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Abstract 

We extend previous systematic investigations of a family of model coarse-grained polymer 

network-forming materials by focusing on the influence of varying molecular rigidity on basic 

conformational properties (e.g., radius of gyration Rg and persistence length lp), segmental 

dynamics (structural relaxation time ta), and mechanical properties (shear G and bulk B moduli) 

of this broad class of materials. We find that increasing molecular rigidity increases the radius of 

gyration Rg and persistence length lp of network chains, as observed before in polymer solutions. 

The increase of molecular rigidity leads to significant slowing down in the segmental dynamics 

and a strong increase in the characteristic temperatures (e.g., onset temperature TA, glass transition 

temperature Tg, and Vogel temperature T0) and fragility of glass formation. We also find that the 

structural relaxation time ta, along with G and B, do not exhibit the near universal scaling with 

reduced temperature T / Tg found previously for fully flexible cross-linked networks having 

variable cross-link density and cohesive energy but a fixed bending stiffness. Both of these moduli 

become progressively smaller in magnitude as the network chains get stiffer over the T range 

investigated. Moreover, τα and the moduli (G, B) all exhibit strong correlative relationships with 

the Debye-Waller parameter <u2>, which is correspondingly utilized to define a local measure of 

material “stiffness”. Color maps based on this stiffness measure indicate that both the average 

value and variance of the local stiffness fluctuations decrease with an increasing chain stiffness at 

the same reduced temperature, T / Tg. Our simulation observations provide novel physical insights 

into how varying chain stiffness influences glass formation of cross-linked networks that should 

be helpful in the design of cross-linked thermoset materials.  



 

1. Introduction 

Cross-linked polymer materials and thermoset materials, in particular, are widely used in 

structural, engineering, and biomedical applications due to their superior mechanical properties, 

excellent chemical resistance, and heat stability. Upon cooling down towards their glass transition 

temperatures Tg, polymer melts characteristically exhibit a pronounced slowing down in relaxation 

dynamics and a strengthening in mechanical properties, and this is also a conspicuous property of 

thermoset polymer materials.1 Numerous experimental and simulation studies have demonstrated 

that various molecular factors, such as chemical structure,2,3 cross-link density,4,5 chain stiffness6,7 

and additives,8,9 all can have a significant influence on the dynamics and mechanical properties of 

polymer materials. Our investigation is premised on the idea that a clear understanding of the 

influence of a minimal set of molecular parameters on glass formation in coarse-grained models 

of polymer network materials, should be helpful in identifying general trends in the relaxation and 

mechanical properties of these model materials that can be utilized in improving the performance 

and rational design of real polymer network materials.  

Experimental and computational studies on polymer materials have repeatedly established 

that chain stiffness is a primary molecular variable governing segmental relaxation dynamics and 

diffusion processes in polymer materials broadly, and it is generally appreciated that this molecular 

parameter can also greatly impact the mechanical properties of polymer materials. Polymers with 

rigid or sterically hindered backbones usually exhibit broad segmental dispersions and steep 

temperature dependence of segmental relaxation.2,10 Sokolov et al.11,12 performed a series of 

experiments to explore the relationship between ionic conductivity and structural relaxation in 



 

polymer electrolytes using dielectric spectroscopy, where the polymer with rigid backbones 

exhibited significant packing frustration and strong decoupling of ion diffusion from structural 

relaxation. Subsequently, this experimental observation was also confirmed by the coarse-grained 

(CG) molecular dynamics (MD) simulation.13 Lesser and coworkers14,15 performed a series of 

mechanical and thermodynamic measurements on epoxy resins, where the chain stiffness was 

found to exhibit a significant influence on the primary relaxation and yield strength, but had only 

a negligible effect on the glassy moduli. Surface wrinkling and spectroscopic ellipsometry 

experiments in poly[5-(2-phenylethylnorbornene)] derivatives demonstrated that Tg and the shear 

elastic modulus were independent of film thickness for thin films with stiff backbones, whereas 

they decreased with thickness when the backbones of polymers were relatively flexible.6 Chain 

stiffness is usually varied by changing the chemical structure of polymers in experiments, but 

varying chemical structure can also lead to changes in the cohesive interaction strength, so that it 

is difficult to study the effect of chain rigidity on glass formation in complete isolation from other 

molecular variables impacting glass formation.6,14 One of the advantages of simulation is that it 

allows for the variation of chain stiffness in isolation from other effects. 

Various simulation works on the polymer materials have indicated that the chain stiffness has 

an important effect on the chain conformation and morphology,16–19 relaxation dynamics,13,20–24 

and mechanical properties.7,16,24 Previous studies of pure and nanocomposite polymer materials 

have indicated a general slowing of the rate of relaxation dynamics with increasing chain stiffness 

and a higher fragility of glass formation,13,21,22 effects attributed to an increase in packing 

frustration. Subsequently, Lu et al.21 explored the role of side-chain stiffness in the relaxation 



 

dynamics of free-standing films, where it was found that polymers with stiffer side-groups 

exhibited a higher fragility. Xu et al.25 explored the influence of relative rigidities of backbones 

and side-chains on glass formation for branched polymers using CG-MD simulations and 

generalized entropy theory (GET).26 They observed that both Tg and fragility decreased with the 

increasing side-chain length for branched polymers with stiff backbone and flexible side chains, 

while the opposing trend was observed in polymer melts with flexible backbone and stiff side-

chains. In addition, CG-MD simulations performed by Ness et al.7 on the mechanical response of 

glassy linear polymers indicated that the storage modulus exhibited a nonmonotonic variation with 

the increase in chain stiffness, which could be ascribed to the competing effects between the 

increasing chain rigidity and increasing “free volume”.  

Most previous simulation studies of glass formation in polymer materials have been based on 

uncross-linked polymers and polymer composites, and many aspects of the segmental relaxation 

dynamics and mechanical properties of cross-linked thermoset materials are still unknown. 

Dielectric spectroscopy experiments performed by Rolla et al.27,28 have shown that the progressive 

introduction of cross-links at constant temperature can lead to chemical vitrification of epoxy 

resins. And the effect of cross-link density on glass formation has been widely studied recently for 

a range of cross-linked polymer materials,4,5,27–32 where the structural relaxation time and Tg, along 

with the fragility of glass formation and dynamical heterogeneity all have been found to increase 

significantly during the network “curing” process. Similar trends in dynamical properties have also 

been observed in star and ring polymers with the increasing topological complexity,33–36 which 

indicates that polymer topology can also greatly influence glass formation of polymer materials. 



 

There are evidently a number of contributing effects influencing the segmental dynamics when the 

molecular topology is altered in real materials. In particular, changes in molecular topology can 

significantly alter average molecular shape and size both in the melt and in solution,33,34,37,38 and 

large changes in topological complexity can induce appreciable changes in the persistence 

length.33,34 Since changes in molecular packing must generally lead to changes of cohesive 

interaction strength, significant changes in molecular topology cannot be made completely 

independently from changes of the effective cohesive interaction strength and molecular rigidity. 

These central molecular variables for polymer glass formation are in general coupled in their effect 

on glass formation. 

