = M2
(
χ2

0
4 + 3m̃2α tanh2 ϕ√

6α

)
. (2.4)

This is the simplest α-attractor potential [50–54], uplifted by the term Vuplift = M2χ2
0

4 . Another
important parameter is the mass squared of the field χ at χ = 0,

M2
χ = Vχ,χ(χ = 0) = M2

(
−1 + 6αg̃2 tanh2 ϕ√

6α

)
. (2.5)

The last term in this equation stabilizes the inflationary trajectory χ = 0 at large ϕ.
In this paper, we will consider the case 6αg̃2 > 1. In that case M2

χ > 0 at sufficiently
large ϕ > ϕc, where

tanh2 ϕc√
6α

= 1
6αg̃2 . (2.6)

During inflation, when the field ϕ decreases below ϕc, the mass squared of the field χ becomes
negative and the tachyonic instability with generation of the scalar field χ develops. At ϕ = 0
this mass has its largest absolute value, M2

χ(ϕ = 0) = −M2.
The potential (2.3) for some particular values of parameters is shown in figure 1.
It is instructive to compare M2

χ(ϕ = 0) = −M2 with the Hubble constant at ϕ = 0,

H0 =

√
Vuplift

3 = Mχ0

2
√

3
. (2.7)
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Figure 1. Hybrid inflation potential for the model (2.3) with m̃ = 1/3, χ0 = 2, g̃ = 1, α = 1, d =
−5 × 10−6. The blue dot corresponds to ϕc (2.6), below which the mass of the field χ becomes
tachyonic. Note that the effects of the linear term are almost invisible by eye.

The main regime explored in the original formulation of the hybrid inflation scenario was
χ0 � 1 [2, 3], in which case the absolute value of the tachyonic mass Mχ becomes much larger
than the Hubble constant as soon as φ becomes smaller than φc. This leads to an abrupt
termination of inflation at φ ≈ φc [2, 3, 35].

In this paper, following [1], we will be interested in the opposite regime χ0 & 2
√

3. In
this regime |Mχ(χ = 0)| . H for all ϕ < χ . ϕc. This mass vanishes when the field ϕ is
close to ϕc. As a result, the tachyonic instability is very slow to develop. Importantly, at any
nonzero value of ϕ, its contribution to the equation of motion of the field χ is only slowing it
down, and at ϕ� ϕc the contribution of the field ϕ to the equation of motion of the field χ
becomes negligible.

That is why one can learn quite a lot about the waterfall regime in such models by
studying the evolution of the field χ from the top of the single-field inflationary potential
V (χ) = (χ2 − χ2

0)2M2 / 4χ2
0, ignoring the field ϕ. We will discuss it in section 4. This will

explain in an intuitive way why it is natural to expect a very high peak for the inflationary
perturbations in such models, and how one can control its height. In subsequent sections, we
will return to the full scenario describing classical and quantum evolution of both fields.

But before doing it, we will discuss the problem of initial conditions in this scenario.
And the first question is: how did the scalar fields found their way into the narrow infinitely
long valley with χ = 0?

3 Initial conditions for inflation

As we can see from equation (2.1), the potential V (χ, ϕ) at ϕ�
√

6α practically does not
depend on ϕ because in this regime the function tanh ϕc√

6α becomes exponentially close to 1:

V (χ, ϕ) ≈M2
[

(χ2 − χ2
0)2

4χ2
0

+ 3α(m̃2 + g̃2χ2) + dχ

]
. (3.1)

Thus at large ϕ one can apply to this theory the standard arguments of the single field chaotic
inflation scenario [58–60]. One can consider a tiny Planck size domain of the universe with
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the Planckian value of the potential energy of the field χ, and let it fall. If the kinetic and
gradient energy of the fields initially are smaller that its potential energy, each such tiny
domain becomes exponentially expanding.

The potential V (χ, ϕ) approaches the Planck boundary at χ2 ∼ 2χ0/M � 1 for any
value of ϕ in the infinitely large range −∞ < ϕ < +∞. Therefore in this context it is natural
to consider initial conditions where both fields are extremely large, but ϕ� χ. For most of
such initial conditions the field χ gradually falls down to the valley, oscillates with a rapidly
decreasing amplitude, and relaxes at the bottom of the valley, and, only after that, the field
ϕ begins to move towards ϕ = 0.

Note that, because of the tiny linear term dχ, the field χ does not relax at χ = 0, but it
is slightly displaced in the direction depending on the sign of the coefficient d. At χ� χ0
and d 6= 0 the valley is at the minimum of the potential

V (χ, ϕ) ≈M2
[1

2

(
−1 + 6αg̃2 tanh2 ϕ√

6α

)
χ2 + dχ

]
. (3.2)

This potential admits an attractor for χ defined by its minimum at

χattr = − d

6αg̃2 tanh2 ϕ√
6α − 1

. (3.3)

As mentioned in the previous section, we study models with 6αg̃2 > 1. At ϕ �
√

6α, we
have tanh2 ϕ/

√
6α ' 1 and the minimum with respect to χ is at a constant ϕ-independent

distance from χ = 0:
χ = − d

6αg̃2 − 1 . (3.4)

Because of the rapid decrease of the kinetic energy of the field χ during inflation, the amplitude
of its oscillations about this minimum decreases exponentially fast. Then, the field ϕ starts
slowly moving towards its smaller values, see figure 2. At

√
6α & ϕ > ϕc, the minimum of

this potential moves further away from zero. Close to ϕ = ϕc, the part of the potential ∼ χ2

vanishes, so it can no longer protect the field χ from growing due to the linear term dχ.
Thus, even though this term dχ is very small, it pushes the field χ away from the χ = 0.

Eventually, the fields falls down to one of the two minima at |χ| ≈ χ0 at ϕ = 0. The choice of
the minimum is completely independent on the initial conditions on the two fields, and rather
depends on the sign of the coefficient d of the tiny linear term.

A more important statement is that if the initial values of the field ϕ are sufficiently large,
the original oscillations of the field χ becomes exponentially damped, and the final results of
our calculations of the spectrum of perturbations do not depend on initial conditions.

Simplicity and robustness of this process is one of the advantages of the original hybrid
inflation scenario, as well as of its α-attractor generalization. Its most important part is the
existence of a long valley to which the field χ falls, and the positive slope of the potential
with respect to the field ϕ which pushes it along the valley towards ϕ = 0 [2, 61, 62].

The situation can be very different if one attempts to make the parameter m2 negative,
as in the toy model described in [44]. In that case, if one considers small initial values of the
field φ, the field moves to φ = 0, but without a significant fine-tuning of initial conditions it
is difficult to achieve a long hybrid inflation regime starting with large χ, see figure 3. On
the other hand, if one considers large initial values of φ, the field φ initially moves to smaller
φ, but then it turns and rolls down along the valley towards very large φ with V (φ) < 0,
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0
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g

10
|χ
|

χi = 2.3, ϕi = 4.2

χi = − 2, ϕi = 3.8

χi = 2, ϕi = 3.4

χi = 0, ϕi = 3.4

χattr

Figure 2. [Left] Initial conditions for hybrid attractors. The parameters used are those in section 5,
eq. (5.1). The potential is shown in units of M2. The fields begin at large values of ϕ and χ. Then χ
rapidly falls down, and, after that, inflation driven by the field ϕ begins. Eventually, after ϕ crosses ϕc

the field χ falls to one of the two minima of the potential χ ≈ ±χ0 depending on the sign of d. The
initial conditions are shown on the right panel. [Right] Evolution of the field χ for different initial
conditions compared to the attractor solution in eq. (3.3). The agreement of the attractor solution
with the numerical (exact) solution of χ is remarkable. As expected, it starts to deviate from the
position of the minimum of the potential (3.3) close to when ϕ ∼ ϕc. The power spectrum is clearly
unaffected by the initial conditions.

