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Imprinting knots in a spinor Bose-Einstein condensate via a Raman process
without knotted optical fields
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We propose a dynamical imprinting scheme to create nodal lines of torus and lemniscate knots via a Raman
process in a dilute spinor Bose-Einstein condensate. We calculate the desired parameters and the necessary
spatial profiles of the Raman laser fields that couple a realistic multilevel atomic system, and demonstrate the
imprinting results via a numerical calculation. Additionally, we show the capability of our method to adjust the
size and the aspect ratio of the knotted nodal lines by tuning the parameters of Raman lasers that propagate along

different directions.

DOI: 10.1103/PhysRevResearch.4.043109

I. INTRODUCTION

Topological structure such as vortices and knots appear
in a variety of systems, including superfluid Helium [1,2],
ultracold atom [3-5], condensed matter [6,7], fluid dynamical
[8], and biological macromolecules such as DNA and protein
[9-12]. Understanding the behavior of a system with knot-
ted and linked topological structures can greatly extend our
knowledge in many research fields such as hydrodynamics,
condensed matter physics, cosmology, biology, and chemistry.

Specifically, the study of knotted optical fields draws exten-
sive interest for its applications in quantum information [13].
Many ways of creating knots in optical systems have been
demonstrated both theoretically and experimentally [13—-17].
On the other hand, in recent years, ultracold spinor quantum
gases have become an ideal playground for studying topolog-
ical defects in superfluids given the convenience of creating
vortices, 2D skyrmions, 3D skyrmions, and knotted structures
in these systems [18-25]. The study of knots and topological
defects in optical systems evokes a great interest in creating
the topological defects of knots in the quantum gas and study
their interaction and the evolution processes. There are some
protocols for creating knotted structures in a spinor Bose-
Einstein condensate (BEC) via engineering the laser fields in
a A or a tripod system [25-27], yet the implementation in a
multilevel atomic system demands more exploration.

In this paper, we propose a method to imprint a nodal line
of knots in a pseudospin-1/2 BEC via a Raman process. With
our method, the knotted nodal line structure is carried, not by
the laser fields, but by the resulting effective magnetic field
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induced by the Raman process. We theoretically construct
the desired structured laser fields, show the results after the
imprinting process, and discuss how the desired knotted struc-
ture could be measured in a realistic system. In our protocol,
the Raman lasers propagate along two orthogonal directions,
which enables us to adjust the size and the aspect ratio of the
imprinted nodal line.

II. THEORETICAL FORMALISM

A knot is a closed loop embedded in a three-dimensional
Euclidean space R*. Mathematically, there are many methods
to construct knots and links. In this paper, we are specifically
interested in the construction of torus and lemniscate knots.

Consider constructing two complex fields, u = (r> —
1 +2iz)/(r* + 1) and v = 2(x + iy)/(r* + 1), which satisfy
lul> + |v|*> = 1, where r = /x2 4+ y2 +z2. With Brauner’s
method [14,16,28], a complex torus knotted field can be con-
structed by the map

K(p, q) = uP =7, ey

where p and ¢ are positive integers. With the definition of u =
u(x,y, z)and v = v(x, y, z), we constructed a map from R3to
C? (or S?). Then, with Brauner’s method, we used the complex
polynomial field K (p, ) as a map from C?, defined by u and
v, to C. Therefore, we have the map K(p, q) : R® — C*> — C,
where the preimage of the complex field K (p, ¢) in the three-
dimensional Euclidean space R* has a closed nodal line with
the structure of a (p, ¢) knot or link.

Beyond the torus knot, using the same definition of two
complex fields u and v, one can also construct a map to a
lemniscate knot. Specifically, for a pigtail knot [14,16], the
map takes the form

K(n) = 64u’ — 12u(20" — 20" + 3)
— (140" + 140™" + 02" — v*2), 2

where 7 is a positive integer.
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III. IMPRINTING SCHEME VIA A RAMAN PROCESS

Our goal is to imprint the knotted complex field, K (x, y, z),
onto the wave function of a Bose-Einstein condensate. One
straightforward approach is to engineer the electromagnetic
field that interacts with the atoms such that the topological
structure carried by the fields is transferred to the wave func-
tion of the BEC.