Mei et al.30 investigated the segmental dynamics of semi-flexible polymer networks with 

varying cross-link density, where excellent agreement was claimed among broadband dielectric 

spectroscopy experiments, CG-MD simulation and elastically collective nonlinear Langevin 

equation (ECNLE) theory. Elder et al.31,39,40 performed a series of atomistic MD simulations to 

explore the relaxation dynamics and mechanical properties based on the cross-linked 

poly(dicyclopentadiene) networks, where the atomistic mobility was found to become 

progressively more heterogenous due to the introduction of polar functionality to the polymers, a 

molecular parameter that can greatly influence the cohesive interaction between the molecules.  

In our previous work,41,42 we explored in isolation the effect of cross-link density and cohesive 

energy on the relaxation dynamics and mechanical properties for cross-linked polymer networks 

using CG-MD simulation, which agreed well with the experiments,14,15,32 simulations30,39,43,44 and 

GET.26,45 However, the polymer chains used in our previous work were assumed to be ideally 



 

flexible.  

A series of CG-MD simulations combined with GET performed by Xu et al.23,46,47 

demonstrated that the bending constraints played a critical role in the thermodynamics and 

dynamical properties of linear polymer melts, where the characteristic temperatures and fragility 

of glass formation exhibited different variation trends with the increasing cohesive energy for 

polymer melts with and without bending constraints.43,46,47 We may then anticipate that changing 

polymer rigidity should likewise lead to appreciable changes in the thermoset dynamical properties, 

although it is not all clear that changing the polymer rigidity in thermosets should have the same 

effect as found in linear polymer melts. In the present work, we continue our systematic study of 

model cross-linked polymer materials to explore the influence of varying chain stiffness on basic 

conformational properties, dynamical and mechanical properties for our model coarse-grained 

thermoset material over a wide range of temperatures (T) where the cohesive interaction strength 

and cross-link density are fixed. We hope the findings of the present work will contribute to 

building a basic conceptual framework for understanding what molecular parameters are most 

relevant to understanding and controlling the segmental dynamics of cross-linked polymers.  

2. Model and Simulation Details 

2.1. Coarse-Grained (CG) Model. The cross-linked polymers are represented by the 

bead-spring model in this paper,48 which is widely used to study the glass formation of 

polymers.5,44 The CG model of cross-linked polymers is composed of 1200 linear chains with each 

consisting of ten beads and 600 tetra-functional cross-linkers with star structure. Every cross-linker 



 

contains a core and four arms with one bead in each arm (Figure 1a). It is notable that the “cartoon” 

illustration of molecular structures in Figure 1 only describes the initial geometry structures, but 

not their actual configurations exhibited in the cross-linked thermosets. The linear chains and 

cross-linkers are initially mixed in a large cubic simulation box with periodic boundary conditions 

in all directions.  

 
Figure 1. (a) A “cartoon” illustration describing initial molecular geometry structures of linear 
chain (blue beads) and cross-linker (pink beads), which do not represent their actual configurations 

exhibited in the cross-linked polymers. (b) Schematic of polymer network structure. The cross-

link density is defined as the percentage of reacted end beads of cross-linkers in the total number 

of end beads of cross-linkers. For example, there are three cross-linkers and thus twelve reactive 

end beads, where eight end beads have been bonded with linear chains while four active beads are 

not yet reacted. Hence, the cross-link density is regarded as the ratio of eight to twelve, i.e., 75 %. 

 

The non-bonded interactions are represented by the standard truncated and shifted Lennard-

Jones (LJ) potential, 

                             (1) 
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where r is the distance between two beads, rc = 2.5 σ is the cutoff distance, σ governs the effective 

van der Waals radius, and ε describes the cohesive energy strength of the cross-linked polymers. 

The bond connectivity along neighboring beads is determined via the finitely extensible nonlinear 

elastic (FENE) potential,  

                             (2) 

where the force strength K = 30 ε /σ2 and the maximum bond length R0 = 1.5 σ. The first term is 

attractive and the second LJ term is repulsive with a smaller cutoff distance Rc = 21/6 σ. The bending 

constraint is modeled by a simple cosine angular potential,49,50 

                                                     (3) 

where kθ describes the bending strength, θ is the angle composed of three consecutive bonded 

particles. To explore the influence of chain stiffness on the glass formation of cross-linked 

polymers, we systematically vary the chain stiffness parameter kθ of linear chains (blue beads in 

the Figure 1) from 0.0 ε to 2.0 ε. The kθ of cross-linkers (pink beads in the Figure 1) is fixed at 

1.0 ε, while the molecular stiffness parameter kθ of bond angles formed between the linear chains 

and cross-linkers is determined as the average value of linear chains and cross-linkers. Everaers et 

al.51 recently tuned the chain stiffness of a Kremer-Grest polymer model to match the real polymers 

based on the number of Kuhn segments per Kuhn volume, where they found that the Kremer-Grest 

model with chain stiffness in a range of 0.0 ε to 2.0 ε could map a wide range of polymers from a 

flexible polydimethylsiloxane to a stiff polyethylene. All the quantities are expressed in the 

standard reduced LJ unit for convenience. The basic quantities, length σ, energy ε and mass of each 
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bead m, are set to be unity. Other units of interest can be derived from these fundamental units. For 

example, time τ, temperature T and pressure P can be described in units of τLJ = (mσ2/ε)1/2, ε /kB 

and ε /σ3, respectively. 

2.2. Simulation Details. We briefly describe the simulation method here, which has 

been described in detail in our preceding works focusing on the same cross-linked polymer 

model.41,42 All the MD simulations are performed in Large Scale Atomic/Molecular Massively 

Parallel Simulator (LAMMPS) software.52 The mixture of linear chain and cross-linkers are 

relaxed in a constant pressure and constant temperature (NPT) ensemble for t = 2 × 104 τLJ at a 

temperature T = 2.0 ε /kB and a pressure P = 0.0 ε /σ3, and then T is decreased to T = 1.0 ε /kB over 

a period of t = 2 × 104 τLJ, followed by a canonical (NVT) relaxation for a period of t = 1 × 104 τLJ, 

to ensure that the linear chains and cross-linkers are homogenously mixed. A cross-linking 

algorithm proposed by Varshney et al.53 is utilized to cross-link the molecules into a three-

dimensional network, which has successfully captured the thermodynamics and mechanical 

properties of various cross-linked polymer networks.53–55 In particular, the two end beads of each 

linear chain and four end beads of each cross-linker are set as the reactive beads, which have the 

ability to form new bonds. When the distance between an end bead of linear chain and an end bead 

of cross-linker is less than 1.3 σ, a new bond is created between the two beads. Then an NPT 

relaxation process is subsequently preformed to equilibrate the new cross-linked structure. Based 

on the new cross-linked structure, a next iteration of cross-linking is started. The cross-linking 

algorithm is finished until the percentage of reacted end beads of cross-linkers in the total number 

of end beads of cross-linkers (defined as cross-link density next) is over 90 %. The cross-link 



 

density of the final cross-linked network is 93.75 %. We emphasize here that the simulation results 

reported in the present work is only based on one cross-link density. The influence of cross-link 

density on the glass formation of cross-linked thermosets with bending constraints deserves to 

study further.   

