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ABSTRACT: We develop a polymer field-theoretic model that incorpo-
rates explicit treatment of semiflexibility and polar solvents, providing a
framework to determine the impact of solvent ordering and concentration
fluctuations on the thermodynamic behavior of polyelectrolyte solutions.
We study the effect of dipole ordering on the electrostatic potential near a
charged surface and the phase behavior of oppositely charged symmetric
polyelectrolytes. The phase diagrams, incorporating quadratic-order
concentration fluctuation corrections, are determined using different
approximations of the chain structure factor for semiflexible polymers.
While wormlike-chain statistics provides the most broadly accurate
prediction for phase behavior, a Gaussian-rigid interpolation remains an
adequate approximation for quadratic-order fluctuation corrections for
many experimentally relevant systems. However, our theory provides the
basis for predicting the impact of higher-order concentration fluctuations, which requires chain statistics that cannot be rendered
from existing approximate methods.

Article Recommendations

B INTRODUCTION

Polyelectrolyte solutions and materials play a central role in a

resulting dielectric inhomogeneity. The combination of solvent
ordering and polymer structure facilitates an accurate treat-
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number of applications, ranging from industrial production of
food,"™* pharmaceuticals,s_ adhesives,”™'? biopolymer phase
segregation in living cells,”>™'® and water purification
membranes.'”~>* Applications of polyelectrolytes often rely
on their tendency to phase separate into a polymer-rich
mixture composed of oppositely charged polymers (coac-
ervate) and an ion-rich phase (supernatant) that contains trace
amounts of polymers. Progress in our fundamental under-
standing of complex coacervation has been essential in
predicting the thermodynamics®*~** and morphology™ ™" of
both synthetic and naturally occurring Eolyelectrolytes.
However, as discussed in recent reviews,”> > there remains
a significant challenge in building a theoretical formulation that
captures long-range electrostatic correlations and properly
relates nanoscale structure and fluctuations to collective
thermodynamic behavior.

In addressing these challenges, we develop a theoretical
model of a solution of polyelectrolytes within a polar solvent
that aims to accurately capture polymer structure and solvent
ordering at the nanoscale (see Figure 1). We leverage exact
results for the statistical behavior of the wormlike chain model
(WLC) in tandem with the random phase approximation
(RPA) to accurately incorporate correlated fluctuations across
relevant length scales. Our field-theoretic approach incorpo-
rates inhomogeneous solvent ordering, resulting in a modified
nonlinear Poisson—Boltzmann equation that captures the
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ment of electrostatic correlation, which we demonstrate to be
critical in predicting thermodynamic behavior.

The theoretical study of polyelectrolyte phase behavior dates
back to the Voorn—Overbeak (VO) model,***” which
combines a linearized version of the Poisson—Boltzmann
equation (i.e., Debye—Hiickel theory) with Flory—Huggins
polymer-solution theory.”®** This model focuses on the
complex coacervation of polyanions and polycations in an
ionic solution. The use of the linearized Poisson—Boltzmann
equation limits the accuracy of the theory to dilute, weakly
interacting electrolytes, and the theory disregards polymer
chain connectivity, opting to treat the charges along the
backbone as disconnected ions. Despite these simplifications,
this theory, along with corrective modifications,**™**
common tool to model experimental data, as its simplicity
makes parameter fitting straightforward.

One method to accurately incorporate chain connectivity is
the random phase approximation, which extends the mean-
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Figure 1. Visualization of the strengths of electrostatic interactions
captured within our theory. The left side shows how the treatment of
a mixture subject to a consistent dielectric constant experiences equal
charge interactions throughout the solution space. On the right, the
inclusion of dipole ordering results in an inhomogeneous dielectric
constant, leading to more significant charge—charge interactions near
the polymers and stronger coupling between polymer and ion
concentration fluctuations.

field theory to include concentration fluctuations.*”** The
success of RPA in uncharged systems, such as block
copolymers.,“s_47 results in numerous investigations into its
use for polyelectrolyte thermodynamics.”*™>" As was expected
for charged systems, early literature showed that this formalism
was only valid at high polymer density, where concentration
fluctuations contribute less significantly to thermodynamic
behavior."® While RPA is still used in field-theoretic
approaches for polyelectrolytes,” this approach has limitations
in treating charged systems due to the difficult task of
capturing accurate correlations from the chain structure, which
can lead to unphysical results.”” Many of these limitations are
clearly illustrated in addressing the phase behavior in
polyelectrolyte solutions.””** In the case of Coulombic
systems, introducing a correction to the mean-field RPA
structure factor using a one-loop approximation allows for a
more accurate representation of the chain statistics and their
impact on collective behavior.”>*

RPA theories require an explicit mathematical expression of
the chain statistics to describe the spatial distribution of the
charged polymer. Commonly, the Gaussian chain structure
factor is used to describe flexible chains, but this approach
often leads to an overestimation of the correlation effects.>”
Recently, molecular connectivity in charged macromolecules of
arbitrary fractal dimensions is explored for fixed structure
factors of point-like, rod-like, and coil-like molecules.’® The
statistics of long flexible polymers are well described on length
scales comparable to the radius of gyration by the Gaussian
chain model,>” while long stiff polymers can be modeled by the
rigid-rod formulation.*®

The wormlike chain model,”® which treats the polymer
molecules as inextensible elastic chains, is regarded as a
comprehensive model that reliably describes the statistical
properties ranging from length scales of the entire polymer
chain (i.e., the radius of gyration) down to length scales below
the polymer persistence length. This multiscale model also
includes additional orientational dependence, which becomes
important in certain physical systems such as liquid
crystals.””®" The WLC model, while more accurate, has been
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historically difficult to incorporate into polymer theory, which
has led to its approximation by interpolating between the
Gaussian-chain and rigid-rod models.”® This method can be
effective for some solutions, but this approximation fails to
accurately model shorter semiflexible polymers where the
Gaussian-chain model breaks down.”” Furthermore, these
approximate methods are not currently amenable to theoretical
treatments that capture higher-order fluctuation effects (i..,
cubic and quartic), which would serve as the basis for a
systematic treatment of solution thermodynamics.