The discussion in the last section shows that one can
construct a complex field, K(x,y,z), from two complex
fields, u(x, y, z) and v(x,y, z), so that the singular points of
|K(x,y,z)| in R* form a knot. We consider using a Raman
process to imprint the knotted structure onto the wave func-
tion of a pseudospin-1/2 BEC, where the atom-field coupling
can generally be written as a two-level Hamiltonian of the
form

Hg = H(Q1 + Q365 + Q64 + Qp6-), 3

where /1€, is an energy offset, Qg is a knotted complex field,
23 is the z component of the two-photon Rabi frequency,
and the total two-photon Rabi frequency is defined as Q =

V Ik |? + |£23]2. 63 and 61 = &7 % i6, are Pauli matrices and
1 is the identity matrix. We can neglect the energy offset /12y
as it only sets the global phase of the wave function. The
evolution operator corresponding to the Raman Hamiltonian

given by Eq. (3) takes the form

cosy — i siny —if siny
U@)= o . o . @
—i-Xsiny cosy +ig siny

where y = Qt /2. If we apply U (¢t) to the spin up state, &y =
(1, 0)T, where & is the dimensionless spinor part of the order
parameter of the BEC at ¢ = 0, then we get

Q5
cosy —i=2siny
a=( o ) ©)
—zﬁ"smy

Equation (5) shows that if we let Qx o K, then the singular
points of the spin down component of & will be the same
as the singular points in Q. Therefore, the knotted singu-
lar structure will be imprinted on the wave function of the
pseudospin-1/2 BEC.

The complex fields K(p, g) in Eq. (1) and K(n) in Eq. (2)
take the form of complex polynomials that consist of different
orders of fractions of the complex variables u and v. However,
itis not easy to use paraxial polynomial laser beams to achieve
such complex fields in the laboratory. Therefore, similar to the
approach used to generate knotted nodal lines in the optical
fields, we apply the technique known as “overhomogeniza-
tion” [16,29], which is the process of multiplying the complex
polynomials with the lowest power of 1 + 2 to make sure that
there is no common factor of 1 + r? in the complex polyno-
mial after we get rid of the denominator, while preserving the
knotted structure. We then normalize the polynomial Raman
laser beams by Gaussian profiles. The resulting normalized
field, K = K(1 + r?)*, where s is a positive integer, carries
the desired nodal structure.

To imprint a trefoil knot, we take p =2, g = 3, and n = 3.
The normalized field after overhomogenization is K(2, 3) =

(u? — v*)(1 + r?)3, and the complex field Q2 is given by
Q%efoil = Qolp® — p* — p* — 8p3e?
+78 4 4i7° — 57 — 572 —4iz + 1
+p*(3z* + 8iz’ — 62%) + p*(37° + 4i2)], (6)

where 2 is the amplitude of the complex field, and

=z/w,, @)

where p = /x2 4+ y2, and w; and w, are two scaling factors
that can be used to control the size and aspect ratio of the
topological structure we imprint onto the BEC.

For a lemniscate knot, such as a figure-8 knot,
we take n =4. The normalized field after overhomog-
enization is K = (64u® — 12u(Qu? — 2v*? + 3) — (140”7 +
1407 + v — v*2P))(1 + r?)*, and the complex field, Q,
takes the form

QY = 4Qo{16(1 + 2 + pHI(i +2)* + p*T°
—28p%(1 + 72 + p*)* cos 2¢
—3(1+ 2+ PO +2)* + P23 + 72 + p2)
+8ip?sin2¢] — 8ip* sin4¢)}. (8)

It is mathematically rigorous that Eq. (8) carries a figure-8
knotted structure as a closed contour formed by its complex
roots. However, in practice, one can also adjust some of the
coefficients in the expansion form of the knotted complex field
Q% to engineer the shape and scale of the knot [13,15,17]. In
our calculation results, we roughly optimize the shape of im-
printed figure-8 knot by changing some of the coefficients in
the expansion form of Qlff(gfg, and the resulting field becomes
Qggfgl, which is given by Eq. (A2) in the Appendix.