To explore the isolated effect of chain stiffness on the glass formation of cross-linked polymer 

networks, five systems with the same cross-linked structure but different linear chain stiffness are 

produced. First, the five systems are relaxed in the NPT ensemble over a period of t = 3 × 104 τLJ 

at T = 2.0 ε /kB. Then, the relaxed systems are quenched from a high temperature T = 2.0 ε /kB to a 

low temperature T = 0.1 ε /kB in a stepwise fashion with a temperature step size of ΔT = 0.05 ε /kB. 

At each temperature, the systems are relaxed in an NPT ensemble for t = 2 × 104 τLJ and in an NVT 

relaxation for t = 1 × 104 τLJ, then the configurations are collected at the end of each run. The 

system with different chain stiffness is denoted as kθ = x, which means that the chain stiffness 

parameter of linear chains is x in the corresponding cross-linked polymer model. 

3. Results and Discussion 

3.1. Conformational Properties. Considering the established influence of chain 

stiffness on the conformational properties of linear polymer melts,18,56 we first analyze the 

thermodynamic properties (Figure S1 in the Supporting Information) and conformation of cross-

linked polymers with a wide range of chain stiffness. In particular, the thermodynamic properties 

(e.g., number density ρ, reduced thermal expansion coefficient αp* , reduced isothermal 

compressibility κT*  and static structure factor S(q)) are found to be insensitive to the variation of 



 

chain stiffness, as observed in linear polymer melts with varying chain rigidity and predicted by 

GET.46 

Figure 2a shows the radius of gyration Rg and end-to-end distance Re of network chains as a 

function of chain rigidity kθ where the cross-link density, temperature and the cohesive interaction 

strength are all held fixed. As expected, the Rg and Re increase with increasing chain stiffness, 

which agreed well with the widely observed trend in semi-flexible linear polymer melts as the 

chain stiffness increased.16–18,22 In addition, we also estimate the persistence length lp of network 

chains with varying chain stiffness using the autocorrelation function, C(s) = <bs · b0>, where bs is 

the unit vector aligned along the (s + 1)th bond along the network chains, and b0 is the first bond 

in the chain. In this work, the persistence length lp is defined as the characteristic length when the 

C(s) decays to 0.2, regardless of whether the decay is exponential as predicted by the ideal worm-

like chain model or not.33,34 As shown in Figure 2b, we find that the lp increases when the cross-

linked network gets rigid, which is consistent with the trend found in the semi-flexible linear 

polymer melts.49 Narambuena et al.18 systematically investigated the role of chain stiffness played 

in the morphology of polyelectrolyte complexes using Monte Carlo simulation, where they found 

that the structure of polyelectrolyte complex gradually changed from a globular shape to a pseudo-

toroidal shape, and finally stretched to a rigid rod when the polyanion linear chains became 

sufficiently stiff. Along with the changes in the morphology, the end-to-end distance, radius of 

gyration and persistence length of polyanion chains all became larger with the increase in chain 

stiffness. 



 

 

Figure 2. The conformational properties of network chains at T = 2.0 ε /kB as a function of the 

chain stiffness parameter, kθ. (a) Network chain radius of gyration, Rg. The inset describes the end-

to-end distance, Re. (b) Determination of persistence length, lp. 

 

3.2. Structural Relaxation Dynamics. We analyze the effect of chain stiffness on 

the structural relaxation dynamics from the structural relaxation time τα, which is a central quantity 

in the glass formation. The τα is determined from the self-part of the intermediate scattering 

function Fs(q, t), 

                                            (4) 

where the wavenumber q = |q| is chosen to be 7.1 σ-1 in our cross-linked polymer network models, 

close to the first peak of the static structure factor (Figure S1d in the Supporting Information).41 

rj(t) is the coordinate of particle j at time t, and 〈⋯〉 indicates that Fs(q, t) is averaged over all 

beads and over distinct initial times. The τα is defined as the time when Fs(q, t) decays to 0.2.33,46,57 

In order to reduce errors in the estimation of τα, a timestep of 0.002 τLJ or 0.01 τLJ is utilized in the 

high or low T, respectively. We plot the Fs(q, t) curves at a higher temperature T = 1.0 ε /kB and a 
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lower temperature T = 0.55 ε /kB in the Figure S2a in the Supporting Information. The Fs(q, t) 

exhibits a two-step decay, consisting of a “fast β-relaxation” on the ps timescale and an α-

relaxation which normally occurs on a much longer timescale. These relaxation processes has been 

widely observed and quantified in various metallic and polymeric glass-forming materials,13,41,46,58 

and this kind of two-step relaxation process is apparently a universal property of glass-forming 

liquids. It is notable that the Fs(q, t) curves for cross-linked thermosets with a wide range of chain 

stiffness nearly collapse onto a universal curve at a high temperature T = 1.0 ε /kB, indicating a 

weak influence on the fast β-relaxation and α-relaxation. While at a low temperature T = 0.55 ε 

/kB, the Fs(q, t) curves exhibit an obvious difference in the α-relaxation time. A specific two-step 

relaxation function has been found to successfully describe simulation observations of Fs(q, t) for 

a variety of glass-forming materials,41,42,58,59 

                                             (5) 

where the prefactors Aα and 1 – Aα are the relative strength of α- and fast β-relaxation processes 

having relaxation times τα and τf, respectively, and the exponents β and βf describe the deviation of 

these relaxation processes from an exponential decay. The fitting parameters τf and βf have been 

found to be insensitive to T in previous studies of metallic and polymeric glass formers when the 

T is varied over a moderate range.41,42,58,60 And thus, we estimate the τf, βf and β over a wide range 

of T for cross-linked networks with varying chain stiffness in Figure S2 in the Supporting 

Information, where all of them seem to be weakly dependent on chain stiffness at higher 

temperatures, consistent with a similar Fs(q, t) curve for cross-linked thermosets with varying 

chain stiffness at a high temperature T = 1.0 ε /kB. In particular, τf is found to increase upon cooling, 

( ) ( ) ( ) ( )f
αf //

s α α, 1 ttF q t A e A e
bb tt --= - +



 

consistent with the trend observed in τα. The exponent parameters βf and β are found to slightly 

increase with elevating T, and a similar increasing trend was observed by Giuntoli et al. in the CG 

polymer melt model.59  

As a characteristic of glass-forming polymer liquids, we see in Figure 3a that τα increases 

significantly upon cooling at fixed stiffness. The progressive introduction of bending constraints 

results in a much longer τα at a fixed lower T, while the effect of changing chain stiffness on τα is 

relatively weak at high T, again as normally observed in linear polymer melts.13,46,50 In many ways, 

the relaxation dynamics of our thermoset materials resemble most any other molecular glass-

forming liquids. At high temperatures, there is a “simple fluid” regime in which τα follows an 

Arrhenius T-dependence, and then a non-Arrhenius T-dependence sets in below the onset 

temperature TA. This transition between the high-T Arrhenius regime and a low-T non-Arrhenius 

regime was discussed at length in the review by Xu and coworkers.45 In general, the activation 

enthalpy can depend appreciably on the intermolecular interaction strength, pressure, molecular 

topology, etc., but the dependence of the activation enthalpy on stiffness would appear to be rather 

weak in our model. In the molecular dynamic simulations,36,40,46 a wide temperature range is 

usually considered to observe the entire process of glass formation rather than just a temperature 

near the calorimetric glass transition. It is perhaps worth noting that that most polymers start to 

thermally degrade before reaching this high-T regime so that the Arrhenius regime is normally 

physically inaccessible in polymers. Thus, we emphasize that the Arrhenius regime at a very high 

T is only limited in our cross-linked thermosets model with a fixed cross-link density and cohesive 

energy, which deserves to confirm further in the experiments.  