One aspect of charged solutions that requires further
investigations is dielectric inhomogeneity associated with
solvent-molecule ordering near charged species. While there
are numerous investigations into highly correlated charged
systems,”>** dielectric inhomogeneities present an additional
challenge. Commonly, solvent dielectric properties are
assumed to be uniform across the polyelectrolyte solution.*”**
However, nonuniform solvent polarization generated by local
electric fields">®° is an important contributor to electrostatic
correlations.””~”* For example, dielectric constants are shown
to vary from a low value of S neighboring the chain to
approximately 80 in a bulk aqueous solution (i.e., water as the
solvent) over a distance of 2 nm.” In the strong coupling limit,
the higher multipoles in the ionic network only contribute
when there is dielectric inhomogeneity.”* One method of
studying the dielectric response is to explicitly treat the solvent
dipole moment within a Poisson—Boltzmann formulation,
commonly referred to as the dipolar Poisson—Boltzmann
equation (DPBE).”~”” This approach shows greater electro-
static interactions arising from polarizability, leading to a
dielectric gradient between charged species.** ™"

Further theoretical development is needed to encompass the
local polarizability effects in polyelectrolyte solutions, as there
are many nontrivial interactions between the charged
components such as counterion condensation creating dipoles
along the polymer chain®*™*° or charge inversion on surfaces
surrounded by multivalent ions.”’~*’ Ton pairing on charged
polymers results in electrostatic dipoles along the chains®”*°
that can lead to dramatic physical responses such as a coil—
globule transition and gel collapse. In polyelectrolyte solutions
the importance of including nonuniform dielectric behavior is
consistently demonstrated.”””" For example, a coarse-grained
polarizable particle model is used to investigate the dielectric
response of binary mixtures when a uniform electric field is
applied,”” highlighting the coupled structural and electrostatic
fluctuations that result from the dielectric properties of the
solvent. Some theoretical approaches treat dielectric inhomo-
geneity by assigning dielectric constants around polymer
species,”””” with applications that address modifications of the
structure of particle suspensions within a charged solu-
tion.”* ™"’

In our work, we address these challenges by developing a
field-theoretic model of polyelectrolyte solutions. The key
contribution of this work is the development of an accurate
treatment of the semiflexible chain statistics and the
incorporation of solvent ordering due to electrostatic
correlations. As such, the dielectric inhomogeneity and the
solution structure are purely a result of the arrangement of the
polar-solvent molecules around the charged species in the
mixture. By treating the polymer with the WLC model and
accounting for the inhomogeneous dipole ordering, our theory
resolves several critical physics effects that are essential in
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building a comprehensive theory of polyelectrolyte solution
thermodynamics.

We demonstrate the use of this model by addressing two
complementary problems. First, we evaluate the electrostatic
potential near a charged surface, incorporating dielectric
inhomogeneity arising from solvent ordering. This problem
provides fundamental insight into the interplay between
solvent ordering, electrolyte screening, and electrostatic
interaction in a well-defined geometry. Then, we address the
phase behavior of a symmetric polyelectrolyte solution, which
exhibits inhomogeneous concentration fluctuations whose
structure is dictated by the polymer-chain statistics. Therefore,
the development of these two problems provides a progressive
treatment that captures dielectric inhomogeneity in response
to heterogeneous charge distribution and offers a development
that facilitates understanding of these physical effects.

B THEORETICAL MODEL

We develop a theoretical model of a solution of polyelec-
trolytes within a polar solvent. Our multicomponent solution
includes multiple polymer and ion species to address general
thermodynamic phenomena that arise in polyelectrolyte
solutions. Once this theory is developed, we turn to specialized
systems to illustrate the interplay between the polyelectrolyte
solution structure and the inherent environmental polar-
izability that emerges from the dipole nature of the solvent
molecules.

Our mixture contains 7 solvent molecules. The solvent
molecules carry a permanent dipole with charge separation b
and charge valency ¢, and each solvent molecule occupies a
volume v*). The instantaneous solvent configuration is defined
by the positions _r'l(s) and orientations ﬁj) of the solvent
molecules, where j = 1, 2, ..,, n®). The instantaneous solvent
volume fraction at position 7 is given by

RO)
(S, S
377 =9 Y 87 - 7)

j=1

(1)

and the instantaneous solvent orientational order parameter is
given by

($)
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where the hatted variables indicate an instantaneous density
that depends on the specific configuration of the system. From
these definitions, we find the instantaneous solvent charge

density to be
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where the approximate form arises from a small-b®) expansion
and is used throughout this work.

The mixture contains S different ionic species, with the a-
species contributing n'® jons to the solution. The a-ion has
charge ¢ and occupies a molecular volume v*®. The
instantaneous ion configuration is defined by the position 7"}(1’“)
of the jth ion of the a-species, where j = 1, 2, .., n® . The
instantaneous volume fraction of the a-species is given by

o)
é(lxa)(?) — U(I,a) Z (S(? _ ?j(l,a))
j=1 (4)
and the instantaneous ionic charge density is given by
s® 1) s (1) »
AD (=) _ (L,a) 2 2a)y _ q "
P (7’) - Z 1 Z 5(7’ -7 ) - Z 1/(I,()z)qs
a=1 j=1 a=1
(5)

We combine all ionic species into a single charge density in
order to simplify the electrostatic energy terms.

The mixture contains S different polymer species, with the
P-species contributing n®” polymer chains to the solution.
The f-polymer has linear charge density AP chain length
L(P’ﬂ), cross-sectional area AP ’ﬁ), and persistence length lI(,P’ﬂ).
The linear charge density is smeared evenly along the polymer
rather than assigned to individual monomers, which is a good
approximation for low electrostatic potential (|feyd < 1).”®
The instantaneous polymer configuration is defined by the
space curve _r']-(P P)(sPP) of the jth polymer molecule of the f-
species, where j = 1, 2, ..., n®P)_ The arc-length variable s2P)
gives the position along a chain of the f-species, such that sBP)
€ [0, L®?]. The instantaneous volume fraction of the p-
species is given by

)

~(Pf) ) f
r)=A"
¢ () ]Z i

120
ds(P’ﬂ)5[7 _ 7}(P1ﬂ)(s(P1/5))]

(6)
and the instantaneous polymer charge density is given by
5@ P e
PRIGEIWLLDY / ds®s[7 — 7P
p=1 j=1 0
S(P)

5 AP ep
- P.j
S AD )
The total charge density in the solution p is given by the
sum of the individual contributions, such that p = p® + p® +
pP). Charge neutrality in the solution is enforced by noting
that

s 5
/ dip(F) = Y gL Ont) 1 3 JPALEDPD — g
a=1 p=1

(8)
We note that the solvent does not contribute to the total
charge, since the total charge per solvent molecule is zero. We
consider the solution to be incompressible, which is enforced
through the constraint

© o ww S e
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at all positions 7. The polymer chains are modeled using the
inextensible wormlike chain model,”””” which is enforced by
restricting the tangent vectors PP = f (P) /0s\PP ) to have unit
magnitude [i.e., Iu(P/})(s(P'ﬁ))l =1 for all s®P i and ).

The total energy of the system includes the electrostatic
energy, nonelectrostatic two-body interaction energy (ie.
arising from physical interactions excluding those from
permanent charge units), and the elastic deformation energy
of the polymer chains. In this work, we adopt a simple
treatment of the non-electrostatic two-body interactions by
assuming Flory—Huggins interaction terms between all of the
individual components. Technically, this simplified interaction
model is not consistent with the level of treatment of the
polymer chains, since semiflexibility would generally lead to
orientational contributions. For example, polymer liquid
crystallinity is frequently captured at th qouadratic order
based on a quadrupole-order parameter. 100-1 Such effects
can be incorporated into a semiflexible polyelectrolyte model,
using our formalism as a foundation.