If we regard the spin up and down components of the wave
function as analogous to the left and right circular polarization
components of optical fields, then the contour formed by the
singular points in the pseudospin-1/2 BEC order parameter
can be regarded as a knotted nodal line (C line) [13]. For
a real C line produced in optical fields, auxiliary fields with
different polarization are required to satisfy Maxwell’s equa-
tions and avoid reconnection of the nodal line. The imprinting
scheme of a nodal line in a BEC does not require auxiliary
optical fields, and none of the Raman fields carry the entire
knotted field. Instead, it is the off-diagonal matrix elements
in Eq. (3) that carry the desired topological structure. There-
fore, for experimental convenience, structured paraxial beams
propagating along orthogonal axes can be used to generate the
Raman fields.

IV. CALCULATION RESULTS

A. Imprinting trefoil and figure-8 knots

Our imprinting scheme starts from a dilute pseudospin-1/2
BEC in a shallow, isotropic harmonic trap with all atoms
initially in the spin up state. Then, the Raman laser pulse is
applied nonadiabatically to let the system evolve with evolu-
tion operator U () in Eq. (4), which carries the knotted nodal
line structure in the Qg term. We numerically demonstrate
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the imprinting of a trefoil and figure-8 knot, as examples
of torus and lemniscate knots, respectively. Using multiple
Raman laser fields, we can construct the complex fields for
both knots, which are given in Eqs. (6) and (8). We consider
a rapid imprinting process with an imprinting pulse length
7, of around 10 — 80 ws, which allows us to neglect the ef-
fects of kinetic energy and atomic interactions on the BEC
dynamics.

In practice, one can measure the Stokes parameters to
fully reconstruct the order parameter of a pseudospin-1/2
BEC. The Stokes parameters of a spin-1/2 order parameter,
& = (&1, &)7, take the form

51 = &8 + &6,
sy = —i(§1&5 — £[E),
&7 — &% ©)

Plugging in the state given by Eq. (5), we get the z component
of the Stokes parameters,

$3

2|
212

With the spatial profile of the Raman laser fields and the
chosen parameters, the power of the laser fields at the center
regime where the knotted effective magnetic field exists is
very low. Therefore, the population transfer between the spin
up and spin down states is small. To capture the nodal line
structure imprinted in the pseudospin-1/2 BEC wave func-
tion, we calculated the logarithm of 1 — s3, which takes the
form

s3(t) = cos’y (1) + (1 — )sinzy(t). (10)

logo(1 — s3) = log;y2 + 2log,, ||
—2log,y Q +log,, [sin?y]. (11

Equation (11) diverges at the nodal line given by Qg = 0.
Therefore, one can capture the nodal line structure in the BEC
wave function by measuring the Stokes parameters. At points
in the neighborhood of y = km, where £ is a positive integer,
the last term in Eq. (11) takes a very large value. This makes
it hard to distinguish these points from the knotted nodal line
structure in the map of log;,(1 — s3). Although the knotted
nodal line is present in the BEC after each realization, the last
term in Eq. (11) can make it hard to observe the knotted struc-
ture using the same approach we used to observe the trefoil
knot, as Eq. (11) diverges at the nodal line given by Qk = 0.
To get around the problem, one can vary the imprinting pulse
length, 7,,, and average the results. Eq. (11) will then by given
by

log;o(1 —53) = log,; 2 4+ 2log,, |2k
—2log,o 2+ logo [sin?2y],  (12)

where 33 is the averaged s3, sin2y = 1lv vazl sin 2y (¢;), and
N denotes the number of measurements. After averaging the
results with different pulse lengths, the influence of the last
term in Eq. (12) becomes negligible, and log;, (1 — 53) will
only diverge at the nodal line.