Figure 3. Initial conditions problem for the model (1) of ref. [44]. If evolution begins at smaller
values of φ, as shown by the black line, the field evolution is chaotic, and hybrid inflation regime
typically does not emerge. If evolution begins at greater values of φ, as shown by the blue line, the
field φ turns, runs to infinity, its tachyonic potential becomes negative, and the universe collapses. In
this example, we use the parameters of figure 3 in ref. [44] with φc = 0.1 and (φi, χi) = (3, 3), (4,−2)
for the black and blue lines respectively.

and the universe collapses. It is possible to solve this problem by a proper modification of
the potential used in [44] at φ > φc. Fortunately, this issue does not appear in the original
version of the hybrid inflation scenario [2, 3], and in the hybrid attractor models described in
our paper.
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4 Evolution of the field χ in the single-field approximation

As we have argued in section 2, one can learn quite a lot about the waterfall stage of inflation
in hybrid inflation with χ0 & 2

√
3 by ignoring the field ϕ and investigating the single field

model with
V (χ) = M2

4χ2
0
(χ2 − χ2

0)2 . (4.1)

Many of our results will be valid for any single field inflationary potential; they will be based
on the general theory of eternal inflation [63–66] which we will remind here following the
general theory of eternal inflation developed in [66].

In the slow-roll approximation, ignoring quantum fluctuations, during each e-folding the
scalar field decreases by

∆χ = Vχ
V
, (4.2)

where Vχ = ∂V
∂χ . During that time the volume of each inflationary domain of the horizon

size O(H−1) increases e3 ∼ 20 times, so we get ∼ 20 independent horizon-size inflationary
domains where the average value of the field χ decreases by ∆χ = Vχ/V .

However, during the same time, inflationary quantum fluctuations may increase the
value of χ by

δχ ∼ H

2π =
√
V

2
√

3π
. (4.3)

If δχ > |∆χ|, these quantum jumps may bring half of the 20 horizon-size domain uphill, back
to where we started. This leads to the regime of eternal inflation [66]. Remarkably, as one can
easily see, the condition δχ < |∆χ| required for the absence of eternal inflation is equivalent
to the condition that the amplitude of perturbations is smaller than O(1):

As = V 3

12π2V 2
χ

. 1. (4.4)

This is not a coincidence, since eternal inflation would imply that inflation continues in some
parts of the universe, whereas in many other parts of the universe inflation is over and the
energy density rapidly becomes small.

In the context of the model (4.1), the criterion (4.4) is always violated at the top of the
potential where Vχ ∼ 0. However, quantum fluctuations in each horizon size domain during one
e-folding of inflation shift the field χ from χ = 0 by δχ ∼ H

2π . Thus one can use this estimate
for the initial beginning of the inflationary trajectory. Expanding V (χ) = V + Vχ,χχ

2/2
we find a simple criterion for the existence of eternal inflation at the top of the potential:
|Vχ,χ| . V .

A similar and perhaps a slightly more accurate estimate can be obtained by investigation
of eternally inflating domain walls separating parts of the universe with χ > 0 from the parts
with χ < 0 [67–69]. According to [70], this happens for

|Vχ,χ|
V

<
9

2π . (4.5)

This means that if this slow-roll condition is satisfied at the top of the potential, inflation
there is eternal.
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In application to the model (4.1), eternally inflating topological domain walls appear if

M . 2H , (4.6)

or, equivalently, if [70]
χ0 & 1.7 . (4.7)

What relation does it have to the two-field evolution in the hybrid inflation scenario?
The answer is that if the field ϕ initially was large, during the long process of its rolling along
the valley of the potential at ϕ > ϕc any original oscillations of the field χ disappear, and it
becomes stabilized at χ = 0. Then when the field ϕ passes the critical point ϕc, the field χ
may start falling down. Since Vχ = 0 at χ = 0, the field χ can fall down from χ = 0 only due
to generation of inflationary perturbations.

Note that while the field ϕ rolls to ϕ = 0, the Hubble constant decreases, whereas the
absolute value of the tachyonic mass squared |M2

χ| increases until it reaches M2. Therefore
if the condition (4.5), (4.6) is satisfied at ϕ = 0, it is satisfied everywhere along the ridge
χ = 0, ϕ < ϕc. In that case we enter the eternal inflation regime, the process which generates
enormous density perturbations on the scale well within the observable part of the universe.
There perturbations are sufficient for producing not only PBH, but also eternally inflating
domain walls separating parts of the universe with χ > 0 from the parts with χ < 0.

Thus the first conclusion which follows from this analysis is that in hybrid inflation with
M . H it is very easy to produce PBH. The only problem here is how to avoid overproducing
PBH and inflating topological defects.

The simplest way to avoid eternal inflation and to decrease the amplitude of perturbations
below O(1) is to consider models with χ0 � 1. It is still possible to have a second stage of
fast roll inflation in this scenario, producing large perturbations [1, 44, 71]. However, this
does not address the problem of superheavy topological defects in such models.

To solve both problems simultaneously, we added the small term µ3 χ to the poten-
tial (2.1), see (3.1). In that case one has Vχ(χ = 0, ϕ = 0) = µ3, and the condition As < 1 reads

µ3 &
V 3/2

2
√

3π
. (4.8)

To give a particular example, for V ∼ 10−10 this condition implies that µ3 & 10−16. This
means that by adding a tiny term 10−16χ to the potential one can avoid the problems discussed
above. The corresponding constraint on d = µ3/M2 is

d &
Mχ3

0
24
√

3π
. (4.9)

As we mentioned in section 3, the term dχ leads to an additional modification of this scenario.
In its absence, the field χ is rolling along the minimum of the potential at χ = 0, which is why
in our previous estimates of the amplitude of the perturbations we used χ = 0 as a starting
point of the inflationary waterfall. However, the term dχ pushes the field χ slightly away from
χ = 0. This happens well before ϕ becomes smaller than ϕc, see (3.4), (3.3). Thus, even though
the linear term dχ is very small, it pushes the field χ away from the ridge of the potential
and from its initial equilibrium state (3.3). This additionally decreases the height of the peak
of the perturbations. On the other hand, during the several e-foldings near ϕc the average
amplitude of the perturbations may grow slightly above H

2π , by a factor O(1). Therefore it
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would be interesting to perform a more detailed investigation of stochastic effects during
inflation, following [72–83]. However, we believe that the simple estimates (4.8), (4.9) give
a good estimate of the range of validity of the perturbative analysis to be used in this paper.

Thus we see that by adding the term dχ to the potential, one can control the height of
the peak of the perturbations. A detailed analysis of the perturbations produced in the full
two-field scenario is rather sophisticated and will be given in the next section. Interestingly, we
will find that the spectrum of the perturbations produced at ϕ sufficiently far below the critical
point ϕc is well described by the theory of perturbations in the single-field model described in
this section, while around the critical point ϕc multifield effects play a non-negligible role.

5 Hybrid exponential attractors and the spectrum of perturbations

In this section we will perform a full numerical investigation of perturbations in hybrid
attractors. For illustration, we will consider the exponential attractor model in eq. (2.1) and
consider the following combination of parameters as a benchmark

M = 1.47× 10−5 , α = 1 , g̃ = 0.8 , m̃ = 0.3 , χ0 = 2.5 , d = −5× 10−6 , (5.1)

which we denote as the baseline parameters and explore how changing each parameter affects
the shape and amplitude of the bump in the primordial power spectrum that is produced
at small scales. Note that we always set the field χ initially at rest at χi = 0 and we adopt
the initial condition ϕi = 3.4, which corresponds to 83 e-folds of inflation. The trajectory is
shown in the left panel of figure 4. Our baseline parameters in eq. (5.1) are chosen so that

ln 1010As = 3.043 , ns = 0.9618 , αs = 3.1× 10−6 , r0.002 Mpc−1 = 0.01 , (5.2)

well consistent with Planck/BICEP/Keck Array latest constraints at large scales. Note that
the amplitude ln 1010As, the tilt ns and the running of the tilt αs are computed at the pivot
scale k∗ = 0.05 Mpc−1 assuming that it crosses the Hubble radius N∗ = 55 e-folds before the
end of inflation.2 Changing some of the parameters in (5.1) also slightly affects predictions at
CMB scales. This effect can always be counterbalanced by tweaking more parameters at the
same time.