The system energy for a given configuration is given by

+1 Z Z }, fd;‘,qa(}q)(ﬁ(}'z)

GH(P A%

s® ,@h) l(p 5)

D)k

pmt = 200

X))

) _
Os ( B) (10)
where kpT is the thermal energy. The first term represents the
electrostatic energy arising from the configuration-dependent
electrostatic potential @, which is governed by the Poisson
equation €,V{y = —p. The vacuum permittivity €, is used in
our treatment since the solvent dipoles are treated explicitly
and polarizability naturally emerges based on their correlated
fluctuations within the solution. The Flory—Huggins param-
eter y,., captures the nonelectrostatic two-body interactions

between the y;-constituent and the y,-constituent, where y is a
short-hand index that represents all types of constituents
(including solvent, ions, and polymers). Similarly, the volume
fraction ¢ is the instantaneous volume fraction of the y-
constituent. The last term gives the bending deformation
energy of the polymer chains based on the wormlike chain
model.>”

The thermodynamic behavior of our model is dictated by

the canonical partition function

NO) RO)
1 f 2(8) 122 (S) 1
= , dr ydu
n(S)! (V(S))n(s) ]_(];)_‘Z[I l(b) (5) )

(I, a)'( (I, (1))

a=1n
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Xf H Z)V((E,g)exp[——]
Fouss
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a=1 p=1

U] s®
dr (I,a) 1

(I ) (P,p)
o1 PP (AP PP

i (1) -1

H 5(|—>(P /3)(S(P,/i))| -1)

(P,p)

(11)
The inclusion of the molecular volumes in the partition

function Z replaces the contribution of the de Broglie
wavelengths cubed, which is the standard result from the
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momentum integrals in the partition function. This replace-
ment merely resets the resulting free energy by a reference free
energy.

We now perform a series of field transformations to
decouple the interactions, resulting in the partition function
being amenable to various levels of approximation. This is
done by introducing a series of delta functions that replace the
instantaneous volume fractions and charge densities with a
fluctuating set of fields. Mathematically, this is accomplished
by noting the identity transformation

6@ = [ 04 [T o6 - d@ V6]

= [ow,np ep{i [arw@ie® - dn i@
(12)

which replaces an instantaneous volume fraction ¢ with a
volume fraction field ¢ via a conjugate chemical-potential field
W,. Such a transformation is applied to each of the constituent
volume fractions. In addition, the solvent dipole moment D(S)
introduces a solvent dipole field D® and auxiliary potential
field WS,

Upon introducing these field variables and performing
several transformations, we arrive at the field-transformed
partition function

z= [ow 05" [] oWy Dp”
14

Xexp{—zz—OT /d?(%u/)z

B

1 Z Z / 7 0 )
honth

+i [ar By + Y wp?
4

(r
+Z (}')log[ (z)()] H 245(7) 1

(13)

where the constituent index y subsumes all types of molecular

constituents. The single-molecule partition function 20

gives
the individual molecular-constituent contribution to the free
energy, which depends on the type of constituent. The single-

solvent partition function z( is given by

29 = /d? di exp[—iv(S)W{(/}s)(_r') - iv(s)ﬁ‘Wl()s)(?)]

(14)
The single-ion partition function 209 g given by
Z(I,a) — /d?exp[—iv(l’a)Wg‘a)(?)] (15)

The single-polymer partition function ZPP s given by
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Xe: ——ZP = dsPP) Ji
P17, 9D
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_iA®h / d ®Pp PO )} I suia(s®) -
(16)

At this stage, the partition function Z has not been subjected
to any approximations but still is not exactly solvable.
However, the field transformations result in a form that is
amenable to a number of approximate approaches. In this
work, we develop two approaches that permit us to evaluate
the thermodynamic behavior of our polyelectrolyte—ion—
solvent system. First, we develop a general saddle-point
approximation, which determines the thermodynamic state
within a mean-field (though potentially inhomogeneous)
approximation. Second, we derive the random phase
approximation up to quartic order in the volume-fraction
fluctuations of the components.

B RESULTS AND DISCUSSION

Mean-Field Behavior. We develop the mean-field solution
for our system based on a saddle-point approximation. This
procedure involves setting the first variation of the integrand of
eq 13 to zero, which is consistent with minimizing the system
free energy. The field variables VV((/ ) and ¢ are perturbed
from a saddle-point value. For example, we set ) = ¢p + A in eq
13 (where ¢ is the saddle-point volume fraction) and expand
the integrand up to linear order in A (similar for the other field
variables).

Upon setting the first variation to zero, we arrive at the
saddle-point equations

- )
zW(;)S)= z 7.0

1123
KhEY
%=(S) (17)
= ¢
iWD = —va_/
kgTv (18)
I » »)
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(24)

The single-chain average (- ){") is defined as a polymer-chain
average over the single-chain saddle-point energy

B (P,p) ®.p) N 2
SE)P P _ Iy e dS(P,/f)( a”(S(P’ﬂ))]
0

kT 2 9sBh)

@A

(,8) f B (P.h) (2
iA ds'"Pwy
+ (¥) (25)

We use the saddle point equation to eliminate W(J ) and
W< ), resulting in the saddle-point equation governing the
electrostatic potential

(9)(8), (S)
_ q7'b"’n
VP = ——5—
z
5 dOBS
/duu -V exp ¥ Z n) k—ﬁ-le
n#ER n T
7=()
sz“): q(I,a)n(I,a) i Z ) q(r )
a
-) —— X, " — v
~ 0w 2 1 kT
n=(, a)
S(P)
(PP (P.) / dsPP5(7 — F(s PP YPP)

/1 1

(26)
which is a generalized form of the Poisson—Boltzmann
equation that includes heterogeneous solvent polarization
and constituent demixing due to nonelectrostatic interactions.
The three terms on the right-hand side capture inhomoge-
neous charge density arising from solvent, ions, and
polyelectrolyte chains, respectively.

We consider the case y,,, = 0. We also assume the system
exhibits mlcroscoplc heterogenelt%/ and bulk homogeneity,
which gives Z% = 42V and 2 = V. This leads to the
governing equation

e V=

(8)1.(8) (S) (8)1,(8)
q b f R K A A
_—_ duuV € uV
4 XP[ kgT v

. Wa) () q"
_ ) L) o _ _
g S

a=1

S(P)
1P 4 (.5) /
/1 1

which is written entirely in terms of the electrostatic potential
. The first term on the right-hand side represents the

(P /1)<5(1, _ 7(5(P,/1)>)>(0P,/1)

(27)
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inhomogeneous polarization of the dipole solvent due to local
gradients in the electrostatic potential. The remaining terms
represent the ion and polymer contributions, respectively. If we
assume the gradient in the electrostatic potential is small, this
term is approximately written as

ROMOXC)

4r
(q(S)b(S))2C(S)

3kgT (28)

which is equivalent to having an effective dielectric constant ¢
= e + (@9b®)2%9/(3ksT) in our Poisson—Boltzmann
equation. However, eq 27 serves as a basis for determining
electrostatic potential including spontaneous polarization in
response to local electrostatic potential. Ionic volumes are
treated only in the incompressibility of the solution, which
influences the entropy of mixing, but cannot predict
crystallization that would occur due to the electrostatics at
high saturation. Furthermore, electrostatic effects that arise
from the finite ion size, such as the Born self-energy, are also
neglected in our work.