 

 

Figure 3. (a) The structural relaxation time τα as a function of 1 / T for cross-linked networks with 

varying chain stiffness kθ. τα increases significantly with the increasing kθ at lower T. (b) The VFT 

collapse of T-dependence of τα for various kθ. Dashed line indicates the VFT relation, ln(τα / τ0) =         

D T0 / (T − T0). The good collapse onto the dashed line indicates that the VFT equation can describe 

the relaxation dynamics well for cross-linked networks with varying kθ. The inset descripts the 

structural relaxation time τα as a function of reduced temperature Tg / T. This lack of reduction 

implies that τα is not a universal function of Tg / T. The origin of this lack of scaling is described 

in the text. 

 

Numerous simulation works and experimental studies on polymer glass formation5,33,61 have 

shown that the Vogel-Fulcher-Tammann (VFT) relationship, τα = τ0 exp[D T0 / (T − T0)], provides 

a good empirical description of τα over a wide range of temperatures below TA but above the glass 

transition temperature Tg. As a “reality check”, we fit our τα data for cross-linked polymer networks 

having a wide range of kθ to the VFT equation (Figure 3b), and as usual we find a good collapse 

of all our data. We have seen such agreement before in previous coarse-grained simulations of 

fully flexible and semi-flexible linear polymer melts,13,46,47 single-chain cross-linked nanoparticle 

melts,5 poly(methyl methacrylate) bulk polymers and supported thin films57 and conjugated 



 

poly(3-hexylthiophene) melts.61 Our relaxation data conform to the standard phenomenology of 

glass formation, and we are then in position to explore how the chain stiffness of our thermoset 

model alters the fragility (K º 1 / D), Tg, and the mechanical properties (G, B) of this class of 

materials. 

The generalized entropy theory (GET),26,45,62 which combines the lattice cluster theory63 with 

Adam-Gibbs (AG) model,64 has successfully predicted general trends in how molecular structure 

and thermodynamical conditions influence segmental relaxation behaviors of polymer melts.25,47,57 

This theory provides some guidance on what properties would be interesting to calculate and some 

expected trends, even though the theory has not yet been developed to describe branched polymer 

networks because of the technical complexity of such calculations. For example, the GET indicates 

that glass formation involves a broad thermodynamic transition (not a phase transition) exhibiting 

multiple characteristic temperatures,26,62 and these characteristic temperatures are strongly 

dependent on molecular factors, such as cohesive energy43 and chain stiffness.46,62 The VFT 

equation can be derived from the GET over the restricted T range in which this phenomenology is 

observed, where the parameters of this equation are further specified in terms of parameters 

determined through comparing the GET to experiments on thermodynamic properties. Xu et 

al.43,46,47 performed CG-MD simulations on model glass-forming linear polymer melts in 

conjunction with the GET calculations, and found that both approaches to model polymer materials 

indicated that all the characteristic temperatures of glass formation (defined and estimated by CG-

MD simulation below for thermoset polymers) increased linearly with the cohesive energy for 

fully flexible polymer melts, while they exhibited a non-linear variation with the cohesive energy 



 

for polymer melts subjected to bending constraints. Considering the important role that bending 

constraints play in altering the characteristic temperatures of glass formation in linear polymers, 

we next explore the effect of chain stiffness on the characteristic temperatures for cross-linked 

polymer networks below (Figure 4a) following a by now standard computational methodology. 

As seen in Figure 3a, τα exhibits a high-T Arrhenius regime, τα = τ∞ exp(∆E / kBT), and we 

define the “onset temperature” TA by the condition at which τα departs from the high-T Arrhenius 

relation by an amount larger than 1 %, i.e., [τα − τα(Arrhenius)] / τα > 10-2,41–43 where τα(Arrhenius) 

is the expected structural relaxation time from Arrhenius fitting. We see a nearly linear increase in 

TA with kθ, similar to the trend observed in the linear polymer melts and their thin films where the 

rigid linear polymer exhibited a higher TA.49 Next, Tg is estimated from the VFT equation using a 

similar range of τα for cross-linked polymer networks with varying kθ. The upper bounds for T are 

taken to be TA, and the lower bounds are just the lowest T available in our simulations. In order to 

reduce the uncertainty in the long extrapolation of the VFT relation to estimate Tg, a 

“computational” Tg24,35,57,65 is used in this work based on the definition of τα(Tg) = 103 τLJ. The 

“computational” Tg corresponds to a laboratory timescale on the order of 1 ns, which has been 

found to accord well with that estimated from the thermodynamic criterion35,41 and that estimated 

from the common empirical definition of τα(Tg) = 100 s.24,41,65 It is found that Tg increases 

obviously with kθ. This trend is again consistent with previous observations in the linear polymer 

melts,46,66 ionomeric polymers,20 free-standing thin films21 and semi-flexible polymer brushes.19 

In situ ellipsometry experiments have also indicated an increase in Tg arising from a rigidity change 

in the polymer induced by saturating the side-chain of the phenyl ring to form a cyclohexyl 



 

moiety.6 The Vogel temperature T0, which describes the end of glass transition, exhibits a similar 

trend with that observed in Tg. The cross-linked networks with more rigid chains exhibit a larger 

T0.25 Compared to the linearly increasing trend exhibited in our coarse-grained cross-linked 

thermoset model, Xu et al.46 observed a non-linear increasing trend with the chain stiffness based 

on a different bending potential in linear polymer melts. Thus, we emphasize that the linear trend 

in Tg and the other characteristic temperatures of glass formation indicated in Figure 4a is 

restricted to our model of cross-linked polymer networks under the range of chain rigidity and 

cross-link density considered in our study. In summary, all the characteristic temperatures increase 

with the chain stiffness in a parallel fashion to polymer melts with varying backbone or side-chain 

stiffness.21,46,49,50 The trend observed seems to be a general nature in polymer materials.  

In addition, the inset of Figure 4a descripts the normalized characteristic temperatures by their 

values at chain stiffness kθ = 0.0 ε, where the characteristic temperatures vary in a different slope 

with the chain stiffness. The TA exhibits the most sensitive dependence on the chain stiffness kθ, 

while the change of Tg with kθ is weaker. Notably, the characteristic temperature ratio (e.g., T0 / Tg, 

T0 / TA) have previously been taken as estimates of the “breadth” of glass transition and the fragility 

of glass formation,46,67 where a smaller T0 / Tg or T0 / TA corresponds to a stronger glass former 

(stronger glass-forming liquids typically have broader transitions). And thus, we further estimate 

the characteristic temperature ratio T0 / Tg in the inset of Figure 4b, which is found to increase 

obviously with the increasing kθ, consistent with the results in the inset of Figure 4a. The results 

indicate that introducing the bending constriants leads to a narrower glass transition and a more 

fragile glass former.23,49,66 



 

Except for the characteristic temperature ratio, we also measure the kinetic fragility of glass 

formation determining the steepness of T-dependence of τα upon approaching Tg from fitting our 

τα data to the VFT equation. The “fragility parameter” K º 1 / D using this standard analysis is 

shown in Figure 4b. The fragility of glass formation is evidently higher for cross-linked polymer 

networks having stiffer chains, a trend that accords with the GET prediction for linear chains 

having increased chain stiffness.26 We see in Figure 4b that the increase in fragility with increasing 

chain stiffness is relatively weak when the network chains are initially highly flexible (a small kθ). 