We note that recent efforts to solve the so-called H0 tension require a reinterpretation of
available data, which, taken at face value, would imply higher values of ns, all the way up to
ns = 1, i.e. the Harrison-Zeldovich value [84–87]. While it is not our goal to discuss such claims,
we show at the end of this section that we can easily obtain larger values of ns in our model.

We will also consider another example described by the parameters:

M = 9.48× 10−6 , α = 1 , g̃ = 1 , m̃ = 1 , χ0 = 2.58 , d = −10−5 . (5.3)

Its trajectory is shown in the right panel of figure 4. As can be seen, compared to the baseline
model, the hybrid field starts to move only when ϕ has approached ϕ ' 0. While this example
has a spectral index which is too red to fit Planck data, the waterfall phase here is closer to a
single-field stage of inflation, so it is useful for illustrative purposes and to be compared to
the intuitive arguments presented in the previous section.

2N∗ is affected by uncertainties that comes from our incomplete understanding of reheating. Clearly
a larger/smaller N∗ would shift the peak in the power spectrum towards smaller/larger scales and give a
bluer/redder ns compared to what we report in the main text.
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Figure 4. Trajectory in the exponential attractor model for the baseline parameters in eq. (5.1) (left)
and for the parameters in eq. (5.3) (right). To better appreciate the differences, we set the same range
for the y-axis.

Let us briefly summarize here the mechanism that leads to a peak in P(k), also anticipated
in the previous sections, from the perspective of the full multifield dynamics. The piece of
the trajectory producing the perturbations at the CMB scales consists in a simple slow-roll
phase along the ϕ direction. During this stage, the field χ slowly increases due to the linear
term. Inflation is dominated by the slowly-rolling inflaton ϕ and curvature perturbations do
not experience amplification. Eventually, when ϕ crosses the critical value ϕc, the effective
mass squared of the field χ becomes negative, it develops an instability and isocurvature
perturbations start to grow exponentially.

Even during this period, however, curvature perturbations experience the usual evolution
and freeze to a constant value after Hubble crossing. The trajectory turns and the field χ
rolls towards the minimum of the potential at χ0, taking a few e-folds to terminate inflation.
At the moment of the turn, the coupling between curvature and isocurvature perturbations is
switched on and power in the latter is quickly transferred to the former, leading to a large
peak in the PPS. We emphasize that the sourcing entirely occurs on super-Hubble scales, as
opposed to recently proposed models where the turn sources amplification around Hubble
crossing [6–11]. It is also important to understand that, while isocurvature perturbations do
grow during inflation, almost all of the power is transferred to the curvature ones during the
turn, leaving the spectrum of primordial perturbations after inflation adiabatic, consistently
with tight bounds on primordial isocurvature from CMB data [41].

To understand this process, it is useful to investigate the behavior of two important
quantities, i.e. the effective mass squared of isocurvature modes on superhorizon scales:3

m2
eff, iso
H2 = 1

(ϕ̇2 + χ̇2) H2

[
Vϕϕ χ̇

2 − 2Vχϕ ϕ̇χ̇+ Vχχ ϕ̇
2
]

+ 3η2
⊥, (5.4)

which describes the exponential growth of isocurvature modes, and the turn rate

η2
⊥ = 1

(ϕ̇2 + χ̇2) H2 [Vϕ χ̇− Vχ ϕ̇]2 , (5.5)

3We note that sometimes the quantity m2
iso/H

2 = m2
eff, iso/H

2 − 4η2
⊥ is also discussed in the literature.

The two quantities are conceptually different as m2
eff, iso/H

2 is the effective mass squared of isocurvature
perturbations obtained integrating out the evolution of curvature perturbations on super-horizon scales, while
m2

iso/H
2 really corresponds to the mass of isocurvature perturbations. However, in hybrid inflation, most

of the growth of isocurvature perturbations occurs before the turn, when η2
⊥ ' 0 and the two quantities are

numerically equivalent.
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Figure 5. [Left] Time evolution of the dimensionless spectra of curvature and isocurvature perturba-
tions in the baseline case. We show the evolution for the peak scale kpeak ' 5.3× 109 Mpc−1 and, for
a comparison, the pivot scale k∗ = 0.05 Mpc−1 and a smaller-scale mode kUV = 1014 Mpc−1. Green
and red areas correspond to the regions where η2

⊥/H
2 > 10−2 and m2

eff, iso/H
2 < 0 respectively, as

shown in the lower part of the plot. [Right] PPS at the end of inflation. The yellow-shaded area is
the region PR(k) & 10−3 where we expect a sizable production of PBHs. The dashed black line is
PR = 0.01, which is the value commonly used as criterium for PBH formation. The parameters used
to produce this figure are the baseline parameters in (5.1).

which controls the coupling between curvature and isocurvature modes and the resulting
amplification of the former.

These quantities are plotted in the left panel of figure 5, together with the evolution
of the dimensionless spectra of curvature Rk and isocurvature perturbations Sk for some
illustrative wavenumbers k. As can be seen, as soon as ϕ crosses ϕc and m2

eff, iso/H
2 becomes

negative, isocurvature perturbations start to grow. This amplification is experienced by all
the modes, however, since m2

eff, iso/H
2 > 0 for ϕ > ϕc, isocurvature modes which cross the

Hubble radius long before the instability decay before have sufficiently decayed so that their
amplitude is too small to source curvature perturbations, even if they get amplified (see
dashed orange line in the left panel of figure 5). Note that isocurvature modes that cross
the horizon later than the peak scale and are still sub-horizon at ϕ = ϕc) have less time to
grow, resulting in a smaller amplification of curvature modes during the turn (see brown lines
in figure 5). Very small scale modes cross the horizon long after the turn, when inflation is
completely driven by χ, and their evolution is just the typical slow-roll one, with isocurvature
perturbations decaying straight after horizon crossing.

The net effect of such amplification is to produce a broad bump in the PPS. If the
amplitude of the bump is large enough, the perturbations can collapse into PBHs when they
re-enter the Hubble radius during radiation dominated era [1]. The criterium for PBHs to
form is very sensitive to many assumptions, and it is not the purpose of this paper to study it
in details. Nevertheless, it generically requires PR & 10−3− 10−2 (see e.g. refs. [34, 88, 89]) as
indicated by the yellow shaded area in the right panel of figure 5. This can easily be satisfied
by our model.

The next issue to consider in the masses of PBH formed after inflation. This is a
rather complicated story, we will limit ourselves to simple estimates. Consider perturbations
produced at the peak, ∆N = Nend −Npeak e-foldings from the end of inflation. The mass
of PBH can be estimated by the total energy inside the horizon when these perturbations

– 12 –



J
C
A
P
0
4
(
2
0
2
3
)
0
3
3

re-enter the horizon. If the evolution until that time was matter dominated (which happens
if reheating is very inefficient), then one can roughly estimate MPBH ∼ O(10)H−1e3∆N ,
in Planck mass units, where H is the Hubble constant at the end of inflation. For a
radiation dominated universe (efficient reheating) the masses are expected to be much smaller,
MPBH ∼ O(10)H−1e2∆N [1, 90]. The reason for the smaller mass in the second case is the
redshift of radiation, which occurs prior to the horizon re-enter. In more realistic situations,
where the PBH formation occurs in a universe with p = ρ/3 after a long stage of matter
domination, the redshift is less efficient, and one may expect MPBH between the two limits
discussed above [10, 17].