Electrostatic Potential of a Monovalent Salt Solution
near a Charged Surface. We evaluate the impact of dipole
ordering on the electrostatic potential for the simple case of a
charged surface in contact with a monovalent salt solution of
concentration ¢ (i.e., equal concentration of positive and
negative monovalent ions), which is visualized in Figure 2. The

A

Dielectric Constant (€)
Z

PO O
POOOOO® Q|
o

Figure 2. A positively charged surface in a monovalent saltwater
solution. The solvent is first treated as a point particle (A) resulting in
a constant dielectric medium where charges are evenly shielded
throughout the solution space. The solvent is then treated as a dipole
(B), which results in an inhomogeneous dielectric constant and
greater charge—charge interactions near the surface.

surface has a uniform charge density and is nonpolarizable.
The above case removes the polymer term in eq 27, resulting
in the solvent-ordered Poisson—Boltzmann equation

2

0%
eoa—zyzl = ZEC(I)sinh(eﬂl/_/)

(918 () 1 O S

q7b"c /‘ 0 q7’b> o

-4 - " dop—exp] 21— 8

2 -1 ppazexp kgT paz

(29)
where we introduce the orientation variable p = cos 6 = E-SZ.
After a few manipulations found in Appendix A, this equation
is converted into a second-order ordinary differential equation
(ODE), dependent only in the z direction (normal to the
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charged surface). We nondimensionalize the equation by

setting {y = ey and n = z/Ip, where I, = \IG/ZﬂEZCU) is the
Debye length of the salt solution for a given concentration of
monovalent salt ¢. This substitution leads to the governing
equation for the electrostatic potential with inhomogeneous
polarization of the dipole solvent, given by

R

= sinhyy
6112 v

3
7% %) _ gnh( %% - L3
o | A% cosh(,u an) smh(,uan) A (M)

C a B
n 2 oy
w(5)
(30)

The nondimensionalization of the equation results in an
effective solvent concentration ¢ = Ipe*fuc'® /e and effective
dipole moment fi = q®b/(Ipe), which are defined based on
the Debye screening length.

The effective concentration T governs the net impact of
solvent ordering on the electrostatic potential. The case ¢ = 0 is
associated with the absence of a dipole moment y in the
solvent molecules. In this case, the solvent ordering effects are
eliminated, and we see the emergence of the nonlinear
Poisson—Boltzmann equation

2~
— = sinhyy
on’ v (31)
with resultin§ behavior that is given by the Gouy—Chapman
solution.'*>'™ We note that nonzero values of ¢ = Ie*fuc'® /e
arise from two competing contributions. The larger dipole
content in the solution is governed by uc®, which causes an
increase in ¢. However, the degree of electrostatic screening is
governed by the factor ¢/(Ipe*3), which reduces the impact of
the electrostatic potential on solvent ordering and reduces the
value of T. Thus, solvent ordering is enhanced by larger dipole
content and in the absence of electrostatic screening under
conditions of low salt concentration.

The equation for the electrostatic potential with inhomoge-
neous polarization of the dipole solvent (eq 30) does not have
a readily solvable analytical solution. Instead, we solve it
numerically using quartic-order finite differencing along with
Newton’s method. Defining ¢ as the surface charge density, we
1//I

. :
have Neumann boundary conditions with =~

edge of the charged surface, and y — 0 as z — oo.

Figure 3 shows the increase in the electrostatic potential of
our solvent ordering model (solid) compared to the Gouy—
Chapman model (dashed) for a monovalent saltwater solution
over varying molarity. We analyze the magnitude of this
increase over a range of surface charge densities that represent
common membranes for separation processes.'”> While most
membranes are negatively charged, we have chosen to analyze
a positive surface to match the electrostatic potential diagrams
to what is more commonly presented. We see a substantial
increase in the electrostatic potential on length scales
comparable to the Debye length. For a surface charge density
of 0.30 C/m? there is nearly a 35% increase in the electrostatic
potential over the entire distance normal to the surface. We
can expand this analysis to a general solution for the increase in
electrostatic potential at the boundary of the charged surface
and salt solution over a range of different salt solutions and
membrane concentrations.

(2
_o = —— on the
z=0 €
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Figure 3. Increase in electrostatic potential compared to the Gouy—Chapman diffuse model (dashed) to our solvent ordering model (solid) for
different salt concentrations (A) 0.006 M, (B) 0.06 M, and (C) 0.6 M and over a range of surface charge densities ¢ = 0.05 C/m? 0.10 C/m?, and
0.30 C/m™ In the diffuse model, there is a constant dielectric medium resulting in equal electrostatic shielding throughout the solution space.
Within our model, the solvent ordering results in an uneven dielectric medium and greater electrostatic interactions near the charged surface.

Figure 4 shows that at high membrane charge densities, the
relationship to the percent increase in electrostatic potential is

30
Salt Concentration
— 0.006 M
= — 0.06 M
0.6 M

N
o

[,
o

Electrostatic Potential Increase Ay (%)
-
o w

8400 0.05 0.10 0.15 0.20 0.25 0.30
Surface Charge Density o (C/m?)

Figure 4. Percent increase in electrostatic potential from the Gouy—
Chapman model to our solvent ordering model as a function of
surface charge density at z = 0 for different salt concentrations.

roughly linear. Similarly, as the salt concentration increases, we
see that the effect of dipole reordering on the electrostatic
potential is greater. This trend does not continue indefinitely,
and there is a sharp decline in the difference in electrostatic
potential for nonphysical salt concentrations that exceed the
solubility limit of the solution. Additionally, our theory is not
meant to handle these high salt concentrations and would need
modifications before any conclusions can be drawn about the
solution properties.

Physically, an ionic solution with a polar solvent experiences
the local ordering of the solvent around the charged species.
This process shields the electrostatic effects of the ions and
increases the dielectric constant € of the medium. When we
introduce a charged surface near these molecules, we have now
imposed a new force on the solvent dipoles that can reorder
them away from the charged species and more in line with the
electric fields generated by the charged surface. This decreases
the ability of the solvent to shield the electrostatic interactions.
The effect is a local decrease of the dielectric constant and an
effective increase in the electrostatic potential. Dielectric
inhomogeneities around charged species also affect the ions’
Born solvation energies, which result in unequal ion
partitioning”"'**"' into the higher dielectric region. These
effects often merit an explicit treatment which can be included

through a Born self-energy augmented Poisson—Boltzmann
theory.'” Our current study does not address Born self-energy
arising from finite ion size, and future theoretical work is
needed to combine solvent ordering with ion solvation energy.

Fluctuations. We now specialize our theory to the
homogeneous phase and subsequently develop the fluctuation
free energy in this section. The saddle-point free energy fF, is
based on the homogeneous-phase saddle-point equations,
resulting in the expression

—(5) y(l)
ﬂFO _ ¢ —(8) ¢ —(1,a)
v - olsd Z G osd
—(P,p)

¢ e 1 () 7

10g¢ / + zzx}l]y2¢ 7)¢(}’)

(P,B) A(P.P)
LA o,

(32)

We note that charge neutrality ensures that electrostatic
interactions do not contribute to the homogeneous saddle-
point free energy.