We can construct the complex field for a trefoil knot, given
by Eq. (6), using the Raman laser fields given by Eq. (A1) in
the Appendix, by following the imprinting scheme described

above. The calculation results are shown in Fig. 1. In Fig. 1,
the calculation results of the imprinting of a trefoil knot with
the nodal line along with the horizontal and vertical cuts
of log,,(1 — s3) and corresponding phase maps are shown.
For the imprinting process, we apply a single Raman laser
pulse with duration 7, = 10 us. The one-photon Rabi fre-
quencies of the four pairs of Raman lasers are given in the
Appendix.

We find the imprinting process of a figure-8 knot numer-
ically more difficult than imprinting the trefoil knot. The
imprinted figure-8 knot that results from the complex field
Qfg’gfg, given by Eq. (8), has a poor shape. By changing some

of the coefficients in the expanded form of Q{(’ 578 we obtain
a complex field Q_I;;g—s’ given by Eq. (A2), that results in a
better figure-8 knot. The necessary Raman fields are given by
Eq. (A3) in the Appendix. The calculated imprinting results
are shown in Fig. 2. For the figure-8 knot, the intensity of
the Raman laser fields varies drastically between the center
regime of the knot and the outer region. Consequently, the
amplitude of the knotted off-diagonal matrix element |Qx| in
Eq. (3) varies drastically as well.

We applied 40 pulses with pulse lengths ranging from 7, =
40 ws to 80 us to numerically capture the knotted structure in
the same way as the trefoil knot, and we averaged the results
to clean out the undesired nonsingular structure surrounding
the nodal line [see Eq. (12)]. This was necessary due to the
drastic variance in the amplitude of the Raman laser fields.
The calculation results are shown in Fig. 2. In Fig. 2, we show
the nodal line extracted from the Stokes parameters after the
imprinting pulse from different angle of view along with the
corresponding horizontal and vertical cuts of log;,(1 — 53). In
total, we propose using 9 pairs of Raman lasers for imprinting
the figure-8 knot, and the corresponding one-photon Rabi
frequencies are given in the Appendix.

For both Figs. 1 and 2, the beam waist of the Gaussian
envelope was set to be wyp = 10 um, and the scaling factors
were chosen to be w;, = w, = 5 um. With these parameters,
we can ignore the effects caused by the Gouy phase and
nonlinear propagation phase as the Rayleigh range is much
larger than the region of interest. Additionally, we point out
that the pulse lengths, t,, were not optimized. In fact, it is
hard to define an optimized pulse duration in such cases,
since the two-photon Rabi frequency in Raman pulses with
structured fields is spatially varying. Therefore, we picked
pulse lengths that were sufficient for us to show the desired
nodal line structure, and demonstrated that by applying pulses
using multiple Raman laser fields with carefully engineered
spatial modes and amplitudes, we could imprint a knotted
nodal line in a dilute pseudospin-1/2 BEC.