To give a particular example, consider the universe which was radiation dominated soon
after the end of inflation. In this case one may use the expression that relates the scale of a
perturbation to the mass of the formed PBH [91]:

M(k)
M�

' 10−16
(
γ

0.2

)(
g(Tk)
106.75

)−1/6 ( k

1014 Mpc−1

)−2
, (5.6)

where γ is a factor that encodes the efficiency of the collapse to PBHs and g(Tk) is the
effective number of relativistic degrees of freedom at the time (or, equivalently, temperature)
of formation. For example, assuming γ = 0.2 and g(Tk) = 106.75, the baseline power spectrum
would produce a PBH mass function peaked around M ∼ 10−8M�. While this is excluded by
microlensing experiments [89], we will shortly see that the parameters can be tuned to shift
the location of the peak and give rise to much heavier or much lighter PBHs. For example,
the green line in the top-right panel of figure 6 shows a peak at kpeak = 1.3 × 1012 Mpc−1,
corresponding to PBHs of masses MPBH ∼ 6× 10−13M�, that can constitute the totality of
the Cold Dark Matter in our Universe [89]. Also note that the abundance of PBHs depends
exponentially on ratio of the primordial power spectrum to the critical value of the density
contrast δc, therefore, depending on the specific value adopted, the power spectrum shown in
figure 5 could result in no PBHs to an overproduction of PBHs.

The bump-like shape of the power spectrum at small scales suggests that we can control
properties such as its amplitude, location and width by choosing different combinations of the
model parameters. Phenomenologically, this does not strongly impact the formation of PBHs,
which, being a critical process, is mainly sensitive to the peak amplitude [92], so the relevant
features are just its amplitude and location. However, the frequency profile has implications
on the SGWB (see next section), which is sensitive to a wider portion of the bump. Therefore,
we now analyze the effects of varying the model parameters and show our results in figure 6.

The parameter controlling the amplitude of the peak is the amplitude d of the linear
term in the potential. Intuitively, this is very simple to understand. As we have shown in the
previous section, in the absence of the linear term in the models with χ0 & 1.7 one has eternal
inflation at the ridge of the potential at χ = 0, which results in O(1) perturbations. The term
dχ moves us away from the eternal inflation regime, decreasing the amplitude in a controllable
way. When the field ϕ moves sufficiently far away of the critical point ϕc, its equations of
motion depend less and less on the field ϕ. Following the argument in the previous section,
we would like to approximate the resulting amplitude of perturbations produced at this stage
by the simple single-field equation (4.4). We illustrate it in figure 7.

As can be seen, the approximation is quite bad for the amplitude of the peak in the
baseline example though it becomes reasonable for the spectrum away from the peak. This
approximation becomes much better in the second example, shown in the right sides of
figures 4, 7. The reason is that in the second example the turn is sharper and the waterfall
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Figure 6. Variation of model parameters and their imprints on the PPS. For each case, we also plot
the evolution of m2

eff, iso/H
2 and η2

⊥/H
2. [Top-left] Variation of d, which controls the height of the peak.

[Top-right] Variation of χ0, which controls the location of the peak. [Bottom-left] Variation of g̃, which
controls the width of the peak. [Bottom-right] Variation of g̃ for the parameters in (5.3). To highlight
that the last case is not compatible with Planck observations, we plot it on top of a red background (ns

is redder in that case). We also note that the x-scale axes on the bottom Nend −N correspond to the
time at which the wavenumbers on the top axes cross the horizon i.e. k = a(Nend −N)H(Nend −N).

stage is entirely driven by χ, i.e. the trajectory is in the χ direction, with the field ϕ
being approximately constant ϕ ' 0. Therefore, during the last ∼ 10 e-folds after the
turn with η2

⊥/H
2 ∼ 0, the numerical power spectrum matches well the slow-roll prediction

PR ' V 3/12π2V 2
χ ' H2/8π2ε. On the other hand, in the baseline case the trajectory is still

slowly turning close to the end of inflation, and the approximation to the single-field inflation
driven by χ is rough.

We note that, though ε only becomes large close to the end of inflation, it does grow
reasonably fast during the waterfall stage, so its logarithmic derivative, i.e. the second slow-
roll parameter η is not negligible. Therefore the simple expressions PR ' V 3/12π2V 2

χ (ϕ) '
H2/8π2ε, which are derived at first order in slow-roll receive higher order corrections. In
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Figure 7. We compare the single-field slow-roll approximations for the primordial power spectrum to
the exact numerical results for the baseline example in eq. (5.1) (left) and for the example in eq. (5.3)
(right). Red and green regions have the same meaning as in figure 5.

particular, the expression for the spectrum at horizon crossing k ∼ aH becomes [93]:

PR '
H2

8π2ε

[ 1
π

(2− 2ε)2ν−1 Γ2(ν)
]
, (5.7)

where ν = 1/2 + 1/(1 − ε) + η/2 and Γ is the Gamma function. Expressions for this
quantity during the stages of inflation driven by ϕ or χ can be obtained by using ε ' εV =(
Vϕ (χ)/V

)2
/ 2 and η ' 4εV − 2ηV , where ηV = Vϕϕ (χχ)/V , where φi denotes either χ, or φ,

depending on which one drives inflation at a given stage.
As can be seen from the dashed lines in figure 7, the agreement on the spectrum produced

after the peak is now much better and the formula correctly reproduces the power spectrum
at the very small scales that cross the horizon when the slow-roll parameters are large and
the hybrid field χ is ending inflation.

Another interesting feature that can be understood from figure 7 is that the peak in the
power spectrum is very close to the scale that crosses the horizon when ϕ = ϕc, i.e. the one
for which isocurvature perturbations experience the largest growth without having decayed on
superhorizon scales prior to ϕ = ϕc. While, in the second example, we see from the plot that the
amplitude of the spectrum at kpeak can be approximated quite well by PR ' V 3/12π2V 2

χ , we
stress again, that this approximation is rigorous only after the turn, when inflation is effectively
single-field, and that we must compute the full multifield dynamics to get exact results.

The location of the peak is controlled by the duration of the waterfall phase, which
essentially depends on the χ0 (see top-right panel of figure 6). Smaller values of χ0 imply that
the minimum in the χ direction is closer to χ ' 0 and the waterfall stage is thus shorter. For
this reason, the amplified modes cross the Hubble radius closer to the end of inflation and the
peak in the power spectrum occurs at smaller scales (larger wavenumbers). Therefore, tuning
χ0, we can easily control the mass of the produced PBHs, which scales exponentially with
N , i.e. M ∼ k−2 ∼ e2(Nend−Npeak), see eq. (5.6). Clearly, shifting χ0, we would need to adjust
other parameters to maintain the consistency with large scale data, as explained below.

Finally, the coupling between the two fields χ and ϕ is responsible for the width of the
peak. While the coupling does not change the stage with m2

eff, iso/H
2 < 0, it significantly

affects the evolution of m2
eff, iso/H

2 at earlier times. In particular, a larger value of g makes
the effective squared mass of isocurvature perturbations much larger for ϕ > ϕc. Therefore,
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isocurvature modes that are super-horizon before the tachyonic instability decay very fast and
their subsequent amplification is not enough to impact the evolution of curvature perturbations.
On the other hand, modes that cross the Hubble radius after the tachyonic instability has
developed are not affected by this. As such, the shape of the bump is only modified at
scales k < kpeak (see bottom-left panel of figure 6). This effect is particularly pronounced in
the bottom-right panel, where we show the variation with g̃ for a different combination of
parameters.

Armed with our understanding of the model parameters and their effects on the power
spectrum, we would like to ask a final question. What is the relation of our results to the
simple α-attractor prediction4 ns = 1 − 2

N ? Or, in other words, how much are we taking
advantage of the attractor nature of the model?

As we will shortly discuss, these questions are partly related to the last parameter of
the model, whose effects we have not explored so far, i.e. the parameter m̃, which controls
the amplitude of the plateau at large values of ϕ relative to the uplift. We note that the
following discussion can be straightforwardly generalized to polynomial attractors model that
we construct in section 7, which have different attractor predictions, see e.g. eq. (7.4).