We now develop the solution for the thermodynamic
behavior based on a random-phase approximation up to
quartic order in volume-fraction fluctuations. Given the
number of components in our theory, we need to adopt a
compact notation for summing over the degrees of freedom.
Our previous work on random copolymers serves as a basis for
establishing a compact framework for summing over
components in our system. o

Our system has a total number of species § = 1 + S© + §®),
We define the vector of auxiliary variables W = [{W,}, W( 1,
which contains S + 3 terms, one for each species and 3 for the
dipole con]ugate ($). We expand about the homogeneous
phase with volume fractlons #, such that ¢ = 7 + AY)
from each of the S species. We then define the concentration
fluctuation vector A = [{AU®}) {A(Pﬁ)} D ] (total of S— 1+ 3
terms), and we note that A®) = =3 AU — 3" APH ensures
the incompressibility constraint is satisfied.

With these definitions, we expand the free energy within eq
13 as

—pF = —fF, ZVIZA Ay + iAW, — 2G%WTWE
@) ()
* 3 G123WIW2W3 G1234W1WZW3W4 33)
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Figure S. Structure factors of a rigid rod, Gaussian chain, and the exact solution of a wormlike chain versus K = 2LF for different degrees of
polymerization (A) N = 500, (B) N = 50, and (C) N = S, where the monomer length and persistence length are equivalent. The wormlike chain
model is approximated by the Gauss-rigid model which crosses over from the Gaussian chain to the rigid rod formulations. The orange area in the
plots represents the deviation of the Gauss-rigid model from the more statistically accurate wormlike chain.

Here, we adopt an extended Einstein notation to reduce the
summations and integrations involved in the terms within the
RPA. The numbered and barred subscripts indicate summation
over theﬁS + 3 constituents and integration over the Fourier
variable k (transformed from spatial position 7). For example,
the term GAW;W; is written in expanded form as

Gwrwy=
1 oo - - - -
o L JRARGEE Ew W)
wh (34)
The interaction potential V73 is given by
1 1
Vis=x + — =
A QKQYZ ksTe, k* (35)

which accounts for the Flory—Huggins mixing enthalpy and
electrostatic interactions resulting from volume-fraction
fluctuations (note, Ko = 0). We define a constituent charge

density Q, to define how each constituent contributes to the
char§e density, such that Q, )= q(I,a) Sy, Q) = BB/
APP Qg =0, and Q) = —ikq()b(s)/v(s).

The terms G arise from the W-field expansion of the
single-molecular partition functions. Thus, these terms
represent the single-molecule contributions to the local
structural organization within the fluid. There exist three
types of structure factors associated with solvent, ion, and
polymer. In our current theory, the molecular contributions are
decoupled such that there are no intermolecular couplings.
Within thg solvent expansion, there are cross terms between
W((/,S) and W) that depend on the order n of the expansion.

The solvent single-molecule partition function results in the
expansion terms

n _(S n— C 7 n
6", = WOy 2ays| Y k>,
i=1 (36)

for the instances where the species indices y are given by
solvent S (i.e., coupling to W¢(S ) or D (i.e,, coupling to W)).
The solverlt coupling matrix Mf,:‘) ,, gives the coupling between
ngs) and W) within the expansion terms. The coupling matrix
is provided in Appendix B. The delta-function constraint on
the wavevectors {k} arises from translational invariance of the
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structure within the homogeneous saddle point. The a-species
of ion results in an expansion term of the form

G]Eln)y" — 5(1,(1)(V(1,(1))n—1(27[)35 Z I_C’i
i=1 (37)

for the instances where all of the species indices y are given by

(I, a).
The f-species of polymer contributes an expansion term
Gﬁf.).yn = PP (APHLP Ay

x (27)°8| Dk, [s"PP({k})

i=1

(38)

for the instances where all of the species indices y are given by
(P, ). We define the n-point structure factor of the B-species

of polymer to be
@0
I

X (exp[—iEr?(P’/j)(sl)]... exp[—izn?(P’/j)(sn)])o

The angle brackets (), indicate a single-chain thermody-

n

1
w1

j=1

sePI((RY) =

(39)

namic average (i.e., with respect to ﬂSgLP'ﬁ) from eq 25 with
Wff #) = 0). The polymer structure factor defines the chain
connectivity contribution to the fluid structure. The wormlike
chain structure factor is expressed

L—l{ G(K; P) }

@y — 2
Swe(k) = e

p=N p (40)
with
~ 1
G(K; p) = g
1)0 + 1a%K2
17 pyt.. (41)

where N = L/(le) and K = 2lp|E|. We note £ indicates
Laplace inversion from p to N. A more detailed calculation of

the wormlike chain structure factor is described in previous
111-114
work.
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Due to the complexity of solving eq 39, which gives the exact
solution to the wormlike chain, the polymer structure factors
are often approximated with simpler models. The Gaussian
chain model is the well-known Debye function'"

2 252 252
[exp(—k"R;) — 1 + k"R;]
44 g g
R (42)
which is accurate for long flexible polymers that follow
Gaussian chain statistics.

The radius of gyration is calculated Rg = {Jb’N/6. The

Kuhn statistical segment length b is twice the persistence
length lp of the polymer. The other relevant structure factor
definition is that of a rigid rod.>® It is accurate in high k for
short stiff polymers and is defined as

4 2[ kL)
sin"| —
(L) 2 (43)
where Si(x) = [tdy(sin y)/y is the Sin integral Si(x). These
two structure factors define the limits of very flexible (eq 42)
and fully rigid (eq 43) polymers. Figure S plots the structure
factor for semiflexible polymers with a persistence and
monomer length of 3 nm for different lengths of polymers.
One method of approximating the wormlike chain model is to
interpolate between the Gaussian chain and the rigid rod
formulations or crossover at the point where they intersect.
This approach has been labeled as the Gauss-rigid model, as it
is a combination of both limiting behaviors. For long polymers
that are more flexible, this approximation is quite accurate, as
shown in the leftmost plot of Figure 5 with a degree of
polymerization of 500. However, for short, semiflexible
polymers both the Gaussian chain and rigid rod fail to
accurately represent the true chain statistics. This can be best
visualized for N = S5, where the semiflexibility of the short
polymer causes both the Gaussian chain model and rigid rod to
severely underpredict the structure factor.
We eliminate W from the free energy by finding the
maximum value in the functional integration. This results in
the free energy

S6k) =

2
sH(k) = k—LSi(kL) -

1 1
—pF = —pK, — EF(TZZ)ATAZ + ;F(’s)’ATAiA§

133
1 @
The resulting vertex functions are written as
) =z, (2x)8(K, + k)
+QQ —LnysE + K,) + ¢
h Bk Te, 2 1 2 12 (45)
B) _ ~0) ~Q @)
I3 = GizGyy Gy G3g (46)
@ _ W -~ A0~
IT353 = GG G637 G3s G
B) ~B) AT A AR AT A
—3GsGyieGse Git O Gy G (47)

The incompressibility constraint requires that the sum of the
volume-fraction fluctuations is zero, i.e., Z;‘; 1A(Y) = 0. Thus,
we can eliminate one of the components from the treatment,
and we choose to eliminate the solvent volume-fraction
fluctuations by setting A = —Z#SA(”. The solvent dipole
moment D remains in the treatment and includes coupling to
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volume-fraction fields. However, this coupling only exists at
cubic and quartic (and higher order). We eliminate D from the
RPA by determining the maximum value in the functional
integral with respect to fluctuations in D.