B. Controlling the size and the aspect ratio of the nodal line

In the previous subsection, we showed that by constructing
structured complex fields with a Raman process, both a torus
and lemniscate knot can be imprinted onto a BEC without
requiring the laser fields to contain the knotted structure. By
tuning the parameters w; and w, in Eq. (7), one can control
the detailed structure of the laser fields in the radial and
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FIG. 1. Theoretical results for imprinting a trefoil knot. In [(a), (b)] we show the nodal line extracted from the Stokes parameters after
the imprinting pulse from different angles. The semitransparent cuts are phase maps obtained from the Stokes parameters at different planes
in different directions. The horizontal cuts of log,,(1 — s3) and the corresponding phase maps at different z planes (z = —2.6 um, z = O pm,
and z = 2.6 um, respectively) are shown in [(c)—(f)]. The vertical cuts of log,,(1 — s3) and the corresponding phase maps at different y planes
(y=-39um, y =0um, and y = 3.9 um, respectively) are shown in [(i)—(n)]. The phase maps [(f)—(h)] and [(1)—(n)] correspond to the
semitransparent cuts in (a) and (b), respectively.
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FIG. 2. Theoretical results for imprinting a figure-8 knot. In [(a), (b)] we show the nodal line extracted from the Stokes parameters after
the imprinting pulse from different angles. The semitransparent cuts are phase maps obtained from the Stokes parameters at different planes
in different directions. The horizontal cuts of log,,(1 — 53) and the corresponding phase maps at different z planes (z = —1 pm, z = 0 pum,
and z = 1 um, respectively) are shown in [(c)-(f)]. The vertical cuts of log,,(1 — 53) and the corresponding phase maps at different y planes
(y=—4.5um, y =0um, and y = 4.5 um, respectively) are shown in [(i)—(n)]. The phase maps [(f)—(h)] and [(1)—(n)] correspond to the
semitransparent cuts in (a) and (b), respectively.
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FIG. 3. Control over the size and aspect ratio of the knot. Here
we take the trefoil knot as our example. (a) A trefoil knot with
w; = w, = 5 um for reference. (b) A trefoil knot with a shrunken
size but the same aspect ratio as (a), where w, = w, =3 um. (¢) A
trefoil knot with a different aspect ratio, where w, = 3 pm, and
w, = 10 pm. We take wy = 10 um for all three cases.

longitudinal directions separately, and thus independently
vary the size and the aspect ratio of the knotted nodal line.

We use the trefoil knot as our example, in Fig. 3 we
demonstrated control over the size and the aspect ratio of
the knotted structure. We show that by tuning the scaling
parameters w, and w,, our method is capable of changing
the size and the aspect ratio of the knotted nodal line im-
printed on the BEC independently, which can provide more
freedom in when studying the evolution of the knotted BEC
experimentally.

V. EXPERIMENTAL IMPLEMENTATION

In our imprinting scheme, the knotted nodal line is em-
bedded in the effective magnetic field generated by the
Raman process. To create the desired off-diagonal matrix
elements [given by Egs. (6) and (8)] in the effective two-level
Hamiltonian [given by Eq. (3)], multiple Raman beams are
needed. There are many potential ways to engineer the Raman
beams to achieve the desired effective magnetic field [26,27],
and here we only describe our example in detail.

In this paper, we choose 8’Rb to be our atomic system,
where the Raman process couples two Zeeman sublevels
in the SS%, F =1 hyperfine ground state manifold. The
semiclassical atom-laser interaction Hamiltonian can be de-
scribed using second-order perturbation theory [30,31], and
for the Raman process shown in Fig. 4, the resulting effective
Hamiltonian acting on the F' = 1 ground-state manifold takes
the form

|: (c"fomF)z
AF

o,mp,mp

1
+Z§

|2? +6m,}|mp><mF|
< |
.F
o,B,F,mp Aﬂt,m[-',m/:Jrl
F F

: )
‘F
Aﬁ,mFamF71
ml—'aml-‘+1cml"7m["71

X S’Z;Qﬁ|mp)(mp + 1| =+ H.C.,

+

X cC
13)

where «,8 =a,b,c,...,r denote different Raman laser
fields, mrp = F1 denotes |F =1, mp = F1) states on the
58 %,F =1 ground-state manifold. F = 1,2 denotes the