Let us first clarify the meaning of N in ns(N) = 1 − 2
N . In single-field α attractors

models, N represents the number of e-folds from the moment at which the pivot scale crosses
the Hubble radius to the end of inflation. Therefore, to be as clear as possible, the quantity
we are interested is ns(N∗). As stressed above, we adopt N∗ = 55 in our paper. More
specifically, the attractor expression is derived by analytically solving the slow-roll equation
for the inflaton ϕ(N) as a function of N and plugging it into the slow-roll approximation for
the spectral index ns ' 1− 6εV + 2ηV .

However, in our model, where we have two stages of inflation, the equation for ns needs
to be modified as [10, 35]:

ns = 1− 2
N∗ −∆N . (5.8)

This is very easy to understand, as the second stage shifts the end of inflation by ∆N . In this
way, we relate the value of ns to the region of the plateau that is producing the perturbations
at N∗. However, how do we define ∆N? An intuitive way to do so would be to define it as the
distance from the time where η2

⊥/H
2 peaks, which roughly separates the region two stages of

inflation driven ϕ and χ, to the end of inflation. However, in our model, there are situations
where this is not the best definition for ∆N . Take the second example in figure 4. There,
ϕ approaches 0 some e-folds after εϕ = (V ′/V )2/2 reaches its maximum, i.e. the point of
maximum velocity of ϕ, and significantly slows down afterwards. However, since χ is moving
very slowly and its kinetic energy is much smaller than that of ϕ, it takes roughly ∼ 10 e-folds
before η2

⊥/H
2 peaks and the trajectory turns into the χ direction. This is different from what

would happen in the single-field case, where inflation would end shortly after εϕ reaches its
maximum value, which in that context is εϕ = 1.

A more sensible definition, which resembles more the one single-field α-attractor model,
is in fact to choose the time at which εϕ peaks, so that ∆N ≡ Nεϕ=maximum −Nend.5 In this
way, regardless of what happens after Nεϕ=maximum, eq. (5.8) should match quite well the
prediction, as long as the first stage of inflation is independent from the first one. This, in
turn depends mainly on the combination of parameters m̃

√
α.

4We only consider the spectral index here for simplicity.
5We stress that this is ∆N is not the duration of the waterfall stage, which instead begins when ϕ = ϕc

and χ develops an instability.
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Figure 8. Varying m̃ and its effect on the field evolution (left) and the primordial power spectrum
(right).

Also, note that, even after the modification N∗ → N∗ −∆N the simple eq. (5.8) would
be adequate only if there was no uplifting potential. In that case, the equation needs to be
further modified as:

ns − 1 = 1− 2V0γ
2

V0γ2 (N∗ −∆N) + (Vup + V0) eγsc , (5.9)

where γ =
√

2/3α, sc = ϕc − 1
γ ln 4, V0 = 3αm̃2M2 and Vup = M2χ2

0/4, see eq. (4.10) of
ref. [35]. Note that eq. (5.9) reduces to eq. (5.8) if Vup + V0 � V0γ

2(N∗ −∆N)e−γs0 . On the
other hand, in the large uplift limit Vup + V0 � V0γ

2(N∗ −∆N)e−γs0 the value of ns moves
towards ns = 1 [35].6

In figure 8, we show the sensitivity of our results to the parameter m̃. We plot the
evolution of the field ϕ together with the corresponding primordial power spectra. The change
in m̃

√
α is accompanied by a change in the initial condition ϕi to get the same number of

e-folds in all the cases and by a change in the d = −10−5 in the case with m̃
√
α = 1 and

g̃ = 2.5 in the case with m̃
√
α = 5, so that all the spectra show a peak of a comparable

amplitude. α and χ0 are kept fixed to the baseline values. For a comparison, we show in red
the evolution of ϕ in the single-field α-attractor model.

As can be seen, the evolution for ϕ gets more and more similar to the corresponding
single-field evolution as m̃

√
α increases, recovering the attractor predictions for large values of

V0/Vup. This is confirmed by the values of ns reported in figure 8, which agree with eq. (5.9).
Therefore, the conclusion is that, if we want to take advantage of the attractor predictions,
we need a large V0/Vup. In that case, however, for typical values of ∆N required to have
interesting phenomenological effects at small scales, ns ∼ 1− 2/(N∗ −∆N) is too red to fit
Planck data.

Let us stress that this does not mean that our model is excluded by observations. In
fact, as discussed above, the baseline example perfectly agrees with Planck measurements.

6Note that with an increase of Vup the attractor ns = 1 may be reached twice. Indeed, when Vup increases,
the evolution of the field ϕ slows down, so the last 55 e-foldings of inflation may happen at ϕ <

√
6α, when the

potential ∼ tanh2 ϕ√
6α is reduced to the original quadratic potential. In this case, with the growth of Vup the

value of ns crosses ns = 1, continues to grow for a while, and then decreases and approaches its final attractor
value ns = 1. And with the account taken of the full two-field evolution, the situation becomes even more
complicated, which is why we needed a detailed numerical analysis described in this section.
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Figure 9. Evolution of perturbations for the cases shown in the top left panel of figure 6 with
d = −5× 10−6 (left) and d = −10−6 (right). We plot the evolution for the mode corresponding to the
peak in the power spectrum and we denote the horizon crossing with a small blue circle. The red and
green shaded regions have the same meaning as in figure 5.

However, in that example, we must go slightly off the attractor regime, and compensate for
the decrease of ns by an increase of ns due to the uplift by Vup = M2χ2

0/4 [35]).
Things are different for polynomial hybrid attractors that we introduce in the next

section, where one does not need to rely on uplifting for consistency with the Planck data.
But for the exponential attractors discussed in this section, the proximity of the attractor
regime is also very helpful. For example, if ∆N = 10 and N∗ ∼ 55, the attractor prediction
ignoring the uplifting would be ns ∼ 0.956. This would inform us that with an account taken
of uplifting the value of ns does not go below 0.956, and we only need an uplift increasing
ns by less than 0.01 to make it consistent with the Planck results. It is always possible to
do it; in the large uplift limit one can bring ns all the way up to ns = 1 [35]. This healing
power of uplift may play a significant role in the development of advanced inflationary models
compatible with the changing observational landscape, where the attempts to resolve the H0
problem may push us towards considering inflationary models with large ns [84–87].

Growth of perturbations. Before concluding, we note that since the perturbations in our
model grow very large, care should be taken for them not to backreact on the background
evolution. As a naive criterium, which should anyway give a good estimate of when backre-
action is negligible, we compare the background values of ϕ and χ to the evolution of the
corresponding perturbations ∼

√
PQϕ and ∼

√
PQχ . Here, we denote the gauge-invariant

perturbations to the two fields by Qϕ and Qχ. We show this in figure 9, where we plot the
evolution of the kpeak modes, which is the one that takes larger values.

In the left panel, corresponding to the baseline case, where PR(kpeak) ∼ 0.007, we see
that the perturbations are always subdominant with respect to the background fields. In
particular, after the perturbation to χ crosses the horizon, where it takes the typical value
H/2π, it starts growing because of the tachyonic instability, but we see that the background
value for χ is always at least ∼ 15 times larger. We therefore conclude that in this case the
perturbations should not affect the background evolution and our results are robust. As
another example, we show the evolution for kpeak in the case of a smaller d = −10−6, also
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Figure 10. Examples with a larger ns. We use the following parameters. Case A: α = 0.9, m̃ = 0.35,
χ0 = 2.5, g̃ = 3.7, d = 5 × 10−6. Case B: α = 0.6, m̃ = 0.35, χ0 = 2.5, g̃ = 5, d = 5 × 10−6. The
parameter M is fixed to match the COBE normalization and ϕi to achieve 70 e-folds of inflation.
The potential is shown in units M2. The trajectory in the left panel is shown for Case A, but is
representative also of Case B, which shares the same features.

shown in figure 6. We see that also in this case perturbations remain small compared to the
background value, although now

√
PQχ is only a factor of ∼ 3 smaller, so the two quantities

are of the same order of magnitude. However, this case has a very large peak amplitude
PR(kpeak) ∼ 0.17 so that it is excluded by the over-production of PBHs and also by current
Pulsar Timing Array (PTA) limits on the SGWB induced by the scalar perturbations at
second order (see next section).