This now leads to a free-energy expansion in terms of the
volume fraction fluctuations of the ion and polymer
constituents. The free energy is now written in the form

1 1
—BF = —fF, — Er%d’)AiAi + ;F%’)AiAzAg

L @49
A8,

(48)

We have modified the extended Einstein notation such that
the subscripts with a tilde now indicate summation only over
the volume-fraction fluctuations of the ion and polymer
constituent volume fractions (i.e., summation over SY jon
species and S®) polymer species) and integration over the
Fourier variables. The volume-fraction vertex functions I'{"%)
represent the contributions to the free energy from volume-
fraction fluctuations, here captured up to quartic order.

The quadratic-order theory is governed by the vertex
function

r? =, 2x)5(k, + k)

1 1

= 3¢7 L T @
KTe k2 (2z)’6(k, + k,) + G;

+Q,Q 3

(49)
where € = ¢, + (¢9b®))%)/3k,T. The free energy within the
quadratic-order RPA after integration over density fluctuations
is then given by

S 4@

1V -
—_— dklog A
2 (2”)3 Z _/ 0g v

r=1 (50)

PE = B, +

where 4, represents the set of eigenvalues of the I'®? matrix.
This matrix has elements for all of the S® + §) constituents,
resulting in a summation over y from 1 to SO 4+ ™ we
introduce a reference state of a noninteracting solution where
Flory—Huggins and electrostatic interactions are switched off,
Xy, = Q,, = 0. This results in a noninteracting vertex-function
matrix, written as I'(*?) with eigenvalues /150). The resulting
reference free energy is given by

S04 g®

1 V / - (0)
—_ dk log A
2 (27[)3 Z 0g 14

y=1 (51)

ﬂEef =

By subtracting off this noninteracting reference state, we
redefine SF with a reference free energy. Noting the spherical
symmetry in the quadratic-order contribution, we obtain

v s(1>+s(1’> A
PE =R+ — 3. f dkklog A,
47 5 Jo
v S(I)+S(P)
2 (0)
- F Z 0 dkk IOg /1y
4 r=1 (52)

We also introduce a k-cutoff at A to account for the ultraviolet
divergence in the high-k limit. The k-cutoff is chosen to be on
the length scale of the smallest persistence length of the
polymer components, such that A = 27/ ZI(,P P, For k > A (e,
length scale below 1/A), the k-contribution to the free energy
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is neglected due to the theory being unable to capture physical
behavior below this length scale.

The free energy equation can be additionally reduced by
utilizing the eigenvalue property [, 4, = IT 20)|, ie., the
product of all the eigenvalues of a matrix is equal to the
determinant of the associated matrix. The sum over the logs of
all the eigenvalues can now be reduced to the log of the
determinant. The free energy up to quadratic order is now
expressed as

),
Ir?)

voa o
L = fF, + — dikk*log| ———
pE= i 4”2f° Og[ (53)

which serves as the basis for thermodynamic analyses using the
quadratic-order RPA.

Phase Phenomena. Theory validation is frequently
approached by calculating the theoretical phase behavior and
comparing the results to highly validated models and/or
experimental work. There are many investigations on
experimental phase behavior.''°~'** Systematic exploration of
polyelectrolyte phase behavior is challenging due to the many
variables involved in the observed behavior. These variables
include polymer length and stiffness, charge distribution along
the backbone, ion size and valency, and dielectric inhomoge-
neities. Most approaches focus on phase behavior as a function
of salt concentration. For a single polyelectrolyte species (with
counterions) in a salt solution, the solution is stable until a
critical salt concentration is met and phase separation occurs.
This minimum salt concentration is an effect of reducing the
entropic cost of phase separating the polymer and salt species.
As more salt is added, the solution becomes stable again, which
creates a loop in the phase diagram. At this higher salt
concentration, the ions screen the electrostatic interactions,
and the two phases become more compatible, ultimately
leading to one homogeneous phase. In symmetric blends with
two oppositely charged polymers, this loop does not exist for
low salt concentrations, as it is entropically favorable for the
charged polymers to associatively phase separate and release
the counterions.

Our polymer field-theoretic model enables a prediction of
the phase behavior of a polyelectrolyte solutions based on the
quadratic-order RPA developed in the preceding subsections.
The phase diagram for a polyelectrolyte solution is determined
by equating the chemical potentials between the two phases for
each of the species. Using eq 53, we derive the generalized
quadratic-order chemical potential. We break these calcula-
tions into the homogeneous chemical potential 4§ and
quadratic-order chemical potential u§” for y-species in the
polyelectrolyte solution. The general form of the chemical
potential equation is calculated by differentiation of the
Helmholtz free energy with respect to the mole number n(?)
of the y-species in the solution. Due to the incompressibility
constraint, we note that the Helmholtz free energy is
equivalent to the Gibbs free energy. We define y-species
chemical potential as

OF
ﬂ(}') —

on? (54)

We also introduce an intensive free energy f = F/V, which
captures the sum of the mean-field intensive free energy f, and
quadratic-order intensive free energy f,. Noting that volume is
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a function of n”) such that V = Zizln(y)v(y), we write the

general expression for the chemical potential as
= (vpy)
an(}’)

= g+ v
an(}’)

(85)

The mean-field chemical potential for the y-component is
written as

()
—(7) v =)
A =log " +1 - X =g
n v
_ ﬁ Z a(n)q;(yz) + 1)(;/) Z (;(71)
3 L, L,
1 % (56)

The quadratic-order chemical potential is calculated
similarly by taking the derivative of the quadratic-order free
energy term f,, which is the second term on the RHS of eq 53.
This results in the generalized expression

A 2 2,9) ()
0 _ ) 14 / k or | dp™h
Puy” = phLv" + w Jo dkzy: P 9p g

v oA K or?) op
) / dk Z @0 W A0
47> Jo — TS ag®  on

(57)

This form of the quadratic-order chemical potential allows
us to utilize Jacobi’s formula to calculate the derivative of the
determinant for an invertible matrix A(x) over its determinant,
given by

Lo ()
ox

Tr|l A
Al ox (58)

In this expression, 0A/dx is an element-wise derivative of A
with respect to x and A™" is the inverse matrix of A. The total
chemical potential for an individual species is the sum of the
mean-field and quadratic-order chemical potential written as
pu® = pul) + pul). Up to this point, we have developed all of
the equations we need to determine the phase behavior of
polyelectrolyte solutions of arbitrary size.

The spinodal of a polyelectrolyte solution marks the limit of
stability of the homogeneous phase. This is calculated by
identification of conditions where TP (k)] = 0. We define
k* as the critical wavevector associated with the largest
fluctuation. The magnitude of fluctuations scales with the
inverse of the eigenvalues of the ree matrix; thus as an
eigenvalue goes to zero, the fluctuations become infinitely
unstable.