An increase in K or decrease in D with the increasing backbone or side-chain stiffness has been 

widely reported in CG-MD simulations of linear polymer melts and thin polymer films,13,21,46,49,50 

where more rigid chains were found to exhibit more significant packing frustration. And the GET 

theory predicts that this situation should result in a more fragile glass former (provided the 

cohesive interaction strength is not also varied at the same time), as observed in our simulations.  

Roland et al.10 systematically explored the effect of chemical structure on the segmental 

relaxation behavior using dielectric measurements, where the structural relaxation time exhibited 

more sensitive T-dependence for polymers with rigid backbones or sterically hindering side-groups. 

The experiments performed by Kunal et al.2 and Duarte et al.3 over a wide range of polymer melts 

with varying backbone and side-chain structures indicated that the fragility was controlled by the 

relative flexibility of side-chains and backbones. The fragility was found to increase when either 

the side-chain stiffness or the backbone stiffness became larger than the other, which was 

confirmed in the high molar mass polymers with poly(α-pentene) structure based on the GET,66 

and in the CG-MD simulations for branched polymer melts with varying side-chain length.25  



 

In addition, in our previous work on fully flexible cross-linked networks with varying cross-

link density,41 the structural relaxation time τα collapsed onto a master curve at the reduced 

temperature (T − Tg) / Tg, which could be well described by a modified Williams-Landel-Ferry 

(WLF) function. Dudowicz et al.68 held that the well-known WLF scaling relationship describing 

the T-dependence of structural relaxation time in polymer materials, along with the near “universal” 

constants of this phenomenological equation, is a consequence of an empirical near proportionality 

between K and Tg in many polymer materials. Note that K does not change in the same way with 

kθ as Tg when the bending constraints are introduced, so that the structural relaxation time ta should 

not be a near universal function of (T − Tg) or Tg / T.68 Thus, we estimate the ta as a function of Tg 

/ T at a narrow temperature range near glass transition (Tg < T < 1.2 Tg), where the WLF function 

is applicable. This proportionality relation evidently no longer holds in our network materials when 

chain stiffness is varied over a large range (inset of Figure 3b).  

We also estimate the relaxation dynamics for uncross-linked melts with the same molecular 

structure and bending energy as used in the present work, and the results are shown in Figure S3 

in the Supporting Information. It is no doubt that the uncross-linked melts exhibit faster relaxation 

dynamics than the highly cross-linked thermosets, along with a smaller Tg and fragility. The 

progressive introduction of cross-links again leads to a more fragile glass former, consistent well 

with the simulation trend observed in the fully flexible crosslinked polymers with a wide range of 

cross-link density,41 and experiments results based on the polyvinylethylene networks,4 

dimethacrylate networks,69 and cross-linked poly(methyl methacrylate) polymer.32 We next turn to 

a “dynamical free volume” description of the segmental dynamics and mechanical properties of 



 

our model thermoset materials since this approach provides complementary insights into property 

changes than the GET based framework. 

 

Figure 4. (a) The characteristic temperatures (e.g., onset temperature TA, glass transition 

temperature Tg and Vogel temperature T0) for cross-linked polymer networks with varying chain 

stiffness kθ. The inset descripts the normalized characteristic temperature by its value at kθ = 0.0 ε. 

The dashed lines descript the linear fitting. (b) The fragility parameter K as a function of kθ. The 

inset descripts the characteristic temperature ratio T0 / Tg as a function of the chain stiffness 

parameter kθ.  

 

The Debye-Waller parameter <u2> quantifies the average “rattling amplitude” of the center 

of mass of polymer segments on the ps timescale over which the molecules are caged by their 

neighbors, and correspondingly <u2>3/2 quantifies the volume explored by the molecule, a variety 

of “dynamical free volume”.70 The Debye-Waller parameter should not be confused with 

conventional definitions of free volume based on local density, since the kinetic energy of the 

molecule, as well as space available for movement in conventional free volume theory, has an 

appreciable influence on <u2>. Several theoretical models have been introduced to rationalize the 



 

observed strong correlation between <u2> and τα. For instance, Leporini and coworkers71–73 

introduced a specific model to describe the relationship between τα and <u2> based on the general 

shoving model framework, which has been confirmed in a wide range of glass formers.71 Simmons 

and co-workers74 also proposed a generalized localization model (LM) based on the dynamical 

free volume perspective just mentioned. Betancourt and co-workers75 refined the LM by reducing 

the number of free parameters in this model by reducing <u2> by its observed value at the onset 

temperature TA, uA2 	≡	〈u2(TA)〉. This simple extension in the LM led to a remarkable simple 

relation for the structural relaxation time, 

                                            (6) 

where the exponent α is the only empirical parameter, which descripts the anisotropy of local 

dynamic free volume, and τA ≡ τα(TA). The exponent α was found to be about 3 for a variety of 

glass formers, such as polymer nanocomposites with a range of concentrations and thin-films with 

varying thickness,75 and polymer melts with additives having various sizes and interaction 

strength.9 Whereas, Simmons et al.74 argued that α should generally be variable because of the 

anisotropic shape of dynamical free volume regions deriving from the inherent anisotropy of 

intermolecular potential interactions in polymer molecules. Thus, Simmons and coworkers76 

examined the variation of this empirical exponent for a wide range of glass-forming liquids, 

spanning polymers, small organic molecules, inorganic and metallic glass-forming materials, and 

found that the LM exponent α was rather variable. Despite the empirical success of the LM, it 

remains in large measure phenomenological, and it is of interest to study how α varies in cross-
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linked polymer networks. 

Here we test the LM relationship for cross-linked polymer networks with a wide range of 

chain stiffness kθ in Figure 5. The Debye-Waller parameter <u2> is precisely defined in the work 

as the mean-square displacement of polymer segments at t = 1.0 τLJ (» 1 ps in laboratory units). As 

in past applications of the LM, we find a good reduction of all our relaxation data for polymer 

networks with different chain stiffness, where α is estimated to lie in a range between 2.4 to 2.1. 

Ruan and Simmons20 found that the exponent increased from 2.62 to 3.86 with the increasing chain 

stiffness of ion-free homopolymers, and a little larger value was observed in the ionomeric 

polymers than that in the ion-free polymers. α in polymer/diluent blends24 was reported to increase 

significantly with increasing diluent stiffness, and gradually plateaued at 3 when the stiffness of 

diluent was sufficiently large. In addition, the α was estimated to be 1.9 and increased with the 

cohesive interaction strength for the fully flexible networks in our previous works based on the 

same cross-linked network model.42 Compared to the α value found for fully flexible networks, 

the larger exponent value observed in the cross-linked networks with bending constraints suggests 

that the introduction of chain stiffness results in a significant local anisotropy of free volume if this 

model is taken to correctly describe the variation of α. In general, the good fitting of the LM and 

the models proposed by Leporini et al.71–73 to experiments and simulations24,75,76 emphasize that 

there are close interrelations between structural relaxation and vibrational dynamics for glass-

forming liquids. These results also raise the question of the universality of α and the fundamental 

origin of this remarkable relation between the fast dynamics on a ps timescale and the structural 

relaxation occurring on a timescale on the order of minutes near the glass transition. We next 



 

consider <u2> in relation to the mechanical properties (e.g., shear modulus G and bulk modulus B) 

for our simulated thermoset material as the polymer stiffness parameter is varied. 