A larger ns. Although the example above is perfectly consistent with CMB observations,
it is interesting to explore whether larger values of ns can be attained in our model. We
show two examples in figure 10, where ns falls both on the right of the sweet spot of the
Planck/BICEP/Keck Array. Note that also a non-negligible amount of running is produced,
which is nevertheless consistent with the constraints from Planck [41]. As seen in the left panel,
the main difference with respect to the baseline evolution is that, since g is larger and ϕc smaller,
the hybrid field χ starts to move later during inflation, with a resulting shorter waterfall stage.
The CMB scales therefore test the region where the plateau is flatter and ns bluer. However,
also in this case, the uplifting potential is quite large, i.e. the ratio V0/Vup is small, and we
cannot rely on the simple attractor relation ns = 1− 2/(N∗ −∆N), as discussed above.

We also note another interesting feature of the power spectrum in figure 10. The power
spectra in the yellow-shaded region rises with a spectral index of roughly 10.9 and 11.2 for
Case A and B respectively. This growth is much steeper than ns ∼ 5 (plus a weak running)
which is the limit in the case of canonical single field inflation [94, 95], confirming that multiple
field effects can easily overcome such limit [6, 7, 9].

6 Stochastic gravitational wave background generated at horizon re-entry

It is well known that scalar and tensor perturbations are decoupled at linear order. However,
they are mixed at higher orders in perturbation theory. In particular, scalar perturbations
act as a source of gravitational waves at second order in perturbation theory when they
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re-enter the Hubble radius during the radiation dominated era7 [37–39]. If their amplitude is
large enough, the resulting SGWB can fall into the sensitivity of future gravitational wave
interferometers, that can therefore be used to test the physics of Hybrid inflation. It is
therefore crucial to make accurate predictions on the spectral shape of the SGWB.

The energy density of the SGWB at present time is given by [101, 102]:

Ωind(k) = 0.387 ΩR

(
g4
∗,sg
−3
∗

106.75

)− 1
3 1

6

∫ 1

−1
dx
∫ ∞

1
dyPR

(
y − x

2 k

)
PR

(
x+ y

2 k

)
F (x, y) ,

(6.1)
where ΩR = 5.38× 10−5 is the radiation abundance [103], the effective numbers of degrees of
freedom, g∗,s and g∗, are evaluated at the moment when the constant abundance is reached,
roughly coinciding with the horizon crossing time, and

F (x, y) = 288(x2 + y2 − 6)2(x2 − 1)2(y2 − 1)2

(x− y)8(x+ y)8

×

(x2 − y2 + x2 + y2 − 6
2 log

∣∣∣∣∣y2 − 3
x2 − 3

∣∣∣∣∣
)2

+ π2

4 (x2 + y2 − 6)2θ(y −
√

3)

 . (6.2)

We show in figure 11 the SGWB spectra corresponding to the scalar power spectra
shown in figure 6, compared to the sensitivity of future experiments. We also plot in cyan the
recent claim of a detection from the NANOGrav collaboration [104]. However, since there
is no evidence for the so-called Hellings and Downs curve, which would be the smoking gun
for a gravitational wave background detection, we interpret the data point as an upper limit
(see [105] for a recent study on the implications on peaked power spectra from inflation).

We note that ΩGW depends on the model parameters qualitatively in the same way
as the curvature power spectrum. This is obvious because the integral in eq. (6.1) suggests
that ΩGW(f) ∝ P2

R(f). We see that the background produced in Hybrid inflationary model
typically falls in the sensitivity region of PTA experiments (magenta shaded area) and space-
based gravitational waves interferometers such as LISA (turquoise-green shaded area) and
more futuristic ones like BBO and DECIGO (grey shaded area). Some values of the parameter
space, in particular those featuring a too-large amplification of the spectrum are already
excluded by current PTA limits from the NANOGrav collaboration. Interestingly, the models
excluded are those for which our analysis is less reliable and we should start to take into
account stochastic effects the backreaction on the background dynamics during inflation, see
a discussion in section 4, and in the discussion of figure 9.

Reconstructing the spectral shape of the SGWB is a target of future gravitational wave
experiments [106, 107], it is thus important to provide simple templates for ΩGW(f) that
can be readily used in such searches. Since the computation of the primordial curvature
power spectrum, and therefore of the induced SGWB, has to be performed numerically,
such template is intended to be purely phenomenological and a one-to-one connection with
the model parameters is not straightforward. Nevertheless, having a template that closely
matches the exact result has the clear advantage of simplicity. In case of a detection of the

7In principle, since the perturbations produced during inflation are quite large, in addition to the gravitational
waves produced during the radiation era, we could also expect a sizable background to be sourced already
during inflation [96]. However, as shown in ref. [97], its amplitude is suppressed, relative to that produced
after inflation, by powers of ε and η⊥/H. Since both factors are much smaller than 1 in our model, we ignore
this contribution.
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Figure 11. SGWB sourced by the large amplitude perturbations. We consider the same parameters
as in figure 6. Magenta, turquoise-green and grey shaded regions correspond to the sensitivities of
SKA [98], LISA [99] and BBO/DECIGO [100].

phenomenological template, the exact signal can be compared numerically and constraints on
the true model parameters can be set.

Focusing for simplicity on LISA, we see that, depending on where the peak is located,
we may need a more complex template to capture the signal. For example, if the peak falls
outside the sensitivity, the SGWB can be just described by a simple power law, as for the
blue line in the top-left panel of figure 11. If, on the other hand, the peak is exactly in the
sensitivity range of LISA, a simple power-law would not be precise enough to describe the
richer structure of ΩGW(f) and some more advanced functions to describe the peak will be
needed. This is the case of the green line in the top-right panel of figure 11.

As we can see, a simple lognormal shape for ΩGW, i.e. a Gaussian in log-space, captures
very well the region close to the peak, but it fails to describe the power-law behaviors at
frequencies smaller and larger than the peak frequency fpeak. While this accuracy is probably
acceptable for LISA, whose sensitivity band is narrow enough not to see this deviation, it
would be nice to have an even more accurate template, suitable for the next-generation of
space based experiments. Also, this template is important to describe situations, such as the
green line in the bottom-left panel of figure 11, where the background falls in the sensitivity
range of multiple experiments.

We see that a simple broken power law is not able to reproduce our signal either. A
solution is to smooth the transition between the two power-laws at the pivot frequency fpeak
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and adopt the following smoothed broken power-law template:

h2ΩGW(f) = A
F(f, fpeak, n1, n2, ∆)
F(fpeak, fpeak, n1, n2, ∆) , (6.3)

where

F(f, fpeak, n1, n2, ∆) =

[
f

fpeak

(
−n1
n2

)∆
]n1

{
1
2

[
1 +

(
f

fpeak

(
−n1
n2

)∆
)1/∆

]}∆(n1−n2) . (6.4)

As can be seen, with a proper choice of parameters, the template accurately matches the exact
result and can therefore used in phenomenological searches for the SGWB produced in our
model and similar ones. Indeed, we note that the GW signal produced by our model is also
common to other realizations of hybrid inflation, that however produce different predictions
at large scales, as previously discussed. The synergy of large and small scale data would be
instrumental in pinning down the fundamental embedding of the hybrid inflation mechanism.

7 Hybrid polynomial attractors

The hybrid attractor scenario described in this paper was mainly devoted to the so-called
exponential attractors, such as V0 tanh2 ( ϕ√

6α
)
, where the potential of the field ϕ approaches

the plateau exponentially,
V (ϕ) = V0

(
1− e−ϕ/µ + . . .