To calculate the binodal curve, we first determine the critical
point through a search along the spinodal curve. This is the
point at which the binodal and spinodal curves intersect and is
the ideal spot to begin our iterative algorithm for determining
the entire binodal curve. This location is found where the
dominant solution fluctuations are parallel to the spinodal
curve. At the critical point, the fluctuation direction tells us the
concentration shifts that the two phases will follow. Thus,
when the binodal and spinodal intersect, the dominant
fluctuation must be along the curves. By contracting the
third-order vertex function with the dominant eigenvectors €
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Figure 6. (A) Mean-field binodal (solid) and spinodal curves (dashed) plotted on a ternary phase diagram for a symmetric polyelectrolyte solution
with chain length N = 100 for the polycation and polyanion. The mean-field binodal is only influenced by Flory—Huggins interactions and is unable
to capture electrostatic contributions to the free energy. Tie-lines (dotted) are included to show the direction in which phase separation occurs and
the compositions of the two phases in coexistence. (B) Mean-field binodal and spinodal diagrams with N = 2.5, S, 10, 25, 50, and 100 are shown to
illustrate the effect of increasing chain length on phase separation. Both plots contain a dashed blue line to indicate the region of interest that is
analyzed in the quadratic-order binodal plots.
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Figure 7. Quadratic-order binodal curves for a symmetric polyelectrolyte solution for N = 50 (A) and N = 10 (B). For each polymer length, the
solution is plotted for different structure factor definitions. The Gaussian chain model (orange), most accurate for flexible polymers, is contrasted
against the wormlike chain model (blue), which captures the correct statistics at all length scales, and the Gauss-rigid model (purple), which closely
approximates the WLC model. The quadratic-order binodals are plotted outside of the spinodal region where the fluctuations cannot be
incorporated into the free energy and against the mean-field binodal to demonstrate the effect of including concentration fluctuations within the
model.

for each point on the spinodal, we identify critical points by polymers have a monomer length and persistence length of 3
finding the solution to nm with a cross-sectional area of 0.1 nm* We introduce a
lymer—solvent Flory—Huggins parameter ypg = 0.75, which

(3,¢) = 1%\ = I LS poly ry g8 p Xps )
533 (ki ks ks) € (RT)E;(K)E(k) = 0 (89) has the same value for the polycation—solvent and polyanion—

The wave vectors are constrained such that Ik;l = Ik;] = Iks] = solx{'ent. The phase separation s.hown in this diagram rel}es
K* and k; + ks + k; = 0. entirely on the balance of entropic energy and Flory—Huggins

interactions between the solvent ions and polymer since the
electrostatics are not included at the mean-field level. On both
plots, there is a blue dashed line that is present which indicates

In Figure 6, we show binodal and spinodal ternary diagrams,
first for a symmetric polyelectrolyte solution with chain length
N = 100 and then over a range of polymer lengths. The

symmetric polyelectrolyte solution is composed of two the region of interest that is analyzed for the quadratic-order
identical polymers with opposite linear charge density of binodals.
0.15 e¢/nm and monovalent ions whose volume is 1.5 and Figure 6A includes tie-lines (dotted) that display the
solvent volume of 0.03 nm®. At the quadratic-order level, our connection between the coexistence points along the binodal.
explicit treatment of the polar solvent results in a Any initial mixture composition that falls on a tie line will
homogeneous dielectric constant dependent on the Debye phase separate along that line into two phases on the binodal
length that mediates the electrostatic interactions. The curve. As salt is added to the solution, it starts off equally
146 https://doi.org/10.1021/acs.macromol.2c01826
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distributed between the two phases but is more favorably
moved into the supernatant phase as its concentration
increases closer to the upper critical point. This behavior
arises from the entropic freedom gained within the polymer-
lean phase and is independent of polymer length.

The volume fractions of the two polymers and the two ions
are combined to maintain that each mixture composition
within the ternary diagram is charge neutral. In this
formulation, there will always be equal amounts of the two
oppositely charged polymers and equal amounts of the two
oppositely charged ions. Thus, we are not capturing all the
charge-neutral mixture combinations that a polyelectrolyte
mixture can take on. The diagram focuses on the effect of
adding salt to a polyelectrolyte mixture of equal and oppositely
charged polymers. Figure 6B shows the binodal and spinodal
curves for six different chain lengths N. The dashed lines show
the spinodal curves, where the region between the spinodal
curves identifies the unstable conditions for the homogeneous
phase. The solid line at the edge of each colored region is the
mean-field binodal and represents the coexisting concen-
trations for the polymer-rich and polymer-lean phases.

A visual analysis of the binodal curves shows that there is a
noticeable change in the concavity of the N = 50 and 100
curves on the polymer-rich side. This trend exists for all the
binodal curves for polymers longer than N = 25. The point at
which the concavity changes coincides with a constant water
volume fraction. For this system, it appears at ¢® ~ 0.53 and
matches the critical point of a solution where N goes to
infinity.

Starting from the mean-field solutions, we compute the
quadratic-order binodal for two different polymer sizes and
display the results in Figure 7. For each length, we calculate the
quadratic-order chemical potentials using a different approx-
imation of the structure factor to analyze their accuracy for
semiflexible polymers. The fluctuations can only be included
for the region outside of the spinodal, as the region within the
spinodal has nonphysical (negative) fluctuations. Future work
will address the fluctuation effects using renormalization group
theory, which enables a more systematic analysis of the
contributions from concentration and solvent dipole fluctua-
tions. We see that, due to the Flory—Huggins interactions
between the polymer and solvent, fluctuations stabilize the
disordered phase, resulting in a decrease in the phase
separating domain and lowering the upper critical point. The
supernatant phase becomes slightly more polymer-rich and the
coacervate phase becomes less polymer dense when compared
to the mean-field binodal solution.

Due to the symmetry of the polyelectrolyte solution, the
binodal solutions shown are also that of an uncharged three-
component solution where the ions are treated as point
particles and the polymers are thus identical. This also results
in the spinodal curve for each of the different chain structure
factors being the same. This observation occurs due to the
peak fluctuation wave vector coinciding with K = 0, where the
structure factors approach unity for all of the species. Future
papers will address the effect of the electrostatics in an
asymmetric polyelectrolyte solution where that is not
necessarily the case.

At the quadratic-order, the Gauss-rigid model closely
captures the correct statistics of the polymers in solution.
The largest deviations between the WLC and Gauss-rigid
curves appear close to the spinodal where the random phase
approximation is less accurate. There is a subtle increase in the
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difference between the two models as the chain length
decreases from N = 50 to N = 10. This reflects the increasing
error in short semiflexible chains at the mesoscale wavevector,
shown in Figure S, that causes a small but noticeable
overprediction of the phase-separating domain for the Gauss-
rigid model compared to the WLC. The Gaussian chain heavily
overpredicts the phase-separating domain because it improp-
erly captures the fluctuations in the high-wavevector regime
and is a poor approximation of semiflexible polymers.

B CONCLUSIONS

Using a polymer field-theoretical model of polyelectrolyte
solutions, we have investigated the effect of different chain
structures and polymer lengths on the binodal phase diagrams
for a symmetric mixture of oppositely charged polymers in a
monovalent salt solution and studied how our explicit dipole
treatment modifies the electrostatic potential near a charged
surface. Our approach explicitly treats solvent dipole ordering
and includes fluctuation corrections to the free energy up to
quartic order. While our current analysis of phase behavior
focuses on the quadratic-order RPA, our theoretical approach
provides a basis for a more systematic analysis of the
fluctuation effects in polyelectrolyte solutions.