 
Figure 5. Tests of the localization model predictions (dashed line) for cross-linked polymer 

networks with varying chain stiffness kθ. The data show a good collapse onto the localization 

model. The inset shows the estimated best fit values of the LM exponent α as a function of kθ.  

 

3.3. Mechanical Properties. The mechanical properties of cross-linked polymers play 

a vital role in the engineering and structural applications. The MC simulations on the semi-flexible 

polymer networks77 and self-interacting wormlike chains16 both indicated that increasing chain 

stiffness led to a higher elastic macroscopic modulus and a reduction in the extensibility of the 

material. Torres et al.6 observed an important increase in the elastic modulus due to hindered 

torsional rotation when the chemical structure of polymer backbone changed from a monocyclic 

cyclopentyl to a bicyclic norbonyl ring. Crawford et al.14 experimentally investigated the effect of 

chain stiffness on the mechanical properties of epoxy resins by altering the chemical structure of 

the amine groups of the epoxy, and they found that both the rubbery and glassy shear moduli were 

nearly independent of chain stiffness while the networks with aromatic moieties exhibited a 



 

substantially higher compressive yield strength than the aliphatic resins. It is evidently difficult to 

discern any direct relation between molecular stiffness of the network chains and the macroscopic 

mechanical properties of thermoset materials. Of course, it is hard to explore the isolated effect of 

chain stiffness experimentally without changing the chemical nature of the polymers, which is one 

source of difficulty in seeking correlations between molecular parameters and mechanical 

properties.7,22 In our previous work,41,42 we observed a higher shear modulus and bulk modulus 

with the increasing cross-link density and cohesive energy for our cross-linked network models. 

Moreover, the mechanical properties collapsed onto a master curve when plotted at the reduced 

temperature T / Tg, demonstrating the important role of Tg in the elastic properties of our model 

thermoset materials, despite the kinetic nature of Tg.  

As an extension of our previous studies,41,42 we consider the variation of glassy shear modulus 

G for cross-linked networks having varying chain stiffness at fixed temperature and reduced 

temperature T / Tg, respectively. The glassy shear modulus is estimated from non-equilibrium 

molecular dynamics shear tests, which should be similar to real quenched polymer glasses in a 

non-equilibrium state. Figure 6a shows the variation of glassy shear modulus G at fixed 

temperature for cross-linked networks with a wide range of chain stiffness. In deeply glassy state, 

the shear modulus decreases with increasing chain stiffness. With the increasing temperature, the 

cross-linked networks with flexible chains have a lower Tg and first undergo the glass transition, 

along with an obvious decrease in shear modulus, while the rigid cross-linked networks are still in 

a glassy state with a slower decreasing trend in shear modulus. Thus, at near or above Tg (such as 

T = 0.5 ε /kB), the shear modulus becomes larger for cross-linked networks with rigid chains. Ness 



 

et al.7 systematically investigate the influence of bending constraints on the mechanical properties 

for linear polymer melts using CG-MD and non-affine lattice dynamics theory, where the bending 

energy εbend / εLJ ranges from 0.01 to 3000. They found that the storage modulus decreased first 

when the chains were relatively flexible and then progressively increased with the bending 

stiffness, and the minimum of storage modulus occurred at 2 < εbend / εLJ < 20. They argued that 

the non-monotonic dependence of storage modulus was due to the competing effects of increasing 

chain stiffness and increasing “free volume”. The range of bending energy in the work of Ness et 

al.7 is much larger than our work, while the variation trends of moduli with the increasing bending 

energy are qualitatively consistent with those found in our work when the chain stiffness is 

relatively small. For the stiffer networks, such as nanocellulose network, this raises the question 

of how high chain stiffness influence the moduli of cross-linked networks. Thus, we emphasize 

here that the variation trends of shear modulus with the increasing chain stiffness is only limited 

in the coarse-grained models and the range of bending constraints used in the present work. Figure 

6b further tests the variation of shear modulus at reduced temperature T / Tg. Opposed to the near 

universal data reduction observed in the fully flexible cross-linked networks with varying cross-

link density and cohesive energy,41,42 the glassy shear modulus decreases with the increasing chain 

stiffness, as found by Riggleman et al. in the linear polymer melts and their thin films.49 Similarly, 

the storage modulus does not collapse onto a master curve at reduced temperature T / Tg in the 

linear polymer melts with varying chain bending stiffness, either.7 Moreover, our bulk modulus B, 

estimated from the reciprocal of isothermal compressibility, similarly does not collapse onto a 

master curve (Figure S4 in the Supporting Information), and B tends to be smaller for stiffer chains 



 

in the T range investigated. The different trends observed in the moduli of cross-linked networks 

with bending constraints emphasize the distinctive influence of varying chain stiffness on the 

mechanical properties of cross-linked thermosets. 

 
Figure 6. Glassy shear modulus G for cross-linked polymer networks with varying chain stiffness 

kθ. (a) G at fixed temperature T. (b) G as a function of reduced temperature T / Tg.  

 

It has been long recognized that there are scaling relationships among the structural relaxation 

time τα, glassy shear modulus G and Debye-Waller factor <u2> describing the mean square particle 

displacement on the timescale of the fast β-relaxation time. The Debye theory of solids held that 

the shear modulus G was proportional to kBT / <u2> for a classic harmonic solid model.78 However, 

this exact relationship failed for the glassy modulus of polymer materials, which presumably 

attributed to the highly anharmonic interactions found in liquids. To address this problem, Leporini 

and coworkers71–73 have performed extensive MD simulations exploring the validity of this 

interesting relationship, which is not explained by any extent theory. Leporini et al.72 first proposed 

a master curve to describe the relationship between <u2> and glassy elastic modulus, which was 



 

confirmed in glass formers with a wide range of fragilities. This scaling relationship has been 

subsequently observed in a wide range of polymeric and metallic glass-forming materials, such as 

polycarbonate, nanocellulose networks, thin polymer films, and Cu64Zr36 metallic glass formers.79–

82 Here, we explore this scaling relationship for cross-linked networks with varying chain stiffness. 

The shear modulus G exhibits a linear relationship with the local stiffness kBT / <u2> (Figure 7a), 

as observed in the fully flexible cross-linked networks with a wide range of cross-link densities 

and cohesive energy parameters.41,42 Recently, Xu et al.83 also observed this linear relationship in 

the linear polymer melts with variable pressure, chain stiffness and chain length, where the slope 

and intercept were material- and pressure-dependent. The simulations on the Zr-Cu metallic 

glass,82 thin polymer films81 and double-stranded DNA melts with varying bending stiffness84 all 

indicated that the kBT / <u2> could be taken as an “effective force constant” characterizing the 