(a) (b)
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2 lasera +-*laserb

FIG. 4. (a) Level diagram of the Raman process that we consider in a ’Rb system. All Raman fields are grouped into red and blue lasers,

where members of the same group differ only in their wavelengths. Each red and blue laser is paired with a laser from the other group, and
each pair realizes a two-photon resonance (lasers a and b are shown in the figure as an example, and the solid arrows indicate a resonance). The
one-photon detunings for each pair were chosen so that the two-photon Raman coupling between different pairs would be negligible (see the
Appendix). (b) Laser configuration of the Raman process. The laser colors are the same as (a), both of their polarizations are linear polarization
along x axis, as indicated by the small arrows. In both (a) and (b), red lasers are Raman lasers propagating along the +z direction, and blue
lasers are Raman lasers propagating along the +y direction. Four pairs of lasers (lasers a—h) are used to imprint the trefoil knot, and nine pairs
(a—r) are used to imprint the figure-8 knot. Which Raman lasers are pairs that realize a two-photon resonance are shown in the table. The bias
magnetic field is in the 4-z direction.
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SP%,F =1 and SP%,F = 2 manifolds, respectively. Q, =

le . E, /h is the one-photon Rabi frequency for laser o =
a,b,c,...,r, where c?D, is the electric dipole moment of the
D transition and E, is the electric field of the corresponding

F _ _ e _ .8
Raman laser field. A, = 0o — (0%, —®p_,,, ) and
F

B, = 0 — (@5, — @f_y ) are one-photon detun-
ings, where w, and wg are the angular frequencies of the
Raman lasers, &%, and @f_y,, are the angular frequen-
cies of the corresponding excited and ground states, &, is
the two-photon detuning of |F = 1, mp = 0, 1) states, and
c,,fl ..y 1s the dipole matrix elements for certain polarization
of lights of 8’Rb atom [32]. With the above definitions, all
one-photon detunings and one-photon Rabi frequencies for
specific couplings can be calculated from the Rabi frequen-
cies and detunings from the D; transition and the hyperfine
dipole matrix elements. Plugging the Raman laser fields for
knot imprinting into the effective Hamiltonian in Eq. (13),
and due to the fact that the Raman laser fields can be de-
composed into right- and left-handed circular polarizations,
as shown in Fig. 4, only |1) = |F = 1,my = —1) and |2) =
|F =1, mp = 1) states will be coupled, and they form the
pseudospin-1/2 system that we are interested in this paper.
Therefore, we can project the system to the subspace of the
pseudospin-1/2 system, and write down a general effective
two-level Hamiltonian for the Raman process given in Eq. (3).

To imprint the knotted nodal line onto the pseudospin-1,/2
BEC, one needs to engineer the off-diagonal matrix element
of Eq. (3), ik, properly so that the knotted nodal line is em-
bedded in the complex field 2x. We propose to use multiple
paired Raman lasers with different detunings, spatial profiles,
and propagation directions to construct the desired knotted
complex fields QU and Q2% With the laser configuration
shown in Fig. 4, one can engineer the detunings of the Raman
fields to ensure that only the paired lasers that are shown
in the table in Fig. 4 form two-photon resonances, and thus
contribute to Q. Different detunings of Raman lasers can be
achieved using acousto-optical modulators (AOMs), and the
detunings used in the calculations are given in the Appendix.
The Raman coupling from the lasers that are not paired by
two-photon resonances are negligible due to the rotating wave
approximation.

To work out the specific profile of each Raman laser field,
one can decompose the knotted complex fields Q;ef"“ and
Q;g_sl into the sum of products of the polynomials p and Z.
Then, each term in the summation corresponds to one pair of
Raman lasers, one that propagates along the y axis, and one
along the z axis. The profiles of each pair are given by the
corresponding polynomials Z and p, respectively. All of the
Raman laser fields can be constructed via coherent superposi-
tions of Gaussian, Laguerre-Gaussian, and Hermite-Gaussian
beams, with beam waists denoted wy. Therefore, the complex
field Q¢ generated from the Raman laser fields is propor-
tional to the desired knotted complex field K, with a factor
ofexp{—p;;é72 }, where p = \/x2 + y2 and n = v/x2 + z2. The
Raman laser fields that we use for imprinting knotted nodal
line are given in the Appendix.