)
. (7.1)

But there is yet another broad class of cosmological attractors, where the potential approaches
the plateau more slowly, not exponentially but as inverse powers of the inflaton field,

V ∼ V0

(
1− µk

ϕk
+ . . .

)
, (7.2)

where k can be any (integer or not) positive constant. The simplest examples of such potentials
are given by

V = V0
ϕk

ϕk + αk
. (7.3)

They were called polynomial attractors [54]. Such potentials may appear in several different
contexts, such as KKLTI inflation [108], pole inflation [109], and also as a special version of
α-attractors [54].

In all of these cases, at α � 1 in the large N limit these potentials have universal
attractor predictions, independently of other details of the potential indicated by the ellipsis
. . . in eq. (7.2). In particular, the spectral index ns depends only on k [110]:

ns = 1− 2
N

k + 1
k + 2 . (7.4)

Here we will consider the hybrid inflation scenario where instead of the potential m2

2 φ
2

we will use a potential V = m2

2
α2ϕ2

ϕ2+α2 . At ϕ2 � α2 this potential is given by the familiar
expression m2

2 ϕ
2, but at ϕ2 � α2 it approaches a plateau V0 = m2α2

2 .
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Figure 12. [Left] Evolution of the field ϕ in the hybrid polynomial attractors model. [Right]
Primordial power spectra. The parameters for each example are reported in table 1.

d m̃α g̃ ∆N ns,KKLTI ns, num

Example 1 −2× 10−7 0.7 2 9.43 0.9671 0.9670
Example 2 −10−7 0.3 6 11.00 0.9659 0.9652
Example 3 −6× 10−8 0.05 8 8.91 0.9674 0.9662

Table 1. Parameter combination used in our examples, and corresponding values for ∆N and the
scalar spectral index.

Ignoring, for simplicity, the hybrid inflation uplifting, these models have universal
predictions [110]

ns,KKLTI = 1− 3
2N , r =

√
2α

N3/2 . (7.5)

The corresponding hybrid inflation potential based on this particular version of the
polynomial attractor is given by

Vpoly(χ, ϕ) = M2
[

(χ2 − χ2
0)2

4χ2
0

+ m̃2

2
α2ϕ2

ϕ2 + α2 + g̃2

2 ϕ
2χ2 + dχ

]
. (7.6)

In figure 12, we provide some examples of the evolution of the field ϕ in this model,
together with the associated power spectra. We fix the following parameters α = 0.05,
λ = 1/χ2

0 = 0.3 and M is chosen to match the COBE normalization, as usual. The small value
of α is chosen here to take advantage of the attractor regime of polynomial attractors [109].
The other parameters are varied according the following table. As discussed in the previous
section, the number of e-folds that is used in eq. (7.5) is NKKLTI = N∗ −∆N = 55 −∆N ,
where we assume N∗ = 55.

We can see that the main features of the peak in the power spectrum are essentially
the same as in the exponential hybrid attractor models. The main difference is that the
predictions at large scales follow a different attractor. Like in the previous section, we observe
that increasing m̃α brings the analytical predictions into closer agreement with the numerical
results for ns. However, unlike in the case of exponential attractors, here this allows us to take
full advantage of the attractor nature of the model. Indeed, since now ns = 1−3/2(N∗−∆N),
the attractor predictions are consistent with Planck data even for the value of ∆N ∼ 10
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needed to get a phenomenologically interesting peak at small scales in this model. Therefore
in this context we do not need to rely on uplifting to shift the attractor prediction upwards
to larger values of ns. However, we can use this mechanism if we want to consider models
with larger values of ∆N , or if we want to increase ns even further.

8 Discussion

Models of inflation producing a large amplitude peak at small scales are the subject of a very
active field of research, primarily because they potentially lead to the production of PBHs and
a SGWB testable with future gravitational wave facilities. Historically, hybrid inflation [2, 3]
was one of the first models where such an amplification of power was considered [1], see
also [111–118]. In this paper, we investigated the possibility to generate perturbations with a
very high peak in the spectrum in its recently developed α-attractor generalization [35] of the
hybrid inflation scenario and discussed its consequences for PBH and SGWB production.

This scenario describes an inflaton field ϕ interacting with a Higgs-type field χ in such a
way that the latter becomes tachyonic when ϕ becomes smaller than some critical value ϕc.
In the simplest cases, the absolute value of the tachyonic mass of the field χ becomes much
greater than the Hubble constant H at ϕ < ϕc. Is such cases, the field χ falls down to the
minimum of the potential at χ = χ0 and inflation abruptly ends at ϕ ≈ ϕc [2, 3].

However, for χ0 � 1 the tachyonic mass of the field χ at ϕ . ϕc remains much smaller
than H. In such cases, inflation continues while the field χ slowly rolls down towards the
minimum of V (χ). As we explained in this paper, in this case, at ϕ < ϕc, the universe
enters the eternal inflation regime: in some parts of the universe inflation eternally continues
at χ = 0, whereas in many other parts inflation ends within a relatively small number of
e-foldings ∆N . This leads to enormous perturbations of density on the scale proportional
to e∆N , which results in copious production of PBHs and eternally inflating parts of the
universe, including eternally inflating topological defects.

This is a very general property of this class of models, which does not require any fine-
tuning, so it is very easy to produce a very high peak of perturbations and PBH in this scenario.
The only problem is how to keep the situation under control, to avoid overproduction of both
PBHs and eternally inflating topological defects inside the observable part of the universe.

One way to do it is to reduce χ0, which stops eternal inflation and suppresses the
amplitude of perturbations [1, 44]. However, this is not sufficient to solve the problem of
supermassive topological defects. Another problem is how to make a large bump at some
intermediate range of e-foldings and simultaneously have perturbation with ns ∼ 0.96–0.97
compatible with the Planck data.

In this paper, we showed that it is possible to solve all of these problems in the α-attractor
generalization of hybrid inflation [35] if we add a tiny linear term µ3χ to the potential. This
term pushes the inflationary trajectory slightly off the ridge of the potential. This solves the
problem of topological defects and simultaneously decreases the amplitude of the perturbation
in a controllable way. The position and the width of the peak can be controlled by other
parameters of the hybrid inflation potential.

Phenomenologically, key features of this model are the agreement with CMB measure-
ments from Planck and the production of PBHs and SGWB at smaller scales, that offer
nice prospects for testing it in the future. Indeed, many realizations of hybrid inflation were
excluded by the earliest Planck release [45]. Thanks to the α-attractor modification of the
model, one can find a broad range of parameters where ns and r are consistent with the
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latest Planck/BICEP/Keck Array results. On smaller scales, the model is flexible enough
to produce bumps at different locations and with different shapes, making it possible to
produce very light to heavy PBHs, possibly constituting the totality of the Cold Dark Matter
in our universe if the peak is located at the right position. While the formation of PBHs
is mainly sensitive to the overall amplitude of the peak, future observations of the induced
SGWB have the potential to unveil its spectral shape over orders of magnitude in frequency.
Our model thus constitute a primary target of future searches for stochastic backgrounds
of gravitational waves. To this purpose, we have also derived a very simple template that
perfectly captures the frequency profile of the gravitational wave energy spectrum, and can
be readily used by the gravitational wave community to test our model. We stress that the
GW signal described by our template, first proposed in our paper, is quite generic to the
hybrid inflation mechanism. However, the embedding of hybrid inflation into the α-attractor
framework leads to predictions at large scales that are consistent with current data, making
the synergy of GW experiments with large scale structure measurements crucial to identify
the origin of the hybrid inflation mechanism.