“stiffness” of the bonds in a molecule. A physical interpretation on the empirical linear relationship 

between G and kBT / <u2> was discussed by Zhang et al. for thin polymer films81 and by Wang et 

al. based on the Cu-Zr metallic glass formers.82 

Recently, Douglas and Xu44 analyzed the scaling relationship between <u2> and the inverse 

of bulk modulus, isothermal compressibility κT based on the GET of a relation between the reduced 

configurational entropy, the configurational entropy normalized by its value at the onset 

temperature TA, and a reduced isothermal compressibility. And they first proposed a function to 

describe the relationship between κT and <u2>, κT	-	κT1 	=	κT0 	×	(〈u2〉/uA2 )
3/2, which has successfully 

described the scaling relationship for linear polymer melts with variable chain stiffness and 

pressure. Later, we found that this proposed expression successfully described the scaling 



 

relationship between the bulk modulus B and <u2> for fully flexible cross-linked thermosets with 

varying cross-link density and cohesive energy.41,42 Figure 7b again confirms that the bulk 

modulus B indeed exhibits a near universal scaling relationship with <u2> for cross-linked 

networks with varying chain stiffness. In addition, we find the reciprocal of isothermal 

compressibility, B in our cross-linked networks with varying chain stiffness follows the function 

developed by Douglas and Xu44 well (dashed curves in the Figure 7b), as observed in the cross-

linked networks with varying cross-link density and fixed cohesive energy.41,42 We notice, however, 

that the relationship between B and <u2> is different for T above or below Tg, which may well be 

a non-equilibrium effect. The specific fitting parameters are listed in the caption in Figure 7b. 

Recently, Jeong and Douglas85 also successfully applied this type of scaling expression to an 

atomistic model of polyethylene and functionalized polyethylene. In addition, we emphasize that 

we are not aware of an experiment of either the predicted relation between G and kBT / <u2> or the 

relation between B and <u2>, but the applicability of these relations to simulation data seems to be 

robust. These scaling relationships should be further confirmed in the experiments for a wide range 

of glass-forming polymers. In general, <u2> exhibits an excellent scaling relationship with the 

moduli of cross-linked networks and linear polymer melts. These relationships have evident 

potential use in material design, given the relative ease of calculations of <u2>. 



 

  

Figure 7. Relationship between moduli (shear modulus G and bulk modulus B) and Debye-Waller 

parameter <u2>. (a) Shear modulus G as a function of local stiffness kBT / <u2>. The dashed lines 

descript the linear fitting, where G increases linearly with the kBT / <u2>. The error bars indicate 

the standard deviation of five shear tests. (b) Bulk modulus B as a function of <u2>. The dashed 

curves are fitting lines with the function form 𝐵 = 1/+𝜅!" × (〈𝑢#〉/𝑢$#)%/# + 𝜅!'0, where (𝜅!", 𝜅!') 

are fitting parameters. The parameters (𝜅!"/(𝑢$#)%/#, 𝜅!') are (0.99, 0.012) for T < Tg and (0.31, 

0.026) for T > Tg. The coefficient of determination R2 of fitting curves is 0.93 and 0.98, respectively.  

 

3.4. Dynamical Heterogeneity. Elder et al.31,39,40 performed a series of studies on 

dicyclopentadiene networks using the atomistic MD and experiments. They found that the mobility 

of atoms was significantly spatially heterogeneous, where the root-mean-square fluctuations of 

atomic positions indicated that the cross-links were less mobile than linear segments.31 And the 

overall atomic mobility was progressively reduced with the increasing content of polar monomers, 

which was attributed to the increased cohesive energy density in the cross-linked networks.39 The 

significant role of cohesive interaction strength played in the dynamical heterogeneity was also 

observed in our cross-linked networks over a wide range of cross-link densities.42  



 

The effect of chain stiffness on the dynamical heterogeneity is estimated through the color 

map distribution of local stiffness 1 / <u2> in Figure 8. The teal blue region indicates a small local 

molecular stiffness, and thus a relatively soft region, while the red domains correspond to stiff 

regions. Figure 8a shows the spatial distribution of local stiffness 1 / <u2> at a higher fixed 

temperature, T = 0.5 ε /kB, where the shear modulus increases with the increasing chain stiffness. 

The variation of color in these maps corresponds to changes in local “stiffness” and variations of 

the relaxation time at higher T where these domains are transient. As the linear chains get stiffer, 

the color map changes from nearly teal blue to yellow-red dominated, which demonstrates that the 

overall rigidity of cross-linked network significantly increases. The color map values vary more 

sharply with increasing chain stiffness, indicating a greater degree of elastic heterogeneity. The 

color map of local stiffness is qualitatively consistent with previous observations in simulated 

polycarbonate glassy polymers with varying cohesive interaction strength,79 nanocellulose 

networks with varying density and cohesive energy density,80 and Zr-Cu metallic glasses.82  

Figure 8b further estimated the spatial distribution of local stiffness 1 / <u2> at reduced 

temperature T / Tg = 0.8. The color maps turn from red to teal blue when the cross-linked polymer 

network gets stiffer, indicating a smaller local stiffness and a relatively softer material. The 

variation in the color map consists well with the decreasing trend in shear modulus with increasing 

chain stiffness in Figure 6b. In addition, when the chains get stiffer, the color variation becomes 

relatively mild, corresponding to a smaller degree of “dynamical heterogeneity”. 



 

 

Figure 8. Color maps of local molecular stiffness 1 / <u2> for cross-linked networks with varying 

chain stiffness kθ. (a) At fixed temperature, T = 0.5 ε /kB. The color map scale is the same for all 

plots. (b) At reduced temperature T / Tg = 0.8. The color bar scale is the same for all plots. 

 

To further assess the influence of chain stiffness on the elastic heterogeneity, we estimate the 

probability density distribution of the local stiffness 1 / <u2> at fixed T and reduced temperature, 

respectively (Figure 9). We find that P(1 / <u2>) exhibits a nearly Gaussian form as observed in 

the fully flexible cross-linked networks,41,42 where all the coefficients of determination of Gaussian 

distribution fitting are larger than 0.97. For clarity, only the Gaussian fitting curve is shown in 

Figure 9, and the original data can be found in the Figure S5 in the Supporting Information. We 

can see in Figure 9a that as the linear chains get stiffer, the peak position of local stiffness 

distribution becomes larger at fixed temperature T = 0.5 ε /kB, corresponding to a larger average 

molecular stiffness, a trend reported for shear modulus and color map above. The P(1 / <u2>) 



 

distribution becomes broader and the variance of local stiffness quantifying this trend becomes 

larger with increasing chain stiffness, indicating a greater degree of elastic heterogeneity. In 

addition, we find a smaller average local stiffness in cross-linked networks with stiffer chains at a 

reduced temperature T / Tg = 0.8 (Figure 9b). At the same time, the variance of P(1 / <u2>) 

decreases progressively with increasing chain stiffness, which indicates a slighter degree of elastic 

heterogeneity. In particular, P(1 / <u2>) was nearly universal at a fixed reduced temperature T / Tg 

in the case of fully flexible cross-linked networks with varying cross-link density and cohesive 

energy in our previous works.41,42 The lack of a universal scaling of P(1 / <u2>) when chain 

stiffness is varied at a fixed reduced temperature T / Tg is consistent with the non-universality in 

the shear modulus as a function of T / Tg when chain stiffness is varied. We again find the 

qualitatively different effect of varying chain stiffness from varying the cohesive interaction 

strength and cross-link density in our model cross-linked polymers. 