One effective way to create the structured laser fields
to imprint the knotted nodal lines (see the fields in the

Appendix) is to use a spatial-light modulator (SLM) or digital
micromirror device (DMD) [33,34]. The atomic level diagram
and the laser configuration for our protocol is shown in Fig. 4.
The Raman lasers are all far detuned from the 55 L, F=1to
SP%, F =1 D transition, and the one-photon Rabi frequen-
cies and detunings from the specific D; transitions for the
Raman laser fields for both the trefoil and figure-8 knots are
also given in the Appendix.

The imprinting process could proceed as follows. First, a
pseudospin-1/2 BEC with all of the population in the spin up
state should be produced in an optical dipole trap. The bias
magnetic field is then turned on, and the imprinting Raman
lasers are nonadiabatically turned on for a pulse duration t,,.
The desired knotted nodal line structure is thus imprinted into
the BEC, and to observe it one could measure the Stokes
parameters of the BEC. After the imprinting pulse, 7 /2 spin
rotation pulses can be applied to the BEC via Raman lasers
[19,20,35,36] so that the different components of the Stokes
parameters can be obtained by a Stern-Gerlach time-of-flight
(TOF) measurement.

Additionally, it is worthwhile to point out that the dif-
ferent propagation directions of the Raman laser fields in
our protocol do not cause a fast phase modulation along
their propagation directions. With our laser configuration, the
Raman process couples the state |1, 1) and |2, p,), where
p1 =0 and p, = hk, + 122) stand for momentum states. In
the TOF image, the basis we measure in is the momentum
state basis, so one will not see the phase modulation due to
the momentum transfer during the Raman process [35,36].
Also, the spin rotation operation before the Stern-Gerlach
TOF imaging needs to be achieved by two Gaussian Raman
laser fields that have a two-photon resonance between states
|1, p1) and |2, p,). For such a spin rotation Raman pulse, the
Raman beams have Gaussian profiles that are broad enough
so that they can be regarded as plane waves in the regime
of interest. More importantly, the two spin rotation Raman
lasers need to propagate along the same directions as the
knot imprinting Raman lasers to ensure that they do not
transfer the population to different momentum states other
than the two states |1, p;) and |2, p,), otherwise there will
be extra undesired momentum states in the Stern-Garlach
time-of-flight measurement and mess up the interference
results.

VI. CONCLUSIONS

To conclude, we proposed a protocol to imprint a nodal
line of the torus and lemniscate knots in a pseudospin-1/2
Bose-Einstein condensate. With our method, the nodal line is
imprinted by evolving the BEC in a knotted effective magnetic
field induced by a Raman process. To engineer the effec-
tive magnetic field, we introduce multiple pairs of paraxial
Raman lasers with different one-photon detunings, but no
knotted laser fields. Our laser fields have different spatial
modes, and propagate along two orthogonal directions. Us-
ing 8Rb as an example system, we showed the theoretical
results of imprinting a trefoil and a figure-8 knot. Addi-
tionally, we demonstrated that we can control the size and
aspect ratio of the imprinted knotted nodal line by varying
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the parameters of the lasers. The independent control of the
Raman lasers fields that propagate along different directions
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makes our method more flexible to fit with different BEC
systems to match the desired size, shape and aspect ratio
of the BEC. Our method could be used to imprint other
topological defects, such as Hopf links and pairs of vor-
tices, with appropriately designed polynomial Raman laser
fields. It also provides the opportunity to experimentally ex-
plore knotted topological excitations in a spinor Bose-Einstein
condensate.
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APPENDIX: CONSTRUCTION OF THE RAMAN
PROCESS HAMILTONIAN

The laser fields that we consider using in the trefoil knot
imprinting scheme are
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where &€, = (¢; +€_1)/ /2 is the polarization vector, é1; denotes the polarization vector of right or left circular polarization
with respect to +z direction, k; with ¢ =a, b, ..., h are angular wave numbers for different laser fields, n = v/ x2 + 72, and wq
is the beam waist of the Gaussian beam, which is considered to be much larger than the size of the BEC so that we can ignore
the curvature induced by the Gaussian profile. For the figure-8 knot, as discussed in the main text, we altered some coefficients
in the expanded form of the polynomial for the complex field in Eq. (8) to make the shape of the figure-8 knot better. In our
calculations, we use
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+ p*sin 24(1927 — 192i7%) + p(312iz + 112z%)].