In the presence of an electric field, the polar solvent
molecules undergo a slight reordering away from the salt ions
to align more closely with the local electric field. Since the
polar solvent molecules act as an effective medium for
electrostatic interaction, dielectric inhomogeneity emerges
when the solvent is no longer preferably ordered around the
ions and the charge—charge interactions are less shielded. The
dielectric constant of a polar solvent decreases as the local
electric field strength increases, leading to stronger electrostatic
interactions. These results indicate the need for dielectric
inhomogeneity to be included as they will influence the chain
structure of a polymer and become more significant with
increasing linear charge density.

For all choices of chain structure, the symmetric
polyelectrolyte solution experiences phase separation at near-
zero salt concentrations. The symmetry in the system means
that the oppositely charged polymers neutralize each other and
the counterions can be released, which is not seen in
asymmetric mixtures. At high salt concentrations, all of the
polyelectrolyte solutions, both symmetric and asymmetric,
become homogeneous due to electrostatic screening where the
Debye length decreases below the scale of charge interactions.
We also show that the upper critical point, which is dominated
by salt ions, expectantly increases with polymer chain length
due to the decrease in translational entropy.

For a symmetric polyelectrolyte, the choice of chain
structure within the RPA formulation heavily dictates the
location of the quadratic-order binodal. The binodal for the
Gaussian chain overpredicts the phase-separating domain, as it
does not accurately capture the fluctuations in the high-
wavevector regime. At the quadratic order, the binodal for the
Gauss-rigid model closely matches the wormlike chain. Any
noticeable deviations between the two models appear close to
the spinodal, where the random phase approximation is less
accurate. The use of the Gauss-rigid model for quadratic-order
fluctuations is viable as a replacement for the wormlike chain
model with deviations appearing only at very small polymer
lengths. For the cubic and quartic order contributions,
however, the wormlike chain model is necessary to accurately
capture the solution structure, since the three-point and four-
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point structure factor Gauss-rigid approximations cannot be
determined from a simple interpolation scheme. At the
quadratic order, the explicit treatment of the polar solvent
molecules results in an effective homogeneous dielectric
constant within the homogeneous solution. Cubic and quartic
order corrections are necessary to analyze the effects of
dielectric inhomogeneities that are present in polyelectrolyte
solutions and will be addressed in a future paper.

Bl APPENDIX A: ELECTROSTATIC POTENTIAL NEAR
A CHARGED SURFACE

This section details the calculation of the electrostatic potential
near a charged surface developed from eq 27. This mean-field
solution is designed to specifically address a monovalent salt
water solution with an infinitely long charged surface. The
reduction of eq 27 to this simple solution can be accomplished
by first removing the polymer terms and noting the
exponential form of the ionic contribution in the case of ions
with a single valency. Additionally, we replace % with p = cos 6
and integrate over all orientations of the dipole, thus removing
the @ dependence.

(S)b<5> (s) [

(S)b(S) o
- v
eV = - PP— P;]

+ ZeC(I)sinh(e[)'t/_/) (A1)

The resulting equation is dependent only on the distance
away from the charged surface z. Next, we perform an integral
over p, keeping in mind cos 7 = —1 and cos 0 = 1, and define

O

kT 0z
by noting that the new form can be created by taking a
derivative with respect to A of a generating function, such that

/_1 dpp exp(Ap) = a%[f_idﬂ eXP(AP)]

to simplify the exponential. We solve the integral

= 2| ket

0A
0 |2 sinhA
B a_A[ A ]
_ 2 coshA _ 2sinhA
A A (A2)

The new form of the Poisson equation now looks like

02_1/7 — _ O (S)i A coshA — sinhA
2 = 71 ¢ 2

€
0
0z

+ 2ecDsinh(efip) (A3)
Next, we introduce some nondimensionalized terms:
W= efip
q(S)b(S)
/,[ =
z
n=—
2
o 100
zy 0N
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Making the correct replacements we obtain

€ 0y
zgeﬂ on*

_ eﬂc(s) i(A coshA — sinhA)

z, O A

+ 2ec(1)sinhl/7 (A4)
We then pull out an A/3 term from the part inside the first-
order derivative to separate out the solvent contribution into
its purely dielectric modification, which does not include the
orientation effect and a term inside the derivative that does.

3

A coshA — sinhA — A?
e

e, 0
z¢f o’

uc 04
on| 3

29
+ 2ec(1)sinhlf/ (A5)

This term can be differentiated out and obtains a second-
order derivative of §r with respect to 7.

€ 02_1/7 e ,u c(s)ﬁ 1 dzN
zéeﬂ 67]2 zoeﬂ 3 017
~ ﬂc(s)i A coshA — sinhA — %3
zy On A

+ 2ec(l)sinhl/7 (A6)

We now combine the LHS with the first term on the RHS to
explicitly calculate the effective dielectric constant for the
medium. It is important to note that this does not obtain the
known dielectric constants for most solvents, as there are other
interactions like hydrogen bonding that are not included in the
model We define this modified dielectric constant as € = ¢, +
u2c®B/3, which is the same definition that we used in the
quadratic-order fluctuation corrections.

,uc(s) o | A coshA — sinhA — A?}

e 0y _ 9
on

zo¢f o

2
Zy A

+ 2ec(1)sinhlf/ (A7)

We then move the coefficients over to the RHS to
nondimensionalize the equation.

. A
PR _ _ezﬂc(s)ﬂzo 0 A coshA — sinhA — =
on* e on A
2z§ﬂe2c(1)
+ ————sinhy
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Finally, we define three new nondimensional terms to
simplify the expression. We first solve for z, by setting the
coefficient on the right-most term to 1. This results in

=\ (1> where z; solves to be the Debye length. We

zy = Iy
then introduce ¢ = lpe*fuc® /e and i = p/lp, which results in
the final expression for the electrostatic potential near a

charged surface.
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B APPENDIX B: SOLVENT COUPLING MATRICES

M2,

the n-order structure factor from the expansion of the solvent
partition function.

The expansion of the single-solvent partition function Z®
results in powers of W¢(S) and W), but only certain terms
survive the integral over the solvent orientation 1. The solvent
coupling matrix M}(,:’S)}, is constructed by a factor of v for
each power of W¢(S) and a factor of v for each power of
w) prior to the integration over 1. Only even powers of % will
survive the orientation integration, resulting_> in a limited
number of coupling terms between W¢(S) and W), The n = 2
coupling matrix results in two contributions:

The coupling matrices define the terms that appear in

MY =1 (A10)
@) _ ooy 1
My = = —1

The n = 3 coupling matrix results in terms of the form

M =1 (A12)
,S) ,S
M), = M) = MGy
1
= (i) = —I
3 (A.13)

The n = 4 coupling matrix results in three types of terms of
the form

M =1 (A.14)
4 - 1

Ms(s)DD = (i) = 51 (A15)

MSy), = (aiii) (A16)

The term Mg))sp (and all other permutations) is equivalent
to Mg‘é})D. The fourth-rank orientation tensor (uuiuu) is a sparse
tensor with only two types of non-zero elements, given by

1

(uuuu,) = (upuu) = .. = —

15 (A.18)
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