 
Figure 9. The probability density distribution, P, of local stiffness 1 / <u2> for cross-linked 

networks with varying chain stiffness kθ. The inset descripts the mean 1 / <u2> and variance of the 

distribution of P(1 / <u2>) as a function of kθ. (a) At fixed temperature T = 0.5 ε /kB. (b) At reduced 

temperature T / Tg = 0.8. 



 

Another quantity commonly utilized to describe “dynamical heterogeneity” in glass-forming 

liquids is the non-Gaussian parameter, α2(t) º 3 <r4(t)> / (5 <r2(t)>2) – 1, where r2(t) is the mean-

square displacement of a particle at time t from its initial position. α2(t) = 0 for Brownian motion, 

and thus α2(t) specifically quantifies the deviation from Brownian diffusion symptomatic of the 

occurrence large mobility fluctuations in the cooled material.43,50 Numerous studies on polymeric 

and metallic glass formers have repeatedly established that the peak position t* of α2(t) is related 

to the lifetime of mobile particle clusters, while the structural relaxation time τα corresponds to the 

lifetime of immobile particle clusters.43,58,86 Our previous works found that there was a power-law 

relationship between t* and τα in the fully flexible networks with varying cross-link density and 

cohesive energy.41,42 We further quantify the effect of chain stiffness on the dynamical 

heterogeneity for our cross-linked network models. 

We find that the amplitude and the peak position of α2(t) both increase remarkably as the 

temperature decreases, corresponding to a greater degree of dynamical heterogeneity (Figure 10a). 

The similar trends were widely observed in glass-forming linear polymers with varying cohesive 

interaction strength43 and chain stiffness,50 star polymers with a wide range of star arms,36 and 

cross-linked polymers with various cross-link densities.5,41 Decreasing the temperature leads to 

not only a slower dynamics, but also a greater deviation of the particle displacement distribution 

from Gaussian form. In addition, it can be seen in Figure 10a that as T drops down to T = 0.5 ε / 

kB (green curve), the amplitude of α2(t) increases significantly from 0.5 to 2.2, providing a common 

measure of dynamical heterogeneity. The color maps and probability density distribution of local 

“stiffness” kBT / <u2> (Figure 8b and 9b) at a reduced temperature T / Tg = 0.8, which is somewhat 



 

smaller than Tg for cross-linked thermosets, also exhibit evidence of obvious dynamic 

heterogeneity. Figure 10b estimates the relationship between the peak position of α2(t), t* and τα, 

where both t* and τα are normalized by the fast β-relaxation time	 τf. A power-law scaling 

relationship, t* / τf = A (τα / τf)1 - ζ, is again observed where the exponent z is estimated to equal 

0.29. A similar collapse was also observed in linear polymer melts with varying chain stiffness by 

Xu et al.,46 while Pan et al.50 found the power exponent slightly increased with chain stiffness. In 

addition, the exponent less than 1 indicates that there is a “decoupling” relationship between these 

timescales, consistent with previous observations in linear polymer melts,43,46,50,86 and cross-linked 

networks having a wide range of cross-link densities and cohesive interaction strengths.41,42 

Recently, Zhang et al.58 reported a similar decoupling between the normalized t* / τf and τα / τf in 

Al-Sm metallic glasses, where the power-law exponent was found to be different at low and high 

temperatures. Starr et al.86 systematically explored the particle motions in mobile and immobile 

clusters for linear glass-forming liquids. They found that the decoupling relation between t* and τα 

matched well with the corresponding power-law relationship between the lifetimes of mobile 

particle clusters and immobile particle clusters.  



 

 
Figure 10. (a) Non-Gaussian parameter α2(t) as a function of time t at different temperatures for 

cross-linked networks with chain stiffness kθ = 0.0 ε. As T decreases, the amplitude and peak 

position of α2(t) increase significantly. (b) The relationship between reduced non-Gaussian 

parameter peak time t* / τf and reduced structural relaxation time τα / τf for various chain stiffness 

kθ. Dashed line indicates the fit to a power-law relationship t* / τf = A (τα / τf)1 - ζ, where the fitting 

parameters (A, ζ) are determined to be (1.64, 0.29).  

 

4. Conclusions 

In the present work, we systematically investigated the influence of chain stiffness on the 

relaxation dynamics and mechanical properties of cross-linked polymer networks. We first 

explored the conformational properties, and found that the radius of gyration and persistence 

length both increased progressively with increasing chain stiffness for cross-linked polymer 

networks. This trend is not surprising, but this quantification of the stiffness variation of polymers 

is useful for making contact between experiments and simulations. The introduction of bending 

constraints led to significantly slower relaxation dynamics as expected, in company with an 

obvious increase in the characteristic temperatures (e.g., onset temperature TA, glass transition 



 

temperature Tg, and Vogel temperature T0) and fragility of glass formation K. By estimating the 

mechanical properties, we also observed that the shear modulus decreased with the increasing 

chain stiffness at a fixed reduced temperature T / Tg. Notably, the moduli G and B did not follow 

a near universal scaling with the reduced temperature as that found in previous simulations of 

ideally flexible chain networks with varying cross-linked density and cohesive interaction strength, 

which emphasizes the important role of bending constraints played in the mechanical properties 

of cross-linked network materials. Historically, it has been difficult to discern any direct relation 

between stiffness of the network chains and the macroscopic mechanical properties of thermoset 

materials, because it is generally difficult to explore the isolated effect of chain stiffness in real 

network materials without changing the chemical nature of polymers. This is obvious a source of 

difficulty in seeking correlations between molecular parameters and mechanical properties. 

Despite these unexpected trends in G and B when the chain stiffness was varied, the structural 

relaxation time τα, G and B of the cross-linked semi-flexible networks exhibited a convincing and 

general scaling relationships with the Debye-Waller parameter <u2>, a quantity also utilized to 

estimate the local stiffness fluctuations of our model thermoset materials. By quantifying the 

spatial distribution and probability density distribution of local stiffness parameter, 1 / <u2>, we 

found that the “elastic heterogeneity” (a measure of dynamical heterogeneity) decreased as the 

chains became stiffer at the same reduced temperature T / Tg. The findings of the present work 

reveal the unique impact of varying chain stiffness on the segmental relaxation dynamics and 

mechanical properties of cross-linked networks. The driving hypothesis underlying the present 

work is that a more fundamental understanding of how the dynamical properties of polymer 



 

network materials depend on molecular parameters should enable the more rational design of 

thermoset materials, and other polymer network materials of interest, including “vitrimers” and 

telechelics in which the cross-links are of a physical nature. The present work demonstrates the 

advantageous use of coarse-grained models for identifying general trends in dynamical and 

mechanical properties of this broad class of materials, because the numerous molecular parameters 

describing most any real material from an atomistic standpoint have been reduced to a minimal set 

of variables describing chain flexibility, cohesive interaction strength, and cross-link density. 
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