We note that the hybrid attractor model proposed in [35], and further developed in
this paper, represents a simple generalization of the basic hybrid inflation model [2, 3]. In
the appendix A it is shown how this scenario can be implemented in supergravity. One
can also generalize this two-field model to include many other fields. In particular, instead
of the inflaton potential m2

2 ϕ
2 one can consider O(2) invariant potential m2

2 (ϕ2
1 + ϕ2

2). In
such model instead of domain walls we would have global strings. If we consider a potential
m2

2 (ϕ2
1 + ϕ2

2 + ϕ2
3) we would have global monopoles. By considering more general potentials

for the field χ, including hilltop inflationary potentials such as (χ4 − χ4
0)2, or the Coleman-

Weinberg potential used in new inflation, one may have a second inflationary stage with
an extremely small value of χ0. In such models one may find a different way to control
the amplitude of the spectrum and avoid problems with topological defects. In fact, as
shown in [119, 120], in certain cases such defects may independently contribute to the PBH
production.
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A Supergravity implementation of hybrid attractors

A.1 Hybrid α-attractors with a canonical waterfall field, adding axions

In the context of the PBH production hybrid inflation was studied in supersymmetric F-
and D-term inflation [44]. All fields in these models have canonical kinetic terms, therefore
the choice of parameters consistent with CMB as well as leading to PBH production is not
easy to make. For example in D-term supergravity model the Planck-like FI term and a
superpotential with large coupling are required.

Our models have plateau potentials with non-canonical geometric inflaton at the first
stage of inflation, which facilitates their agreement with the CMB data.
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The α-attractor versions of hybrid inflation models were proposed and studied in [35].
The first stage of inflation was defined by a plateau potential for the field ϕ originating from a
geometric hyperbolic disk geometry with the Kähler curvature R = − 2

3α . The waterfall phase
of hybrid inflation is due to a second field χ which was also defined in [35] by a geometric
hyperbolic disk geometry with the Kähler curvature R = − 2

3β .
In the models we study here we take the waterfall χ to be a canonical field, β →∞. For

our purpose to study high peaks in inflationary perturbations any value of β > 1 is suitable,
not much depends on it. Small values of β are more interesting if we design the second stage
of inflation as a quintessence cosmology, which is not the purpose of this paper. Therefore, in
our case a canonical waterfall field is the simplest possibility.

Here we will present the supergravity version of the cosmological models for a geometric
inflaton ϕ and a canonical waterfall field χ studied in this paper. These models can also be
obtained from supergravity versions of general hybrid inflation in [35] in the limit β →∞.

We start as follows

L√
−g

= R

2 −
(∂µφ)2

2
(
1− φ2

6α
)2 − (∂µχ)2

2 − V (χ, φ) , (A.1)

where
V (φ, χ) = M2

(
Vhybrid(χ, φ) + Vlin(χ)

)
. (A.2)

Here

Vhybrid(φ, χ) = m2

2 φ2 + g2

2 φ
2χ2 + (χ2 − χ2

0)2

4χ2
0

, (A.3)

Vlin(χ) = dχ . (A.4)

To be careful, one should also subtract a tiny constant ≈ dχ0 to ensure smallness of the
cosmological constant at the minimum, but this term can be ignored in the investigation of
inflation.

Upon transformation to canonical variables φ =
√

6α tanh ϕ√
6α we find

L√
−g

= R

2 −
1
2(∂µϕ)2 − 1

2(∂µχ)2 − V (ϕ, χ) . (A.5)

The hybrid potential (A.2) as a function of ϕ and χ becomes (2.3)

V (ϕ, χ) = M2
[
3α tanh2 ϕ√

6α
(m̃2 + g̃2 χ2) + (χ2 − χ2

0)2

4χ2
0

+ dχ

]
. (A.6)

The model given in eqs. (A.5), (A.6) is a model with 2 bosonic fields. In the main part of the
paper we studied the cosmological properties of this model.

We would like to embed this bosonic model into a supergravity model. Such an embedding
is not unique, we choose here a relatively simple one. The first step is to relate each of the
scalars ϕ and χ to complex scalars Z1, Z2. This means also that two scalars of the original
bosonic models are supplemented by two axions.

Z1 = zeiθ1 = tanh ϕ√
6α
eiθ1 , Z2 = 1√

2
χeiθ2 . (A.7)
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Now we need to make sure that there is a minimum in θi directions at θi = 0, so that both
axions are stabilized at their vanishing value.

Many cosmological supergravity models associated with string theory and uplifting
anti-D3 branes which were proposed and studied during the last few years involve an ad-
ditional nilpotent chiral superfield X such that X2 = 0. It represents non-linearly realized
supersymmetry of the Volkov-Akulov type.

The reason why the embedding proposed in (A.7) is relatively simple is the fact, es-
tablished earlier in [121–123], that there is a universal geometric mechanism of stabilization
of the inflaton partner during inflation (or in general, of the imaginary part of the complex
scalar), based on the bisectional curvature. In our case, this is a statement that the fields
ImZi can be stabilized at ImZi = 0, i.e. at θ1 = θ2 = 0, which reduces our supergravity
model to the bosonic cosmological model we study in this paper. In presence of the nilpotent
superfield one can add to the Kähler potential a bisectional curvature term of the form

Kbisec = XX̄A(Z, Z̄)Im2Z (A.8)

for each of the axions ImZ which we want to stabilize. These terms with appropriate choice
of the function A(Z, Z̄) add a positive mass terms to each of the axions at all positions in
inflationary trajectory.

In fact, very often our earlier models in [123] were stabilized at the vanishing values of
the axions even without the need for bisectional curvature terms. This feature is provided by
special properties of these models which we also used in [124] and will use here.

A.2 Supergravity model with stabilized axions
There are 3 chiral superfields, Z1, Z2 and a nilpotent one X. The Kähler potential and the
superpotential are:

K =KXX̄XX̄−3α log
(
1−Z1Z1

)
+Z2Z2 , KXX̄ = F 2

X

FX
2+V

(
Z1,Z1,Z2,Z2

) , (A.9)

W =M(FXX+W0)
(
1−Z2

1

) 3α
2 e−

Z2
2

2 . (A.10)

Here V
(
Z1, Z1, Z2, Z2

)
is an arbitrary function. To match the potential of the hybrid

α-attractors (A.6) we will take

V = M2

3αZ1Z1
(
m̃2 + g̃2Z2Z2

)
+ 1

4χ2
0

(Z2 + Z2√
2

)2

− χ2
0

2

+ d
Z2 + Z2√

2

 . (A.11)

The total potential
V super = eK(|DW |2 − 3|W |2) (A.12)

as a function of complex fields Z1, Z2 at X = 0 is complicated, but at real Z1, Z2 it is reduced
to (A.6) where in addition there is a cosmological constant term Λ = F 2

X − 3W 2

V super|Zi=Zi,X=0 = Λ + V (ϕ, χ) . (A.13)

Using Kähler invariance of the potential (A.12) we can present an alternative form of K
and W which helps to explain the reason why the axions are easy to stabilize in this class of
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models. The first term in K is the same as in (A.9) but the second and the third, as well as
W are different due to a Kähler transformation preserving the potential

K = KXX̄XX̄ −
3α
2 log

(
1− Z1Z1

)
(1− Z2

1 )(1− Z1
2)
− 1

2(Z2 − Z2)2 , (A.14)

W = M (FXX +W0) . (A.15)

The Kähler potential −3α
2 log (1−Z1Z1)

(1−Z2
1 )(1−Z1

2)
− 1

2(Z2 − Z2)2 vanishes at Zi = Zi by design, and

it has terms proportional to axions −(Zi−Zi)2. The shift symmetry for axions Z → Z + ic is
therefore broken already by K and in most cases axions are stabilized even without additional
terms with bisectional curvature (A.8), as shown in [123].

It was also important here that one can make a choice of the function V
(
Z1, Z1, Z2, Z2

)
in eq. (A.9) in the Kähler potential of the nilpotent field KXX̄ supporting the stabilization of
the axions initiated by the choice of the Kähler potential of the chiral superfields Zi.

In particular, for the parameters used in this paper for the model in (A.6) we have
checked that axions are stabilized at Zi = Zi and they have large positive masses even without
bisectional curvature terms (A.8). For more general parameters, in any case the bisectional
curvature terms (A.8) can always be added and therefore we have promoted our bosonic
models to supergravity models consistently.
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