As aresult, the Raman laser fields used for constructing the complex field in Eq. (A2) are
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where k; with ¢ =a, b, ..., r are angular wave numbers for different laser fields. For both the trefoil and figure-8 knots, the
one-photon detunings of the Raman lasers, Af I witha = a, b, ..., r, are calculated from the one-photon detunings A,

E Mg
witha =a,b,...,r,fromthe 55, F = 1,mp =0 — 5P, F = 1, mp = 0 transition while taking the proper Zeeman shifts of

the energy levels into consideratizon. Specifically, in our 2calculation, A, = 21 x 236 MHz, Ay, = —271 x 264 MHz, A, =
—2m x 286 MHz, Ay = =27 x 314MHz, A, = =27 x 336 MHz, Ay = =27 x 364 MHz, A, = —2m x 386 MHz, A, =
—2m x 414MHz, A; = —2m x 436 MHz, A; = —2m x 464 MHz, Ay = —2m x 486 MHz, A; = —2m x 514MHz, A, =
—2m x 536 MHz, A, = —27m x 564MHz, A, = —27 x 586 MHz, A, = —27 x 614MHz, A, = —27 x 636 MHz, and
A, = =27 x 664 MHz, where a negative sign indicates red detuning. All of the laser detunings are achievable with
acousto-optical modulators or other devices that can be used to shift the laser frequency. The two-photon detunings
between lasers @ and b, ¢ and d, e and f, and g and & are all zero. Also, the state independent amplitude of the
one-photon Rabi frequencies for imprinting the trefoil knot are Q. = dp, Eqxp/h = 21w x 795.8kHz, Qg = dp,Eca/h =
2w x 891.9kHz, Q.r =dp E.r/h =2m x 984.7kHz and Qg = dp Eg, /i = 2w x 1075.0kHz, respectively. The resulting
spatially independent amplitude of the two-photon Rabi frequency in Eq. (8) is Q¢ ~ 27w x 162 Hz, and the largest laser
power needed is about 12 mW. For imprinting the figure-8 knot, the one-photon Rabi frequencies in Eq. (A3) are
taken as Qg = dp,Egp/h = 2w x 159.2kHz, Qg = dp,Eca/h = 2 x 178.4kHz, Q. = dp,E.f /i = 2w x 196.9kHz, Qg =
dp, Egn/li = 2m x 215.0kHz, Q;; =dp,E;j/h =2n x 232.7kHz, Qu =dp Ey/h =2m x 250.1kHz, Q,., = dp Em/k =
27 x 267.2kHz, Q,, = dp,E,p/h = 27 x 284.2kHz, and Qg = dp, E,;/h = 27 x 300.9 kHz, respectively. The resulting spa-
tially independent amplitude of the two-photon Rabi frequency in Eq. (A2) is Q¢ ~ 27 x 65 Hz, and the largest laser power
needed is about 300 mW. To optimize the laser power and spatial profile, one could apply the optical field optimization algorithm
in Ref. [14]. Also, one could reduce the laser powers of the topologically nontrivial Raman lasers and increase the power of
Gaussian lasers. The undesired, spatially varying AC Stark shifts could be canceled optically [37], or with magnetic fields
[38,39]. In all the one-photon Rabi frequencies above, 671)1 denotes the electric dipole moment of the 8’Rb D, transition. The
bias magnetic field is taken to be B = 20 G.
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